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The theory of differential equations is a powerful tool necessary for constructing mathematical models of
various applied problems and their solution. The study and analysis of the general differential relations
between the derivatives of the thermodynamic functions of substances is a new direction in the theory of
their thermodynamic properties. This research is the development of thermodynamics associated with the
establishment and use of differential equations. This paper presents two new thermodynamic relation-
ships between thermal variables pressure, absolute temperature, and specific volume. They relate first-
order partial derivatives with unmixed second-order derivatives for these variables. Revealing new gen-
eral relations of thermodynamics made it possible to formulate and solve a number of problems, among
which we can note: creation of algorithms for calculating second-order mixed derivatives for a given
thermal equation of state; analysis of the features of the second mixed derivatives at the critical point of
pure substance; investigations of the general thermodynamic equations with entropy. The procedure for
establishing new equations is based on the use of a rigorous mathematical apparatus and Maxwell's dif-
ferential equations. Therefore, they are of a general nature, that is, they are valid for any pure substance
or any mixture of fixed composition. They are also applicable to any model of the equation of state of
these substances. With a formal approach to the concept of the term "equation of state", the new relations
themselves can be considered as the equation of state of substance. The obtained new relations can be
used to develop the theory of the thermodynamic properties of substances. In particular, in this work it is
shown that the ratios of two partial derivatives of pressure over the volume, which are zero critical condi-
tions, have no singularities at the critical point itself.
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1. Introduction

The study and analysis of the general differential
relations between the derivatives of the thermodynam-
ic functions of substances is a new direction in the
theory of their thermodynamic properties. These de-
pendences were first published in [1, 2], where they

are represented by mixed second-order derivatives and
ordinary first-order partial derivatives. These relations
are based on Maxwell's differential thermodynamic
equations and rigorous mathematical transformations
of their derivatives. For this reason, the obtained de-
pendences can be, like the Maxwell equations, may be
applied to any pure substance or to a mixture of fixed
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composition. Also they are available to any analytical
equation of state (EOS) of a substance that describes
its thermodynamic properties.

Each of the four general sets contains dependen-
cies between three of the variables pressure p, abso-
lute temperature T, molar (specific) volume v, and en-
tropy s, which are included in the known Maxwell re-
lations. Each of these sets contains two second-order
differential equations. The most interesting of these is
the relationships between thermal variables p, v, T,
which are the most in practice types of EOS. These re-
lations give reason to question the widespread state-
ment about the impossibility of obtaining the equation
of state of substance using a purely thermodynamic
approach [8].

Revealing new general relations of thermody-
namics made it possible to formulate and solve a
number of problems, among which we can note:

- Creation of algorithms for calculating second-
order mixed derivatives for a given thermal EOS
p=p(T, V) [3].

- Analysis of the features of the second mixed de-
rivatives at the critical point of pure substance [4].

- Investigations of the general thermodynamic
equations with entropy [5].

The aim of this work is to carry out studies of the
obtained general differential relations [2] by trans-
forming them due to previously unused dependencies
between ordinary partial first-, second-order deriva-
tives.

2. Mathematical relations between ordinary
partial derivatives

These relations are based on the next well-known

equality [6]
GICRCE

The relation (1) may be rewritten as

Ci: S

v m'

Formula (2) has been used for evaluation of inde-
terminate forms at the pure substance critical state by
the analog of L Hopital’s rule [7]. Below it is applied
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to obtain the equations for second-order mixed deriva-
tives formed by p, v, and T variables.

Differentiation of both sides of equality (2) with
respect to the variable T lead to the next equality

o BEEE,
ovoT (s-\r,j

p

From the equation relating the inverse first-order
partial derivatives

7). (mljp | @

ov

equality (3) can be rewritten as

2o (29)(2)-(2)(%) 3], @

After simple algebraic transformations the right
side of equality (5) takes the form
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Using the general relation between second-order
inverse derivatives [6],

ARG e

It is easy to establish that the result of two factors
on the right-hand side of equation (6) is transformed
to the equation

HEAEE, e

After substituting relation (8) into equality (6),
the equation for the second mixed derivative 6%p/ovoT
takes the form
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In the process of deriving equation (9), only a
strict mathematical apparatus have been used. It have
no any thermodynamical sense about the meaning of
variable functions of p, v, T. For this reason, the initial
differential relations for these variables and their
mathematical transformations are invariant under
permutations of any two variables in equations (1) -
(9). These circumstances make it possible to formally
obtain relations for other mixed derivatives formed by
the variables p, v, T.

From the interchanging in the equation (9) of the
variables p and T it follows the next equation

T (T (apj (@ [@Vj .LGT (10)
ovop  \op* ), \av )y \avt ). (ap ) \op),

From the interchanging in the formula (9) of the
variables p and v it we can write the next equality

ov _ (o) (eT) _[2T (@] [ﬂ) (11)
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Equations (9) - (11) establish explicit dependen-
ces for second-order mixed derivatives as functions of
two variables, which are ordinary derivatives of the
first and second orders.

3. Analysis of differential dependencies using
Maxwell thermodynamic equations

In contrast to relations (9) - (11), Maxwell ther-
modynamic equations are based on the I and Il laws of
thermodynamics. For the case of thermal variables p,
v, T, which will be considered later, the general ther-
modynamic dependences presented in the paper [2]
have the form

T _ N .[ﬂjz (12)
ovop  aTep \ov ),
T __*p (aTY (13)
ovop  dTov (op ),

Equations (12), (13) are a consequence of trans-
formations of the well-known Maxwell thermodyna-
mic relations. Using equalities (9) - (11) and equations
(12), (13) obtained in this paper, we will further con-
sider the origin of the general relations between ordi-

nary derivatives of the first and second orders. Substi-
tution of equations (10), (11) into equation (12) after
some simplifications lead to the next equality

(G_Tj (@j +[ﬂ] (@J (a_T] _
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After the disclosure of the square brackets, the

right-hand side of equation (14) is transformed to the
following record

)@@ 01@,

Equation (15), using equalities (8) and (1), is
simplified as

L @LE AR ) o

After substituting equation (16) into the right-
hand side of equation (14), the equation (16) is rewrit-
ten as

5333 5)-
L ELEFLR

Further transformations of equation (17) consist
in reducing both parts of the terms with derivatives
(0°T/0p?)y and multiplying these parts by (0p/ov)r.
These transformations lead to the following notation
of equation (17)
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Using the differential relation (1), it is easy to ob-

tain from the equation (18) the result of the transfor-

mation of equation (12) represented by the next for-
mula

(17

(18)
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The equality (19) may be rewritten as

B

Formula (20) was first established by evaluation
of indeterminate forms of type 0/0 at the critical state
of a substance. These studies used the analogue of
L’Hopital’s rule applied to mixed derivatives [6].

In work [6] it is obtained from the Maxwell gen-
eral thermodynamic relations. Therefore, we can con-
clude that the equation (20) is valid not only the criti-
cal point of pure substance or of mixture of fixed con-
tent, but also at any stable states of these substances.

The algorithm for analyzing equation (13) is
identical to the above study of equation (12). Since the
left-hand sides of these two equalities are the same,
further mathematical transformations concerning rela-
tion (13) will be carried out with its right-hand side

_@p (ot
aTov | op

\
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Equation (21) takes the following form after sub-
stituting the right-hand side of equality (9) into it

52 (35 (5 (2 (5 e

The expansion of square brackets in equation
(22) leads to the following notation

(205,603,665

Using the equation connecting the direct and in-
verse ordinary second-order partial derivatives, repre-
sented as

#EAFLE)
2 =15z a1 )
otz ), Lap ), ap? ), Lo ),

(24)
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and after obvious transformations of the second term
of equation (23), it is written as

) EELAF GG e

By multiplying both terms of equation (25) by
(Op/ov)r (ov/op)r that equal to 1, we have

=) (@) (Z)(2) )
5 &) (52 (3

Given equality (1), equation (26) has the follow-
ing final form for the right-hand side of formula (13)

1CIRRESRE

Formula (13) itself, taking in account equality
(19), is written as

& G35 5] o
(&) B -(F)(5)

After simplification, equation (28) takes the next
final form

e
avaNT 8VT5|0T apv avpapT

Formula (29) is obtained on the basis of the gen-
eral thermodynamic relation (13). Carrying out alge-
braic transformations of this formula, we can obtain
its other records using equality (18).

(27)

4. Conclusions

The main results of this paper are the derivation
of two general differential thermodynamic relations
connecting ordinary derivatives of the first and second
orders for thermal variables. Using one of them, it was
possible to establish that the previously discovered re-
lation of two second-order partial derivatives, which
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are critical conditions, have a general nature. So, it re-
lates not only to the critical state of matter.

The obtained equations are the basis for solving
various problems of the theory of thermodynamic
properties of pure substances.
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Teopisi ougepenyianvbHux pisHIHL € NOMYNCHUM [HCMPYMEHMOM, He0OXIOHUM 01 nobydoéu mamema-
MUYHUX MoOenell PISHOMAHIMHUX NPUKIAOHUX 3a0ay ma ix eupiuienus.. Bueuenns i ananiz 3a2aibHux
oughepenyianbHux cni8iOHOUIEHb MIdNC NOXIOHUMU MEPMOOUHAMIUHUX DYHKYIU PEUOBUH € HOBUM HANPIM-
KoM 6 meopii ix mepmoounamiynux eracmusocmetl. i 00CniodiceHHss € poO3GUMKOM MEPMOOUHAMIKU,
NOB'a3aHUM 31 CIBOPEHHAM | BUKOPUCMAHHAM OughepeHyianvHux pieHaHb. Y yili cmammi npedcmagneno
08a HOBUX MEPMOOUHAMIYHUX CNIBBIOHOWEHHS MINC MENI08UMU 3MIHHUMU: MUCKOM, AOCOIIOMHON
memMnepamypoo ma nUMomum 06’ emom. Bonu nog’azyomes uacmrogi noxioni nepuio2o nopsoxKy 3 He3mi-
WAHUMYU NOXIOHUMU OPY2020 NOPAOKY O/ YUX 3MIHHUX. BUsGIeHHs HOBUX 3A2a/lbHUX CNIBGIOHOUIEHb mep-
MOOUHAMIKU 00380UNIO CHOPMYTIOBAMU MA UPIUUMU HU3KY 3A80AHb, CEPed SAKUX MOJICHA 8I03HAUUMU
CMBOPEHHS ANOPUMMIE OOYUCTCHHA SMIUAHUX NOXIOHUX 0PY2020 NOPAOKY 01 3A0AH020 MENI08020 Pig-
HAHHA CIMAHY; GHANI3 0COOIUBOCHEU OPY2UX 3MIUAHUX NOXIOHUX Y KPUMUYHIL MOYYi YUCMOi pedosUunl;
00CNI0IHCEHHS 3A2AIbHUX DIBHAHbL MepMOOUHamiku 3 enmponicio. Ilpoyedypa cmeopents HOBUX PiGHAHb
3ACHOBAHA HA BUKOPUCMIAHHI CHPO2020 MAMeMAmuiyHo2o anapamy i oughepenyianvhux pigusans Maxc-
genna. Tomy 6oHu maiomo 3a2anbHUll Xapakmep, moomo cnpagedausi 01 0y0b-aKoi Yucmoi peuosunu
abo 6yov-sxoi cymiwi ixcosanoeo cxknady. Bonu makoosic 3acmocosHi 00 OyO0b-saKkoi MOOei PiGHAHHS
cmany yux pevosun. Ilpu gopmanvromy nioxo0i 00 NOHAMMSA MEPMIHY «PIGHAHHS CMAHY» CAMI HOBI
CNIBBIOHOULEHHSL MOJICHA pOo32aa0amu K PIGHAHHA cmany pevosunu. Ompumarni HOB8I CNiGIOHOUIEeHHS
MOJICYymb  Oymu  GUKOPUCTNAHT Ol PO3GUMKY MeOopii MEPMOOUHAMIYHUX GIACMUBOCIE PEeYOBUH.
3okpema, y yiti pobomi nOKA3AHO, WO GIOHOWEHHS 080X YACHMHUX NOXIOHUX MUCKY 3a 00'emMoM, AKI €
HYIbOBUMU KPUMUYHUMU YMOBAMU, HE MAOMb 0COOIUBOCMEN Y CAMITl KPUMUYHIL MOYYL.

Knrouosi cnosa: Tepmoounamiuni enacmueocmi, Pieuanua Maxceeana;, Hucma peuosuna; Tennosi
sminni; Jughepenyianvui gioHocuHuU.
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