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Abstract. We review main differential-algebraic structures lying in back-
ground of analytical constructing multi-component Hamiltonian operators as
derivatives on suitably constructed loop Lie algebras, generated by nonasso-
ciative noncommutative algebras. The related Balinsky-Novikov and Leibniz
type algebraic structures are derived, a new nonassociative “Riemann” al-
gebra is constructed, deeply related with infinite multi-component Riemann
type integrable hierarchies. An approach, based on the classical Lie-Poisson
structure on coadjoint orbits, closely related with those, analyzed in the
present work and allowing effectively enough construction of Hamiltonian
operators, is also briefly revisited. As the compatible Hamiltonian operators
are constructed by means of suitable central extentions of the adjacent weak
Lie algebras, generated by the right Leibniz and Riemann type nonassociative
and noncommutative algebras, the problem of their description requires a de-
tailed investigation both of their structural properties and finite-dimensional
representations of the right Leibniz algebras defined by the corresponding
structural constraints. Subject to these important aspects we stop in the
work mostly on the structural properties of the right Leibniz algebras, espe-
cially on their derivation algebras and their generalizations. We have also
added a short Supplement within which we revisited the classical Poisson ma-
nifold approach, closely related to our construction of Hamiltonian operators,
generated by nonassociative and noncommutative algebras. In particular, we
presented its natural and simple generalization allowing effectively to describe
a wide class of Lax type integrable nonlinear Kontsevich type Hamiltonian
systems on associative noncommutative algebras.
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Amnorariiga. Jlano oruis g oCHOBHEX JudepeHItiaabHO-aaredpaldHux CTpyKTyp,
10 JIEXKATH B OCHOBI aHAJITHIHOT OOYI0BH 6AraTo-KOMIOHEHTHUX OLEpPaTO-
pis laminbrona gx mudepenmnioBanb Ha BianoBimuux ajrebpax JIi meresnn,
MIOPO/I2KEHUX HEACOI[IaTUBHUME HEKOMYTaTUBHUMU ajreOpamu. Beesneni aj-
rebpaiuni crpykrypu Ty Basircskoro-Hosikosa i JIaitbruna, mobyjoBana
HOBa HeacorjaTuBHa ajarebpa Pimana, rimboko moB’s3aHa 3 HECKIHICHHIMEI
IHTErpOBHUMU OAraTo-KOMIIOHEHTHUMU iepapxisgmu Tuny Pimana. Takox Ko-
POTKO BUCBITJIEHUWH MiJIXiJ, IO TPYHTYEThCA HA KJACHYHUX CTPyKTypax Jli-
IIyaccona ma ko-mpuemHanux opbiTax, fKi JO3BOISIIOTH €(DEKTUBHO KOHCTPY-
oBaTu oneparopu laminbrona. BpaxoByioun, mo y3romxkeni oneparopu ['a-
MLJIBTOHA TeHEPYIOTbCsI BiAMOBITHUMHI IEHTPATBHUMA PO3IMUPEHHSIME [TPHU-
€THAHNX CJIa00-BU3HAYeHUX anarebp JIi, mopomKeHNX HeacoIliaTUBHIMEI He-
KOMYTaTHBHUMU ajiredpamu, IpobseMa iX OIUCy BUMArae JIeTAJIbHOIO JIO0CTi-
JI2KEHHS sIK CTPYKTYPHUX BJIACTHBOCTEI CBONCTB, TaK 1 CKiHYEHHO-BUMIPHUX
300pazkeHb mpaBux anarebp JIaitbnina, BU3HAYEHNX BiAIOBIIHUMA CTPYKTYP-
Humu obmexkenHsiMu. CTOCOBHO IUX BayKJIMBUX ACIIEKTIB MU OOMEXKUJIINCH B
paboti B ocHOBHOMY TpaBuMu ajredpamu JIi, 3okpema Ha IXHIX aarebpax
mudepeHIiioBanb Ta IX y3aragbHenusx. Mu takox momictmim lomaTtok, B
KOTOPOMY MU KODOTKO BHCBITVIMJIM KJIACHYIHHI MiJXiJ, IO I'PYHTYETHCH Ha
[IyaCCOHOBMX MHOTOBH/IAX 1 TICHO 3BSI3aHUIT 3 HAIIOIO HOOY/I0BOIO OIIEPATOPIB
Taminbrona, MOpoIKEeHHNX HEACOIIATUBHIMY HEKOMY TATUBHIME AJIr€OPaMIE.
3oKpema, MU IPEeJCTABUIN HOro IPUPOIHE Ta MPOCTE y3arajbHEHHs, KOTPEe
J03BOJIstE €(PEeKTUBHO OyIyBaTH MIUPOKUI KJIAC HETIHIHHUX IHTETPOBHUX 34
Jlakcom ramisbroHOBUX cucTeM Tuny KoHIEBHYa HA ACOIMIATHBHUX HEKOMY-
TaTUBHUX ajrebpax.

1. INTRODUCTION

We present a short review of main differential-algebraic structures ly-
ing in background of analytical constructing multicomponent Hamiltonian
operators as derivatives on suitably constructed loop Lie algebras, gene-
rated by nonassociative and noncommutative algebras. During the last
decades there were discovered |38, 22, 20, 70] many integrable Hamilto-
nian systems, whose internal symmetyry structure was analytical nature
was understood owing to the Lie-algebraic properties of their internal hid-
den symmetry structures. A first account of the Hamiltonian operators
and related differential-algebraic structures, lying in the background of in-
tegrable systems, was given by I. Gelfand and I. Dorfman [43, 34| and
later was extended by B. Dubrovin and S. Novikov [36, 37], and also
by A. Balinsky and S. Novikov [11, 14, 12, 13|. Also some new special
differential-algebraic techniques [80] were devised for studying the Lax in-
tegrability and the structure of related Hamiltonian operators for a wide
class of the Riemann type hydrodynamic hierarchies. Just recently con-
siderable work [8, 10, 9, 73] has been done devoted to the finite dimen-
sional representations of the Balinsky-Novikov algebra. Their importance
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for constructing integrable multi-component nonlinear Camassa-Holm type
dynamical systems on functional manifolds was demonstrated by 1. Stra-
chan and B. Szablikowski in [91], which in part suggested the Lie-algebraic
imbedding of the Balinsky-Novikov algebra into the general Lie-Poisson or-
bits scheme of classifying Lax integrable Hamiltonian systems. It is also
worth of mentioning the related work [46] by Holm and Ivanov in which in-
tegrable multicomponent nonlinear Camassa-Holm type dynamical systems
on functional manifolds were constructed.

In our work here we describe a differential-algebraic reformulation of the
classical Lie algebraic scheme and develop an effective approach to classifi-
cation of the underlying algebraic structures of integrable multicomponent
Hamiltonian systems. In particular, we have devised a simple algorithm
allowing to construct new algebraic structures within which the correspon-
ding Hamiltonian operators exist and generate integrable multicomponent
dynamical systems. We show, as examples, that the well-known Balinsky-
Novikov algebraic structure, obtained in [43, 11] as a condition for a matrix
differential expression to be Hamiltonian and in [19, 27, 50, 61| as a flat
torsion free left-invariant affine connection on affine manifolds, affine struc-
tures and convex homogeneous cones, appears in our approach as a deriva-
tion on the Lie-algebra naturally associated with a suitably constructed dif-
ferential loop algebra. As a direct generalization of this example we obtain
two new differentiations, whose underlying algebraic structures coincide,
respectively, with the well-known [3, 40] right Leibniz algebra, introduced
in [23, 24, 59|, and with a new “Riemann” algebra, which naturally generate
different Hamiltonian operators describing a wide class of multicomponent
hierarchies |21, 80| of integrable Riemann hydrodynamic systems. As the
compatible Hamiltonian operators, important for studying integrable mul-
ticomponent Hamiltonian systems, are constructed by means of suitable
central extentions of the adjacent weak Lie algebras, determined by the
right Leibniz and Riemann type nonassociative and noncommutative algeb-
ras, their description requires a detailed investigation both of the structural
properties and finite-dimensional representations of the right Leibniz algeb-
ras defined by the corresponding structural constraints. Subject to these
important aspects we stop in the work mostly on the structural properties
of the right Leibniz algebras, especially on their derivation algebras and
their generalizations.

In a supplement the classical Poisson manifold approach, closely related
to our construction of Hamiltonian operators, generated by nonassociative
and noncommutative algebras, is briefly revisited. In particular, its natural
and simple generalization appeared to be useful |5, 6, 94, 96, 62, 66, 67| for
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describing a wide class of Lax type integrable nonlinear Hamiltonian sys-
tems on associative noncommutative algebras, initiated first in [25, 35, 76,
78] in case of the noncommutative operator algebras and continued later
in [62, 51, 52, 53, 62, 66, 67, 71] in case of general associative noncommu-
tative algebras.

2. THE HAMILTONIAN OPERATORS AND RELATED ALGEBRAIC
STRUCTURES VIA THE DIFFERENTIAL-ALGEBRAIC APPROACH

Let (A;0) be a finite-dimensional algebra of dimension N = dim A € Z
(in general noncommutive and nonassociative) over an algebraically closed
field K. Using the algebra A one can construct the related loop algebra A
of smooth mappings u : S' — A and endow it with a suitably generalized
natural convolution {-,-) on A* x A — K, where A* is the corresponding
adjoint to A space.

First, we shall consider a general scheme of constructing nontrivial ultra-
local and local [38] Poisson structures on the adjoint space 1&*, compatible
with the internal multiplication in the loop algebra A. Consider a basis
{es € A 1 s = 1, N} of the algebra A and its dual {u® € A* : s = 1, N}
with respect to (-,-) on A* x A, that is <uj,ei> = (5{ for all 4,5 = 1, N,
and such that for any u(z) = 3 wus(z)u’ € A*, z € S!, the quantities

s=1,N
us(w) := (u(r),esy e K for all s =1, N, z € SL. Put

A A :=Skew(A®A)

and let 9* : A A A — A be a skew-symmetric bilinear mapping. Then the
expression

{wi(x), uj(x)} := (ulz), 9% (ei A €5)) (2.1)
defines for any z,y € S! and all i,j = 1, N an ultra-local linear skew-
symmetric pre-Poisson bracket on A*. Since the algebra A possesses its
internal multiplicative structure “o”, the important problem arises: Under
what conditions is the pre-Poisson bracket (2.1) Poisson and compatible with
this internal structure on A? To proceed with elucidating this question, we

define a co-multiplication A : A* > A* @ A* on any element u € A* by
means of the relationship

(A(u),(a®0b)) :=<u,aob) (2.2)

for arbitrary a,b € A. Note that the co-multiplication A : A* 5 A*Q® A*,
defined this way, is a homomorphism of the algebra A* with respect to the
natural multiplication of functionals, and the linear pre-Poisson structure
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{-.-} (2.1) on A* is called compatible with the multiplication “o” on the

~

algebra A, if the following symbolic invariance condition

Afui(x), uj(x)} = {A(ui(z)), Alu;(x))} (2.3)
holds for any z € S! and all 4,j = 1, N.

Taking into account that multiplication in the algebra A is given for any
1,7 = 1, N by the condition

eioej = Y ojjes, (2.4)
s=1,N

where the quantities afj e K for all 4,5 and k& = 1, N are constants, the
related co-multiplication A : A* > A* ® A* acts on the basic functionals
u® € A*, s=1,N, as

AW’ = > o' @ul. (2.5)

~ ~

Additionally, if the mapping ¢* : AAA > Ais given, for instance, in the
simple linear form
V(e ®ej —ej ®e) — Z (cij = c5)es, (2.6)

s=1,N

where quantities cfj € K are constant for all 4,7 and s = 1, N, then for
the adjoint to (2.6) mapping ¥ : Symm(A*) — A* A A* one obtains the
expression
9:u’ — Z (ci; — i )u' @. (2.7)
i,j=1,N
For the pre-Poisson bracket (2.1) to be a Poisson bracket on A*, it should
must also satisfy the Jacobi identity. To find the corresponding additional

constraints on the internal multiplication “o” on the algebra A, define for
any u(z) € A* the skew-symmetric linear mapping

(u) : A — A*, (2.8)
called [43| by the Hamiltonian operator, via the identity
A(u)a, by = (Ju(x),a A b) (2.9)

for any a,b € 1&, where the mapping 9 : A* — A* A A* is determined by
the expression (2.7) to which it is adjoint. Then it is well known [43] that
the pre-Poisson bracket (2.1) is Poisson iff the Hamiltonian operator (2.8)
satisfies the well known [43] Schouten-oNijenhuis condition:

[9(u), 9(u)]] = 0 (2.10)
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for any u(x) € A*. Since the mapping

dwei = . (e — ci)us(z)u (2.11)

holds for any basis element e; € A,7 = 1, N, the resulting linear pre-Poisson
bracket (2.1) becomes equal to

{uilw) uj(@)} = Wwei,epy = Y5 (¢ = ¢us(a)
s=1,N

= (u(z), Z (ij - C§i>es>

s=1,N

(2.12)

for any u(z) € A*. Now, defining on the algebra A the naturally adjacent
to the algebra A Lie commutator structure

leisej] =ejoe; —ejoe = Z (07 — d5i)es (2.13)
s=1,N

for any basis elements e;,e; € A, 4,5 =1, N, the expression (2.12) yields the
well known |1, 4] classical Lie-Poisson bracket

{ui(@), uj(2)} = Cu, [es, 5])- (2.14)

Concerning the adjacent Lie algebra structure condition (2.13), it can be
easily rewritten as the set of relationships,

whose evident solution is

for any i, 5,5 = 1, N. It is also clear that the compatibility condition (2.3)
is completely unnecessary [14, 12] for the pre-Poisson bracket (2.1) to be a
Poisson one. Moreover, as the bracket (2.14) is of the classical Lie-Poisson
type, for the Hamiltonian operator (2.11) to satisfy the Schouten-Nijenhuis
condition (2.10) is enough to check only the weak Jacobi identity for the
weak Lie algebra L3, adjacent to to the algebra A via imposing the Lie
structure (2.13), taking into account the relationships (2.16). Simple cal-
culations for the special skew-symmetric case

eiO€j+€jO€i:0 (217)
for all ¢,j = 1, N give rise to the constraints

eioej+ejoe; =0,(eoej)oe,+ (ejoeg)oe; + (epoe)oe; =0, (2.18)
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coinciding exactly with those in [43]. The corresponding Hamiltonian ope-
rator (2.8) then acts as

due; = Y. (o, — op)us(z)u (2.19)
s,k=1,N
on any basis element e; € A. Since the bracket (2.14), owing to the

constraints (2.17) and (2.18), satisfies the weak Jacobi identity implying

that the mapping ¥(u) : A — A* satisfies the Schouten-Nijenhuis condi-
tion (2.10), one has the following result.

Theorem 2.1. The general linear pre-Poisson bracket (2.1) on A* under
the constraints (2.17) and (2.18) on the algebra A, which is of the Lie-
Poisson type on the adjoint space E;’g to the weak Lie algebra Ly adjacent

to the loop algebra 1&, is a priori a Poisson and compatible with the internal

algebraic structure of A.

Remark 2.2. Similarly, one can consider a simple ultra-local quadratic
pre-Poisson bracket on A*,

{ui(@),u;(x)} = (u(@) @u(z), ¥*(e; A ej) ), (2.20)
where the skew-symmetric mapping 9* : AAA > Symm(,& ® 1&) is given
for any ¢,7 = 1, N in the quadratic form

V(e ®@ej —ejQe;) = Z (cf]S - c?f)(ek ®es+es®ex). (2.21)
k,s=1,N
In particular, if we assume that the coefficients cfjs = oF.a’ for some

i
constant numbers Ufj and o® € K for all 4,5 and k,s =1, N, where

o k
€L O eg = Z O',L‘jek,
k=1,N

then the pre-Poissson bracket (2.20) yields a very compact form
{wi(z), uj(z)} = (u(z) @u(z), a ®lei, 5] + [es, 5] @y, (2.22)

generalizing (2.14) and parametrically depending on the constant vector
a:= ) «a’es € A. For the pre-Poisson bracket (2.22) to be Poisson one
s=1,N

can formulate suitable constraints on the algebraic structure of 1&, similar
to those obtained in [14], which we shall not consider here.

Now, let A(u) © A denote the polynomial differential ideal generated by
an element u € A and its derivatives D?u € A, n € Zy. The corresponding
space of polynomial functions A(u) — K, constructed by means of some
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scalar form on A(u), will be denoted by F(u). Then the basic ultra-local

and linear, with respect to an independent element u(z) € A, xz e S, pre-
Poisson bracket (2.1) is easily generalized to a local pre-Poisson bracket for
arbitrary functions f,g € Fj (u) :

{f,9}(w) = (u(@), 9" (Vf(u(z)) A Vg(u(z)), (2.23)
in which the mapping
9* A AA— Symm(AQA)

is invariantly reduced on the subspace A(u) A A(u) and depends nontrivially
on the derivation D, : A — A. In (2.23) we denoted the usual linear
gradient mapping from F; (u) to the ideal A(u) < A by “V”, that is for a
given h € Fy (u), Vh(u(z)) € A(u) and

(v(zx), Vh(u(z)) := dh(u + ev) /de| .=

for any v(x) € 1&*, z € S'. Keeping in mind the problem of finding con-
straints on the multiplicative structure of the algebra A under which the
pre-Poisson bracket (2.23) is Poisson, it is very interesting to construct non-
trivial examples of linear local pre-Poisson brackets on F; (u), compatible
with the multiplication “o” on A and nontrivially depending on the usual
differential operator D, : A — A for x e St

In particular, for arbitrary functions f,g € F;(u) one can consider the
following nontrivial and simplest linear local pre-Poisson bracket

{f,9}(u) := (u(z), 9*(Vf(u(z)) A Vg(u(z))), (2.24)
where
9 (a(z) Ab(z)) —
— Z [cj-szaj(m)bk(:r) - cjszbj(ac)ak(a:)]es (2.25)

for any

a(x) == 2 a’(z)ej, b(z) := 2 bj(a;)ejEA7

j=1,N j=1,N

x € S', and some arbitrarily chosen constant quantities cj-k e K for all 5,k

and s = 1, N. If one also assumes that these constant quantities satisfy the
condition (2.16), that is ¢f; = o7, for all 4, j and s = 1, N, the mapping (2.25)
can be recast as

0" i (a(z) A b(z)) — Dra(z) o b(z) — Dib(x) o a(x), (2.26)
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providing the pre-Poisson bracket (2.24) for arbitrary functions f, g € F; (u)
with the canonical Lie-Poisson form

{f.9}(u) = (u(x), D;Vf(u(z)) o Vg(u(z))—

(2.27)
= D:Vg(u(x)) o Vf(u()),
which was recently presented in [91]. Thus, if the Lie structure
[a(x),b(z)|p := Dga(x) o b(z) — Dgyb(x) o a(z) (2.28)

for any a(z),b(z) € A, x € S, generates the weak adjacent Lie algebra Lz,
the pre-Poisson bracket (2.27) will automatically be Poisson on the space
Fy(u). Moreover, the expression (2.27), rewritten in the tensor form

(£.9}w) = {Au(z), DV f(u(x) ® Vg(u(z))-
~ DaVg(u(@) @V f(u(z) ) = (2:29)
= (D) Vf(u(x)), Vg(u(x))),

naturally defines a related bilinear form (-,-) on the weak adjacent Lie
algebra L+, allowing to determine the corresponding Hamiltonian operator
Y(u) : L3z — L3, whose matrix representation with respect to the basis

{eS€A|s—1 N}ls
Y(u) = o(u)Dy + Dyo(u)T, (2.30)

where o(u) = {3 _1xojjus | i,] = 1,N}. So, if the Hamiltonian opera-
tor (2.30) satisfies the Schouten-Nijenhuis condition (2.10), the pre-Poisson
bracket (2.29) is Poisson. Yet, simultaneously, if the adjacent Lie algebra
structure (2.28) satisfies the weak Jacobi condition

(u(x) ()] c(@)]p )+
+ <u z), [[b(z), e(x)]p, a(@)]p )+ (2.31)
+ (ul@), [[e(x), a(x)]p, b(x)]p) = 0

for any elements a(z),b(z) and c¢(z) € A, z € S!, then the pre-Poisson
bracket (2.27) equivalent to (2.29), being of the Lie-Poisson type, will be a
priori Poisson. As the second criterion is easier to check, after some simple
calculations one obtains the well-known [11, 43| Balinsky-Novikov algebra
constraints

[Ra, Rb] =0, [Lav Lb] = L[a,b] (232)
on the multiplication structure of the algebra A, where, by definition, for

any a, b € A the bracket [a, b] := aob—boa and the mappings Ly, R, : A — A
are left and right multiplications, respectively: L,b:=aob = Ra,
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Remark 2.3. As follows from Proposition 3.2, formulated below, if the
algebra A is a Balinsky-Novikov algebra (2.32), then the constructed above
Hamiltonian operator 9(u) : £ — L3 is a derivation of the weak adjacent
Lie algebra £; and vice versa: the operator ¥(u) : £L; — £; is Hamiltonian
if it is a derivation of the weak Lie algebra L3 adjacent to the Balinsky-
Novikov algebra (2.32).

The next example of the bilinear, nonlocal (pseudodifferential) and weakly
skew-symmetric mapping

9* : (a(z) A b(2)) — D a(z) o b(z) — D b(z) o a(z), (2.33)

where D, D;! :=1: A — A is the identity mapping, generates the weak
adjacent Lie algebra L3 structure

[a(z),b(z)]p := D a(z) o b(z) — D, b(x) o a(x) (2.34)

x
for any a(z),b(z) € A. It is easy to check that the commutator struc-
ture (2.34) satisfies the weak Jacobi identity (2.31) iff the multiplicative
structure of the algebra A satisfies the so called [59] right Leibniz algebra
constraints:
Raob = [Rm Rb], Raob + Rboa =0 (235)

for arbitrary elements a, b € A. The corresponding matrix integro-differential
Hamiltonian operator on the space Fj (u) with respect to the basis

{ese Al s=1N}

for this case equals
I(u) = o(u)D; 4+ Do (u)T (2.36)
for any u(z) € A*, z € S,
Consider now the bilinear, nonlocal and weakly skew-symmetric mapping

9* : (a(z) A b(z)) — D b(z) 0 Dya(z)) — Dy ta(z) o Dyb(z)),  (2.37)

x

which naturally generates the adjacent Lie algebra L3 structure
[a(z),b(z)]p := D;'b(zx) o Dya(z) — Dy a(z) o Dyb(x). (2.38)

Then it is easy to check that the commutator structure (2.38) satisfies the
weak Jacobi identity (2.31), iff the following so called Riemann algebra A
multiplicative structure

[Ra, Rb] =0, Lach = Raob = Lioa (239)

holds for arbitrary elements a,b € A. For the related Hamiltonian operator
on the functional space F (u) with respect to the basis {e; € A | s =1, N}
one easily obtains from (2.37) the integro-differential expression

I(u) = Dyo(u)D;t — Do (u)TD, (2.40)
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for any u(z) € A*,z € S. The above results can be reformulated as the
following theorem.

Theorem 2.4. An arbitrary linear pre-Poisson bracket (2.29) on the func-
tional space Fj(u), which is of the Lie-Poisson type on the adjoint space

£:§ to the weak Lie algebra Ly adjacent to the loop algebra 1&, is a priori

Poisson and compatible with the internal structure of the algebra A iff the
related Lie algebra structure [-,-]p satisfies the weak Jacobi condition.

Thus, all the operators (2.30), (2.36) and (2.40) are Hamiltonian and a
priori satisfy the Schouten-Nijenhuis condition (2.10), as easily follows from
Theorem 2.4. It is also clear that in contrast to the simple Hamiltonian
operator criterion formulated in this theorem, direct and very cumbersome
checking of the Schouten-Nijenhuis condition as in [43] for the cases con-
sidered above, would be required for the multiplicative structures on the
algebra A coinciding with (2.32), (2.35) and (2.39).

3. HAMILTONIAN OPERATORS AND RELATED ALGEBRAIC STRUCTURES
VIA THE LIE-ALGEBRAIC APPROACH

Assume now that the loop algebra (A;o) allows a weak adjacent Lie
algebra extension (L3;[-,]p) by means of a commutator operation

[]p : AxA A,

which can be endowed [17, 18, 38, 89] with a nondegenerate ad-invariant

([a’7 b]D7C) = (CL, [ba C]D)v (31)
and symmetric
(a,b) = (b,a) (3.2)
bilinear form (-,-) : L3 x£; — K for any a,b and c € L,.
Remark 3.1. If the Lie-structure [,-]p on A coincides with the usual
commutator structure [, -] on A, with respect to the multiplication ”o” and
the symmetric bilinear form (3.2) also satisfies the shifting property
(aob,c) = (a,boc) (3.3)

for any a,b and c € L3, then the ad-invariance condition (3.1) automatically
holds.

The form (3.2) makes it possible to construct the natural identification
*

=Ly One can consider the subspace of polynomial functions F; (u)
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of the space F (Lj’é) of smooth functions on E;’i, generated by an element
u € Eji’ jointly with its related Lie-Poisson bracket:

{f.9}o = (u, [Vf(u), Vg(u)]p) (3.4)
for any f,g € F;(u). Owing to the construction [1, 4, 20, 17, 38|, the Lie-
Poisson bracket (3.4) satisfies a priori the classical Jacobi identity, and it
can serve as a very powerful tool for constructing the related Hamiltonian
operators on the functional space 3 (u). In particular, following [43, 68],
a smooth mapping J(u) : L3 — LZ ~ L3 for a chosen element u € Ais a
Hamiltonian operator if the related pre-Poisson bracket

{f,9} = (W(W)Vf(u), Vg(u)),
determined for any f, g € F;(u), satisfies the Jacobi identity.

Taking into account that the canonical Lie-Poisson bracket (3.4) depends
essentially on the loop Lie algebra structure of L3, we proceed further to
extending the Lie algebra structure on L3 by means of the standard [38]
central extension technique. Namely, let EAA := L; ®K denote the centrally
extended Lie algebra L3 endowed with the bracket

[(a; @), (b5 B)]p = ([a, b] p; wa(a, b))

for any a,b e L3 and «, 8 € K, where the 2-cocycle wy : L3 x L7 > Kis a
skew-symmetric bilinear form satisfying the Jacobi identity:

WQ([CL, b]D, C) -+ ZUQ([Z), c]D,a) + WQ([C, CL]D, b) =0 (35)

for any a,b and c € £;. It is evident that the existence of nontrivial central
extensions on the Lie algebra L strongly depends on the algebraic structure
of the algebra A underlying the whole construction presented above. Yet
there exist some general algebraic properties which allow to proceed further
with success. For example, assume that a smooth mapping

D: E& — Endﬁ&

fieﬁnes for any u € EX ~ L1 a weak derivation of the Lie algebra L5, that
is
(¢,Dula,b]p) = (¢, [Dua, b + [a, Dub]p) (3.6)
flor1 (?ny a,band c€ L;. Then the following important proposition [69, 89]
olds.

Proposition 3.2. Let a linear mapping Dy, : Ly — L; be for a fized
u e C:’g a weak skew-symmetric derivation of the Lie algebra L. Then the
expression

wa(a,b) := (a,Dyb) (3.7)
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Jorany a,b€ L; andu € EZ ~ L5 defines a nontrivial 2-cocycle on the Lie
algebra Ly .

A proof is given by means of direct checking the Jacobi identity (3.5)
and is omitted.

Remark 3.3. The expression (3.7) when linear in the element u € L% can
be, evidently, represented for any a,b € A in the following scalar form:
(a,Dyb) = (u,9*(a A D)), (3.8)
where 9% : A A A — A is some bilinear skew-symmetric mapping.
As follows from the results of Section (2) the right-hand side of expres-
sion (3.8) allows the equivalent form
(u,9%(a A B)) = (u, a,b] ), (3.9)
where the bracket [a, b] 5 deﬁneswfor any a,b e A anew adjacent Lie algebra

structure on the loop algebra A, a priori compatible with the basic Lie
structure [-,-]p. In the case when these Lie structures coincide, that is
[,]p = [,"]p, the cocycle (3.7) naturally determines on the phase space
F5(u) the equivalent to (3.4) Poisson bracket

{f.9}(u) == (Vf(u(z)), DuVy(u(z))) (3.10)
for any f, g € F; (u). Moreover, as follows from (3.9) and the ad-invariance
property (3.1), the mapping Dy () = —[u,|p for any u € £~ is automati-
cally a derivation of the weak adjacent Lie algebra L.

Example 3.4. As a natural example of the derivation D, : £; — L; one
can take the mapping

Dy := Ayu(z) Dy + Dy Asu(x), (3.11)
where for u € E}; the expressions Aju(z) : A A*, j = 1,2, denote the

convolution operators of the co-multiplication A : A* - A* ® A* with res-
pect to its first and second tensor components, respectively. In particular,
we have

(Au,a®0b) := (u,ao0b) = 2 o} J us(z Y (z)dx
s,1,7=1
N L~ ~
for a fixed u = )] us(z)u’ € A* ~ A and any
s=1

= Z a'(x)e;, b= Z V(x)ej € Ly,
j=1

=1
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as we have assumed by definition, that (uf, e;) := 5;, i,7 =1, N. If now the
weak Lie algebra L3 is generated by the commutator Lie structure (3.4),
that is

[a,b]p = Dyaob— Dyboa (3.12)
for any a,b € L;, it easy to check that the mapping (3.11) is a skew-

symmetric with respect to the bilinear form (-,-) on A weak derivation
of the Lie algebra L;. Moreover, the related weak Lie algebraic structure

[-,:]pr on A, satisfying the condition (u, [a,b]p/) = (a, Dyb) for any a,b € L3,
coincides exactly with that (3.12).
There are also other strictly algebraic tools for constructing Poisson

brackets on the functional space Fj(u). For instance, as a simple con-
sequence of Proposition 3.2 the following result [34, 69, 89| holds.

Proposition 3.5. Suppose that a nondegenerate linear skew-symmetric
R-matriz endomorphism R : Ly — L; satisfies the well-known weak Yang-
Bazter commutator condition:

(c,[Ra,Rb]p) = (¢, R ([Ra,blp + [a, Rb]p)) =0 (3.13)
for any a,b and c € L;. Then the inverse mapping R Ly — Ly isa
weak skew-symmetric derivation of the Lie algebra Ly and the expression

ws(a,b) = (a, R71D) (3.14)
defines for any a,b € Li a 2-cocycle on L5 .

For any function f € Fj(u) consider its differential 6f € A! (A(u)) and
define for a chosen element h € A(u)* the vector field &, € D(A(u)) via the
equality

0f(&n) = (Vf(u), h).
As symplectic forms on the phase space A(u) are dual objects to the Poisson
brackets on the functional space F; (u), one easily obtains the following [69,
85, 89| proposition.

Proposition 3.6. Assume that the Lie algebra L5 allows a skew-symmetric
nondegenerate R-structure homomorphism R : Ly — Ly, satisfying the
weak Yang-Bazter condition

(C,R([Ra, bp + [a, Rbp) — [Ra,Rb]D) ~0 (3.15)
for any a,b and c € L;. Then differential 2-forms

w® e N(R(u), j=1.2,
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defined on the ideal A(u) < A by
AV(E5.6) = (REp. &) = (0 VS (W), Vo), (316)

where N
& =01V f(w), & =01Vg(u) € A (A(u))
with f, g€ Fx(u), and

WP(f,6) = (u.[RE REfD) = —(92Vf(w), Vo)),  (3.17)
where
Er =09V f(u), & :=02Vg(u) € A (A(u))
with f,g € fA(u), are closed. Moreover, the corresponding Hamiltonian
operators
V1,92 : L3 — ﬁz

are compatible, that is for arbitrary A, p € K the sum My + pd2 : Ly — Ly
is also a Hamiltonian operator.

Proof. (Sketch). The 2-form (3.16) is closed, as the expression (3.16) de-
termines a 2-cocycle on the Lie algebra L3 owing to the fact that the inverse
mapping R~ : Ly — L5 is a weak derivation on Ly, that is

(¢, R a,b]p) = (c, [R~Ya,b]p + [a,R_lb]D)
for any a,b and ¢ € L;. A proof of the second part of the proposition
consists in direct checking the closedness of the 2-forms wéQ) e A2(A(u)),
which is equivalent to the Yang-Baxter condition (3.15).

Concerning their compatibility, we observe that the Hamiltonian ope-
rator U2 : L3 — L;, corresponding to the expression (3.17), is repre-
sentable as the composition ¥y = 91 (9 191), where the Hamiltonian ope-
rator Jo : L3 — Eg is naturally determined from the canonical Lie-Poisson

bracket (3.4) as

(u, [V f(w), Vg(w)]) := (90V f(u), Vg(u)) (3.18)
for any f,g € F3(u). From this representation one easily derives [22, 20,
69, 43, 89| the compatibility of the Hamiltonian operators ¥2 and ¥; on
A(u), following from the evident compatibility of operators 19y and 91 on
A(u), owing to 2-cocycle property of the bilinear form (3.14). O

The R-structures on the weak Lie algebra L3 can be effectively exploited
for constructing additional Hamiltonian operators on £;§ owing to the fact
that the bracket

(¢, [a,b](r)) == (¢, [a,Rb]p + [Ra,b]p) (3.19)
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generates for any a,b,c € L3 a new weak Lie structure on the linear space
Ly, thus producing a new weak Lie algebra ﬁgz) = (4,[, Tr))-
Example 3.7. Consider the Rota-Baxter [86, 87] endomorphism

R: Ly — L3,

where for any a € L3 we put

R(@) i= 5 | Tato)dy - [ aly)dy

for any = € S', which satisfies the weak Yang-Baxter commutator condi-
tion (3.13). Then it is easy to check that the inverse mapping R~! = d/dz,
x € S, is the natural skew-symmetric derivation of the weak Lie algebra
L5, generating a Poisson structure compatible with that of (3.10).

In a manner similar to the above [69, 57, 85, 89| one verifies the existence
of the following so called “quadratic” Poisson brackets. Namely, the next
proposition holds.

Proposition 3.8. Suppose that the weak Yang-Baxter condition (3.15)
hold. Then the brackets

{f.gh = (uoVf(u), R(uoVg(u))) — (Vf(u) ou,R(Vg(u) ou)) (3.20)

and
{f,9}2 = (u, [RVf(u), Vg(u)]p + [V f(u), RVg(u)]p), (3.21)

defined for any f,g € F;(u), are Poisson and compatible on ,&(u)

As an interesting and also useful consequence of the R-matrix construc-
tion, one has the fact that the following subspaces

L3 = (I+R)/2eL; (3.22)

are Lie subalgebras of L3, which is equivalent to the condition that the
mappings
R

(1£R)/2: £ - £t < £; (3.23)
are homomorphisms [89] of the Lie algebras Egz) = (A [, J(ry) and L’;&f.
In the special case when E}{ nL; = {0}, the operator R =P} — P_ and the
linear operators Py := (I+R)/2 : L3z — Lj; are projectors and the weak
Lie algebra L3 allows the direct sum splitting £; = E}; ® [,Ii.
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4. INTEGRABLE RIEMANN HYDRODYNAMICAL SYSTEMS AND RELATED
MULTICOMPONENT HAMILTONIAN OPERATORS

4.1. General setting. In preceding sections we have shown that any skew-
symmetric Lie structure [-,]p on the weak adjacent Lie algebra Ly, sat-
1sfy1ng the Jacobi identity and nontrivially depending on the derivation
D, : A — A, determines on the phase space F7 (u) the local Poisson bracket

{f.9}(u) = (u, [Vf(u(z)), Vg(u(z))]p)

for all u € A* and arbitrary functions f,g € F;(u). Moreover, from
the analysis provided above we know that if the Hamiltonian operator
I(u) : L3 — E:’i ~ Ly related (2.29) corresponds to some 2-cocycle on the
Lie algebra L3, then it will be a priori Hamiltonian. Moreover, owing to
Proposition 3.2, if this 2-cocycle is generated by a derivation Dy, : L3 — L3,

ue A* ~ 1&, on the Lie algebra L3, one need only check the related weak
Leibniz property (3.6) in the weak adjacent Lie algebra £;. In Section 2
we already showed that the skew-symmetric structure

[a,b]p = Dyaob— Dyboa

for any a,b € L, imposed on the weak adjacent Lie algebra L3, gives rise
to the Hamiltonian operator (2.30) on A(u)

Y(u) = o(u)Dy + Dyo(u)T (4.1)

and to the related multiplicative Balinsky-Novikov algebra structure (2.32)
on A

[Ra, Ry) = 0, [La, Ly) = L) (4.2)
for any a,b and ¢ € A. Similarly, the skew-symmetric structure (2.34)
[a,b]p = D;'aob— D boa

for any a,b € L; on the weak adjacent Lie algebra L3 gives rise to the

Hamiltonian operator (2.30) on A(u)
I(u) = o(u)Dyt + Dy to(u)T

and to the related multiplicative right Leibniz algebra structure (2.32) on
A

Raob = [Ra, Rb]) Raob + Rboa - 0' (4.3)
Moreover, the skew-symmetric structure (2.34)

[a,b]p = Dy'bo Dya— Dy 'ao Db
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for any a,b € L; on the weak adjacent Lie algebra L3 gives rise to the
Hamiltonian operator (2.38) on A(u)

¥(u) = Dyo(u)D; ' — D7 o (u)TD, (4.4)
and to the related multiplicative Riemann algebra structure (2.39) on A
[Ra, Ry] =0, Laob = Raob = Lioa (4.5)
for all a,b,c e A.

Remark 4.2. Just as in Section 2, one can construct for all a, b, c € A dual
Balinsky-Novikov

Ria ) = [Rp, Ral, [La; Lp) = 0,
Leibniz

Laob = [La, Lp), Lgob + Lpog =0
and Riemann

[La, L] = 0, Raob = Laoh = Rpoa

algebra constraints, respectively related to the adjacent Lie algebra Li
structures

la,b]p = Dyaob— Dyboa,
[a,b]p =ao Db —bo D, a,
[a,b]p = —Dyao D 'b+ Dybo D ta
for any a,be L;.

As mentioned above, simultaneously we have shown that the expres-
sions (4.1), (4.3) and (4.4) are true Hamiltonian operators on the functional
space Fj(u) satisfying the Schouten-Nijenhuis condition (2.10). Using the
algebraic scheme in [91] and the right Leibniz algebra (4.3) and the new
Riemann algebra (4.4), one can describe a wide class of multicomponent
completely integrable dynamical systems containing, as follows from the
recent results in [80], infinite hierarchies of the multicomponent hydrody-
namical Riemann type systems.

As the expressions (2.30), (2.36) and (2.40) are true Hamiltonian opera-
tors on the functional space F; (u) satisfying the Schouten-Nijenhuis con-
dition (2.10), following the algebraic scheme of [91] mentioned above and
using the results of [80] and the right Leibniz algebra (2.35) and the new
Riemann algebra (2.39), one can describe a wide class of multicomponent
completely integrable dynamical systems containing the infinite hierarchies
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of multicomponent Riemann hydrodynamical flows. For instance, consider
the generalized completely integrable Riemann type dynamical system

Diuy = ug, Diyug =us, ..., Diuny =0 (4.6)

on the functional space A(u) for some nonassociative and noncommutative
finite-dimensional algebra A, where

Dy = 0/0t + u1 Dy, D, :=0/0x,

r e S!, N e Z,, which was recently studied in detail in [77, 80]. The
relationships (2.39) allow to calculate the corresponding representations
of the Riemann algebra A for cases N = 2 and N = 3, giving rise to
the corresponding Hamiltonian operators 9(u) : £L; — L3, coinciding with
those constructed in [80] modulo the trivial constant 2-cocycles on the weak
adjacent loop Lie algebra L;. In fact, for the case N = 2 one easily
obtains from (2.40) the skew-symmetric two-dimensional matrix derivation
representation

—1
Ia(u) = ( 0 utaDs ) |

—1 -1 —1
Dz ULy U27$Dx —I-Dz Uy

coinciding, modulo the trivial constant 2-cocycle wsa(a,b) := fo(D;'a,b),
determined for a suitable symmetric bilinear form fo : L7 x L3 — K and
all a,b € Ly, with the Hamiltonian operator

_ D! w1 D!
772(“) - < Dx_lul,x uz,ngl +D;1U2,x )

on the space F; (u) for the Riemann type dynamical system (4.6), whose
Hamiltonian representation

d
%(UMUQ)T = —n2(u)VHa(uy, u2)

holds for the Hamiltonian function Hs € F;(u), equal to
1 21
Hy = 2J (uguy p — g2 z)dx.
0

Proceeding similarly for the case N = 3, one easily obtains from (2.40)
the skew-symmetric three-dimensional matrix Hamiltonian operator

V3(u) : Ly — Ly
representation
0 ulnygl 0

I3(u) = | Dytury wooDy'+ Dytus, Dilus, |,
0 uz Dyt 0

T
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coinciding, modulo the trivial constant 2-cocycle
wo(a,b) == f3(D;la,b),

determined for a suitable symmetric bilinear form f3 : A x A — K and all
a,b € L; with the Hamiltonian operator

D! uy Dy 0
n3(u) = | Dy'uie uzeDy'+ Dyluze Dylusg
0 U371D;1 0

on the functional space Fj(u) for the Riemann dynamical system (4.6),
whose Hamiltonian representation
d T
%(ul,w,us) = —n3(u)V Hs[uy, ug, us]
holds for a suitably constructed Hamiltonian function Hj € F; (u).
There is also an interesting observation concerning an infinite hierar-
chy [80] of the generalized Riemann hydrodynamic systems

Diuy =uo, Dyus =wus, ..., Dywuny_1= (’L_LN@)S, Dyuy =0 (47)

on the functional space Fj(u), where s, N € Z,, with the algebra A
generated by the constraints (2.39). For the case s = 2 and N = 3
the above skew-symmetric three-dimensional matrix Hamiltonian operator
Ug2(u) : L3 — L; representation

) 0 uy D! 0
Dgp(u) = | Dy'ure uzaDy'+ Dy'use Dyllisg
0 U3 . Dyt 0

proves to coincide, modulo the trivial constant 2-cocycle
@2@(&, b) = fﬁ(Dz_laa b)>

determined for any suitable symmetric bilinear form fj : £3 x L3 — K and
all a,b € L4 exactly with the Hamiltonian operator

D1 uy Dy 0
M3o(u) = | Di'ure upeDy'+ Dilug, Dyplus, (4.8)
0 U3, Dyt 0

on the functional space F; (u) for the Riemann type dynamical system (4.7),
whose Hamiltonian representation

d

a(ul,uz,ﬁs)T = —3j2(u)VHzjp(u1, u2, u3)
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holds for the Hamiltonian function Hsjp € F; (u), equal to

1 2m
Hgjg = QL [2u1(1137x)2 —u3 — u%ugjx]daﬁ.
Moreover, one can calculate such a constant 2-cocycle on the Lie algebra
Ly
(1) -1 (2)
@y 5(a,b) == f57(Dg a,b) + f57(a,b),
determined for any a,b € L3 by means of two suitably symmetric
(O
fﬁ : ﬁ& X ﬁ& - K
and skew-symmetric
(2) .
flg : ﬁ& X ﬁ& —- K

bilinear forms, which naturally generates the (4.8)-compatible Hamiltonian
operator

o 0 1 0
Iy = | -10 0
0 0 1/2D;t
on the functional space F3 (u) for (4.7), whose Hamiltonian representation
d _ (0 0 _
%(U]_,U/Q,U?))T = —ﬁé‘;(u) VH?E‘z)(’UJ]_,UQ,Ug)
holds for the Hamiltonian function H?E?Q) € F3(u), equal to

1 2w
H§?2) = 2J [uluQ,m — U2U] g — 2(@3,1)2]d1'.
0

It is worth noting here, as was already remarked in [81], that the gene-
ralized Riemann hydrodynamic system (4.7) for s = 3, N = 3 reduces to
the well-known integrable Degasperis-Processi dynamical system [32, 31]
for the function u := uq:

Ut — Uppt + dUUz — SUpUgpy — Ulgry = 0.

Also, for s = 2 and N = 3, the system (4.7) for the function u := u; reduces
to the well-known [29] integrable Camassa-Holm dynamical system
Ut — Ugzt + 3UUg — 2UgUgy + Ulgze = 0,

whose multicomponent extensions were recently extensively studied in [39,
46, 30, 91].

Now, returning to the case N = 2 of the system (4.6), it reduces under
the substitutions uy := u, ug := D, u2 /2 to the well-known [47, 44, 74, 79]
Hunter-Saxton nonlinear dynamical system

du/dt = —uu, + D u? /2 (4.9)
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on the functional manifold A(u), u e A*, describing propagation of short-
waves in a relaxing medium with spatial memory effects. As shown in [74,
79, 75|, the dynamical system (4.9) is a completely integrable bi-Hamilto-
nian flow on the functional manifold A(u), u € A*, with respect to the
compatible pair of scalar Hamiltonian operators

~ ~

D1 (u), P2 (u) : T (A(u)) — T(A(u),

V1 (u) = D1, 9o(u) = uD; ' + D u. (4.10)

As we are interested in the corresponding multicomponent generalization of
the dynamical system (4.9), we need to consider the functional space A (u),
u € 1&*, generated by a finite-dimensional noncommutive and nonassociative
algebra A, and construct the Poisson operators on 3 (u) in the form (2.36),
related to the right Leibniz algebra structure (2.35) and reducing at N =1
to the scalar Hamiltonian operator ¥2(u) : T*(A(u)) — T(A(u)) from the
pair (4.10).

Moreover, as the compatible Hamiltonian operators are generated by
means of suitable central extentions of the adjacent weak Lie algebra, the
problem of description them, as was noted above, requires a detailed inves-
tigation of the structural properties and finite-dimensional representations
of the right Leibniz algebras defined by the constraints (2.35). In what
will follow, we stop mostly on the structural properties of the right Leibniz
algebras, defined by the constraints (2.35), in particular, we characterize in
detail the related derivation algebras.

5. PRELIMINARY ALGEBRAIC SETTING

An algebra (L,+,-) over a field K is called a (right) Leibniz algebra if it

satisfies the identity
x(yz) = (zy)z — (z2)y
for any z,y,z € L. Any Lie algebra is clearly a Leibniz algebra.

Leibniz algebras were introduced by A.M. Bloh [23, 24] and rediscovered
by J.-L. Loday [59]. Recall that a subalgebra H < L is said to be an ideal
of a Leibniz algebra L if H-L, L- H < H. A linear mapping § : L — L is
called a derivation of L if

§(zy) = d(z)y + 2d(y)

for all x,y € L. The set DerL of all derivations of a Leibniz algebra L is
a Lie algebra due to operations of the addition “+” and the commutation
“[—=, =] of linear operators in L. The operator

ro:L3x—xa€el
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of a right multiplication is a derivation of L (so-called an inner derivation
of L induced by a € L). The set

InnL :={ry, |a€ L}

of all inner derivations of L is an ideal of the Lie ring DerL (see e.g. [41].
A general theory for inner derivations in nonassociative algebras is given
in [88]. If L is a Leibniz algebra, then

Leib(L) := spa{z? | x € L}

is the smallest ideal of L such that the quotient algebra L/Leib(L) is a Lie
algebra (see e.g. [15, 33|. The center

Z(L):={2zeL|zL=0= Lz}
and the right annihilator
rannl := {t € L | Lt = 0}

of L are ideals in L such that Z(L),Leib(L) < rannL.

A linear mapping F': L — L is called a generalized derivation of a Leibniz
algebra L associated with a derivation § € DerL (in the sense of Brezar [26]
if

F(ry) = F(z)y + zi(y)
for all z,y € L. Denote by GDerL the set of all generalized derivations of
L. We will write (F,0) € GDerL if and only if F is a generalized derivation
of L associated with 6 € DerL. Since (9,9) € GDerL for any § € DerL, one
concludes that

InnL € DerL € GDerL.

A generalized derivation F' of L that is associated with an inner deriva-
tion r, € InnL is called a generalized inner derivation of L. By IGDerL
we denote the set of all generalized inner derivations of L. Another va-
rious generalizations of Lie (and Leibniz) algebra derivations was introduced
in [15, 28, 42, 56, 63] and others.

In what follows, let D = DerL, G = GDerL, A be a nonempty subset of
D (respectively G). If I is an ideal of L and §(I) < I for all 6 € A, then
I is called a A-ideal of L. Inasmuch (x + d(x))(x + d(x)) € Leib(L) for
any € L and d € D, we deduce that d(z?) € Leib(L) and so Leib(L) is a
D-ideal of L. For a Leibniz algebra (L, +, -), define the derived sequence as
follows:

L'=1, L*=1LL, LD — 1L (k>1).

A Leibniz algebra L is called nilpotent if there exists a positive integer s
such that L) = 0 (see e.g. [2, 33, 42, 16]). For a (Lie or Leibniz) algebra
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L, X € {0,D,G} and

W 0 if Y =Leib(L) and X = X € {0, D},
Y if Y =rannl and X = G,

the algebra A/W is called:
o X-semisimple if, for any X-ideal T of A, the condition T2 < Y implies

that T C Y,

e X-prime if, for any X-ideals T,Q of A, the condition 7Q < Y implies
that TS Yor@QcY,
e X-simple if [A, A] # Y and it only has the following X-ideals: 0, Y and

A (here 0 and Y are not necessarily different),

e X-primary if, for any X-ideals T, Q of A, the condition T'Q € Y implies

that T'C Y or Q™ < Y for some positive integer m.

In particular, a X-semisimple (respectively X-prime, X-simple or X-
primary) Lie (or Leibniz) algebra L is called semisimple (respectively prime,
simple or primary) if X = 0 and a 0-ideal is an ideal of L. A Leibniz algebra
L is semisimple (respectively prime, simple or primary) if and only if the
Lie algebra L/Leib(L) is the ones. If L is a simple Leibniz algebra, then
L/Leib(L) is a simple Lie algebra, but the opposite is not true. It is not dif-
ficult to check that if a Leibniz algebra L is prime (respectively semisimple
or simple), then rannL. = Leib(L). Every semisimple (respectively prime,
simple or primary) Leibniz algebra is D-semisimple (respectively D-prime,
D-simple or D-primary).

The Leibniz algebras are very popular in physics. Many authors have
investigated derivations of Leibniz algebras in the context of geometric
study of algebras (see e.g. |54, 72, 83, 82, 84|) and representations of
Leibniz algebras (see e.g. [42, 41, 60, 63]). For example, A. Fialowski,
A. Kh. Khudoyberdiyev and B. A. Omirov [42] have proved that a Leibniz
algebra is nilpotent if and only if it admits an invertible Leibniz-derivation,
B. A. Omirov [72], I. S. Rakhimov and A.-H. Al-Nashi [84] have studied
derivation algebras of filiform Leibniz algebras, M. Ladra, I. M. Rikhsi-
boev and R. M. Turdibaev [54] have proved that a finite-dimensional Leib-
niz algebra L with a nonsingular derivation is nilpotent, I. S. Rakhimov,
K. K. Masutova and B. A. Omiro [83] have proved, in particular, that
any derivation of a simple finite-dimensional Leibniz algebra over a field of
zero characteristic can be represented as sum of three derivations of special
form. In this paper we study connections between Leibniz algebras L, their
derivation algebras DerL and generalized derivation algebras GDerL.

Our first result subject to these topics is the following proposition which
will be proved in Section 6:
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Proposition 5.1. Let L be a Leibniz algebra. Then the following hold:

(1) D is a simple Lie algebra if and only if L is a simple Leibniz algebra
and D =InnL = [D, D],

(2) if D is a prime (respectively semisimple or primary) Lie algebra,
then L is a D-prime (respectively D-semisimple or D-primary) Leib-
niz algebra.

We also prove an analogue of the result of S. Togd [93] that is a finite-
dimensional Leibniz algebra L such that L # L? and Z(L) # 0 has an outer
derivation (see Proposition 6.5 below).

Obviously, a finite-dimensional Leibniz algebra L is semisimple if its
maximal solvable ideal is equal to Leib(L). Semisimple Leibniz algebras
have studied in [2, 33, 45, 83] and others. In this way we prove in Section 8
the next result.

Theorem 5.2. If L is a D-prime (respectively D-semisimple or D-simple)
Leibniz algebra, then D/ADerL is prime (respectively semisimple or simple)
Lie algebra, where ADerL := {§ € DerL | §(L) < rannL}.

A linear mapping T : L — L is called a multiplier of a Leibniz algebra L
whenever

T(zy) =T(v)y

for all x,y € L. The set of all multipliers of L will be denoted by ML.
Obviously that, for any 7'e ML, (T,0) € IGDerL and so

ML <€ IGDerL < GDerL.

Moreover, ML is an ideal of the Lie ring GDerL. In Section 8 we will prove
the following

Theorem 5.3. Let L be a Leibniz algebra. Then the following hold:

(1) if DerL/ADerL is a semisimple (respectively prime, simple or primary)
Lie algebra, then L/rannL is a G-semiprime (respectively G-prime, G-
simple or G-primary) Lie algebra,

(2) ¢f InnL/AInnL, where AInnL = ADerL n InnL, is a semisimple (res-
pectively prime, simple or primary) Lie algebra, then L/rannlL is a
semisimple (respectively prime, simple or primary) Lie algebra.

For basic definitions and properties of Leibniz and Lie algebras we refer
to [2, 7, 48, 49, 59].
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6. PROPERTIES OF DERIVATION ALGEBRAS
At first we will present some information about derivation algebras. If
A < L, then
InngL :={r, | a € A}

and, in particular, InnL = Inny L.

Lemma 6.1. Let L be a Leibniz algebra, A its ideal. Then the following
hold:

)
)
(iii) InnaL = 0 if and only if A € rannL,
(iv) InnL = 0 if and only if L?> = 0,
)
)
)

rannl is a D-ideal of L,
there is the Lie algebra isomorphism

InnlL 357y +— a+rannl € L/rannL,
(viii) if @ is an ideal of InnL, then
Ap={aeL|r, e d}

is an ideal of L,
(ix) if @ is an ideal of D, then Ag is a D-ideal of L,
(x) if B,C < L, then [InngL,Inng L] = InngpL.

Proof. By routine calculations. O

Lemma 6.2. Let A be a Leibniz algebra and ® an ideal of D. Then we
have:

(i) ADerL is an ideal of D,
(ii) [®,InnL] =0 if and only if & < ADerL,
(iii) if ® nInnL =0, then ® < ADerL.

Proof. (i) Immediately.
(ii) Let e ® and a € L.
Sufficiency. Since
T(;(a) = [5, Ta] (61)

and [0, 7] = 0, we deduce that (a) € rannL.

Necessity. Inasmuch rsq) = 0, we conclude that the assertion holds in
view of Eq. (6.1)).

(iii) It follows from (ii). O
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Corollary 6.3. Let L be a Leibniz algebra. Then InnL is a simple (res-
pectively prime, semisimple or primary) Lie algebra if and only if L is a
simple (respectively prime, semisimple or primary) Leibniz algebra.

Proof of Proposition 5.1. (1)=(2). Let D be a simple Lie algebra. If

InnL = 0, then L? = 0 and any endomorphism of the additive group LT is
a derivation of L. If p is a prime, then

E,={om:L" — L | oyn(a) = ma,where a € L
and p is a divisor of an integer m},

is an ideal of D. Therefore E, = D if the characteristic charaktK = 0 or
E, = D = E, if the characteristic charaktK = p, where p, ¢, r are pair wise
distinct primes. This leads to a contradiction. Hence

0 # InnL = D.

Then L/rannl is a simple Lie algebra by Corollary 6.3, L = L? + rannL
and

D =[D,D] = [InnL,InnL] = InnL.

(2)=>(1). By Corollary 6.3, InnL is a simple Lie algebra. Consider three
cases.
(2a) Let D be a prime Lie algebra and A, B be D-ideals of L such that

AB C rannL. (6.2)

Then
[InngL,InngL] =0 (6.3)

by Lemma 6.1(z) and, as a consequence, InngL = 0 or InnqL = 0. This
means that B € rannl or A € rannL. Thus L is a D-prime Leibniz algebra.

(2b) If D is a semisimple Lie algebra, then we can obtain the assertion
by the same argument as in the part (2a).

(2¢) Assume that D is a primary Lie algebra and A, B are D-ideals of L
satisfying Eq. (6.2). Then, asin (2a), we have Eq. (6.3) and so InngL = 0 or
Inny L is a nilpotent ideal of D. Consequently B < rannL or A™ < rannl.
Hence L is a D-primary Leibniz algebra. U

Lemma 6.4. Let L be a Leibniz algebra and M be its ideal of codimension
1. If0+# Z(L) < M, then Z(M) is an ideal of L and Z(M) # L - Z(M).

Proof. It is easy to see that L = M @ aK is a direct sum of subspaces,
where a € L. Since

m(uz) =0, m(zu) =0, (ux)m =0, (xu)m =0
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forallz e L, me M and u e Z(M), we deduce that Z(M) is an ideal of L.
Moreover,
lo: Z(M)3u— aue Z(M)
is an endomorphism of the additive group Z(M)™.
Since 0 # Z(L) < Z(M), we see that the kernel Kerl, # 0 and so
dim Z(M) > dim(a - Z(M)).
Hence L-Z(M) # Z(M). O

Proposition 6.5. Let L be a finite-dimensional Leibniz algebra such that
Z(L) # 0 and L? # L. Then L has an outer derivation.

Proof. Since L? # L, we deduce that there exists a subspace M of codi-
mension 1 of L such that L2 € M and L = M @ oK is a direct sum of
subspaces for some a € L. Obviously that M is an ideal of L. Suppose that
0 # 2p9 € L and there exists a linear map

d:Lam+ Aaw— Az € L,

where X\ € K, d(a) = zp and 6(m) = 0 for any m € M. If, moreover, 6 =,
is an inner derivation for some u € L, then 0 = §(M) = Mu and
20 = 0(a) = ry(a) = au. (6.4)

)IfZ(L) € M, zp € Z(L)\M and a € Z(L), then 0 # 6 € DerL and
20 = au € M by Eq. (6.4), a contradiction.

2) If Z(L) € L? and zy € Z(L)\L?, then 0 # § € DerL and 29 = au € L?,
a contradiction.

3) Assume that Z(L) < L? and so Z(L) € Z(M).

a) Suppose Z(M) # Z(L) and zp € Z(M)\Z(L). Then 0 # § € DerL. If
u = mg + Apa for some mg € M and A\g € K, then

Zou = )\Ozoa, uzg = )\Oazo
and
20U + uzp = )\05(@2) = 0.
This yields that uzg = —zpu = 0 and consequently zg € Z(L), which gives
a contradiction.
Now assume that Z(L) = Z(M).
b) If 2o € Z(M)\L - rannM, then 0 # & € DerL. Indeed, a®> € M and
therefore §(a?) = 0. Then
(5((7711 + Ala)(mg + )\QCL)) =0= )\1)\25(a2)
= MA2d(a)a + AA2ad(a) =
= A z0(ma + A2a) + (m1 + A\a)dazp =
= 5(m1 + )\1(1) . (mg + /\ga) -+ (m1 + )\1(1) . (5(7712 + )\Qa)
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for any my,mg € M and A, Ao € K. Moreover, zg = au € L -rannM, which
gives a contradiction.
c¢) Now assume that Z(M) = L -rannM. In view of Lemma 6.4,

Z(M) # L- Z(M)

and so Z(M) # rannM. If zg € Z(M)\rannM, then 0 # § € DerL and
zp = au € rannM, which gives a contradiction.
It now follows from 1)-3) that ¢ is an outer derivation of L. O

Corollary 6.6. If L is a finite-dimensional nilpotent Leibniz algebra, then
it admits an outer derivation.
7. GENERALIZED DERIVATIONS

Lemma 7.1. Let L be a Leibniz algebra. Then:

(i) GDerL is a Lie ring with respect to the point-wise addition “+” and
the point-wise Lie multiplication ‘{—, —]” given by the rules

(H+ K)(x)=H(z) + K(z)
and
[H, K](z) = H(K(z)) — K(H(z))
for allx € L and H, K € GDerL;
(ii) iof A is a D-ideal of L, then

InGDerL = {F € GDerL | F is associated with some 1, € Inng L}
s an ideal of GDerL. In particular,
IGDerL = I GDerL, ML = IoGDerlL.

(iii) GDerL = ML + DerL, where ML is an ideal of GDerL, and
ML (| DerL € ADerL;

(iv) IGDerL = ML + InnL, where ML is an ideal of IGDerL, and
ML()InnL € ADerL;

(v) if (F,90),(F,d) e GDerL, then § + ADerL = d + ADerL.

Proof. Assume that (F,J),(K,d) € GDerL, T '€ ML and z,y € L.
(i) We see that (F'— K,6 — d) € GDerL,
[, K](zy) = F(K(2)y + 2d(y)) — K(F(2)y + 26(y)) =
= [F, K](z)y + z[d, d](y)

and so ([F, K], [d,d]) € GDerL.
(ii) Evident.
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(iii) The equality
[F,T](zy) = [F,T](x)y
implies that [F,T] € ML and, as a consequence, ML is an ideal of GDerL.
From

(0 = F)(zy) = 6(x)y + xd(y) — F(x)y — x0(y) = (6 — F)(x)y
it follows that § — F'e ML. If g € DerL n ML, then

9(@)y = g(zy) = g(x)y + zg(y)-
Hence zg(y) = 0 whih implies that g(L) < rannL.
(iv) By the same argument as in the part (iii).
(v) If (F,0),(F,d) € GDerL for some §,d € DerL, then

zd(y) = xd(y)
and consequently z(d —d)(y) = 0. This means that (6 —d)(L) € rannL. O

Lie algebras L with abelian derivation algebras Derl was studied by
S. Togo [92].

Lemma 7.2. Let L be a Leibniz algebra and (F,d) € GDerL. Then we
have:

(i) if F =0, then d € ADerL,

(ii) of d € ADerL, then F € ML,

(iii) of GDerL is an abelian Lie algebra, then DerL is abelian,
(iv) if L # 0, then IGDerL # 0.

Proof. Assume that x,y € L.
(i) In fact,
0=F(zy) = F(2)y + zd(y) = zd(y)
and so d(y) € rannL.
(ii) Since F(zy) = F(z)y, we deduce that F' € ML.
(iii) We have DerL < GDerL and therefore the assertion holds.
(iv) Straightforward. O

Lemma 7.3. Let L be a Leibniz algebra and (H,r,) € IGDerL. Then the
following hold:
(i) if H =0, then a € rannL,
(ii) if a € rannL, then H € ML,
(iii) if IGDerL is an abelian Lie algebra, then L? C rannL,
(iv) if L is abelian, then IGDerL = ML.

Proof. It is easy to check by using the same argument as in the proof of
Lemma 7.2. O
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Let ® € GDerL, I' € DerlL,

Ty = {d € DerL | there is H € ® that is associated with d € DerL},
Ur = {H € GDerL | H is associated with some d € I'},
Yo ={a€ L| thereis H € ® that is associated with r, € InnL}.

Lemma 7.4. Let L be a Leibniz algebra. If ® is an ideal of GDerL such
that [®,1GDerL] = 0, then Te < ADerL (and so ® < ML).

Proof. Indeed, if (F,d) € ®, then ry,) = [d,7,] € ADerL for any a € L
and so d(a) € rannL. O

Lemma 7.5. Let L be a Leibniz algebra. Then the following hold:

(1) if ® is an ideal of IGDerL (respectively GDerL ), then g is an ideal
(respectively a D-ideal) of L,

(2) if T is an ideal of DerL, then Uy is an ideal of GDerL (in particular,
Uy = IoGDerL = ML),

(3) if @ is an ideal of GDerL, then Ty is an ideal of DerL.

Proof. (1) Let a,be X, t € L, (H,14),(K,r) € @, (S,7) € IGDerL and

(M,0) € GDerL. Since

(H*era—b% ([M7H]a’r5(a))7 ([Ha S]7Tta)a ([SaH]arat) €,

we conclude that a — b,(a), ta,at € ¥¢ and therefore g is an ideal of L.
(2)-(3) By the same argument as in the part (1). O

Lemma 7.6. Let L be a Leibniz algebra and A its ideal. Then the following
conditions are equivalent:

(1) I,GDerL < ML,
(2) AcrannL,
(3) InngL = 0.

Proof. For proof see Lemmas 6.1 and 7.1. O
Lemma 7.7. Let L be a Leibniz algebra and a € L. If L is D-semisimple,
then r, € ADerL if and only if a € rannL.
Proof. We have that

La =14(L) € rannl.

Moreover, Ld™(a) < rannL for any 6 € D and a non-negative integer n. If
[,t e L, then

0 = t(16"(a)) = (1)6™(a) — (t6"(a))l
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and so (t6"(a))l € Lé™(a). Hence

0
Ly := La+ Z Lo"(a)

n=1

is a D-ideal of L and Lg - Lo = 0. Consequently La = 0. (]

Lemma 7.8. Let L be a Leibniz algebra and A its ideal. Then there exist
Lie algebra isomorphisms:

(1) DerL/ADerL > d + ADerL — F + ML € GDerL/ML, where
(F,d) € GDerL,

(2) InnL/AInnL 3 r, + AlnnL — H + ML € IGDerL/ML, where
(H,ry) € IGDerL.

Proof. Straightforward. O

8. PROOFS

Proof of Theorem 5.2. (a) Let L be a D-prime Leibniz algebra and W, {2
be ideals of D such that [¥, Q] = 0. Then rannl = Leib(L). If

©:=U()lnL and A:=Q()InnL,
then
® = Inna, L, A =Tnna, L, (@, A] = 0.
Lemma 6.1(x) and (iii) imply that
AprAgp C rannl.
Since Ap and Ag are D-ideals by Lemma 6.1(ix), we deduce that
Ap Crannl or Ag C rannl

by the D-primeness of L. This gives that A = 0 or ® = 0 by Lemma 6.1(iii).
As a consequence of Lemma 6.2(iii), the quotient Lie algebra D/ADerL is
prime.

(b) If L is a D-semisimple Leibniz algebra, then we can obtain that
D/ADerL is semisimple analogously as in (a).

(c) Assume that L is a D-simple Leibniz algebra and V¥ is an ideal of D.
Then rannl = Leib(L). If & := ¥ n InnL, then Ag is a D-ideal of L and
so Agp € rannL. By Lemma 6.1(iii), ® = Inna,L = 0 and ¥ < ADerL by
Lemma 6.1(iii). Thus D/ADerL is a simple Lie algebra. O

Proposition 8.1. Let L be a Leibniz algebra. Then the following hold:
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(1) if GDerL/ML is a semisimple (respectively prime, simple or primary)
Lie algebra, then L/rannL is a G-semiprime (respectively G-prime,
G-simple or G-primary) Lie algebra;

(2) if IGDerL/ML is a semisimple (respectively prime, simple or primary)
Lie algebra, then L/rannL is a semiprime (respectively prime, simple
or primary) Lie algebra.

Proof. (1a) Assume that GDerL /ML is a prime Lie algebra and A, B are
G-ideals of L such that AB < rannL. Then

[IgGDerL,IyGDerL] € ML (8.1)

and so IgGDerL € ML or I,GDerL € ML what forces that B < rannl or
A € rannL by Lemma 7.6. Hence L/rannL is a G-prime Lie algebra.

(1b) If GDerL/ML is a semisimple Lie algebra, then we can prove by the
same argument as in the case (1a).

(1c) Assume that GDerL/ML is a simple Lie algebra and A is a G-ideal
of L. By Lemma 7.1(ii), Is\GDerL is an ideal of GDerL and so

GDerL = I5,GDerL

or
ML = I,GDerL

what implies that L = A 4 rannlL or A < rannL. Consequently L/rannl
is a G-simple Lie algebra.

(1d) Let GDerL/ML be a primary Lie algebra and A, B be G-ideals of
L satisfying the condition AB < rannlL.

Then (8.1) holds and so IyGDerL < ML or

[I5GDerL, ..., IgGDerL] < ML

~
m times

for some positive integer m. Therefore A < rannL or B™ < rannL. Hence
L/rannL is a G-primary Lie algebra.
(2) By the analogues argument as in the proof of the part (1). O

Proof of Theorem 5.3. This theorem is a consequence of Proposition 8.1
and Lemma 7.8. 0

9. SUPPLEMENT: THE CLASSICAL POISSON MANIFOLDS APPROACH
REVISITED

9.1. Poisson structures on noncommutative functional manifolds.
It is interesting to look at the construction of the Hamiltonian operators
presented above and revisit it from the standard point of view, considering
them as those defined on the naturally associated [1, 4, 22, 20, 68, 70, 78]

cotangent space T*(M) to some linear functional manifold M ~ A* ~ A.
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Then, a Hamiltonian operator on M is defined [1| as a smooth mapping
¥ : M — Hom(T*(M);T(M)), such that for any fixed u € M the bracket

{19} = (Vf(u),9(u)Vg(u)), (9-1)
where f,g : M — K are arbitrary smooth mappings from the functional
space D(M) =~ F;j(u), satisfies the Jacobi identity. The bracket (9.1) is
determined on M by means of the natural convolution (-,-) on the product
T*(M)xT (M), and respectively, the gradient V f(u) € T*(M) of a function
feD(M) is calculated as

(Vf(u),h) = df[u+ eh]/de|-=o (9.2)
for any h e T(M). It is well known [43, 58] that a linear operator
Hu) : T*(M) - T(M),

determined at any point u € M, is Hamiltonian iff the suitably defined [43]
Schouten-Nijenhuis bracket

[[9(u), d(u)]] = 0 (9-3)

identically on M. Namely, this condition (9.3) was used in the investiga-
tions [43, 90] to formulate criteria for the operator ¥(u) : T*(M) — T'(M)
to be Hamiltonian on the functional manifold M. Yet these criteria ap-
pear to be very complicated and involve a large amount of cumbersome
calculations even in the case of fairly simple differential expressions. So, we
have reanalyzed this problem from a slightly different point of view. First,
recall that the Jacobi identity for the bracket (9.1) is completely equiva-
lent to the fact that the bracket operator defined as D¢(g) := {f, g} for a
fixed f € D(M) and arbitrary g € D(M) acts as a derivation on the space
(DM); {-,-}) -

Dy{g,h} ={Dy(g),h} +{g, Ds(R)}, (9.4)
where g,h € D(M) are taken arbitrary. This can be easily reformulated
as follows: take any element ¢ € T#(M), such that the Fréchet derivative
O'(u) = ¢"*(u) at any u € M with respect to the convolution (-,-) on
T*(M) x T(M), and construct a vector field K : M — T'(M) as

K (u) = 9(u)p(u).
Then the derivation condition (9.4) can be equivalently rewritten [1, 68,
20, 70, 78| as the strong Lie derivative
Lt =9 - K — 9K — K9 = 0 (9.5)

along the vector field K (u) = 9(u)p(u) € T(M) at any u € M for all “self-
adjoint” elements ¢ € T*(M). Equivalently, a given linear skew-symmetric
operator ¥(u) : T*(M) — T(M),u € M, is Hamiltonian iff the Lie deri-
vative (9.5) vanishes for all “self-adjoint” elements ¢ € T*(M). Moreover,
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as was observed in [64], it suffices to check the condition (9.5) only on the
subspace of elements ¢ € T*(M) satisfying the condition ¢'(u) = 0 for any
ue M.

As an example, one can check that a skew-symmetric matrix-differential
operator on M of the form

9(u) := o(u) Dy + Dyo (u), (9.6)

where, an n-dimensional square matrix

n
o(u) = (Z Uso;; |i,j:m,neZ+,ueM),

s=1
satisfies the condition (9.5) iff the linearly independent elements from

span{ej € A|j=1,n}
K

generate the finite dimensional nonassociative Balinsky-Novikov algebra
n —_—

(4.2) and satisfy the conditions e;oe; = ] o;jjes for all 4, j = 1,n. Similarly,
s=1

one can verify that the skew-symmetric inverse-differential operator

I(u) == o(u)D;' + D o(u)T, (9.7

n
where, as above o(u) := <Z usof; | 4,5 = Ln,n € Zy,u € M), the
s=1
(3%}

sign “7” means the usual matrix transposition, is Hamiltonian iff the basic
nonassociative algebra A : =span{e; : j = 1,n} coincides with the right
K

n
Leibniz algebra (4.3) and the condition e; o e; = ] o7es holds for any
s=1

i,j = 1,n. The skew-symmetric inverse-differential operator (9.7) can be
naturally generalized to the expression

I(u) == Dyo(u)D;t — D o(u)T Dy,
which can be rewritten as
I(u) = o(Dyu)D;t + D o (D) + o(u) — o(u)T. (9.8)

The condition (9.5) for the operator (9.8) to be Hamiltonian reduces to the
constraints on the related nonassociative algebra

A :=spanfe; : j = 1,n}
K

exactly coinciding with that of (4.4), and analyzed in some detail in Sec-
tion 3.
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As it was already mentioned, based on the matrix representations of
the right Leibniz algebra (4.3) and the new nonassociative Riemann al-
gebra (4.5), one can construct many nontrivial Hamiltonian operators

I(u): Ly — Ly

on the associated weak Lie algebra L3, related with diverse types of nonas-
sociative algebras A. These Hamiltonian operators prove to be very use-
ful [21, 80, 81] for describing a wide class of multicomponent hierarchies
of integrable Riemann type hydrodynamic systems and their various phy-
sically reasonable reductions.

9.2. Poisson structures on manifolds generated by associative non-
commutative algebras. Proceed now to a slightly generalized construc-
tion of Hamiltonian operators on a phase space, generated by associa-
tive noncommutative algebra A-valued matrices, which was first studied
in [25, 35, 76, 78] in case of the noncommutative operator algebras and
continued later in [62, 51, 52, 53, 62, 66, 67, 71| in case of general asso-
ciative noncommutative algebras. This natural and simple generalization
appeared to be very useful [5, 6, 94, 96, 62, 66, 67| for describing a wide class
of new Lax type integrable nonlinear Hamiltonian systems on associative
noncommutative algebras, interesting for diverse applications in modern
quantum physics.
We start here with a free associative noncommutative algebra

A — K<U17UQ, ce . ,Um>,

generated by a finite set of elements {u; € A : j = 1,m}, and define its
"abelianization” Ay := A/[A, A] and the projection m : A — A, where
[A, A] == {uv —vu € A : u,v € A}. Consider now a naturally related with
A n-dimensional matrix Lie algebra G := gl(n; A) over the field K with
entries in A subject to the usual matrix commutator [a|b] := ab— ba for all
a,b e G. Being first interested in the Lie-algebraic studying [22, 20, 38, 85]
of co-adjont orbits on the adjoint space G*, let us construct a bi-linear
form (-|-) : G x G — Ay on the Lie algebra G by means of the trace-type
expression

{a|b) := mtr(a™h) (9.9)
for any a,b € G. The following important lemma holds.

Lemma 9.3. The bilinear form (9.9) on G is symmetric, nondegenerate
and ad-invariant.
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Proof. Symmetricity. We have:
alby="> w(aibi)

,J=Ln

= Z m(asjbij — bijag;) + Z 7 (bijaij) (9.10)

=1,n i,5=1n

= ), wlbiyaiy) = bla)

,j=1,n

for any a,be gG.
Nondegeneracy. Assume that (a|b) = 0, € A, for a fixed a € G and all
be G. To state that a = 0, let us put then b = a and obtain

lalay=">] w(aijaij) = 0.

ij=I,n

Taking into account that the associative algebra is generated by the finite
set of elements {u; € A | j = 1,m}, it is easy to deduce from n? expansions

of elements

(1) (1) (1>) e neY (1)
L. = P P * 2 Sm
aj=caapn= ), >, C (k 1 (1,01(2),. 01 (m)) (“m(l)“ol(z) : ““m(m)) +

‘5(1)‘62 O1€0n

.S

+ ) Do Clioi@os (@yerron (m)soa(L).02@snesoa(m) X

[sW],|s(2)|ezy o1,02€0n

y usgn usén u Ei) y usgz) us(zz) usﬁf) "
o1(1) Vo1(2) T Toa(m) o1(1) To2(2) " Toz(m)

from A that the sum

ERECICINCNCINE)

> w(erer) =0 (9.11)

k=Ln

iff ¢, = 0 for all k = 1,n2. Indeed, the sum of (9.11) under the m-mapping
can be now rewritten, respectively, as

(1) (1) (1)) ‘(1) 5(1) S(l)
D (ewer) = YD, D(m(l),ol(z), m(m))( Ugy (1) Yoy (2) - '“m(m))Jr

k=1,n2 [s(W ez o1€0n

Sm

+ ) Y Dty i@y s (myion(10:0s(2)s s () X

[sW],|s(2)|ezy 01,02€0n

I LRl SR
X | Yoy (1)¥s1 @) - Uogm) ) X | Yo () ¥an(@) - Uolym) | T+
with some D-coefficients from K for all o; € S,,, depending quadratically on
coefficients of expansions, staying at uniform and symmetric basis elements

CRESIEOMONOIRO)
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of the algebra A. As the m-mapping sends all of them, by definition, to
zero, the resulting system (9.11) reduces to the set of algebraic equations

(5080
=0
(01(1),01(2),-,01(m)) ’

(s060...oD ;Do 2)

D

(01(1).01(2),1 ();02(1).72(2), -2 (m)) = O
reducing successively for all o; € S), to the conditions
(‘9-51)3&1).“3%1)) o
(k;01(1),01(2),...,01(m))
(Sgl)sél)..‘85117();552)8&2)..‘85121)>
(k301 (1,04 (2) 01 ()i02(1),05 (2) 02 () — O
being equivalent to the equalities ¢, = 0 for all k = 1, n2. O

As a simple consequence from Lemma 9.3 one derives the following propo-
sition.

Proposition 9.4. The constructed Lie algebra G is ad-invariant and -
metrized.

Proof. Really, from the symmetry property (9.10) one easily obtains that

(alfb,c]) = ([a;b][¢) (9-12)

modulo m-mapping for any elements a,b and ¢ € G. As the bilinear form (9.9)
is non-degenerate, one has G* ~ G, that jointly with the ad-invariance pro-
perty (9.12) means that the Lie algebra G is metrized. O

Being interested in constructing integrable noncommutative dynamical
systems on the algebra A, we need to introduce into our analysis a “spec-
tral” parameter A € C, responsible for the existence of infinite hierarchies
of the corresponding dynamical systems invariants, guaranteeing their in-
tegrability. This wil be done in next Section, devoted to the Lie-algebraic
analysis on loop-Lie-algebras, related with the Lie algebra G, introduced
above.

Consider now the Lie algebra {G,[,-]}, constructed above, and the re-
lated loop Lie algebra

{6 =goctira, [}
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of the corresponding G-valued Laurent series with respect to the parameter
AeC,

g .= NkéZ{ELZ Z aj)\j lajeG,j= 1,N},
J<N

and define on it the corresponding to (9.9) modulo 7-mapping bilinear form
(]):GxG— A:

(@] b) := resy(ma|b) (9.13)
for any elements @, b € G. It is easy to observe that the bilinear form (9.13) is

also symmetric and non-degenerate. Thus, the following proposition holds.

Proposition 9.5. The loop Lie algebra G is ad-invariant and w-metrized.

As the loop Lie algebra g allows~natural direct sum splitting G = Q~+ oG
into two Lie subalgebras G and G_, where

Gi: U fa= X oV laeq.i=TN}

NeZy j=0,N
g~_ = U {&: Z aj>\7(j+1) |aj€g,j€Z+},
NeZ4 JE€ZL 4

their adjoint spaces with respect to the bilinear form (9.13)) split the adjoint
loop space G* = GT @ G* and satisfy the equivalences

gi~g., Gt ~G,.

Let now a linear endomorphism R : G — G equals R = (P, — P_)/2, where,
by definitions, Py : G — G+ < G are the projections on the corresponding
subspaces G+ < G. It is a well known property [22, 20, 38, 85| that for any
a,b € G the deformed Lie product

[@,b] g := [Ra, b] + [a, Rb]

satisfies the Jacobi condition and generates on the loop Lie algebra G a new
Lie algebra structure.

Within the classical Adler-Kostant-Symes Lie-algebraic approach, or its
R-matrix structure generalization [22, 20, 38, 85|, the adjoint loop space
Q* is then endowed with the modified Lie-Poisson structure

{I(a),1(b)}y == (I][a,b]r), (9.14)

for any basic functionals 1(a),[(b) € D(G*) subject to which the whole set

1(G*) = {v e D(G*) | (I|[grady(l),a]) = 0, a € G*}
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of smooth Casimir functionals on G* is commutative with respect to the
deformed Lie-Poisson structure (9.14) on G*, that is {y, u}y = 0y € Ay for

all v, p € 1(G*) and, by definition,

@mrady () = o0 +2i)

The latter makes it possible to construct integrable Hamiltonian flows on
the associative algebra A as Poissonian flows on the co-adjoint orbits on
the adjoint space G*, generated by a suitable loop Lie algebra G of Casimir
gradient elements. Namely, if an element [ € G* is fixed, the corresponding
Hamiltonian flow on G* subject to the deformed Poisson bracket (9.14)
and a Casimir functional v € [ (C;*) possesses the well known Lax type
[55, 65, 85] representation

di/dt = [Pygrady(1),1], (9.15)

where t € K is a related evolution parameter. The example of this construc-
tion and its Lie algebraic properties are discussed in the next Subsection.

9.6. Kontsevich type integrable systems on unital finitely gene-
rated free associative noncommutative algebras. Let a free unital
finitely generated associative non-commutative algebra A := K{u®,v*) be
the corresponding group algebra of a group G{u, v}, generated by two ele-
ments u,v € G. The algebra A is infinite dimensional with the countable
basis

La(l, w/osr =, oIy o2 =iyd ~kyk—a,
vius2 I TRk | s1,89,...€Z),
the related two-dimensional matrix loop Lie algebra G = G ® C{{\, \"1}},

G = gl(2; A), is metrized subject to the bi-li near product (9.13) and
generated by affine elements

a= Z o Z a§k))\j
j=0,3 J<Ko0
with four basis Pauli matrix elements oy € gl(2;K), k = 0,3, and algebra

(%)

components a; "’ € A, j « o0, k =0,3. The corresponding Casimir func-
tionals v € [ (é *) generates a Hamiltonian flow on points le G* with respect
to the Poisson bracket (9.14) in the Lax type form (9.15). To analyze this
flow in detail, let us put, by definition, that the seed orbit point [ € G* is
given by the following A-squared expression

(= > 3 ola=3l), (9.16)
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where

{07 € gl*(%K) | tr(0?oy) = i
is the dual basis of the matrix space gi*(2;K)

O

=0,3}

2;K) and elements

|2

(k) o _
{uj eAlj —0,3,k—0,2}
are coordinates of some A-algebra valued phase space Mg0|2) in a general
position. In particular, we will choose the following dual bases:
0
-1

(10 (01 {00 B
0)
1
T2

in gl(2;K) and
in gl(2; K)*. Moreover, we also will assume that A-algebra valued coeffi-

O =

Ol

1
5 0 0 1 0 0 :

cients of the phase space MIEXO 1) and (9.16) are representable subject to the
basis of A as

a\\ A3 A2 At

o? u(()O) 1 uwl =v+v T futut Fo et [()2) 0

ol ug()) —u u;l) — ! ug2) -0 . (9.17)
o? ugo) =0 ud) = ol w1 ug) =

o3 uz())O) =-1 uél) = v4+v i 4ru—ut—vtut uéQ) =0

following the result obtained in [96].

As a first important task, we will calculate the corresponding Poisson
structure on the related A-algebra valued phase space MI(L‘O | 2)(l~), generated
by coefficients, presented in the expression (9.17). To do this, we need

to take into account that the phase space M, O] )(l) being endowed with
the R-modified Poisson structure (9.14), is strongly reduced via the Dirac
scheme [38, 78] subject to the set

(I)::{‘Pl_ué)_lzov pr=u) =0, o3 =uy) =0,

1= =0, @5:u(°)+1—0}
of algebraic constraints, imposed on the phase space M 012 " The lat-
ter means that the true Poisson structure on the reduced phase space
Mg) | 2)(l) = Mj(él0 2 /@ coincides with the corresponding Dirac type reduc-
tion of the R-modified Poisson structure, defined on the full phase space
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Mﬁlo 12 As a result of simple enough yet cumbersome calculations we arrive
at the following Poisson brackets

{u, v}y = —uv, {u,uly =0y = {v,v};
on the reduced phase space M(0 ) () ~ A= K{ut vb).
Having taken as a Hamiltonian operator h := resA%tr(I2) € I(G*), one

easily obtains the following [51] nonlinear integrable Kontsevich dynamical
system

dU/dt = {h7u}u = uv — UU_]' _ U_]' o

dv/dt = {h,v}y = —vu+ovut +ut [T K (u,v)

on the reduced phase space A = K{u*,v*). Moreover, owing to the Lax
type representation (9.14), the Kontsevich dynamical system (9.18) proves
to be equivalent to the following matrix commutator equation

difdt =11, p(0)]

(9.18)

for any A € K in the Lie algebra G, where the A-valued matrix
p(l) = Pygradh(l)/2 = oo(v™ ' —v+u+1)/2+
+ o o Foz(vt —v+u—1)/2€G.
Taking as Hamiltonian functions the algebraic expressions
R = resA™r (1) € 1(G*), m,n € Z,

one can obtain a complete set of m-commuting to each other conservation
laws of the Kontsevich dynamical system (9.18), thus proving its generalized
integrability. Moreover, choosing both another group algebra and orbit
clements [ € G*, one can construct the same way many other integrable
Hamiltonian systems on the associative noncommutative phase space A,
that is planned to be a topic of a next investigation.

10. CONCLUSION

In this work we succeeded in formal tensor and differential-algebraic re-
formulating the criteria [43, 90, 64| for a given differential expression to
be Hamiltonian and developed an effective approach to classification of the
algebraic Poisson structures lying in the background of the integrable mul-
ticomponent Hamiltonian systems. We have devised a simple algorithm
allowing to construct new algebraic structures within which the correspon-
ding Hamiltonian operators exist and generate integrable multicomponent
dynamical systems. We also showed, as examples, that the well known
Balinsky-Novikov algebraic structure, obtained before in [43, 11| as a con-
dition for a matrix differential expression to be Hamiltonian, appears within
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the devised approach as a derivation on the adjacent Lie algebra, naturally
associated with a suitably constructed differential loop algebra. By means
of a direct generalization of this example it is obtained new Lie algebraic
relationships, whose background algebraic structures coincide, respectively,
with the right Leibniz algebra, introduced in |23, 24, 59| and with a new Rie-
mann type nonassociative algebra. The constructed Hamiltonian operators
describe a wide class of multi-component hierarchies |21, 80| of integrable
multicomponent hydrodynamic Riemann type systems. Their reductions
appeared to be closely related both to the integrable Camassa-Holm and
with the Degasperis-Processi dynamical systems, and are of special interest
from the equivalence transformation point of view, devised recently in [95].
Taking into account that the compatible Hamiltonian operators, impor-
tant for studying integrable multicomponent Hamiltonian systems on func-
tional manifolds, are constructed by means of suitable central extentions
of the adjacent weak Lie algebras, determined by the right Leibniz and
Riemann type nonassociative and noncommutative algebras, the problem
of their description requires a detailed investigation both of their structural
properties and finite-dimensional representations of the right Leibniz algeb-
ras defined by the corresponding structural constraints. Subject to these
important aspects we stopped in the work mostly on the structural proper-
ties of the right Leibniz algebras, especially on their derivation algebras and
their generalizations. We added also a Supplement in which we revisited
the classical Poisson manifolds approach to Hamiltonian operators on func-
tional noncommutative manifolds, as well as presented it simple and natural
realization, generated by associative noncommutative group algebra. The
latter appeared to be very useful for describing a wide class of new Lax type
integrable nonlinear Hamiltonian systems on associative noncommutative
algebras, interesting for diverse applications in modern quantum physics.

11. ACKNOWLEDGEMENTS

The authors are cordially indebted to Anatolij M. Samoilenko, Gerald
Goldin, Denis Blackmore, Maciej Blaszak and Blazej Szablikowski for use-
ful comments and remarks, especially for elucidating references, which were
very instrumental when preparing a manuscript. They also are indebted to
Prof. Anatol Odziewicz for fruitful and instructive discussions during the
XXXVIII Workshop on Geometric Methods in Physics held on Juny 30-
July 06, 2019 in Bialowieza, Poland. A.P. thanks also the Departments of
Mathematical Sciences of the Rutgers University and the NJIT University
of Technology (NJ, USA) for invitations to visit them during the Spring
Semester-2019, where there was prepared an essential part of the present



44

O. Artemovych, A. Balinsky, A. Prykarpatski

work. The aknowledgements belong to the Department of Physics, Mathe-
matics and Computer Science of the Cracov University of Technology for a
local research grant F-2/370/2018/DS.

The last but not least authors’ sincere thanks belong to Referee for
her/his very insightful and instrumental comments and suggestions that
made the work strongly improved.

(1]

2]
3l

[4]

5]

[6]
(7l

[9

[10]

[11]
[12]

[13]

[14]

[15]

REFERENCES

Ralph Abraham, Jerrold E. Marsden. Foundations of mechanics. Benjamin/Cummings
Publishing Co., Inc., Advanced Book Program, Reading, Mass., 1978. Second edition,
revised and enlarged, With the assistance of Tudor Ratiu and Richard Cushman.

S. Albeverio, Sh. A. Ayupov, B. A. Omirov. On nilpotent and simple Leibniz algebras.
Comm. Algebra, 33(1):159-172, 2005, doi: 10.1081/AGB-200040932.

Massoud Amini, Isamiddin Rakhimov, Seyed Jalal Langari. Enveloping Lie algeb-
ras of low dimensional Leibniz algebras. Appl. Math. (Irvine), 2(8):1027-1030, 2011,
doi: 10.4236/am.2011.28142.

V. 1. Arnold. Mathematical methods of classical mechanics, volume 60 of Grad-
uate Texts in Mathematics. Springer-Verlag, New York, second edition, 1989,
doi: 10.1007/978-1-4757-2063-1. Translated from the Russian by K. Vogtmann and
A. Weinstein.

S. Arthamonov. Noncommutative inverse scattering method for the Kontsevich system.
Lett. Math. Phys., 105(9):1223-1251, 2015, doi: 10.1007/s11005-015-0779-5.

S. Arthamonov. Modified double Poisson brackets. J. Algebra, 492:212-233, 2017,
doi: 10.1016/j. jalgebra.2017.08.025.

Sh. A. Ayupov, B. A. Omirov. On Leibniz algebras. In Algebra and operator theory
(Tashkent, 1997), pages 1-12. Kluwer Acad. Publ., Dordrecht, 1998.

Chengming Bai, Daoji Meng. Addendum: “The classification of Novikov algeb-
ras in low dimensions” invariant bilinear forms [J. Phys. A 34 (2001), no.
8, 1581-1594; MRI1818753 (2002d:17002)]. J. Phys. A, 34(39):8193-8197, 2001,
doi: 10.1088/0305-4470/34/39/401.

Chengming Bai, Daoji Meng. The classification of Novikov algebras in low dimensions.
J. Phys. A, 34(8):1581-1594, 2001, doi: 10.1088/0305-4470/34/8/305.

Chengming Bai, Daoji Meng. Transitive Novikov algebras on four-dimensional
nilpotent Lie algebras. Internat. J. Theoret. Phys., 40(10):1761-1768, 2001,
doi: 10.1023/A:1011968631980.

A. A. Balinskii, S. P. Novikov. Poisson brackets of hydrodynamic type, Frobenius
algebras and Lie algebras. Dokl. Akad. Nauk SSSR, 283(5):1036-1039, 1985.

A. Balinsky, Yu. Burman. Quadratic Poisson brackets and the Drinfeld theory for
associative algebras. Lett. Math. Phys., 38(1):63-75, 1996, doi: 10.1007/BF00398299.
A. A. Balinsky, A. I. Balinsky. On the algebraic structures connected with the lin-
ear Poisson brackets of hydrodynamics type. J. Phys. A, 26(7):L361-L364, 1993,
doi: 10.1088/0305-4470/26/7/002.

A. A. Balinsky, Yu. M. Burman. Quadratic Poisson brackets compatible with an algebra
structure. J. Phys. A, 27(18):L693-L696, 1994, doi: 10.1088/0305-4470/27/18/008.
Donald W. Barnes. Faithful representations of Leibniz algebras. Proc. Amer. Math.
Soc., 141(9):2991-2995, 2013, doi: 10.1090/50002-9939-2013-11788-0.


http://dx.doi.org/10.1081/AGB-200040932
http://dx.doi.org/10.4236/am.2011.28142
http://dx.doi.org/10.1007/978-1-4757-2063-1
http://dx.doi.org/10.1007/s11005-015-0779-5
http://dx.doi.org/10.1016/j.jalgebra.2017.08.025
http://dx.doi.org/10.1088/0305-4470/34/39/401
http://dx.doi.org/10.1088/0305-4470/34/8/305
http://dx.doi.org/10.1023/A:1011968631980
http://dx.doi.org/10.1007/BF00398299
http://dx.doi.org/10.1088/0305-4470/26/7/002
http://dx.doi.org/10.1088/0305-4470/27/18/008
http://dx.doi.org/10.1090/S0002-9939-2013-11788-0

Hamiltonian operators and nonassociative noncommmutative algebras) 45

[16] Chelsie Batten Ray, Alexander Combs, Nicole Gin, Allison Hedges, J. T. Hird, Lau-
rie Zack. Nilpotent Lie and Leibniz algebras. Comm. Algebra, 42(6):2404-2410, 2014,
doi: 10.1080/00927872.2012.717655.

[17] A. A. Belavin, V. G. Drinfel’ d. Solutions of the classical Yang-Baxter equation for
simple Lie algebras. Funktsional. Anal. i Prilozhen., 16(3):1-29, 96, 1982.

[18] A. A. Belavin, V. G. Drinfel’ d. The classical Yang-Baxter equation for simple Lie
algebras. Funktsional. Anal. i Prilozhen., 17(3):69-70, 1983.

[19] Yves Benoist. Une nilvariété non affine. J. Differential Geom., 41(1):21-52, 1995,
doi: 10.4310/jdg/1214456006.

[20] Denis Blackmore, Anatoliy K. Prykarpatsky, Valeriy Hr. Samoylenko. Nonlinear dy-
namical systems of mathematical physics. World Scientific Publishing Co. Pte. Ltd.,
Hackensack, NJ, 2011, doi: 10.1142/9789814327169. Spectral and symplectic integ-
rability analysis.

[21] Denis Blackmore, Yarema A. Prykarpatsky, Nikolai N. Bogolubov, Jr., Anatolij K.
Prykarpatski. Integrability of and differential-algebraic structures for spatially 1D
hydrodynamical systems of Riemann type. Chaos Solitons Fractals, 59:59-81, 2014,
doi: 10.1016/j.chaos.2013.11.012.

[22] Maciej Blaszak. The theory of Hamiltonian and Bi-Hamiltonian systems, page 41-85.
Springer Berlin Heidelberg, 1998, doi: 10.1007/978-3-642-58893-8_3.

[23] A. Bloh. On a generalization of the concept of Lie algebra. Dokl. Akad. Nauk SSSR,
165:471-473, 1965.

[24] A. Bloh. Cartan-Eilenberg homology theory for a generalized class of Lie algebras.
Soviet Math. Dokl., 8:824-826, 1967.

[25] N. N. Bogolyubov, Jr., A. K. Prykarpatsky. A bilocal periodic problem for Sturm-
Liouville and Dirac operators, and some applications in the theory of nonlinear dy-
namical systems. I. Ukrain. Mat. Zh., 42(6):794-800, 1990, doi: 10.1007/BF01058917.

[26] Matej Bresar. On the distance of the composition of two derivations to the generalized
derivations. Glasgow Math. J., 33(1):89-93, 1991, doi: 10.1017/50017089500008077.

[27] Dietrich Burde. Affine structures on nilmanifolds. Internat. J. Math., 7(5):599-616,
1996, doi: 10.1142/50129167X96000323.

[28] Dietrich Burde, Wolfgang Alexander Moens. Periodic derivations and prederivations of
Lie algebras. J. Algebra, 357:208-221, 2012, doi: 10.1016/j. jalgebra.2012.02.015.

[29] Roberto Camassa, Darryl D. Holm. An integrable shallow water equa-
tion with peaked solitons. Phys. Rev. Lett.,, 71(11):1661-1664, 1993,
doi: 10.1103/PhysRevLett.71.1661.

[30] Ming Chen, Si-Qi Liu, Youjin Zhang. A two-component generalization of the
Camassa-Holm equation and its solutions. Lett. Math. Phys., 75(1):1-15, 2006,
doi: 10.1007/s11005-005-0041-7.

[31] A. Degasperis, D. D. Kholm, A. N. I. Khon. A new integrable equation with peakon
solutions. Teoret. Mat. Fiz., 133(2):170-183, 2002, doi: 10.1023/A:1021186408422.

[32] A. Degasperis, M. Procesi. Asymptotic integrability. In Symmetry and perturbation
theory (Rome, 1998), pages 23-37. World Sci. Publ., River Edge, NJ, 1999.

[33] Ismail Demir, Kailash C. Misra, Ernie Stitzinger. On some structures of Leibniz algeb-
ras. In Recent advances in representation theory, quantum groups, algebraic geometry,
and related topics, volume 623 of Contemp. Math., pages 41-54. Amer. Math. Soc.,
Providence, RI, 2014, doi: 10.1090/conm/623/12456.

[34] Irene Dorfman. Dirac structures and integrability of monlinear evolution equations.
Nonlinear Science: Theory and Applications. John Wiley & Sons, Ltd., Chichester,
1993.


http://dx.doi.org/10.1080/00927872.2012.717655
http://dx.doi.org/10.4310/jdg/1214456006
http://dx.doi.org/10.1142/9789814327169
http://dx.doi.org/10.1016/j.chaos.2013.11.012
http://dx.doi.org/10.1007/978-3-642-58893-8_3
http://dx.doi.org/10.1007/BF01058917
http://dx.doi.org/10.1017/S0017089500008077
http://dx.doi.org/10.1142/S0129167X96000323
http://dx.doi.org/10.1016/j.jalgebra.2012.02.015
http://dx.doi.org/10.1103/PhysRevLett.71.1661
http://dx.doi.org/10.1007/s11005-005-0041-7
http://dx.doi.org/10.1023/A:1021186408422
http://dx.doi.org/10.1090/conm/623/12456

46

[35]

[39]
[40]
[41]

[42]

[43]

[44]

[45]

[46]

[47]
[48]

[49]

[52]

O. Artemovych, A. Balinsky, A. Prykarpatski

I. S. Drobotskaya. The Poisson structures related with Lax integrable operator dy-
namical systems. Preprint/Academy of Sciences of Ukraine, Institute of Mathematics,
93.36:33, 1993.

B. A. Dubrovin, S. P. Novikov. Hamiltonian formalism of one-dimensional systems of
the hydrodynamic type and the Bogolyubov-Whitham averaging method. Dokl. Akad.
Nauk SSSR, 270(4):781-785, 1983.

B. A. Dubrovin, S. P. Novikov. Poisson brackets of hydrodynamic type. Dokl. Akad.
Nauk SSSR, 279(2):294-297, 1984.

L. D. Faddeev, L. A. Takhtajan. Hamiltonian methods in the theory of soli-
tons. Springer Series in Soviet Mathematics. Springer-Verlag, Berlin, 1987,
doi: 10.1007/978-3-540-69969-9. Translated from the Russian by A. G. Reyman
[A. G. Reiman]|.

Gregorio Falqui. On a Camassa-Holm type equation with two dependent variables. J.
Phys. A, 39(2):327-342, 2006, doi: 10.1088/0305-4470/39/2/004.

Rail Felipe, Nancy Lopez-Reyes, Fausto Ongay. R-matrices for Leibniz algebras. Lett.
Math. Phys., 63(2):157-164, 2003, doi: 10.1023/A:1023067727095.

A. Fialowski, E. Zs. Mihalka. Representations of Leibniz algebras. Algebr. Represent.
Theory, 18(2):477-490, 2015, doi: 10.1007/s10468-014-9505-8.

Alice Fialowski, A. Kh. Khudoyberdiyev, B. A. Omirov. A characterization of
nilpotent Leibniz algebras. Algebr. Represent. Theory, 16(5):1489-1505, 2013,
doi: 10.1007/s10468-012-9373-z.

I. M. Gel'fand, I. Ya. Dorfman. Hamiltonian operators and algebraic structures
related to them. Functional Analysis and Its Applications, 13(4):248-262, 1980,
doi: 10.1007/b£01078363.

Jot anta Golenia, Maxim V. Pavlov, Ziemowit Popowicz, Anatoliy K. Prykarpatsky.
On a nonlocal Ostrovsky-Whitham type dynamical system, its Riemann type inhomo-
geneous regularizations and their integrability. SIGMA Symmetry Integrability Geom.
Methods Appl., 6:Paper 002, 13, 2010, doi: 10.3842/SIGMA.2010.002.

S.  Gomez-Vidal, A. Kh. Khudoyberdiyev, B. A. Omirov. Some re-
marks on semisimple Leibniz algebras. J. Algebra, 410:526-540, 2014,
doi: 10.1016/j.jalgebra.2013.04.027.

D. D. Holm, R. I. Ivanov. Multi-component generalizations of the CH equation: ge-
ometrical aspects, peakons and numerical examples. J. Phys. A, 43(49):492001, 20,
2010, doi: 10.1088/1751-8113/43/49/492001.

John K. Hunter, Ralph Saxton. Dynamics of director fields. SIAM J. Appl. Math.,
51(6):1498-1521, 1991, doi: 10.1137/0151075.

N. Jacobson. A note on automorphisms and derivations of Lie algebras. Proc. Amer.
Math. Soc., 6:281-283, 1955, doi: 10.2307/2032356.

Nathan Jacobson. Lie algebras. Interscience Tracts in Pure and Applied Mathematics,
No. 10. Interscience Publishers (a division of John Wiley & Sons), New York-London,
1962.

Hyuk Kim. Complete left-invariant affine structures on nilpotent Lie groups. J. Diffe-
rential Geom., 24(3):373-394, 1986, doi: 10.4310/jdg/1214440553.

Maxim Kontsevich. Formal (non)commutative symplectic geometry. In The Gelfand
Mathematical Seminars, 1990-1992, pages 173-187. Birkhduser Boston, Boston, MA,
1993.

Maxim Kontsevich. Noncommutative identities. arXiv:1109.2469, 2011.


http://dx.doi.org/10.1007/978-3-540-69969-9
http://dx.doi.org/10.1088/0305-4470/39/2/004
http://dx.doi.org/10.1023/A:1023067727095
http://dx.doi.org/10.1007/s10468-014-9505-8
http://dx.doi.org/10.1007/s10468-012-9373-z
http://dx.doi.org/10.1007/bf01078363
http://dx.doi.org/10.3842/SIGMA.2010.002
http://dx.doi.org/10.1016/j.jalgebra.2013.04.027
http://dx.doi.org/10.1088/1751-8113/43/49/492001
http://dx.doi.org/10.1137/0151075
http://dx.doi.org/10.2307/2032356
http://dx.doi.org/10.4310/jdg/1214440553

Hamiltonian operators and nonassociative noncommmutative algebras) 47

[53]

[54]

[53]
[56]
[57]
[58]
[59]

[60]

[61]

[62]

[63]

[64]

[65]

[66]

[67]

[68]

[69]

[70]

Maxim Kontsevich, Alexander L. Rosenberg. Noncommutative smooth spaces. In
The Gelfand Mathematical Seminars, 1996—-1999, Gelfand Math. Sem., pages 85-108.
Birkh&user Boston, Boston, MA, 2000.

M. Ladra, I. M. Rikhsiboev, R. M. Turdibaev. Automorphisms and
derivations of Leibniz algebras. Ukrain. Mat. Zh., 68(7):933-944, 2016,
doi: 10.1007/s11253-016-1277-3.

Peter D. Lax. Integrals of nonlinear equations of evolution and solitary waves. Comm.
Pure Appl. Math., 21:467-490, 1968, doi: 10.1002/cpa.3160210503.

G. Leger. Derivations of Lie algebras. III. Duke Math. J., 30:637-645, 1963,
doi: 10.1215/S0012-7094-63-03067-9.

Luen Chau Li, Serge Parmentier. Nonlinear Poisson structures and R-matrices. Comm.
Math. Phys., 125(4):545-563, 1989.

André Lichnerowicz. Les variétés de Poisson et leurs algébres de Lie associées. J. Dif-
ferential Geometry, 12(2):253-300, 1977, doi: 10.4310/jdg/1214433987.

Jean-Louis Loday. Une version non commutative des algébres de Lie: les algébres de
Leibniz. Enseign. Math. (2), 39(3-4):269-293, 1993.

Geoffrey Mason, Gaywalee Yamskulna. Leibniz algebras and Lie algebras.
SIGMA Symmetry Integrability Geom. Methods Appl., 9:Paper 063, 10, 2013,
doi: 10.3842/SIGMA.2013.063.

Alberto Medina Perea. Flat left-invariant connections adapted to the automorphism
structure of a Lie group. J. Differential Geometry, 16(3):445-474 (1982), 1981,
doi: 10.4310/jdg/1214436223.

A. V. Mikhailov, V. V. Sokolov. Integrable ODEs on associative algebras. Comm. Math.
Phys., 211(1):231-251, 2000, doi: 10.1007/s002200050810.

Wolfgang Alexander Moens. A characterisation of nilpotent Lie algebras
by invertible Leibniz-derivations. Comm. Algebra, 41(7):2427-2440, 2013,
doi: 10.1080/00927872.2012.659101.

O. 1. Mokhov. Simplekticheskaya i puassonova geometriya mna prostranstvakh
petel’gladkikh mnogoobrazii i integriruemye uravneniya. Sovremennaya Matematika.
[Contemporary Mathematics]. Institut Komp'yuternykh Issledovanii, Izhevsk, 2004.
S. Novikov, S. V. Manakov, L. P. Pitaevskii, V. E. Zakharov. Theory of solitons.
Contemporary Soviet Mathematics. Consultants Bureau [Plenum|, New York, 1984.
The inverse scattering method, Translated from the Russian.

A. V. Odesskii, V. N. Rubtsov, V. V. Sokolov. Bi-Hamiltonian ordinary differential
equations with matrix variables. Theoret. and Math. Phys., 171(1):442-447, 2012,
doi: 10.1007/s11232-012-0043-4. Translation of Teoret. Mat. Fiz. 171 (2012), no.
1, 26-32.

Alexander Odesskii, Vladimir Rubtsov, Vladimir Sokolov. Double Poisson brackets
on free associative algebras. In Noncommutative birational geometry, representations
and combinatorics, volume 592 of Contemp. Math., pages 225-239. Amer. Math. Soc.,
Providence, RI, 2013, doi: 10.1090/conm/592/11861.

Walter Oevel. Dirac constraints in field theory: lifts of Hamiltonian systems to the
cotangent bundle. J. Math. Phys., 29(1):210-219, 1988, doi: 10.1063/1.528175.
Walter Oevel. R structures, Yang-Baxter equations, and related involution theorems.
J. Math. Phys., 30(5):1140-1149, 1989, doi: 10.1063/1.528333.

Peter J. Olver. Applications of Lie groups to differential equations, volume 107 of
Graduate Texts in Mathematics. Springer-Verlag, New York, second edition, 1993,
doi: 10.1007/978-1-4612-4350-2.


http://dx.doi.org/10.1007/s11253-016-1277-3
http://dx.doi.org/10.1002/cpa.3160210503
http://dx.doi.org/10.1215/S0012-7094-63-03067-9
http://dx.doi.org/10.4310/jdg/1214433987
http://dx.doi.org/10.3842/SIGMA.2013.063
http://dx.doi.org/10.4310/jdg/1214436223
http://dx.doi.org/10.1007/s002200050810
http://dx.doi.org/10.1080/00927872.2012.659101
http://dx.doi.org/10.1007/s11232-012-0043-4
http://dx.doi.org/10.1090/conm/592/11861
http://dx.doi.org/10.1063/1.528175
http://dx.doi.org/10.1063/1.528333
http://dx.doi.org/10.1007/978-1-4612-4350-2

48

[71]
[72]
(73]
[74]
[75]

[76]

[77]

(78]

[79

[80]

[81]

[82]

[83]

[84]

[85]

[36]

[87]

[88]

O. Artemovych, A. Balinsky, A. Prykarpatski

Peter J. Olver, Vladimir V. Sokolov. Integrable evolution equations on associative
algebras. Comm. Math. Phys., 193(2):245-268, 1998, doi: 10.1007/s002200050328.
B. A. Omirov. On derivations of filiform Leibniz algebras. Mat. Zametki, 77(5):733-742,
2005, doi: 10.1007/s11006-005-0068-1.

J. Marshall Osborn. Novikov algebras. Nova J. Algebra Geom., 1(1):1-13, 1992.
Maxim V. Pavlov. The Gurevich-Zybin system. J. Phys. A, 38(17):3823-3840, 2005,
doi: 10.1088/0305-4470/38/17/008.

Ziemowit Popowicz, Anatoliy K. Prykarpatsky. The non-polynomial conservation laws
and integrability analysis of generalized Riemann type hydrodynamical equations. Non-
linearity, 23(10):2517-2537, 2010, doi: 10.1088/0951-7715/23/10/010.

A. K. Prikarpatskii, N. N. Bogolyubov. A bilocal periodic problem for Sturm-Liouville
and Dirac differential operators, and some applications in the theory of nonlinear dy-
namical systems. Dokl. Akad. Nauk SSSR, 310(1):29-32, 1990.

Anatoliy K. Prykarpatsky, Orest D. Artemovych, Ziemowit Popowicz, Maxim V.
Pavlov. Differential-algebraic integrability analysis of the generalized Riemann type
and Korteweg-de Vries hydrodynamical equations. J. Phys. 4, 43(29):295205, 13, 2010,
doi: 10.1088/1751-8113/43/29/295205.

Anatoliy K. Prykarpatsky, Thor V. Mykytiuk. Algebraic integrability of nonlinear dy-
namical systems on manifolds, volume 443 of Mathematics and its Applications. Kluwer
Academic Publishers Group, Dordrecht, 1998, doi: 10.1007/978-94-011-4994-5.
Classical and quantum aspects.

Anatoliy K. Prykarpatsky, Mykola M. Prytula. The gradient-holonomic in-
tegrability analysis of a Whitham-type nonlinear dynamical model for a re-
laxing medium with spatial memory. Nonlinearity, 19(9):2115-2122, 2006,
doi: 10.1088/0951-7715/19/9/007.

Yarema A. Prykarpatsky, Orest D. Artemovych, Maxim V. Pavlov, Anatoliy K.
Prykarpatsky. Differential-algebraic and bi-Hamiltonian integrability analysis of
the Riemann hierarchy revisited. J. Math. Phys., 53(10):103521, 20, 2012,
doi: 10.1063/1.4761821.

Yarema A. Prykarpatsky, Orest D. Artemovych, Maxim V. Pavlov, Anatoliy K.
Prykarpatsky. Differential-algebraic and bi-Hamiltonian integrability analysis of
the Riemann hierarchy revisited. J. Math. Phys., 53(10):103521, 20, 2012,
doi: 10.1063/1.4761821.

1. S. Rakhimov, Al-Nashri Al-Hossain. On derivations of low-dimensional complex Leib-
niz algebras. JP J. Algebra Number Theory Appl., 21(1):69-81, 2011.

I. S. Rakhimov, K. K. Masutova, B. A. Omirov. On derivations of semisim-
ple Leibniz algebras. Bull. Malays. Math. Sci. Soc., 40(1):295-306, 2017,
doi: 10.1007/s40840-015-0113-5.

Isamiddin S. Rakhimov, Al-Hossain Al-Nashri. On derivations of some classes
of Leibniz algebras. J. Gen. Lie Theory Appl., 6:Art. ID G120501, 12, 2012,
doi: 10.4303/jglta/G120501.

M. A. Reyman, M Semenov-Tian-Shansky. Integrable systems. 2003 (in Russian).
Gian-Carlo Rota. Baxter algebras and combinatorial identities. I. Bull. Amer. Math.
Soc., 75:325-329, 1969, doi: 10.1090/50002-9904-1969-12156-7.

Gian-Carlo  Rota. Baxter algebras and combinatorial identities. II.
Bull. Amer. Math. Soc. 75 (1969), 825-329; ibid., 75:330-334, 1969,
doi: 10.1090/50002-9904-1969-12158-0.

R. D. Schafer. Inner derivations of non-associative algebras. Bull. Amer. Math. Soc.,
55:769-776, 1949, doi: 10.1090/S0002-9904-1949-09281-9.


http://dx.doi.org/10.1007/s002200050328
http://dx.doi.org/10.1007/s11006-005-0068-1
http://dx.doi.org/10.1088/0305-4470/38/17/008
http://dx.doi.org/10.1088/0951-7715/23/10/010
http://dx.doi.org/10.1088/1751-8113/43/29/295205
http://dx.doi.org/10.1007/978-94-011-4994-5
http://dx.doi.org/10.1088/0951-7715/19/9/007
http://dx.doi.org/10.1063/1.4761821
http://dx.doi.org/10.1063/1.4761821
http://dx.doi.org/10.1007/s40840-015-0113-5
http://dx.doi.org/10.4303/jglta/G120501
http://dx.doi.org/10.1090/S0002-9904-1969-12156-7
http://dx.doi.org/10.1090/S0002-9904-1969-12158-0
http://dx.doi.org/10.1090/S0002-9904-1949-09281-9

Hamiltonian operators and nonassociative noncommmutative algebras) 49

[89] M. A. Semenov-Tyan-Shanskil. What a classical R-matrix is. Funktsional. Anal. i
Prilozhen., 17(4):17-33, 1983.

[90] A. Sergyeyev. A simple way of making a Hamiltonian system into
a  bi-Hamiltonian  one.  Acta  Appl.  Math., 83(1-2):183-197, 2004,
doi: 10.1023/B:ACAP.0000035597.06308.8a.

[91] Tan A. B. Strachan, Blazej M. Szablikowski. Novikov algebras and a classification of
multicomponent Camassa-Holm equations. Stud. Appl. Math., 133(1):84-117, 2014,
doi: 10.1111/sapm. 12040.

[92] Shigeaki Togo6. On the derivation algebras of Lie algebras. Canadian J. Math., 13:201—
216, 1961, doi: 10.4153/CIM-1961-017-8.

[93] Shigeaki Togo. Outer derivations of Lie algebras. Trans. Amer. Math. Soc., 128:264—
276, 1967, doi: 10.2307/1994323.

[94] Michel Van den Bergh. Double Poisson algebras. Trans. Amer. Math. Soc.,
360(11):5711-5769, 2008, doi: 10.1090/S0002-9947-08-04518-2.

[95] Olena O. Vaneeva, Roman O. Popovych, Christodoulos Sophocleous. Equivalence
transformations in the study of integrability. Physica Scripta, 89(3):38003, Feb 2014,
doi: 10.1088/0031-8949/89/03/038003.

[96] Thomas Wolf, Olga Efimovskaya. On integrability of the Kontsevich non-abelian ODE
system. Lett. Math. Phys., 100(2):161-170, 2012, doi: 10.1007/s11005-011-0527-4.

Received: August 13, 2019, accepted: December 1, 2019.

Orest D. Artemovych

THE DEPARTMENT OF ALGEBRA AT THE KRAKOW UNIVERSITY OF TECHNOLOGY, KRAKOW,
PoLanD

Email: artemo@usk.pk.edu.pl

Alexander A. Balinsky

THE MATHEMATICS INSTITUTE AT THE CARDIFF UNIVERSITY, CARDIFF CF24 4AG, GREAT
BrITAIN

Email: BalinskyAQcardiff.ac.uk

Anatolij K. Prykarpatski

DEPARTMENT OF PHYSICS, MATHEMATICS AND COMPUTER SCIENCE AT THE CRACOV
UNIVERSITY OF TECHNOLOGY, KRAKOW, POLAND

Email: pryk.anat@cybergal.com


http://dx.doi.org/10.1023/B:ACAP.0000035597.06308.8a
http://dx.doi.org/10.1111/sapm.12040
http://dx.doi.org/10.4153/CJM-1961-017-8
http://dx.doi.org/10.2307/1994323
http://dx.doi.org/10.1090/S0002-9947-08-04518-2
http://dx.doi.org/10.1088/0031-8949/89/03/038003
http://dx.doi.org/10.1007/s11005-011-0527-4
mailto:artemo@usk.pk.edu.pl
mailto:BalinskyA@cardiff.ac.uk
mailto:pryk.anat@cybergal.com

Proceedings of the M el o hccess

International Geometry Center
Vol. 12, no. 4 (2019) pp. 50-59

Dynamics and exact solutions of the
generalized Harry Dym equation

Ruslan I. Matviichuk

Abstract. The Harry Dym equation is the third-order evolutionary partial
differential equation. It describes a system in which dispersion and nonlin-
earity are coupled together. It is a completely integrable nonlinear evolution
equation that may be solved by means of the inverse scattering transform. It
has an infinite number of conservation laws and does not have the Painleve
property. The Harry Dym equation has strong links to the Korteweg-de Vries
equation and it also has many properties of soliton solutions. A connection
was established between this equation and the hierarchies of the Kadomtsev-
Petviashvili equation. The Harry Dym equation has applications in acoustics:
with its help, finite-gap densities of the acoustic operator are constructed.
The paper considers a generalization of the Harry Dym equation, for the
study of which the methods of the theory of finite-dimensional dynamics are
applied. The theory of finite-dimensional dynamics is a natural development
of the theory of dynamical systems. Dynamics make it possible to find fam-
ilies that depends on a finite number of parameters among all solutions of
evolutionary differential equations. In our case, this approach allows us to
obtain some classes of exact solutions of the generalized equation, and also
indicates a method for numerically constructing solutions.

Amnoranis. Pisuauua appi Jiva € eBoomiiHuM piBHSHHA B YaCTUHHUIX
MOXiTHUX TPETHOTO MOPSIIKY 1 OMUCYE CUCTEMU 3 HeiHiitHOIO mucnepciero. Lle
[[JIKOM 1HTErpoBHE HeJliHiliHe PIBHAHHSA, siKe MOXKe OyTu POo3B’d3aHe 3a J10-
ITIOMOT'OI0 3BOPOTHBOI'O IIEPETBOPEHHS pPO3CiloBaHHA. BOHO Mae HeckiHUeHHY
KIJIbKICTh 3aKOHIB 306epexkeHHs 1 He Bosoie BiaacTuBocTio [lennese. PiBusmus
Tappi dima TicHo nos’sa3ane 3 piBusanugam Kopresera-ie Bpica ta mae baraTto
BJIACTHBOCTE DIBHAHB 3 COJIITOHHUMU pimenHsMu. Panime Oyio BcTaHOB-
JIEHO 3B’SI30K MiXK JAHUM DIBHAHHAM Ta iepapxismu piBusgausa Kamomresa-
Ilersiamsini. Bono TakoK Mae 3acTOCyBaHHS B aKyCTHUIII: 3 OO JTOTIOMOIOIO
OYLyIOThCs CKIHYE€HHO-BUMIPHI IIIJIBHOCTI AKyCTHIHOI'O OIIEPATOPA.

T express gratitude to Alexei G. Kushner for setting the problem and useful discussions.
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B nawniit poboti posrisiiaeTbes y3arajibHeHHs piBHaHHA appi [limva, 1s Bu-
BYEHHSI SKOT'O 3aCTOCOBYIOTHCA METOJIM TeOPil CKIHIeHHOBUMIPHOI JUHAMIKA
€BOJIIOLIHUX PIBHAHDb B YACTUHHUX IOXIJHUX, IO € IPUPOIHIM PO3BUTKOM
Teopil jguHaMidHEX cucTeM. IuHamika jgae 3MOry 3HalTu ciM’l po3B’d3KiB
PIBHSHDb B YACTUHHUX HOXIJTHUX, sIKi 3aJI€2KATH BiJl CKIHUEHHOI'O YHCJIa ITapa-
MeTpiB. Y HAIIOMY BUIAJKY TAKUH MMiIXiT JO3BOJISIE OTPUMATHU JAEsIKi KIacH
TOYHUX PO3B’4A3KiB y3arajbHeHoro piBuganHg [appi [lima, a Takox BKasye Ha
MOXKJIUBICTh MOGYIOBH YUCJIOBUX METOJIB JJTsl TIOOYIOBHU TX PO3B’SI3KiB.

1. INTRODUCTION
The Harry Dym equation has the following form:
Up = U Uy (1.1)

Apparently the first time this equation was given in paper [4] by M. Krus-
kal, which referred to an unpublished work by Harry Dym. This equa-
tion describes nonlinear dispersion processes and is closely related to the
Korteweg-de Vries equation and the Kadomtsev-Petviashvili equation. The
Harry Dym equation is used in acoustics to construct finite-gap densities of
an acoustic operator [8]. It is a completely integrable nonlinear evolution
equation, which can be solved using the inverse scattering problem.

This article is devoted to a generalized Harry Dym equation (GHD) of
the form

Ut = f(u)uﬂc:rx (1'2)
for some function f. We suppose that the function f belongs to a class C*
in its domain of definition.

For such equations, first and second order dynamic will be constructed,
which will then be used to construct their exact solutions.

The theory of finite-dimensional dynamics is a natural extension of the
theory of dynamical systems to evolutionary partial differential equations.
It describes a system in which dispersion and nonlinearity are coupled to-
gether.

A detailed description of this theory is presented in |3, 7]. Here we give
only the necessary definitions, ideas and results.

A method for constructing attractors for second-order evolutionary dif-
ferential equations was proposed in [1], on the basis of which an algorithm
for the numerical solution of such equations was developed in [6].

2. FINITE-DIMENSIONAL DYNAMICS

Consider an ordinary differential equation of (k + 1)-th order

y ) = p (x,y, vy .. ,y(’“)) : (2.1)
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This equation generates a one-dimensional distribution P on the jet space
J¥(R) such that its integral curves are prolongations of the solutions graphs
into the space J*(R). The distribution P is generated by the vector field

D d +y d +- 4y d +h 4
= =0 15— T e Y

ox Yo OYe—1 Oy
where x, Yo, y1, . . ., yr are coordinates on Jk(]R).

A vector field X on J¥(R) is called an infinitesimal symmetry of equa-
tion (2.1) if translations along X save P.

Infinitesimal symmetries form Lie algebra Symm P with respect to the
Lie bracket. An infinitesimal symmetry is called characteristic if transla-
tions along it save each integral curve of the distribution P. Characteristic
symmetries form an ideal in Symm P which we denote by CharP.

The quotient Lie algebra ShuffP := SymmP/CharP is called the Lie
algebra of shuffling symmetries.

Each shuffling symmetry can be identified with a vector field of the form

0 0 9 0 k 0

Sp= 07— +D()5 - + D)5+ + D)5

where ¢ is a function on J*(R) that is called a generating function of the
corresponding shuffling symmetry.

Let y = y(z) be a solution of equation (2.1), ¢ a generating function
of a shuffling symmetry, and ®; the translation along the vector field Ss.
Then the function u(t,z) = (@5 1)* (y(z)) is a solution of the evolutionary
partial differential equation

ou
a—:qﬁ(x,u,ul,uQ,...,uk) (2.2)
t

oxd’

Equation (2.1) is called a finite-dimensional dynamics of equation (2.2).
The number k + 1 is called an order of the dynamics.

The following theorem (see [1]) provides a method for calculating finite-
dimensional dynamics of evolutionary equations.

with the initial data u(0,z) = y(x), where u; =

Theorem 2.1. The ordinary differential equation
F=ypy1 — Mz, y0,y1,-- -, y6) =0
is a dynamics of evolutionary equation (2.2) if and only if

[¢, F] =0 mod DF, (2.3)
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where DF = (F, D(F), D*(F),...) is the generated by the function F dif-
ferential ideal,

0
+yo—+ - (2.4)

0 0
D= + Y1 =
oy

ox Yo

is the operator of total derivative, and

6.F] =Y <a¢ i(F) - aFDW))

i=0 i i
is a prolongation of the classical Poisson-Lie bracket into the jet space (see,
for example, [5]).
3. FIRST ORDER DYNAMICS
Find first order dynamics of GHD equation (1.2) in the following form:
F =y + A(yo), (3.1)
where A is a function. Then the Poisson-Lie bracket is

(6, F] = f(y0) A" (yo)ys + 3 (o) A" (yo)yry2 + f' (y0)ysA(yo)-

Applying the operator of total differentiation by x to the equation F' = 0,
we obtain the following expressions of derivatives of the second and third
order:

y2 = — A'(yo)ur,
ys = — A"(yo)y? — A'(0)yo-
Then equation (2.3) has the form
A (ffAA" + fA” + AFA" + 3fA'A") = 0. (3.2)

This equation has the trivial solution A(yy) = 0 and nontrivial one

yodyo dyo
Al) = \/ ([ v Fog) o s

1
+4 /Cy JJ ——dyodyo + Coyo + Cs.
f(yo)

If A(yo) # 0 and C; # 0 for some constants a, b then equation (3.2) can be
solved with respect to the function f:

f(yo) =

I
(A2(y0))"

where C is arbitrary constant.
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The restriction of the function ¢ to equation F' = 0 is

6= —£(0) (A2(y0) A" (o) — Alwo) (4'(w0)")

Example 3.1 (Classical Harry Dym Equation). The function f(u) = u
corresponds to the classical Harry Dym Equation. In this case

Cy + 20542 + 2C
A(yo) = i\/ ! 22y0 340
Yo

3

To simplify the calculations, we put C1 = 2, Cy = C3 = 0 and suppose that

A(yo) = \/% Then the vector field

1 0
VY0 0yo
Translations along this vector field from ¢t = 0 to ¢ and the inverse trans-
formation are

S =

1 3/2 2/3
O, :(z, yo) — <$,4 (Syo/ - 12t> > ,

X 3 32 2/3
q)t_ :(x7y0) — z, <2t + yO > )

and the general solution of the equation

1
/ = 0
Y VYo
is
1
y(x) =7 (a - 122)%/3 (3.3)

where « is arbitrary constant. Its graph is shown in Figure 3.1.

FIGURE 3.1. Graph of solution (3.3) with o = 10



Dynamics and exact solutions of the generalized Harry Dym equation 55

Applying the transformation ®, ! to this solution, we obtain the following
solution of the classical Harry Dym equation:

u(t,z) = i (8 — 12(x +£))2/%. (3.4)

Remark 3.2. Constructed solution (3.4) is similar to the solution obtained
by an auto-Backlund transformation [2]:

u(t,z) = (—3a(z + 4a2t))2/3 :

Example 3.3. Let f(u) = u!'/3 then

A(yo) = i\/ng/g + Cayo + Cs.

To simplify the calculations, we put C; = 25,Cy = C3 = 0 and suppose
that A(yg) = yg/ %, Then the restriction of the function ¢ to the equation

F=0is¢= —8y3/ 6 and the corresponding evolutionary vector field is
= 5 5/6 0
S=— —
9y0 ayo
Then

_ 15625 54 1/3\°
1 :(@,40) — (‘T 24794911296 <t Bl ’

_ 15625 54 1/3\°
o Y (PP i R 5 .
e (@ %) (x 24794911296( 5

The general solution of the equation vy’ + yg/ b=0is

¥(®) = J6656

where « is arbitrary constant. Applying the transformation ®, L to this
solution, we obtain the following solution of GHD equation:

(z+a)°,

Ut = u1/3ux:cac
(see Figure 2.1):

1 6
t,r) = 9(z +a) +5t)" . 3.5
u(t,z) 24794911296 (O ) ) (8:5)

Example 3.4. Let f(u) = e" then
A(yo) = ++/C1yo + Cae¥o + Cs.
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FIGURE 3.2. Graph of solution (3.5)

In order to simplify the calculations, put C; = 0,C% = —1,(C3 = 0. Then
Y —
A(yo) = 6_70, whence ¢ = _%efyo/27 and

16
Dy 1 (z,y0) — (x,—ln + yo>.
(te= 2 — 4)2

The general solution of the equation v/ + e~ %2 =0 is

4
y(x) = —In m7

where « is arbitrary constant. Applying the transformation @, L to this

solution, we obtain the following solution of the GHD equation u; = e“tyzz:

4

u(t,z) = —2In B ta) 10

(3.6)

(see Figure (2.2)).

4. SECOND ORDER DYNAMICS

In this section we will describe the second order dynamics of the equa-
tion (1.2) in the following form:

F =y + A(yo)y1 + B(yo), (4.1)
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FIGURE 3.3. Graph of solution (3.6)

where A, B are some functions. Notice that the equation 2.3 can be written
as the following overdetermined system:

B2(3fA' + Af') =

3B(—fB"+ (A> = B')f'+3fAA") =0

fA/// _|_ 2f/A// + A/f// — 0’

—GfAA”—i-fB”/ +2f’B” _ 8AA/f/+ (B/ _ AQ)f” _ Sf(A,)Z =0,

—6fBA" —3fAB" — ABf" + (—7f'B + (6(A* — $B')) f)A'+

{ +2Af'(A%2 - 2B") = 0.

Solving this system for nontrivial f (i.e. f # 0) we get three solutions:
(1) A= B =0, f is arbitrary;

(2) A=0,B=Cy +C,f ﬂ, f is arbitrary;
f(o)

1 Cs
3) A=+——— B =C5+ Cy\ A3y, ,
(3) T 34 Cy § A%dyo, f = Ve
where C1,...,C5 are arbitrary constants.

Consider these cases sequentially. B
Case 1. Equation (4.1) has the form y” = 0. But since ¢ = 0, the vector

field S = 0 vanishes and we cannot construct solutions of equation (1.2).
Case 2. Equation (4.1) has the form

dyo
"+ Cy+ C =0
Y T2 Fwo)
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and ¢ = —Cyy;. Therefore

— 0 dyo > 0
S=_—Coy— —Cy [ Cy +C S
oy~ ( Y2 ) o)) on

Case 3. Equation (4.1) has the form
y// + hn _ 2C +
VCayo + Co Cay/Cayo + C2

For simplicity, put C; = a,Cy = b, C3 = C4y = 0, C5 = ¢ and suppose that
the function A is positive, i.e.

A( )-#
W) = e

Then the equation (4.1) will have the form
p 1

U ey

and its solution can be found in implicit form:

—4Cn/ay + b — 2arctanh(2C1v/ay + b),

+1In(4C%ay + 4bC? — 1) F 2In Cy + 4C1x + Cy = 0,

Ch.

B(yo) =0, f(yo) = c(ayo + b)*/2.

=0

(4.2)

where C, (s are constants. Note that the function y is 2-valued. Since the
vector field (2.4) has the form

T )
- Oz yl&’yo Vayo +b oy’

the restriction of the function ¢ to the equation F' =0 is

- ¢
¢ = §y1(2\/ ayo + b+ ayy).

and the corresponding evolutionary vector field is

_ ¢ 0 cy1 (3ayy + 24/ayg +b) ©
5 = D (2 fagy £ b+ a) -+ LWLV FD) T
2 Yo 2¢/ayo +b oy
This vector field generates the shift transformation ®;. Applying the trans-
formation @, ! to the expression, we get an implicit representation of the
solution to GHD equation

uy = c(au + b)3/2umx.

Unfortunately, shift transforms cannot be found explicitly, but one can use
the method of numerical integration.
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(In)homogeneous invariant compact
convex sets of probability measures

Natalia Mazurenko, Mykhailo Zarichnyi

Abstract. It is proved that for any iterated function system of contractions
on a complete metric space there exists an invariant compact convex sets of
probability measures of compact support on this space. A similar result is
proved for the inhomogeneous compact convex sets of probability measures
of compact support.

AmHotanisa. Maremarnyni migBajmuman Teopil dpakTagiB 3ampornoHyBaB
Ix. largincon y 80-x poKax MWHYJIOTO CTOITTS. 30KpeMa, BiH O3HAYUB
HOHATTA arpakTopa (abo iHBapianTHOro 06’€KTa) JUIsA IT€POBAHOI CHCTEMU
CTHCKYI0UHX Bifiobpaxennb (ckopodeno IFS) ma moBHOMY METpUYHOMY TIPO-
cTOpi 1 JIOBIB iCHYBaHHA TAKMX ATPAKTOPIB y rimeprpocropi (IpocToposi me-
HOPOKHIX KOMIAKTHUX MiAMHOKIH) Ta IPOCTOP] HMOBIpHICHUX Mip 3 KOMIa-
KTHUMH HOCISIMH Ha IIOBHOMY MeTpudHOMY IpocTopi. JloBenennsa l'argincona
BUKODPHUCTOBYIOTH IPHHIIAI CTUCKYIOYNX Bif0OpazkeHb i, 30KpeMa, moTpedy-
FOTh BiJITIOBI/THOI MeTpH3allil IPOCTOPY HMOBIPHICHUX Mip.

Hezabapom amasoriumi pesysbrarn 0y10 OTpUMaHO i JJIs HEOTHODPITHUX
aTrpakTopiB (TOGTO ATPAKTOPIB 3 NPUEAHAHUMHU YIIITHHIOIOYAME MHOKUHA-
MH), fIKi € IPUPOJHUME y3arajbHCHHAMU {HBAPIaHTHUX MHOXKUH Ta iHBapi-
QHTHHUX Mip.

V miit cTaTTi MU 3aIPOBAKYEMO MTOHATTS iHBapianTHOro 06’ekTa m1i1s IFS
y IIPOCTOPI KOMIIAKTHUX OITyKJIMX MHOYKUH HMOBIPHICHUX Mip 3 KOMIIAKTHIME
HOCISIMI Y TIOBHOMY MeTPHYIHOMY ITpocTopi. Taki KoMIaKTHI OIyKJI MHOYKIHHI
Mip MAIOTh YHCJIEHHI 3aCTOCYBaHHS y TeOpil ouikyBaHoi KopucHocTi. Ha Bi-
MiHy BiJ| TieprnpocTopy KOMIIAKTHHX OIYKJIUX IIiJIMHOKUH IIOBHOT'O METDPH-
9HOTIO MPOCTOPY, iHBapiaHTHI 00’€KTH B SIKOMY BHIVIAJAIOTDL PEryJISPHUMA,
arpakropu [FS y mpocTopi KOMIAKTHUX OIYKJIMX MHOXKHUH Mip 36epiraiorh
ipperyJsispHicTh, IpUTAMaHHY (DPAKTAJIHHIM MHOZKHUHAM.
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OJHUM 3 OCHOBHUX DPe3yJIbTaTiB € TeopeMa iCHyBaHHS Ta €IUHOCTI iHBa-
piaHTHOI KOMITAKTHOI OIMYKJIOI MHOYKUHU WMOBIPHICHUX Mip 3 KOMIAKTHUMUA
HOCISIMU y TIOBHOMY METPUIHOMY TTpocTopi. OKpiM TpaauiiiHOro miaxomLy 10
JIOBEJIEHHS TAKOT'O THUILY PE3YJIbTAaTiB, 10 BUKOPUCTOBYE IIPUHIIUI CTUCKYIO-
YUX BiOOparkeHb, MU IIPOIOHYEMO TAKOXK 1 (DYHKIIOHAJIBHWI ITi/IXi/T, KWt
HE ONMMPAETHCS HA METPHU3AII0, a HATOMICTh BUKOPHUCTOBYE (DYHKITIOHATHHE
300pazkeHHs KOMIIAKTHUX OIYKJ/IMX INJIMHOXKUH y IIPOCTOPax HMOBIpHICHHUX
Mip.

Amnasoriuni pe3ysibraTi OTPUMAHO 1 JIJIs BUNAJIKY HEOJHOPIIHUX IHBapi-
AHTHUX OILYKJIUX MHOYKWUH MMOBIPDHICHUX MIip.

1. INTRODUCTION

Hutchinson [7] proved the existence of invariant sets and invariant pro-
bability measures for the iterated function systems in the complete metric
spaces. The structure of these two proofs is similar and it exploits, in
particular, the functoriality of the constructions involved (i.e., the hyper-
spaces and spaces of probability measures) as well as existence of special
metrizations. This led to several generalizations of the existence results, in
particular, to the cases of inclusion hyperspaces (i.e., two-valued measures)
[11] and idempotent measures on ultrametric spaces [9].

Another approach is applied in [10] and it is proved therein that there
exists an invariant idempotent measure (see [18| for topological aspects of
the theory of idempotent measures) for an iterated function system on a
complete metric space.

Recently, a related notion of inhomogeneous invariant set and measure
was introduced in [15]. The properties of these sets and measures were
studied in various publications (see, e.g., [5, 1, 13]).

The compact convex sets of probability measures are used in the maxmin
expected utility (MEU) theory [6].

2. PRELIMINARIES

2.1. Hyperspaces. Let exp X denote the set of all nonempty compact
subsets of a Tychonov space X. A base of the Vietoris topology on exp X
consists of the sets of the form

WUy,.... Uy ={AecexpX | AcC 'QlUi’ AnU; # & for all i},

where n € N and Uy,...,U, are open sets in X. The obtained space is
called the hyperspace of X.

Actually, exp is a functor in the category of Tychonov spaces and con-
tinuous maps. Given a map f: X — Y, the map exp f: exp X — expY
acts as follows: exp f(A) = f(A), A€ exp X.
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If (X, d) is a metric space, then the Vietoris topology on exp X is induced
by the Hausdorff metric dgy,

dy(A,B)=inf{r >0| Ac O,(B), Bc O,(A)},

where O,(C) stands for the open r-neighborhood of a subset C.

By ux: expexp X = exp? X — exp X we denote the union map. This
map is known to be well defined and, in the case of metric space, nonex-
panding.

2.2. Kantorovich metric. By P(X) we denote the space of probability
measures on a compact Hausdorff space X. We regard the set of probability
measures on X also as a set of normed linear functionals on the Banach
space C'(X) of continuous real-valued functions on X. Given pu € P(X), we
let () = §y wdp, ¢ € C(X).

The set P(X) is endowed with the weak* topology. A base of this topo-
logy is comprised by the sets of the form

OCpo; 1, -, pni &) = {pe P(X) | [u(wi) — po(wi)| <& i=1,...,n},

where pg € P(X), p1,...,pn€ C(X), e > 0.
Let (X,d) be a compact metric space. By 1-LIP(X) we denote the set
of all nonexpanding functions on X, i.e. functions ¢: X — R satisfying

lp(z) — p(y)| < d(z,y)

for all z,y € X. The Kantorovich metric dx on the space of probability
measures P(X) is defined as follows:

di (u,v) = sup{|u(p) — v(p)| | ¢ € I-LIP(X)}.

Every continuous map f: X — Y between compact spaces induces the
map

P(f): P(X) — P(Y)
defined by P(f)(u)(A) = u(f~1(A)) for any u € P(X) and any measurable
subset A < Y. In terms of functionals, P(f)(u)(¢) = u(ef) for all p €
P(X) and ¢ € C(Y).

Actually, P is a functor in the category Comp of compact Hausdorff
spaces.

There is a procedure of extensions of functors from the category Comp
to the category of Tychonov spaces [4]. In the case of the functor P,
this procedure gives the space of probability measures of compact support.
Recall that the support of u e P(X) is the minimal closed set A < X such
that p(X\A) = 0. Alternatively, the support of p is the minimal closed
set A ¢ X with the property that, for all p,9 € C(X), p|a = 9|4 implies

plp) = ().
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2.3. Convex sets of probability measures. Let X be a compact Haus-
dorff space. Denote by ccP(X) the hyperspace of closed convex subsets of
the space P(X). Given a continuous map f: X — Y between compact
spaces, we define the map ccP(f) : ccP(X) — ccP(Y) as follows:

ccP(f)(4) = {P(f)(n) | pe A}, Ae ccP(X).

It is known that ccP is a functor on the category Comp (see, e.g. [16]).
Given A € ccP(X), we say that the set U{supp(p) | p € A} is the support of
A (denoted supp(A)). (Hereafter, for any set Y in a topological space, we
denote by Y its closure). Again, applying construction from [4] we extend
the functor ccP onto the category of Tychonov spaces. We preserve the
notation ccP for this extension.

For any metrizable space X, the space ccP(X) is exactly the hyperspace
of closed convex subsets A of P(X) such that supp(A) is compact.

Now, assume that X is compact and define a map

Ox: ccP?(X) — ccP(X),

as follows, see [12]. First, for any compact convex subset K of a locally
convex space, denote by bg: P(K) — K the barycenter map. Since P(X)
is a subset of the dual space C'(X)" endowed with the weak* topology, the
hyperspace ccP(X) can be regarded as a compact convex subset of a locally
convex space [14] and therefore one can consider the barycenter map

beep(x): P(ccP(X)) — ccP(X).
Finally, define 0x by the formula

Ox () = | beep(x) (M), A€ ccP?(X).
Med

Note that the continuity of fx is a consequence of the continuity of the
barycenter map [3, Chapt. III, §3, Corollary of Proposition 9] and the union
map [17, Proposition 5.2|.

In the case when B is a compact convex subset of the convex hull of a
set {Mu, ..., My,}, where M, ..., M, € P(ccP(X)), we have

0x(B) = {Z aibeep(x)(Mi) | a1, .. an =0, Z a; =1, Z a;M; € 53} :
i=1 i=1 i=1

Now, let (X, d) be a metric space. We endow ccP(X) with the Hausdorff
metric induced by the Kantorovich metric on P(X). By [8, Proposition
3.2], the map Ox : ccP?(X) — ccP(X) is nonexpanding.

Let ¢ > 0. A map f: X — Y from a metric space (X,d) to a metric
space (Y, o) is called c-Lipschitz if o(f(x), f(y)) < ¢-d(z,y) for all z,y € X.
As mentioned above, the 1-Lipschitz maps are also called nonexpanding.
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Proposition 2.4. Let f: X — Y be a c-Lipschitz map. Then ccP(f) is
also a c-Lipschitz map.

Proof. The proof is a consequence of known results on the estimations of
constants for the maps of hyperspaces |7, 2.4 (i)] and of spaces of probability
measures |7, Theorem 4.4 (1)(i)]. O

3. REsSuLTS

Let (X,d) be a complete metric space and {fi, fa,..., fn} be a finite
family of contractions on X (that is, an iterated function system, IFS).
Let us consider the discrete topology on the set {1,2,...,n}. Then the
space P({1,2,...,n}) can be regarded as the standard (n — 1)-dimensional
simplex A"~1 in R”,

n
Anil = {(IEl,...,JJn)ERn|I‘Z’ =0, Z[L‘l:l}
=1

by identifying Y a;0; € P({1,2,...,n}) with (ag,...,a,) € AL,
i=1
For B € ccP({1,2,...,n}) define the map ®p: ccP(X) — ccP(X) as
follows. Let A € ccP(X) and ga: {1,2,...,n} — ccP(X) be the map
sending i to ccP(f;)(A). Then we set

®p(A) = 0x(ccP(ga)(B)).

We say that A € ccP(X) is an invariant set of probability measures for
{f1, f2,..., fn} and B whenever A = ®p(A).

Theorem 3.1. For any IFS {fi, fo,..., fn} and B € ccP({1,2,...,n})
there exists a unique invariant closed convex set of probability measures.

Proof. We first consider the case of compact space X. Note that the map
®p is a contraction. This follows from the fact that the functor ccP pre-
serves c-maps and the map fx is nonexpanding. By the Banach Contraction
Principle, there exists a unique A € ccP(X) such that A = ®(A).

In the case of noncompact space X, consider the map ¥: exp X — exp X

defined as follows: ¥ (D) = '\_le fi(D). It follows from [7, 3.1 (3)(viii)] that

the set @1 Ui(D) is compact for any D € exp X.
Now, consider an arbitrary C € ccP(X) and let K = supp(C). Then the
set Y = 61 Ui (K) is compact. Note that f;(Y)cY,i=1,...,n. Since
1=

C € ccP(Y) c ccP(X),
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the above arguments show that there exists an invariant closed convex set
of probability measures Ay € ccP(Y) < ccP(X). O

Suppose that we are given an IFS {f1, fa,..., fn} on X, B is an element
of ccP({0,1,...,n}), and C € ccP(X). For any A € ccP(X) let

9ac:{0,1,2,...,n} — ccP(X)
be defined by the formulas:

91470(0) = C? g%,C(Z) = CCP(fZ)(A)v (Z = 17 oo 7n)'
Define @ @ ccP(X) — ccP(X) by

B.0(A) = Ox(ccP(g4 o) (B))-

Then the set A satisfying A = ®’(A) is called an inhomogeneous invariant
convex set of probability measures.

Theorem 3.2. For any IFS {f1, f2,..., fn}, B € ccP({0,1,...,n}) and
C € ccP(X) there ezists a unique inhomogeneous invariant convex set of
probability measures.

Proof. Similarly to the proof of the previous theorem, in the compact
case we apply the Banach Contraction Principle to the map ®’. The non-
compact case can be reduced to the compact one similarly as in the proof
of Theorem 3.1. g

Proposition 3.3. If the set B € ccP({1,2,...,n}) from the definition of
mvariant convex set of probability measures is a singleton, then the obtained
mwvariant convex set of probability measures is a singleton as well.

Proof. Let B = {u} € ccP({1,2,...,n}), for some u € P({1,2,...,n}),
n

where p = >} a;0;. We start with Ag = {vp} € ccP(X). Then clearly
i=1

A= @(4o) = {3 aiP(f)(w) | = (1)
i=1

and this easily implies that the invariant set of probability measures Ay

in this case is {vy}, where vy, is the invariant measure in the sense of [7]
n

corresponding to the IFS {f1,..., fn} and p = > «;0;. O
i=1

A similar statement can be formulated and proved in the inhomogeneous
case. Therefore our considerations are in some sense extensions of known
results from [7] and [15] on probability measures.
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4. FUNCTIONAL APPROACH

Let X be a compact Hausdorff space. Every A € ccP(X) determines a
functional Fs: C(X) — R defined as follows:

Fa(p) =suppu(p), pe C(X).
neA

Proposition 4.1. If A, B € ccP(X) and A # B, then Fs # Fp.

Proof. Denote by
v P(X)— [] Ry
eC(X)
the canonical embedding ¢(u) = (u(¥))sec(x), Where Ry, is a copy of R for
every p € C(X).
Without loss of generality one may assume that there exists u € A\B.
Since B is compact, there are @1, ..., ¢k € C(X), for some k € N, such that

k
p(p) ¢ p(B), where p:  [[ Ry, — [ Ry, is the canonical projection.
peC(X) =1
Since p(B) is compact and convex, it follows from the hyperplane sep-

k
aration theorem that there exists a linear functional [: R,, — R such
=1

that sup,cp l(p(v)) < U(p(n)).
Then there exists (q,...,1;) € R* such that

k
l(.%'l, .. .,xk) = Z l,;xi, (xl, c. ,I‘k) € Rk.
i=1

k
Now, let ¢» = > l;;. Then for each v € P(X)
i=1

k k
v(¥) =v (Z m) = > Liv(e) = Up(u(v))).
=1 =1

Therefore, p(v) > supv(v) = Fp(v). Hence Fa(y) = pu(v) > Fp(y), ie.
veB

Fy # Fg. 0

Let 7* be the weak* topology on the set F = {F4 | A € ccP(X)}, ie.,
the topology induced from the product topology on RE(X). A base of this
topology is comprised by the sets of the form

O/<FA0;()017"‘79071;8>:
= {FA | Ae CCP(X)7 |FA(SOZ) _FAo(C}Di” <g, 22177”},
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where Ag € ccP(X), p1,...,p,€ C(X), e > 0.

Proposition 4.2. The map A — Fa: ccP(X) — F is continuous.

Proof. Note that the sets O'(Fa,; o; ), where Ag € ccP(X), po € C(X),
and £ > 0, comprise a subbase for the topology 7*.

Given such a set O'(Fa,;vo0;€) and pu € Ag, consider the set O{u; po; ).
Then the family {O{u; o;€) | ;€ Ao} is an open cover of Ag. Let

{O</~Li;¢0§€> | i=1,... 7n}
be a finite subcover of this cover. Then (O{u1;@o;€), ..., Oun; o;€)) is a
neighborhood of Ay in ccP(X).
We are going to show that for each A € (O{u1;¢0;€),...,O0un; o;€))
the functional Fiy € O'(F4,; po;€). This will finish the proof.
If max{u(po) | © € A} = po(p) for some pg € A, then there exists
i €{1l,...,n} such that ug € O{u;; po;€). Then

Falpo) = po(eo) < pi(po) +& < Fag(po) + ¢
One can similarly prove that Fa, (o) < Fa(po) + €. O

Corollary 4.3. The map A — Fy: ccP(X) — F is a homeomorphism.

Proof. Due to compactness of X, the space ccP(X) is compact, and the
assertion follows from the hausdorffness of F and Proposition 4.1. U

Now the mentioned functional representation A — F4 of compact convex
sets of probability measures allows us to obtain a purely functional proof
of the main results of this paper in the spirit of [10, Theorem 1].

5. REMARKS

In the case when X = R™ and the maps fi, ..., f, are similarities, one can
find many pictures of invariant and inhomogeneous sets in the literature.

The invariant probability measures can be visualized in a gray scale by
using the random iteration algorithm (see [2, Chapt. IX] for details). An
open problem is that of visualization of invariant convex sets of probability
measures.
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On semiconvexity of open sets with
smooth boundary in the plane

Tetiana Osipchuk

Abstract. We study properties of classes of generalized convex sets in the
plane known as 1-semiconver and weakly 1-semiconvez. It is proved that an
open, weakly 1-semiconvex but not 1-semiconvex set with smooth boundary
in the plane consists of at least four connected components.

Amwnoranisi. B maniit po6oTi BUBYAIOTHCS BJIACTUBOCTI KJIaciB y3araJbHEHO
OTIYKJIMX MHOYKUH HA TIJIOMIIHI, STKi HA3UBAIOTHCS 1-HABOYKJINMH Ta, CJTAOKO
1-HamiBomyKaInMu.

Bigkpura MHOXKMHA 6araTOBUMIPHOTO JIIfICHOrO €BKJIi0BOTO pocTopy R™
Ha3UBAETHCA 1-Hanieonyk.A010, FKINO JJisg KOYKHOI TOYKHU i3 JIONOBHEHHS IIi-
€1 MHOXKWHU JI0 BChOT'O IPOCTOPY ICHY€ NPOMiHb, SIKUH IMOYMHAETHCS B Il
TOYIl i He TepeTHHAE 3aJ]aHy MHOXKWHY. Binkpura muOX)KHMHA mTpocTopy R™
HA3UBAETHCA CAa0K0 1-HANiBONYK.A0M0, AKINO JJisT KOXKHOI TOYKUA MEXKi MHO-
JKUHU ICHY€ TIPOMiHb, sIKHil TIOYMHAETHCA B Il TOUIl Ta HE EPETUHAE 3a]a-
ny muoxkuny. Li nonarrs 6ysnn Beneni HOpiem Bopucosruem 3esincbKuM.
Vesika BigkpuTa 1-HATIBOMYK/Ta MHOXKITHA, OYEBUIHO € CIAOKO 1-HAIiBOMyK-
gioro. FO. B. 3esincbkuil 1mokazas, 1m0 3BOPOTHE TBEP/KEHHS € HEBIDHUM.
Bussuioce, mo Kijac BiIKpUTHX MHOXKWH Ha IUIOIIMHI, fKi € c1abko 1-Hamis-
OIYKJ/IMMU aJjie He 1-HAITBOIIyKJIMMU, € JJOCUTD IIUPOKUM i KOXKHA MHOXKUHA 3
[IHOTO KJIACY € HE3B’S3HOIO 1 CKJIA/IAETHCA He MEHINE HiXK 3 TPHOX KOMIIOHEHT
3B’S3HOCTI.

Hana poboTa MpUCBSYEHA MEPEBAYKHO JIOCIIPKEHHIO HOBUX BJIACTUBOCTEH
cjiabko 1-HaIMBOIYKJIMX aJjie He 1-HaIliBOIYKJNX MHOXKHUH Ha mommHi. TyT
BOHU, JIJIsl 3DYYHOCTI, HA3UBAIOTHCA MHOXKHHAMH, 1[0 MAIOTh Z -8AGCMUBLCTID.
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OcHoOBHWMIT pe3ysbTaT poOOTH HACTYIHUIA: JOBEIEHO, IO BiJIKPUTA MHOXKUHA
3 TJIaJIKOI0 MEKEI0 Ha IJIOMIWHI, sKa Ma€ Z-BJIACTUBICTh, CKJIAIAETHCS IO~
HaliMEHIIIe 3 YOTUPHOX KOMIIOHEHT 3B’sI3HOCTI.

Annoranua. B nannoit pabore m3ydaroTcs CBOMCTBA KJIACCOB OOOOIIEHHO
BBIMYKJIBIX MHOXKECTB Ha IIJIOCKOCTH, KOTOPhIE HA3BIBAIOTCA 1-n0AY6uINYKAbL-
MU T cAa60 1-nosysvinykaivimu. B 9acTHOCTH, TOKA3aHO, YTO OTKPBITOE CJ1ab0
1-mosTy BBITTyKJ10€, HO HE 1-TIOJTy BBIYKJIO€ MHOYKECTBO C [VIAKOI rpaHuIeil Ha
[JIOCKOCTU COCTOUT HE MEHEe YeM M3 YeThIPEX KOMIIOHEHT CBSI3HOCTH.

1. INTRODUCTION

A class of m-semiconvex sets is one of the classes of generalized convex
sets. A semiconvexity notion was proposed by Yu. Zelinskii [9] and it was
used in the formulation of a generalization of shadow problem. The shadow
problem was proposed by G. Khudaiberganov [4] in 1982. It requires to
find the minimal number of open (closed) balls in the real Euclidean space
R™ that are pairwise disjoint, centered on a sphere S"~ % (see [6]), do not
contain the sphere center, and such that any straight line passing through
the sphere center intersects at least one of the balls.

To formulate the generalized shadow problem, let us give at first the
following definitions which we also use in our investigation.

Each m-dimensional affine subspace of the space R™, 0 < m < n, is called
an m-dimensional plane.

Definition 1.1. One of two parts of an m-dimensional plane, m > 1, of
the space R™, n > 2, into which it is divided by its any (m — 1)-dimensional
plane (herewith, the points of the (m — 1)-dimensional plane are included)
is said to be an m-dimensional half-plane.

For instance, the 1-dimensional half-plane is a ray, the 2-dimensional
half-plane is a half-plane, etc.

Definition 1.2. ([7]) A subset E' c R" is called m-semiconvex with respect
to a point x € R"™\E, 1 < m < n, if there exists an m-dimensional half-plane
Lsuchthat rte Land Ln F = @.

A subset F < R” is called m-semiconvex, 1 < m < n, if it is m-
semiconvex with respect to every point z € R™\E.

One can easily see that both definitions satisfy the axiom of convexity:
the intersection of each subfamily of these sets also satisfies the definition.
Thus, for any subset £ < R™ we can consider the minimal m-semiconvex
set containing E. This set is called the m-semiconvex hull of E.
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The generalized shadow problem requires to find the minimum number
of pairwise disjoint closed (open) balls in R"™ (centered on a sphere S~ !
and whose radii are smaller than the radius of the sphere) such that any
ray starting at the center of the sphere necessarily intersects at least one of
these balls.

In the terms of m-semiconvexity this problem can be reformulated as
follows: what is the minimum number of pairwise disjoint closed (open)
balls in R™ whose centers are located on a sphere S 1 and the radii are
smaller than the radius of this sphere such that the center of the sphere
belongs to the 1-semiconvex hull of the family of these balls?

In [9] the generalized shadow problem is solved as n = 2 and only the
sufficient number of balls is indicated for n = 3.

In the 60’s L. Aizenberg and A. Martineau proposed their notions of a
linearly convex set in the multi-dimensional complex space C™. The first
author considered domains and their closures and used boundary points of
the domains in his definition [1, 2]. The second author used all points of the
complement to a subset of the space C", [5]. If one uses these definitions
not only for domains and compact sets, then Aizenberg’s definition isolates
one connected component of a set which is linearly convex in the sense of
Martineau.

Guided by similar ideas Yu. Zeliskii suggested to distinguish m-semicon-
vex and weakly m-semiconvex sets.

We will use the following standard notations. For a subset G < R" let
G be its closure, Int G be its interior, and 0G = G\Int G be its boundary.

Say that a set A is approximated from the outside by a family of open
sets A, k=1,2,..., if Ay, is contained in Ay, and A = n Ay (see [2]).

Definition 1.3. ([8]) An open subset G < R" is called weakly m-semicon-
vexr, 1 < m < n, if it is m-semiconvex with respect to any point z € 0G.
A subset £ < R" is called weakly m-semiconvex if it can be approximated
from the outside by a family of open weakly m-semiconvex sets.

Thus, each weakly m-semiconvex set A is either open or closed. Among
closed weakly m-semiconvex sets there also are sets with empty interior:

A=A=A\Int A= 0A.
Theorem 1.4. ([8]) Let E = R? be an open, weakly 1-semiconvex and not
1-semiconvex subset. Then E is disconnected.

The formulation of the following theorem is equivalent to Theorem 1.4
but will be also in use.
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Theorem 1.5. Let E — R? be open, connected and weekly 1-semiconvex.
Then E is 1-semiconvez.

The maximal connected subsets of a topological space A are called con-
nected components (components) of A (see [2]).

In [8] it was constructed the example of an open, weakly 1-semiconvex,
and not l-semiconvex set (see Figure 2.3b). It was also conjectured that
every open, weakly l-semiconvex, and not 1-semiconvex set consists of at
least three components. The latter statement was proved in [3].

Theorem 1.6. ([3]) Let E = R? be an open, weakly 1-semiconver, and not
1-semiconvex subset. Then E consists of at least three connected compo-
nents.

We say that a component A of an open, bounded subset of the plane has
smooth boundary if 0A is the image of a C'-embedding of the unit circle.
We say that an open, bounded subset of the plane has smooth boundary if
each of its components has smooth boundary.

The present paper continues the research of Yu. Zelinskii by investigating
properties of 1-semiconvex and weakly 1-semiconvex open sets with smooth
boundary in the plane.

For the convenience, we give the following

Definition 1.7. We say that a set in the plane has Z-property if the set is
weakly 1-semiconvex and not 1-semiconvex.

The main result of thee present paper is the following

Theorem 1.8. Suppose that an open, bounded subset E c R? with smooth
boundary has Z-property. Then E consists of at least four components.

2. AUXILIARY RESULTS

In what follows, unless otherwise is specified, a point of the space R? will
be denoted by a small or capital Latin letter and the ray starting at that
point will be denoted by a small Greek letter with the index denoting this
point. The straight segment between points =,y € R™ will be denoted by
xy and the distance between them will be denoted by |z — y|.

Let us provide several auxiliary statements.

Proposition 2.1. If an open subset E < R™ is m-semiconvez, then it is
weakly m-semiconver.

Proposition 2.2. There exist sets in the plane having Z-property.
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In the following example we present an open subset of R? with Z-
property.

Example 2.3. Figure 2.1a) shows a set E consisting of four open rectangles
with a common rays passing through their boundaries. By the construction,
for any boundary point of F there exists a ray that does not intersect F,
while for any point of the interior of the rhombus abcd such a ray can not
be found.

Similarly, in Figure 2.1b), the set consisting of three open components is
weakly 1-semiconvex. On the other hand it is not 1-semiconvex, since each

ray 7, starting at each point x of the interior of the triangle abc intersects
that set.

FIGURE 2.1.

Example 2.4. An example of open set with smooth boundary having Z-
property can be obtained by replacing the rectangles from Figure 2.1a) with
open sets having smooth boundaries tangent to the same rays and such that
their union is weakly 1-semiconvex. For instance, this property holds for a
system of four open disks shown in Figure 2.2a).

a) b)

FIGURE 2.2.

Suppose that two disks of that system have the same radii r and their
centers belong to the axis Ox and are symmetric with respect to the origin
O, see Figure 2.2b). Assume that the other two disks have radii R and
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their centers belong to the axis Oy. If we place the center of the fifth open
disk with radius r at the point (R + r,0), then the union of those five open
disks will have Z-property. Adding more disks of radius r and centers on
the axis Ox in the positive direction, we will get an open set with smooth
boundary having Z-property and consisting of any finite or even countable
number of components.

Further it will be shown that in the example of a set having Z-property
and consisting of three components it is not possible to replace the compo-
nents with those that have smooth boundary while maintaining Z-property.

The set of all points of rays starting at a point x € R™\ A and passing
through a subset A < R" is called the cone over the set A with respect
to the point z and is denoted by C,A. The boundary of C,A consists of
rays which are called boundary rays. The boundary rays of C,A are called
supporting for the set A (with respect to the point x). We suppose that
x ¢ C,A whenever A is open and x € C, A otherwise.

It can be proved that if A is bounded and open (closed), then C A is
open (closed) as well and C,A = C,A.

Lemma 2.5. A ray v, is supporting for an open bounded subset E < R"
iff the following conditions are satisfied:

1) 72 N OF # @,
2) wnE=02.

Proof. Necessity. Suppose @’ € v, n E # &, then there exists a neigh-
borhood U(a') © E of a’ such that v, < C,(U(d')) € C,FE and the ray
vz is not the boundary one. If v, n 0E = @, then v, n E = @, ie
e © R\C,E = R"\C,E which implies that the ray 7, is also not the
boundary one.

Sufficiency. Consider the cone C,FE. Since E is open, C,E is open as
well. We need to show that the ray ~, satisfying conditions 1) and 2)
coincides with one of boundary rays of C,E. If v, < R"\@, then con-
dition 1) of the lemma is not true. On the other hand, if v, € C,FE, then
vz N E # &, by the definition of C,F, which contradicts to condition 2).
Thus, v, < 0C, E. O

Lemma 2.6. For an open connected weakly 1-semiconvex subset E — R?
there exists at least one but no more than two supporting rays starting at
some point x € R?\E.

Proof. By Theorem 1.5 the set F is 1-semiconvex. Thus for any point
x € R?\E there exists a ray 7, such that v, n E = @. Since F is not empty,
open and connected, C,F is a plane angle Za > 0 not containing its sides.
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If y, is unique, i.e. v, = R?\C,F, then Za = 27 and , is its unique side.
On the other hand, if 7, € R2\C,E, then 0 < Za < 27 with two sides. [

An example of open, connected, and weakly 1-semiconvex set F for which
there exists a point x € R?\ E admitting a unique supporting ray &, is shown
in Figure 2.3a).
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FIGURE 2.3.

Definition 2.7. A point x € R™\A is called a point of m-nonsemiconvexity
of a subset A — R"™ if there is no m-dimensional half-plane that has x on
its boundary and does not intersect A.

k
Lemma 2.8. Suppose that an open subset E = | ) E; < R2, k>3, keN,
j=1
where Ej; are its components, has Z-property. Let also x be a point of 1-
nonsemiconvexity of E. Then each component E; has exactly two supporting

rays starting at .

Proof. Since F has Z-property, it follows that each of its 1-nonsemiconve-
xity point = belongs to R?\E.

By Lemma 2.8 each component E; has either one or two supporting
rays starting at x. Suppose some component Fji, gt e {1,2,...,k}, has
a unique supporting ray &,. Since E is not l-semiconvex, it follows that
£ N (E\Ej1) # @. Let &, be the ray complementary to &, and y be the
nearest point of dEj1 to z along the ray &l

Notice that any ray starting at y and not containing the ray &, intersects
E;i. Indeed, suppose there exists a ray <, not containing the ray &, and
such that v, n Fj1 = @. Let §, be the ray starting at y and containing
. Then the polygonal chain v, U {y} U &, cuts the plane into two open
components (parts). Since Ej1 n (v, u{y} u§,) = @ and £ is connected,
it is completely contained in one of those parts. On the other hand, there



76 T. Osipchuk

exists a ray 7, contained in the other part, which gives n, N E;1 = &. Since
1, differs from &, it is clear that £, is not a unique supporting ray for F;
with respect to the point z. This contradicts to our assumption that Fj
has a unique supporting ray.

Furthermore, since &, intersects E\Ej1, the ray §, > {, also intersects
E\Ej:. Thus, y € 0F is a point of 1-nonsemiconvexity of F, which contra-
dicts to weak 1-semiconvexity of F and none of the components of E have
a unique supporting ray. U

Definition 2.9. Let A = R", A; be a component of A, and x € R™\(4). A
ray &, is called inner supporting for the set A with respect to A1, whenever &,
is supporting for A, &, N (A\A1) # &, and there exists a point a € §, N 0A;
such that |a — z| < |b — | for any point b€ &, n (A\A1).

Definition 2.10. Let A < R™ and z € R™"\(A). A ray &, is called inner
supporting for A if there exists a component A; of A such that &, is inner
supporting for A with respect to Aj.

Lemma 2.11. Let E1, E> be two components of a subset E < R" and let
x e R™N\E. If a ray & 1is inner supporting for E1 v Es and

&x N (E\(El V] EQ)) =J,
then &, is inner supporting for E.

Proof. Without loss of generality, suppose that &, is inner supporting for
the set F1 U Es with respect to E7. Then &, is supporting for £ and has
the following properties:

a) gz M E2 7 3,
b) there exists a point a € {; N 0E; such that |a — x| < |b— x| for every
b e &, n Ey by Definition 2.9.
Condition a) together with condition Ey < E\E; gives & n (E\E)) # .
Since &; n (E\(E1 u E»)) = &, we have

§o n Ea =& 0 (B\(E1 v E2)) U Bp) =&, 0 (BE\EY),

which together with condition b) gives |a — x| < |b — z| for the point
a € & n 0F; and for any point b € & n (E\FE1). Thus, E; is a component
of F such that £, is an inner supporting ray for £ with respect to F;. U

k
Lemma 2.12. Let E = |JE; <« R?, 3 <k < o, k € N, be an open
j=1
bounded set having Z-property, where E; are its components. Let x € RA\E
be a point of 1-nonsemiconvexity of E, y € OF the nearest point of OF to x
along some ray 1, and v, any ray that does not intersect K.
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Then there exists an inner supporting ray §; for E with respect to some
component Ejo, 3% € {1,k}, such that
1) &ny=c#9;
2) |la — x| <|c— x| for any point a € & N OEjo;
3) EnInt(Azyc) = 2.

Proof. Since x is a point of 1-nonsemiconvexity of E, 7, does not lie on
the straight line that contains 7.

Choose the polar coordinate system (g, p) in R? in which x is the pole,
the ray 7, = n,(0) is the polar axis, n,(¢) is a ray starting at x and
constituting an angle ¢ with ray 7., and a positive angular coordinate ¢ is
determined by a ray starting at x and intersecting ray -,.

Let 1.(¢), 0 < ¢ < m, be the ray that is parallel to 7,. Then rays
nz(p), 0 < ¢ < ¢, intersect v,. We will also use the following notations:
c(p) = nz(p) N vy and xzc(p) is the interval between points x and c(¢).

Let ® be the set of all ¢ € (0,¢) such that xc(¢) N E # &. Then ® is
non-empty. Indeed, since 7,(¢) N E # & and E is open, there exists € > 0
small enough and such that zc(¢p —¢) N E # @.

Let J < {1,2,...,k} be the set of all indexes j € {1,2,...,k} such that
there exists ¢ € ® for which zc(p) N Ej # @. Let also ®; < ®, j € J, be
the set of all ¢ € ® with zc(¢) N E; # @.

Put ¢; =inf®;, j € J. Then it is clear that ¢; € [0, ¢) and

a) xc(pj) N OE; # @,

b) zc(pj) N Ej = @,

c) zc(pj+¢€) N Ej # @, for € > 0 small enough.
This implies that E; n Int (Azyc(p;)) =@, j€ J.

FIGURE 2.4.

We claim that if 7,(¢q) N Eq # @ for some ¢ € J, then E; does not have
supporting rays starting at z, see Figure 2.4a). Indeed, suppose 71,(¢’),
¢' # @q, is supporting for E;. Then n.(¢') n E; = @. Let v.(,,) be the ray
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starting at point c(¢,) and lying on ray v,. If 7:(¢") N ve(p,) = @, then the
polygonal chain

L= n.(¢") U {z} v zelpg) U {e(@g)} U ve(py)
cuts the plane into two open components. Herewith, L n E, = @. One of
the components of R?\L contains a part of the ray nx(pq) intersecting Ej.
Since Fj, is connected, it is entirely contained in this component. On the
other hand, since the interval zc(y), ¢4 < ¢ < ¢, is contained in the second
component of R?\L and zc(p, +¢) N E, # &, for € > 0 small enough, E,
is contained in the second component. We have reached a contradiction.
If 72 (¢") N Ye(p,) # @, then the polygonal chain L cuts the plane into
three open components. The component of R?\ L containing the part of the
ray 7)z(pq) intersecting E, contains E; as well. Moreover, the component of
R?\ L bounded by the triangle generated by the intersection of rays 7, (¢’),
Ye(pq)s and 1z (pg) also contains Ey, since zc(pq +¢) N Ey # J, for e > 0
small enough. This contradicts to the fact that E, is connected. Thus, our
assumption is incorrect and E,; does not have supporting rays starting at
T.
Similarly, it can be proved that if 7, (¢,) N E; = @ but there exists a
point a € 7, (pq) N 0E, such that |a — z| > |c(pq) — x| for some g € J, then
E, has a unique supporting ray starting at x coinciding with 1,(pq) (see
Figure 2.4b).
The cases when component E, does not have supporting rays or has
a unique supporting ray contradict to Lemma 2.8. Then by Lemma 2.5,
for any j € J the ray n,(¢;) is supporting for E; and has the following
properties:
a) () N vy = c(@));
b) |a — z| < |c(p;) — | for any point a € n.(¢;) N OE;;
c) Ej nInt(Azyc(p;)) = @.
Thus, conditions 1) and 2) of our lemma are fulfilled for any ray 7.(y;),
jedJ.
To finish the proof, we need only to show that among rays n,(¢;), j € J,

there is the one that is inner supporting for £ and satisfying the lemma
condition 3). Consider the angle @,o := min ¢, 4% € J, and note that by
J

the constructions £ n Alnt(zyc(pjo)) = @. Thus, condition 3) holds for
the ray 1,(p;0). Since z is a point of 1-nonsemiconvexity of F, it follows
that 7,(¢j0) N (E\Ej) # @. It then follows from properties 1) and 2),
that |a — x| < [b — x| for any point a € 7.(pj0) N 0E;0 and any point
ben(pjo) N (E\Ejo). Thus, § := 1:(pj0) is an inner supporting ray of F
with respect to Ejo satisfying the conditions 1)-3) of the lemma. O
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Remark 2.13. Notice that if 0F is not smooth at y, then the inner sup-
porting ray &, can coincide with the ray 7,. In this case the points ¢ and y
coincide and Azyc degenerates into the interval zy, see Figure 2.3b). Then
all rays 1, () which are close enough to &, = 7, and intersect ray 7, must
also intersect the component Ejo.

If OF is smooth, then Axyc is non-degenerate, due to the fact that y is
the nearest to = along 7.

Definition 2.14. We say that a subset A < R"™ is projected from a point
x € R™ on a subset B < R™ if any ray starting at point x and intersecting
A intersects B as well.

Lemma 2.15. Suppose an open subset E < R? has Z-property and consists
of three components. Then none of its components is projected on the union
of the others from a point of 1-nonsemiconvexity of E.

Proof. Let Ey, Ey, FE3 be connected components of E and x € R?>\E be
a point of 1-nonsemiconvexity of E. Without loss of generality, suppose
that E4 is projected from z on Fo u FE3, see Figure 2.5. Then the set,
consisting only of components Es, F3, has Z-property, which contradicts
to Theorem 1.6. O

a) b)
FIGURE 2.5.

Let E < R? be an open subset and v a straight line passing through some
boundary point z of E and does not intersect set E in some neighborhood
Uofzx ie ynEnU = @. Notice that v cuts the plane into two half-
planes. Let P be the half-plane such that P nU n E = &. We say that a
ray 7, starting at x lies above the straight line v if n, < P.

Lemma 2.16. Suppose an open bounded set E — R? has Z-property and
consists of three components. If OFE is smooth, then E has three distinct
inner supporting rays starting at a point of 1-nonsemiconverity of E and
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each of them is inner supporting for I with respect to a unique component
of the set.

Proof. Let Ej, j = 1,2,3, be components of £ and let x € R?\E be a
point of 1-nonsemiconvexity of the set. By Lemma 2.8 each F;, j =1,2,3,
has exactly two supporting rays which we denote by f%’l, %’2, respectively.
Notice that in general some of fﬁ;k, j =123, k= 1,2, can coincide, see
Figure 2.7b).

By Lemma 2.15, none of the components of F is projected on the union
of the others from z. Then for i = 1,2,3 there exists a ray 7 starting at =

and intersecting a unique component E;. In other words,
rAnE=71lnE, 2 E=12nE;y, 2 AE=13nE;3.

Then the rays 7}, 72 and 72 cut the plane into three open components G,
G2, G3 such that
Gy =120, oGy =13 0Tk, 0Gs =Tt U Tl

Consider the closure of the domain G3 between the rays 7., 72. We claim
that G5 does not contain points of E3. Indeed, 0Gs N E3 = @ and 0G3
cuts R?\{z} into two components: Gz and Go U Gy U 72. Since Ej is
connected, it must be completely contained in one of those components.
Hence F3 n 72 # @ implies that F3 < G U G1 U 75.

Thus, the union of rays starting at  and intersecting both Fy, Es, is
open and connected in G3 and its boundary consists of one ray supporting
for Fy and one ray supporting for Ey. Without loss of generality, suppose
01 2% = G3. Analogically, €21, 632 <« Gy, 31,47 = G,.

Now we prove that for a fixed £k = 1,2,3 one and only one of rays
&l g? = Gy, (1,5,k) = (1,2,3),(2,3,1),(3,1,2), is inner supporting for
E. 1t is sufficient to prove this for £k = 3. Moreover, due to Lemma 2.11, it
suffices to show that one and only one of rays 5;’1, {2’2 is inner supporting
for the set By U Eo. N

By Lemma 2.5, &7 n 0E; # @, &’ n E; = @, j = 1,2. Consider
the points y; € &’ n 0E;, j = 1,2. By smoothness of dE and since
&’ nE; =@, j =1,2, the rays 0l €22 are tangent to 01, 0E» at the
points y1, yo, respectively. Without loss of generality, suppose that there
are points by, by € &1 N Fy such that |by — x| < |y1 — x| < |by — ], see
Figure 2.6a). Since ray f;’l is tangent to 0F1 at yi, all rays starting at g
and not intersecting E should lie above the straight containing {};’1. On
the other hand, all these rays intersect any curve in Fy connecting points
b1, ba, as Ey is connected, which gives that these rays intersect Fy and
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therefore y; is a point of 1-nonsemiconvexity of E. This contradicts weakly
1-semiconvexity of the set.

Thus, |b—z| < [y1—z| or [b—z| > |y1—x]| for any point b € &5 A E5. These
statements are also true for the ray 5326’2. Furthermore, |by — z| > |y2 — |
for any point by € £2 n B if and only if by — x| < |y1 — 2| for any point
by € &3 A E,. Swapping indices we will also get that by — x| > |y1 — x|
for any point by € 5;’1 N By if and only if [b; — x| < |y2 — x| for any point
b1 € &%’2 N Eq, see Figure 2.6b). Otherwise, F;, E2 would be overlapping.

Hence, §%’j is supporting for F; and {%’j N ((E1u ER)\Ej) # 2,5 =1,2,
but |b— x| > |y; — x| for each y; € 0E; and each b e &7 A (B v E>)\Ej),
if j =1 or j = 2, which was necessary to prove.

FIGURE 2.6.

Thus, E has no more than three inner supporting rays which we denote
by €F, i = 1,2,3, such that & = Gj. Herewith, if £&¥ = Gy, k = 1,2,3,
then the ray 5’; is supporting for a unique of components Ej;, j = 1,2, 3,
j # k, and therefore, it is inner supporting for E with respect to a unique
component of E.

Since each Gy, contains only points of E;, E; for

(1,7,k) = (1,2,3), (2,3,1), (3,1,2),

neither of the rays ¢¥ < Gj, k = 1,2,3, can be inner supporting with
respect to three components Fj;, j = 1,2, 3, at the same time.

Since G; N G, = 7%, (i,4,k) = (1,2,3),(2,3,1),(3,1,2), a ray &8 < Gy,
k =1,2,3, can be inner supporting with respect to two components if and
only if it coincides with a neighboring inner supporting ray on the common
boundary of the respective sets G, j = 1,2,3. Let us consider this case
and prove that it is not possible under the lemma conditions. By this we
will show that E has not less than three inner supporting rays starting at
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x and &% is inner supporting for E with respect to a single component of
the set in 0Gy, k = 1,2, 3, as well.

Without loss of generality, assume that two inner supporting rays &1, 2
coincide with the boundary ray 72, see Figure 2.7a). By the constructions,
¢! can be supporting for E5 or E3. But since 77 intersects component Ej3
and &} coincides with 72, the ray ¢! is supporting for Ey. Similarly, the ray
€2 is supporting for Ej.

Let y; be the nearest to x point of A 0E;, j =1,2. Since A E; =g,
j = 1,2, and by smoothness of OE, the ray 73 is tangent to JE; at the
points y;, 7 = 1,2. The points y;, y2 do not coincide, since otherwise one
can not draw a ray starting at the point y; = y2 and does not intersect F,
which contradicts to weak 1-semiconvexity of E. Assume for definiteness

FIGURE 2.7.

that x is closer to y; than to ys, i.e. | — y1| < |z — y2|. Then, let us draw
any ray <, starting at y; and not intersecting E. It lies above the straight
line containing the ray 72, since 0F is smooth. The ray, complementary to
73, intersects OF at the point z; which is nearest to x along this ray.

Let us draw a ray <,, starting at z; and also not intersecting F. By
Lemma 2.12, among all rays starting at point x and crossing rays v,, and
7., there exist two inner supporting rays different from 72. If they are
distinct, this contradicts to the fact that E has only two inner supporting
rays by our assumption. Such an inner supporting ray is unique only if rays
vy, and 7, are intersecting and the inner supporting ray €2 passes through
the point zg € v, N vz,

Since the polygonal chain v, U{y1 } uy121U{21}U";, is self-intersecting, it
cuts the plane into three components (parts). The first part contained inside
the Ay1z120 does not have points of F, by condition 3) of Lemma 2.12.
Since the ray 7 3 c 7'3 is such that y; € T N OE1, ys € 7' N 0F5, and

N FE3 # O, the second part of the plane that holds 7' contains all
three components of £. Thus, the third part also does not have points
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of E, which allows the ray &3 to not intersect £. This contradicts to non
1-semiconvexity of E. Lemma is proved. O

Remark 2.17. Lemma 2.16 fails for sets with non-smooth boundary. Fi-
gure 2.7b) contains an example of open bounded set having Z-property and
consisting of three components which has only two inner supporting rays
starting at a point of 1-nonsemiconvexity x € Int(Ayjaiasz).

In the following lemmas we will assume that inner supporting rays of the
set start at some point of its 1-nonsemiconvexity.

Lemma 2.18. There exists no open bounded subset E — R with smooth
boundary having Z-property, consisting of three components E1, Eas, E3, and
such that two of inner supporting rays of E are inner supporting with respect
to the same component.

Proof. Let us prove the lemma by the contradiction. Let z € R?\E be
a point of 1-nonsemiconvexity of E. By Lemma 2.16, E has three inner
supporting rays £, i = 1,2,3, and each of them is inner supporting with
respect to a unique component of F.

Without loss of generality, suppose that the rays ¢! and £2 are inner sup-
porting for E with respect to the component E; and &2 is inner supporting
with respect to Es.

Consider the intersections ¢ N 0F1, €2 n 0F, £ n 0F3. By Lemma 2.5,
these intersections are not empty. Let y; € &L n 0FEy, y2 € €2 n 0E4, y3 €
¢3 n 0F3 be the nearest points to z. Since %, i = 1,2, 3, does not intersect
the component for which it is supporting and by smoothness of 0F, it
follows that & is tangent to the boundary of the correspondent component
at the point y;, ¢ = 1,2,3. This implies that all rays starting at y; and not
intersecting E lie above the straight line containing the supporting ray &X.

Let S be the sector between rays &L and &2 containing the component
E1. We claim that then the ray £ is not contained in S. Indeed, otherwise
E3 would be contained in the open component of R?\E bounded by the
intervals xy1, xyo and the part of dF; between points yi, y2. Then Ej
would be projected on E;, which contradicts to Lemma 2.15. Therefore &2
is contained in the open sector that is complementary to S.

Let « be the angle of sector S. Consider two cases: a) o > 7 and b)
o < T.

a) Let z3 € OF be the point contained in the ray complementary to &3
and closest to z. Then z3 € 0E;, see Figure 2.8. Let us draw a ray -.,
that does not intersect E. It passes through the interval xy; or zyo. It is
sufficient to consider the case with interval zy;. For the interval zy,, the
arguments will be the same.
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FIGURE 2.8.

By Lemma 2.12, one of the rays &, i = 1,2, 3, satisfies conditions 1)-3)
of that lemma for the ray v.,. Denote that ray by &,.

Since £2 lies in the half-plane not containing +.,, the ray ¢2 does not
intersect 7., and therefore &, # &2. As 7., 2 &, the ray & does not
intersect ray 7., as well and therefore £, # £2.

Let ¢ = &L n,,. Since OF is smooth and z3 belongs to the open part of
0FE1 between points y; and y9, it follows that the point y; € 0E; satisfies
the inequality |y; — x| > |¢ — x| and therefore condition 2) of Lemma 2.12
is not fulfilled for the ray ¢1. Thus, &, # &L as well.

We get a contradiction, whence our assumption is incorrect for o > 7.

b) Suppose a < 7. If the inner supporting ray &2 is contained in the open
sector S’ between the rays complementary to &L and ¢2, then z3 € 0E;
and the arguments should be as in the case a). Thus, we again get a
contradiction.

Let a1 (resp az) be the angle between nearest-neighbor rays &3 and ¢}
(resp. &3 and &£2), see Figure 2.9. Suppose £ is not contained in the sector
S’. Then o # .

For definiteness assume that oy > as and a1 > 7. By smoothness of
0F, the ray v,, that does not intersect ' should lie above the straight that
contains £.. But all such rays intersect E. Indeed, if one assumes that
there exists a ray 7,, not intersecting F, then by Lemma 2.12, one of the
inner supporting rays &, j = 1,2, 3, intersects v,,. However the ray ¢l
can intersect 7, only if v, < ¢!, which is not possible, since &! intersects
E and y,, does not. By the constructions, the rays 52 and 5% lie in the
half-plane different from the one that contains 7,,. Then the rays £, &2
also do not intersect .

Thus, y1 is a point of 1-nonsemiconvexity of E, which contradicts to
its weak 1-semiconvexity. We have now reached a contradiction and our
assumption is wrong for o < 7 as well. Lemma is proved. U
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FIGURE 2.9.

Lemma 2.18 fails for sets with non-smooth boundary as a < m, see
Figure 2.1b).

Lemma 2.19. There exists no open bounded set with smooth boundary in
the plane having Z-property, consisting of three components and such that
there is a bijection between the inner supporting rays of the set and the
components with respect to which they are inner supporting.

Proof. Let us prove the lemma by the contradiction. Suppose set £ < R?
is open, bounded, having Z-property, and consisting of three components
E;, j =1,2,3. Let z € R2\E be a point of 1-nonsemiconvexity of E.
By Lemma 2.16, E has three inner supporting rays &., i = 1,2,3. Thus,
without loss of generality, suppose &, is inner supporting for E with respect
to E;,i=1,2,3.

Let y; € £&£ N OE; be the nearest point of £ N 0E; # @ to x, Figure 2.10a).
Since neither of the rays &, i = 1,2, 3, intersect the respective component
E; for which it is supporting, it follows from smoothness of 0F that each
ray £ is tangent to 0F; at the point ;.

By Lemma 2.8, each component E;, ¢ = 1,2, 3, is contained in the respec-
tive sector between two supporting rays of Za; > 0, ¢ = 1,2,3. Without
loss of generality, let us consider the polar coordinate system (¢, p), where
point z is the pole, inner supporting ray . is the polar axis, and 7, (¢) is
a ray starting at z and generating an angle ¢ with ray 5;:, see Figure 2.10.
Since E' is weakly 1-semiconvex, there exists a ray 7,, not intersecting E.
As 0F is smooth, the ray ~,, should lie above the straight that contains
ray £L. Let us chose a positive angular coordinate determined by a ray
starting at x and intersecting ray -,,. In this coordinate system, let angle
¢ be such that 7,(¢) || vy, 0 < ¢ <.
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By Lemma 2.12, for the ray ~,, there exists an inner supporting ray &,
satisfying conditions 1)-3) of that lemma. Since E has only three inner
supporting rays, one of rays ¢, i = 1,2, 3, coincides with &,.

Since JF is smooth, the triangle zyic, where ¢ = & n 7y, does not
degenerate into the interval xy;. Then &, # &L, which gives & = &2 or
5:(: = 52

Without loss of generality suppose that &, = &2. Then by Lemma 2.12,
& =1u(p2), 0 < p2 < ¢ <, and

1) f:% N Yy = c(p2);

2) y2 € zc(p2);

3) E nInt(Azyic(p2)) = 2.
This implies that, in a certain coordinate system, the component FEj is
contained in the angle that corresponds to the interval (y2, 2+ a2) between
its two supporting rays. Then E; is contained in the angle (27 — o, 27).

If o2 + ag > 27 — aq, then (p2,p2 + ag) N (27 — aq,27m) # O, see
Figure 2.10. Hence neither of these intervals is completely contained in the
other one, otherwise one of the components E1, Fs would be projected on
the other. Consider the rays 7}, 72 from the proof of Lemma 2.16. They
are contained in the angle (y2,p2 + az) U (27 — a1, 21) = (p2, 27).

Let [¢3, 4] < (2, 27) be the angle between rays 7., 72. The component
Es5 is not contained in [¢3, ¢4], otherwise E3 would be projected on Ey U Es.
Thus, by the proof of Lemma 2.16, the third inner supporting ray &2 is
contained in [p3, p4] and is inner supporting for E with respect to one of
the components E;, F. This contradicts to our assumption that &3 is inner
supporting with respect to the component Fs.

If pa+ag < 2m—ay, then either angle [p2+ a9, 2m—a1] or [0, p2] does not
contain points of F3 and therefore points of E, otherwise, component Ej
would be projected on E3. But this gives that we can draw a ray starting
at x and not intersecting set E, which contradicts to non 1-semiconvexity
of E. Thus the assumption is wrong. Lemma is proved. O

Lemma 2.19 also fails for sets with non-smooth boundary, see Figure 2.3b).

3. PROOF OF THEOREM 1.8

By Theorem 1.6, the set E' does not consist of one or two components.
Due to Example 2.4, it suffices to prove that the set does not consist of
three components as well. Let us prove this by contradiction. So, suppose
FE consists of three connected components E;, i = 1,2, 3.

Since F is not 1l-semiconvex, it follows that there exists a point of 1-
nonsemiconvexity x € R?\E of E (since E is a weakly 1-semiconvex set, we
do not consider points of 0F as points of 1-nonsemiconvexity of E).
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FIGURE 2.10.

By Lemma 2.16, E has three inner supporting rays £, i = 1,2, 3, starting
at z, and each of them is inner supporting for £ with respect to a single
component of the set. In other words, there is a function

fil& €,6) — {B1, Ba, Es}.
Since by Lemma 2.8 each component has at most two supporting rays, there
possible exactly two cases:

I) fis a bijection, i.e., each ray £¥, i = 1,2, 3, is inner supporting for £
with respect to one and only one component of F, Figure 3.1 a;

IT) there exist &, €L k1 =1,2,3, k # [, such that f(¢¥) = f(€)), ie.,
two rays of £¥, i = 1,2,3, are inner supporting for E with respect to the
same its component and the third is inner supporting for F with respect
to one of the other two components, Figure 3.1b).

FIGURE 3.1.

Then the case II) is not possible due to Lemma 2.18 while the case I)
is not possible by Lemma 2.19. Therefore the assumption that the set
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consists of three components is incorrect. Example 2.4 completes the proof
of Theorem 1.8. (]

Corollary 3.1. Suppose an open bounded subset E — R? has Z-property
and consists of four components with smooth boundary. Then none of
its components is projected on the union of the others from a point of
1-nonsemiconvezity of E.

Proof. The proof is similar to the proof of Lemma 2.15. Let Ej, i = 1,4,
be components of F, and x € R?\ E be a point of 1-nonsemiconvexity of E.

Without loss of generality, suppose that E; is projected from x on u E;.

Then the set, consisting only of components F;, i = 2, 3,4, has Z- property,
which contradicts to Theorem 1.8. O
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