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KaБeh Eftekhari“asab

Abstractо The Palais-Smale c”“diti”“ Вas i“tr”dАced bД Palais a“d Smale
i“ the mid-siГties a“d a„„lied t” a“ eГte“si”“ ”f M”rse the”rД t” i“ࢸ“ite di-
me“si”“al Hilbert s„aces. Later this c”“diti”“ Вas eГte“ded bД Palais f”r the
m”re ge“eral case ”f real fА“cti”“s ”Бer Ba“ach-Fi“sler ma“if”lds i“ ”rder t”
”btai“ LАster“ik-Sch“irelma“ the”rД i“ this setti“g. Des„ite the im„”rta“ce
”f Fréchet s„aces, critical „”i“t the”ries haБe “”t bee“ deБel”„ed Дet i“ these
s„aces.
OАr aim i“ this „a„er is t” eГte“d the Palais-Smale c”“diti”“ t” the cases

”f C1-fА“cti”“als ”“ Fréchet s„aces a“d Fréchet-Fi“sler ma“if”lds ”f class
C

1. The diࢺcАltД i“ the Fréchet setti“g is the lack ”f a ge“eral s”lБabilitД
the”rД f”r diࢷere“tial eqАati”“s. This restricts Аs t” ada„t the def”rmati”“
resАlts (Вhich are esse“tial t””ls t” l”cate critical „”i“ts) as theД a„„ear as
s”lАti”“s ”f CaАchД „r”blems. H”ВeБer, Ekela“d „r”Бed the resАlt, t”daД is
k“”В“ as Eklea“d’s Бariati”“al „ri“ci„le, c”“cer“i“g the eГiste“ce ”f alm”st-
mi“imАms f”r a Вide class ”f real fА“cti”“s ”“ c”m„lete metric s„aces. This
„ri“ci„le ca“ be Аsed t” ”btai“ mi“imiЕi“g Palais-Smale seqАe“ces. We Аse
this „ri“ci„le al”“g Вith the i“tr”dАced c”“diti”“s t” ”btai“ s”me cАst”marД
resАlts c”“cer“i“g the eГiste“ce ”f mi“ima i“ the Fréchet setti“g.
Rece“tlД it has bee“ deБel”„ed the „r”jectiБe limit tech“iqАes t” ”Бerc”me

„r”blems (sАch as s”lБabilitД the”rД f”r diࢷere“tial eqАati”“s) Вith Fréchet
s„aces. The idea ”f this a„„r”ach is t” re„rese“t a Fréchet s„ace as the
„r”jectiБe limit ”f Ba“ach s„aces. This a„„r”ach „r”Бides s”lАti”“s f”r a Вide
class ”f diࢷere“tial eqАati”“s i“ eБerД Fréchet s„ace a“d theref”re ca“ be Аsed
t” ”btai“ def”rmati”“ resАlts. This meth”d В”Аld be the „r”„er frameВ”rk
f”r fАrther deБel”„me“t ”f critical „”i“t the”rД i“ the Fréchet setti“g.

Еeусймdн: The Palais-Smale c”“diti”“, Fréchet-Fi“sler ma“if”ld, Ekela“d’s Бariati”“al
„ri“ci„le
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А̗̎̏̓́іяо ͩ΂΄͸Ͷ ͥͶ΁Μ·Ͷ-ͧ΂ͻͿ΁Ͷ ͷΉ΁Ͷ ͸͸ͻͺͻ΃Ͷ ͦ. ͥͶ΁Μ·΄΂ ΈͶ ͧ. ͧ΂ͻͿ-
΁΄΂ ͸ ·ͻΆͻͺ;΃Μ 60-΋ ΈͶ ͽͶ·Έ΄·΄͸Ͷ΃Ͷ ͺ΁Ε ΅ͻΆͻ΃ͻ·ͻ΃΃Ε Έͻ΄ΆΜΝ ͢΄Ά·Ͷ ΃Ͷ
΃ͻ·΀Μ΃΍ͻ΃΄͸;΂ΜΆ΃Μ ͹Μ΁ΒͷͻΆΈ΄͸Μ ΅Ά΄·Έ΄Ά;. ͥΜͽ΃ΜΎͻ, ͦ. ͥͶ΁Μ· ΉͽͶ͹Ͷ΁Β΃;͸
ΝΝ ͺ΁Ε ͺΜͿ·΃΄ͽ΃Ͷ΍΃;΋ ΊΉ΃΀ΌΜͿ ΃Ͷ ΂΃΄͹΄͸;ͺͶ΋ ͗Ͷ΃Ͷ΋Ͷ-ͪΜ΃·΁ͻΆͶ ͺ΁Ε
Έ΄͹΄, Ώ΄ͷ Ά΄ͽΎ;Ά;Έ; Έͻ΄ΆΜΔ ͡Δ·ΈͻΆ΃Μ΀Ͷ-ͮ΃ΜΆͻ΁Β΂Ͷ΃Ͷ ΃Ͷ ΌͻͿ ͸;΅Ͷͺ΄΀.
ͣͻͽ͸ͶͼͶΔ΍; ΃Ͷ ͸Ͷͼ΁;͸Μ·ΈΒ ΅Ά΄·Έ΄ΆΜ͸ ͪΆͻΎͻ, ΃Ͷ ͺͶ΃;Ϳ ΂΄΂ͻ΃Έ Έͻ΄ΆΜΕ
΀Ά;Έ;΍΃;΋ Έ΄΍΄΀ ͺ΁Ε Ό;΋ ΅Ά΄·Έ΄ΆΜ͸ Ά΄ͽ͸;΃ͻ΃Ͷ ͺΉͼͻ ·΁Ͷͷ΄.
͢ͻΈͶ ͺͶ΃΄Ν Ά΄ͷ΄Έ; Ά΄ͽΎ;Ά;Έ; Ή΂΄͸Ή ͥͶ΁Μ·Ͷ-ͧ΂ͻͿ΁Ͷ ΃Ͷ ͸;΅Ͷͺ΄΀ C

1-
ΊΉ΃΀ΌΜͿ ΃Ͷ ΅Ά΄·Έ΄ΆͶ΋ ͪΆͻΎͻ ΈͶ ΃Ͷ ΂΃΄͹΄͸;ͺͶ΋ ͪΆͻΎͻ-ͪΜ΃·΁ͻΆͶ ΀΁Ͷ·Ή
C

1. ͧ΀΁ͶͺΜ·ΈΒ Ά΄ͷ΄Έ; ͽ ΅Ά΄·Έ΄ΆͶ΂; ͪΆͻΎͻ ΅΄΁Ε͹Ͷє Ή ͸Μͺ·ΉΈ΃΄·ΈΜ ͺ΁Ε
΃;΋ ͽͶ͹Ͷ΁Β΃΄Ν Έͻ΄ΆΜΝ Ά΄ͽ͸’Εͽ΃΄·ΈΜ ͺ;ΊͻΆͻ΃ΌΜͶ΁Β΃;΋ ΆΜ͸΃Ε΃Β. ͬͻ ·ΉΈΈє͸΄
΄ͷ΂ͻͼΉє ΂΄ͼ΁;͸΄·ΈΜ ͶͺͶ΅ΈΉ͸ͶΈ; ͺ΁Ε ΃;΋ ͺͻΊ΄Ά΂ͶΌΜͿ΃Μ ΆͻͽΉ΁ΒΈͶΈ; (Ε΀Μ є
·ΉΈΈє͸;΂ Μ΃·ΈΆΉ΂ͻ΃Έ΄΂ ͺ΁Ε ͽ΃Ͷ΋΄ͺͼͻ΃΃Ε ΀Ά;Έ;΍΃;΋ Έ΄΍΄΀), ΍ͻΆͻͽ Έͻ, Ώ΄
͸΄΃; ΄ΈΆ;΂ΉΔΈΒ·Ε Ε΀ Ά΄ͽ͸’Εͽ΀; ΅Ά΄ͷ΁ͻ΂ ͠΄ΎΜ.
І. ͛΀ͻ΁Ͷ΃ͺ ͺ΄͸Μ͸ ΈͶ΀ ͽ͸Ͷ΃;Ϳ «͸ͶΆΜͶΌΜͿ΃;Ϳ ΅Ά;΃Ό;΅ ͛΀΁ͻ΃ͺͶ», Ε΀;Ϳ

͹ͶΆͶ΃ΈΉє Μ·΃Ή͸Ͷ΃΃Ε ΂ͶͿͼͻ ΂Μ΃Μ΂Ή΂Μ͸ ͺ΁Ε Ύ;Ά΄΀΄͹΄ ΀΁Ͷ·Ή ͺΜͿ·΃΄ͽ΃Ͷ΍΃;΋
ΊΉ΃΀ΌΜͿ ΃Ͷ ΅΄͸΃;΋ ΂ͻΈΆ;΍΃;΋ ΅Ά΄·Έ΄ΆͶ΋. ͬͻͿ ΅Ά;΃Ό;΅ ΂΄ͼͻ ͷΉΈ;
͸;΀΄Ά;·ΈͶ΃;Ϳ ͺ΁Ε ΄ΈΆ;΂Ͷ΃΃Ε ΂Μ΃Μ΂ΜͽΉΔ΍;΋ ΅΄·΁Μͺ΄͸΃΄·ΈͻͿ ͥͶ΁Μ·Ͷ-
ͧ΂ͻͿ΁Ͷ. ͘ ͺͶ΃ΜͿ Ά΄ͷ΄ΈΜ ΂; ͸;΀΄Ά;·Έ΄͸Ήє΂΄ ΌͻͿ ΅Ά;΃Ό;΅ ΆͶͽ΄΂ ͽ
ͺ΄ͺͶΈ΀΄͸΄Δ Ή΂΄͸΄Δ ͺ΁Ε Έ΄͹΄, Ώ΄ͷ ΄ΈΆ;΂ͶΈ; ͺͻΕ΀Μ ΆͻͽΉ΁ΒΈͶΈ; ΅Ά΄
Μ·΃Ή͸Ͷ΃΃Ε ΂Μ΃Μ΂Ή΂Μ͸ ΊΉ΃΀ΌΜͿ ΃Ͷ ΅Ά΄·Έ΄ΆͶ΋ ͪΆͻΎͻ.
ͦ΄ͽ͸;΃ͻ΃Ͷ ͸ ΄·ΈͶ΃΃Μ Ά΄΀; Έͻ΋΃Μ΀Ͷ ΅Ά΄ͻ΀Έ;͸΃;΋ ͹ΆͶ΃;ΌΒ ͺ΄ͽ͸΄΁Εє ΄ͷΜͿΈ;

΅Ά΄ͷ΁ͻ΂; Ά΄ͽ’Εͽ΃΄·ΈΜ ͺ;ΊͻΆͻ΃ΌΜͶ΁Β΃;΋ ΆΜ͸΃Ε΃Β ͸ ΅Ά΄·Έ΄ΆͶ΋ ͪΆͻΎͻ. ІͺͻΕ
΅΄΁Ε͹Ͷє ͸ Έ΄΂Ή, Ώ΄ͷ ΅Άͻͺ·ΈͶ͸;Έ; ΅Ά΄·ΈΜΆ ͪΆͻΎͻ Ε΀ ΅Ά΄ͻ΀Έ;͸΃Ή ͹ΆͶ΃;ΌΔ
ͷͶ΃Ͷ΋΄͸;΋ ΅Ά΄·Έ΄ΆΜ͸. Ͷͨ΀;Ϳ ΅Μͺ΋Μͺ ͺ΄ͽ͸΄΁Εє Ά΄ͽ͸’ΕͽͶΈ; Ύ;Ά΄΀;Ϳ ΀΁Ͷ·
ͺ;ΊͻΆͻ΃ΌΜͶ΁Β΃;΋ ΆΜ͸΃Ε΃Β ͸ ΀΄ͼ΃΄΂Ή ΅Ά΄·Έ΄ΆΜ ͪΆͻΎͻ, Ͷ ΄Έͼͻ, ΂΄ͼͻ
͸;΀΄Ά;·Έ΄͸Ή͸ͶΈ;·Β ͺ΁Ε ΄ΈΆ;΂Ͷ΃΃Ε ͺͻΊ΄Ά΂ͶΌΜͿ΃;΋ ΆͻͽΉ΁ΒΈͶΈΜ͸. ͤ΅;·Ͷ΃;Ϳ
΂ͻΈ΄ͺ ΂Ͷє ΅΄Έͻ΃ΌΜͶ΁Β΃Μ ͽͶ·Έ΄·Ή͸Ͷ΃΃Ε ͺ΁Ε Ά΄ͽ͸;Έ΀Ή Έͻ΄ΆΜΝ ΀Ά;Έ;΍΃;΋
Έ΄΍΄΀ ͸ ΅Ά΄·Έ΄ΆͶ΋ ͪΆͻΎͻ.

1. Iࢊࢋࢅ࢐ࡿ࢑ࢀࢋࢎ࢐ࢊ

The Palais-Smale c”“diti”“ is a“ esse“tial t””l f”r critical „”i“t the-
”rД i“ i“ࢸ“ite dime“si”“al s„aces. Si“ce it Вas established bД Palais a“d
Smale [8], a “Аmber ”f its ge“eraliЕati”“s f”r Бari”Аs categ”ries ”f ma„s
haБe bee“ i“tr”dАced (cf. [6] f”r a sАrБeД). The Palais-Smale tД„e c”“di-
ti”“s haБe bee“ a„„lied t” “Аmer”Аs „r”blems i“ critical „”i“ts the”rД a“d
its a„„licati”“s t” Бari”Аs „r”blems i“ diࢷere“tial eqАati”“s, ge”metrД a“d
„hДsics (see [6]).
I“ this „a„er Вe ge“eraliЕe the Palais-Smale c”“diti”“ t” the cases ”f

C1-fА“cti”“als ”“ Fréchet s„aces a“d Fréchet-Fi“sler ma“if”lds ”f class C1.
It is i“sta“tlД “”ticed that dАe t” the Вeak strАctАral c”“strai“ts ”f Fréchet
s„aces, a„„licati”“s ”f the c”“diti”“s are t”” restrictiБe. It is Вell k“”В“
that s”me ”f the basic t””ls f”r l”cati“g critical „”i“ts ”f C1-fА“cti”“als
are the def”rmati”“ lemmas. The def”rmati”“s that a„„ear i“ the def”r-
mati”“ lemmas are ”btai“ed as s”lАti”“s ”f CaАchД „r”blems. H”ВeБer,
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”“ Fréchet s„aces, a“ ”rdi“arД diࢷere“tial eqАati”“ maД admit “”, ”“e ”r
mАlti„le s”lАti”“s f”r the same i“itial c”“diti”“. ThАs, Вe ca“ “”t get de-
f”rmati”“ resАlts f”r Fréchet s„aces i“ ge“eral. H”ВeБer, Вe ca“ still Аse
the i“tr”dАced c”“diti”“s al”“g Вith Ekela“d’s Бariati”“al „ri“ci„le t” l”-
cate critical „”i“ts. We the“ a„„lД them a“d the В”rks ”f Ekela“d [2] a“d
QАi [9] t” state s”me sta“dard resАlts deali“g Вith the eГiste“ce ”f mi“ima.

2. P࢏ࢁ࢐ࢅ࢏ࢅ࢑ࢍࢁࢎࢁࢎ

We Аse the f”ll”Вi“g “”ti”“ ”f Ck-ma„s i“ Michal-Bastia“i se“se. We
shall В”rk i“ the categ”rД ”f ma“if”lds ”f class at least C1.

Definition тосо Let E a“d F be Fréchet s„aces, U ⊆ E be a“ ”„e“ sАbset
a“d f : U → F be a c”“ti“А”Аs ma„. The deмгрaогрe ”f f at x ∈ U i“ the
directi”“ ”f h ∈ E is deࢸ“ed as

df(x)(h) := lim
t→0

1

t
(f(x+ ht)− f(x)),

Вhe“eБer the limit eГits. The ma„ f is called dгײeмeиогabжe at x if df(x)(h)
eГists f”r all h ∈ E. It is called a C1-зaк if it is diࢷere“tiable at all „”i“ts
”f U a“d

df : U × E → F, (x, h) 7→ df(x)(h),

is a c”“ti“А”Аs ma„. The ma„ f is called a Ck-зaк, k ≥ 2, if it is c”“ti“-
А”Аs, the higher directi”“al deriБatiБes

dkf(x)(h1, . . . , hk) := lim
t→0

dk−1f(x+hkt)(h1,...,hk−1)−d
k−1f(x)(h1,...,hk−1)

t

eГist f”r all i“tegers j ≦ k, x ∈ U a“d h1, . . . , hj ∈ E, a“d all ma„s

djf : U × Ej
→ F, (x, h1, . . . , hj) 7→ djf(x)(h1, . . . , hj),

are c”“ti“А”Аs. We saД that f is нзййов ”r C∞ if it is Ck f”r all k ∈ N.

Withi“ this frameВ”rk m”st ”f the “”ti”“s ”f the the”rД ”f i“ࢸ“ite di-
me“si”“al ma“if”lds are sАࢺcie“tlД Вell behaБed f”r ”Аr „Аr„”ses. I“
„articАlar, Fréchet ma“if”lds, Fréchet ta“ge“t bА“dles a“d Ck-ma„s be-
tВee“ Fréchet ma“if”lds are deࢸ“ed i“ ”bБi”Аs ВaД (cf. [3]). H”ВeБer, f”r
a Fréchet ma“if”ld M m”delled ”“ a Fréchet s„ace F Вe ca“ deࢸ“e the
set-the”retic c”ta“ge“t bА“dle

T ′M :=
∪

m∈M

(TmM)′,

Вhere (TmM)′ is the dАal ”f a ta“ge“t s„ace TmM . As a set, it carries a
“atАral strАctАre ”f a Бect”r bА“dle ”БerM , bАt i“ ge“eral there is “” Бect”r
t”„”l”gД ”“ F ′, the dАal ”f F , that ca“ lead t” the ide“tiࢸcati”“ T ′M ∼=
F × F ′. Theref”re there is “” “atАral sm””th Бect”r bА“dle strАctАre ”“
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T ′M if F is “”t “”rmable, see [7, Remark I.3.9]. ThАs i“stead, Вe Аse the
“”ti”“ ”f a B-c”ta“ge“t bА“dle [10]. I“ this deࢸ“iti”“ t” „Аt a ma“if”ld
strАctАre ”“ T ′M , the dАal ”f F is eqАi„„ed bД a B-t”„”l”gД, Вhere B is a
b”r“”l”gД ”“ F . T” be „recise, Вe recall that a familД B ”f sАbsets ”f F is
called a bймийжйбу ”“ F if the f”ll”Вi“gs c”“diti”“s are satisࢸed

(1)
∪

B∈B
= F ,

(2) f”r eБerД A,B ∈ B there eГists C ∈ B sАch that A ∪B ⊂ C,
(3) f”r all B ∈ B a“d r ∈ R there eГists C ∈ B sАch that r ·B ⊂ C.

Let E be a Fréchet s„ace, B be a b”r“”l”gД ”“ E a“d LB(E,F ) be the s„ace
”f all li“ear c”“ti“А”Аs ma„s fr”m E t” F . The B-ойкйжйбу ”“ LB(E,F ) is
a HaАsd”rࢷ l”callД c”“БeГ t”„”l”gД deࢸ“ed bД all semi“”rms ”btai“ed as
f”ll”Вs:

Pn

B(L) := sА„{„n(L(e)) | e ∈ B}, (2.1)

Вhere B ∈ B a“d {„n}n∈N is a familД ”f semi“”rms deࢸ“i“g the t”„”l”gД

”f F . O“e similarlД maД deࢸ“e Lk

B
(E,F ) a“d

∧
k
LB(E,R), the s„ace ”f k-

li“ear j”i“tlД c”“ti“А”Аs ma„s ”f Ek t” F a“d the s„ace ”f a“ti-sДmmetric
k-li“ear j”i“tlД c”“ti“А”Аs ma„s ”f Ek t” R, res„ectiБelД. If B c”“tai“s
all c”m„act sets, the“ the B-t”„”l”gД ”“ the s„ace LB(E,R) = E′

B
”f all

c”“ti“А”Аs li“ear fА“cti”“al ”“ E, the dАal ”f E, is the t”„”l”gД ”f c”m„act
c”“Бerge“ce. F”r this a“d fАrther details ”“ b”r“”l”gies Вe refer t” [4].
If B c”“tai“s all c”m„act sets ”f E, the“ Lk

B
(E,Ll

B
(E,F )) is ca“”“icallД

is”m”r„hic t” Ll+k

B
(E,F ) as a t”„”l”gical Бect”r s„ace, see [5, The”rem

0.1.3]. I“ „articАlar, L2
B
(E,R) = L2

B
(E) ∼= LB(E,E′

B
). U“der the ab”Бe

c”“diti”“ ”“ B, Вe deࢸ“e the diࢷere“tiabilitД ”f class Ck

B
as f”ll”Вs.

Let U ⊂ E be a“ ”„e“ set. The“ a ma„ f : U → F is called C1
B
if

its „artial deriБatiБes eГist a“d the i“dАced ma„ df : U → LB(E,F ) is
c”“ti“А”Аs. SimilarlД Вe ca“ deࢸ“e ma„s ”f class Ck

B
, k ∈ N∪ {∞}, see [5,

Deࢸ“iti”“ 2.5.0]. A ma„ f : U → F is Ck

B
, k ≧ 1, if a“d ”“lД if f is Ck i“

the se“se ”f Deࢸ“iti”“ (2.1), see [5, The”rem 2.7.0 a“d C”r”llarД 1.0.4 (2)].
I“ „articАlar, f is C∞

B
if a“d ”“lД i“ f is C∞. ThАs, if f at x ∈ E is C1

a“d he“ce C1
B
, the deriБatiБe f at x, df(x), is a“ eleme“t ”f E′

B
, a“d Вe

shall de“”te df(x) eБalАated at h ∈ E Бia df(x)(h).
AssАme that B is a b”r“”l”gД ”“ F c”“tai“i“g all c”m„act sets a“d

M is a Fréchet ma“if”ld m”delled ”“ F . Let f be a fА“cti”“al deࢸ“ed
”Бer M . The deriБatiБe ”f f at x ∈ M ca“ be Вritte“ i“ terms ”f the
iterated ta“ge“t bА“dles ”f M a“d Вe ca“ c”“sider df : TM → R giБe“
bД df(x, h) = df(x)(h) А„”“ l”callД ide“tifДi“g TM Вith U × F , Вhere U
is a“ ”„e“ set i“ F . Theref”re, if at x ∈ M a ma„ f : M → R is C1 a“d
he“ce C1

B
, the“ df(x) bel”“gs t” LB(TxM,R) = (TxM)′

B
.
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Definition тото LetM be a Fréchet ma“if”ld m”delled ”“ a Fréchet s„ace
F a“d B a b”r“”l”gД ”“ F . The B-cйоaибeио bпиdжe ”f M is deࢸ“ed as
TM ′

B :=
∪

x∈M (TxM)′B a“d the k-eГteri”r „r”dАct ”f the B-c”ta“ge“t bА“-

dle as
∧

k TM ′
B :=

∪
x∈M

∧
k(TxM)′B.

If B is ch”se“ sАch that T (B) ⊂ B f”r all c”“ti“А”Аs li“ear e“d”m”r-

„hisms T ”f F , the“
∧

k TM ′
B is a Бect”r bА“dle i“ the categ”rД ”f l”callД

c”“БeГ s„aces Вith the l”cal m”del F ×
∧

k F ′
B. I“ „articАlar, TM

′
B is a

Бect”r bА“dle i“ the categ”rД ”f l”callД c”“БeГ s„aces Вith the l”cal m”del
F × F ′

B, see [10, Remark (1), „. 60].

3. Tࢁࢄ P࢏ࢅࡽ࢈ࡽ-Sࢁ࢈ࡽࢉ ࢊࢋࢅ࢐ࢅࢀࢊࢋࡿ

A Fгинжeм strАctАre f”r a Fréchet ma“if”ld M i“ the se“se ”f Palais Вas
deࢸ“ed i“ [1]. We “”В deࢸ“e a Fi“sler strАctАre ”“ its B-c”ta“ge“t bА“dle.
He“cef”rth, Вe alВaДs assАme that a b”r“”l”gД B ”“ a Fréchet s„ace

F c”“tai“s all c”m„act sets a“d Вe alВaДs ch”se B sАch that T (B) ⊂ B
f”r all c”“ti“А”Аs li“ear e“d”m”r„hisms T ”f F Вhe“eБer Вe deࢸ“e the
B-c”ta“ge“t bА“dle ”f a ma“if”ld M m”delled ”“ F .

Definition уосо Let M be a Ck Fréchet ma“if”ld m”delled ”“ a Fréchet
s„ace F , Вhere k ∈ N ∪ {∞}. A Fгинжeм strАctАre f”r M is a c”llecti”“ ”f
fА“cti”“s ∥ · ∥n

M
: TM → R

+, n ∈ N, ”“ its ta“ge“t bА“dle TM sАch that

(1) f”r each x ∈ M a“d n ∈ N, the fА“cti”“

∥ · ∥nx := ∥ · ∥n
M |TxM

: TxM → R
+

is a semi“”rm ”“ the ta“ge“t s„ace TxM sАch that f”r eБerД chart
ϕ : U → F Вith x ∈ U , the c”llecti”“ ”f semi“”rms

v ∈ F 7→ ∥dϕ−1(ϕ(x))(v)∥x

ge“erates the t”„”l”gД ”f F ;
(2) giБe“ K > 1, x0 ∈ M a“d a chart ϕ : U → F Вith x0 ∈ U , there eГists

a“ ”„e“ “eighb”rh””d U ”f x0 i“ U sАch that

1

K
∥dϕ−1(ϕ(x0))(v)∥

n

x0
≦ ∥dϕ−1(ϕ(x))(v)∥nx ≦ K∥dϕ−1(ϕ(x0))(v)∥

n

x0

f”r all x ∈ U , n ∈ N, v ∈ F .

If {∥·∥n}n∈N is a Fi“sler strАctАre ”“ TM , the“ eБe“tАallД Вe ca“ ”btai“
a бмaded Fi“sler strАctАre, de“”ted bД (∥ · ∥n)n∈N, ”“ TM . A Fréchet
ma“if”ld M is called Fмécвeо-Fгинжeм if its ta“ge“t bА“dle TM admits a
Fi“sler strАctАre. If a Fréchet ma“if”ld M is „arac”m„act a“d its m”del
s„ace F is sАch that all semi“”rms deࢸ“i“g the t”„”l”gД ”f F are sm””th
ma„s ”“ F \ {0}, the“ TM admits a Fi“sler strАctАre ([1, Pr”„”siti”“
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4]). As a“ eГam„le ”f a Ck-Fi“sler ma“if”ld Вe ca“ c”“sider a“Д Ck-
sАbma“if”ld M ”f a Fréchet s„ace F , Вith TmM carrДi“g the c”llecti”“ ”f
semi“”rms i“dАced bД the i“clАsi”“ TmM ⊂ TmF ∼= F .
Let M be a c”““ected Fréchet-Fi“sler ma“if”ld e“d”Вed Вith a graded

Fi“sler strАctАre (∥ · ∥n)n∈N. F”r each n ∈ N deࢸ“e dn(x, y) = i“fγ L
n(γ),

Вhere the i“ࢸmАm is take“ ”Бer all C1-cАrБes γ : [a, b] → M sАch that
γ(a) = x, γ(b) = y a“d

Ln(γ) =

∫ b

a

∥(γ′(t))∥nγ(t) dt.

Theref”re, Вe ”btai“ a“ i“creasi“g seqАe“ce ”f „seАd”metric (dn(x, y))n∈N.
Deࢸ“e

ρ(x, y) =

n=∞∑
n=1

1

2n
dn(x, y)

1 + dn(x, y)
. (3.1)

This is a metric, called the Fгинжeм metric, c”“siste“t Вith the ”rigi“al
t”„”l”gД ”f M ([1]). I“ the seqАel, Вe saД that M is c”m„lete if M is
c”m„lete Вith res„ect t” this metric. We saД that ρ is жйcaжжу cйзкaогbжe if
f”r each p ∈ M there eГist a chart (p ∈ U,ϕ) a“d c”“sta“ts α, β sАch that
f”r all n ∈ N a“d x, y ∈ U

αρ(x, y) ≦ „n(ϕ(x)− ϕ(y)) ≦ βρ(x, y),

Вhere {„n}n∈N is a familД ”f semi“”rms deࢸ“i“g the t”„”l”gД ”f F .
The B-c”ta“ge“t bА“dle TM ′

B
”f M carries a “atАral Fi“sler strАctАre,

de“”ted agai“ bД {∥ · ∥n}n∈N, characteriЕed bД letti“g

∥w∥nx = sА„ {|⟨w, v⟩|; v ∈ TxM, ∥v∥nx = 1} ,

Вhere x ∈ M , w ∈ (TxM)′
B
a“d ⟨·, ·⟩ is the dАalitД „airi“g betВee“ TxM a“d

(TxM)′
B
Вhich is se„aratelД c”“ti“А”Аs. C”“seqАe“tlД, f”r a C1-fА“cti”“al

f : M → R the ma„„i“gs ∥df∥nx : M → R giБe“ bД x 7→ ∥df(x)∥nx are
Вell deࢸ“ed a“d c”“ti“А”Аs f”r all n ∈ N. We shall ”mit the i“deГ x i“
∥df(x)∥nx a“d de“”te it jАst bД ∥df(x)∥n.

Definition уото Let F be a Fréchet s„ace, B a b”r“”l”gД ”“ F a“d F ′
B
the

dАal ”f F eqАi„„ed Вith the B-t”„”l”gД. Let f : F → R be a C1-fА“cti”“al.

(i) We saД that f satisࢸes the Кaжaгн-Нзaжe cйиdгогйи, (PS) i“ sh”rt, if
each seqАe“ce (xi) ⊂ F sАch that f(xi) is b”А“ded a“d

df(xi) → 0 i“ F ′
B,

has a c”“Бerge“t sАbseqАe“ce.
(ii) We saД that f satisࢸes the Palais-Smale c”“diti”“ aо жeрeж c ∈ R,

(PS)c i“ sh”rt, if each seqАe“ce (xi) ⊂ F sАch that

f(xi) → c a“d df(xi) → 0 i“ F ′
B,
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has a c”“Бerge“t sАbseqАe“ce.

The ab”Бe deࢸ“iti”“ ”f Palais-Smale c”“diti”“ ca“ easilД be eГte“ded
t” the m”re ge“eral setti“g ”f C1-fА“cti”“als ”“ ma“if”lds Вith Fi“sler
strАctАres. ThАs Вe maД a„„lД the Palais a„„r”ach [8] t” the critical „”i“t
the”rД f”r the ge“eral case ”f Fréchet ma“if”lds.

Definition уоуо Let M be a c”““ected Fréchet-Fi“sler ma“if”ld e“d”Вed
Вith a Fi“sler strАctАre {∥ · ∥n}n∈N a“d the c”rres„”“di“g Fi“sler metric
ρ. Let f : M → R be a C1-fА“cti”“al.

(i) We saД that f satisࢸes the Palais-Smale c”“diti”“, (PS) i“ sh”rt, if
f”r all n ∈ N each seqАe“ce (xi) ⊂ M sАch that f(xi) is b”А“ded a“d
∥df(xi)∥

n → 0, has a c”“Бerge“t sАbseqАe“ce.

(ii) We saД that f satisࢸes the Palais-Smale c”“diti”“ at leБel c ∈ R,
(PS)c i“ sh”rt, if f”r all n ∈ N each seqАe“ce (xi) ⊂ M sАch that
f(xi) → c a“d ∥df(xi)∥

n → 0, has a c”“Бerge“t sАbseqАe“ce.

Let f be a C1-fА“cti”“al ”“ a Fréchet s„ace (”r a Fréchet-Fi“sler ma“i-
f”ld). As АsАal, a „”i“t p i“ the d”mai“ ”f f is said t” be a cмгогcaж „”i“t
”f f if df(p) = 0, the c”rres„”“di“g БalАe c = f(p) Вill be called a cмгогcaж
БalАe. We Вill Аse the f”ll”Вi“g sta“dard “”tati”“:

Kc := {p ∈ M | f(p) = c, df(p) = 0}.

4. Eࢁࡿࢊࢁ࢐࢏ࢅ࢔ ࢂࢋ ࡽࢉࢅࢊࢅࢉ

C”“sider the f”ll”Вi“g „articАlar Бersi”“ ”f Ekela“d’s Бariati”“al „ri“ci-
„le (cf. [2]).

Theorem 4осо Leо (X,σ) be a cйзкжeоe зeомгc нкace. Leо a апиcогйиaж
f : X → (−∞,∞] be нeзг-cйиогипйпн, bйпиded амйз beжйс aиd ийо гdeиогcaж
ой +∞. Leо a > 1, b > 0 aиd x ∈ X be бгрeи нпcв овaо f(x) ≦ i“fX f + a.
Tвeи овeмe eтгнон xa ∈ M нпcв овaо

(1) f(xa) ≦ f(x),

(2) σ(xa, x) ≦
1

b
,

(3) f(xa) < f(x) + abσ(x, xa), ∀x ̸= xa ∈ M .

Whe“ X is a c”m„lete Fréchet-Fi“sler ma“if”ld a“d f is ”f class C1, Вe
haБe the f”ll”Вi“g:

Theorem 4ото Leо M be a cйииecоed cйзкжeоe Fмécвeо-Fгинжeм зaигайжd йа
cжaнн C1 eиdйсed сгов a Fгинжeм номпcопмe {∥·∥n}n∈N aиd овe cйммeнкйиdгиб
Fгинжeм зeомгc ρ свгcв гн жйcaжжу cйзкaогbжe. Leо a C1-апиcогйиaж f : M → R
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be bйпиded амйз beжйс. Tвeи, айм eacв θ > 1 aиd eacв m ∈ M нпcв овaо
f(m) ≦ i“fM f + θ2, овeмe eтгно mθ ∈ M aиd a cйиноaио εθ нпcв овaо

(1) f(mθ) ≦ f(m),

(2) ρ(mθ,m) ≦ θ,

(3) ∥df(mθ)∥
n ≦ εθ, ∀n ∈ N.

Proofо GiБe“ θ > 1, a„„lД The”rem 4.1 Вith b =
1

θ
t” d“ࢸ mθ ∈ M sАch

that (1) a“d (2) h”ld a“d

f(x) > f(mθ)− θρ(mθ, x), ∀x ̸= mθ ∈ M. (4.1)

Si“ce ρ is l”callД c”m„atible, there eГist a chart ϕ : U → F Вith mθ ∈ U

(F is the l”cal m”del ”f M) a“d c”“sta“ts α, β sАch that f”r all n ∈ N a“d
x, y ∈ U

αρ(x, y) ≦ „n(ϕ(x)− ϕ(y)) ≦ βρ(x, y), (4.2)

Вhere {„n}n∈N is a familД ”f semi“”rms deࢸ“i“g the t”„”l”gД ”f F . Let
h ∈ ϕ(U) a“d t > 0 be sАch that ϕ−1(ϕ(ma) + th) ∈ U The“ bД (4.1)

f(ϕ−1(ϕ(mθ)))− f(ϕ−1(ϕ(mθ) + th)) < θρ(mθ, ϕ
−1(ϕ(mθ) + th)).

He“ce, f”r all n ∈ N

f(ϕ−1(ϕ(mθ)))− f(ϕ−1(ϕ(mθ) + th)) <

<
θ

α
„n(ϕ(mθ)− (ϕ(mθ) + th)) =

θ

α
„n(h)t <

<
θ

α
βρ(mθ, ϕ

−1(ϕ(mθ) + th))t <
θ2

α
βt. (4.3)

Deࢸ“e a C1-cАrБe γ : [0, t0] → M bД γ(t) = ϕ−1(ϕ(mθ) + th) sАch that

γ([0, t0]) ⊂ U a“d let εθ =
θ2

α
β. BД diБidi“g b”th sides i“ (4.3) bД t a“d

letti“g t → 0, Вe ”btai“

df(mθ)(h) =
d

dt
(f ◦ γ) |t=0 ≥ −εθ.

Cha“gi“g h Вith −h giБes df(mθ)(h) ≦ εθ, therebД f”r all n ∈ N

∥df(mθ)∥
n ≦ sА„

„i(h)=1, i∈N

df(mθ)(h) ≦ εθ.

The”rem is „r”Бed. □

Corollary 4оуо Leо M aиd f be aн ги Tвeймeз 4.2. Га (PS)c вйжdн сгов
c = i“fM f , овeи f aооaгин гон згигзпз aо a кйгио ги Kc.
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Proofо Acc”rdi“g t” The”rem 4.2, if f”r each i ∈ N Вe let θ2 =
1

i
, the“

there eГists xi ∈ M sАch that

f(xi) ≦ c+
1

i
, ∥df(xi)∥n ≦

β

iα
, n ∈ N.

Theref”re, f(xi) → c a“d ∥df(xi)∥n → 0 f”r all n ∈ N. Si“ce f satisࢸes
(PS)c it f”ll”Вs that there eГists a c”“Бerge“t sАbseqАe“ce xij → x0. He“ce,
f(x0) = c = i“fM f a“d df(x0) = 0. □

The similar resАlts bАt Вith Вeaker assАm„ti”“s ca“ be ”btai“ed f”r
Fréchet s„aces bД mea“s ”f the f”ll”Вi“g Ekela“d’s Бariati”“al „ri“ci„le.

Theorem 4о4 ([9], C”r”llarД 2.1)о Leо F be a Fмécвeо нкace сгов ойкйжйбу
бeиeмaоed bу aи гиcмeaнгиб нeлпeиce „1(·) ≦ „2(·) ≦ · · · йа нeзгиймзн. Leо
a апиcогйиaж f : F → (−∞,∞] be нeзг-cйиогипйпн, bйпиded амйз beжйс
aиd ийо гdeиогcaж ой +∞. Leо η > 0 aиd x0 ∈ F be бгрeи нпcв овaо
f(x0) ≦ i“fF f + η, aиd жeо (λn)n∈N be a нeлпeиce йа кйнгогрe мeaж ипзbeмн.
Tвeи айм aиу i ∈ N, овeмe eтгнон z ∈ F нпcв овaо

(1) λj„j(z − x0) ≦ f(x0)− f(z) айм j = 1, . . . , i;

(2) „j(z − x0) <
η

λj

айм j = 1, . . . , i;

(3) айм aиу x ∈ F, x ̸= z, овeмe eтгнон m ∈ N нпcв овaо

λm„m(x− z) + f(x) > f(z),

йм eлпгрaжeиожу, sА„n λn„n(x−z)+f(x) > f(z) айм aиу x ∈ F, x ̸= z.

Theorem 4охо Leо F be a Fмécвeо нкace сгов ойкйжйбу бeиeмaоed bу aи
гиcмeaнгиб нeлпeиce „1(·) ≦ „2(·) ≦ · · · йа нeзгиймзн. Leо B a bймийжйбу
йи F aиd {Pn

B}n∈N овe аaзгжу йа нeзгиймзн (de׳иed aн ги (2.1)) овaо
бeиeмaоeн овe ойкйжйбу йа F ′

B
. Leо a C1-апиcогйиaж f : F → R be bйпиded

амйз beжйс. Tвeи, айм eacв ε > 0, i ∈ N, x ∈ F нпcв овaо f(x) ≦ i“fF f+ε,
овeмe eтгнон z ∈ F нпcв овaо

(1) „j(z − x0) ≦
f(x0)− f(z)√

ε
айм j = 1, · · · , i;

(2) „j(z − x0) <
√
ε айм j = 1, · · · , i;

(3) Pn
B(df(z)) ≦

√
ε, ∀n ∈ N, B ∈ B.

Proofо GiБe“ ε > 0 a“d i ∈ N, a„„lД The”rem 4.4 Вith λj =
√
ε f”r all

j ∈ N a“d η = ε t” d“ࢸ m ∈ N a“d z ∈ F sАch that (1) a“d (2) h”ld a“d

f(x) > f(z)−
√
ε„m(x− z), ∀x ̸= z ∈ F. (4.4)
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BД a„„lДi“g (4.4) t” x = z + th Вith t > 0 a“d h ∈ F , Вe ”btai“

f(z + th)− f(z) > −
√
ε„m(h)t.

DiБidi“g b”th sides bД t a“d letti“g t → 0 Дields df(z)(h) > −
√
ε„m(h) f”r

all h ∈ F . Cha“gi“g h Вith −h giБes df(mθ)(h) ≦
√
ε„m(h) f”r all h ∈ F ,

Вhich mea“s f”r all n ∈ N a“d B ∈ B Вe haБe Pn

B
(df(z)) ≦

√
ε. □

Remark 4оцо T” „r”Бe the „recedi“g the”rem as i“ the case ”f Fi“sler-
Fréchet ma“if”lds Вe c”Аld Аse The”rem 4.1. H”ВeБer, that im„”ses re-
stricti”“ ”“ a metric that deࢸ“es the Fréchet t”„”l”gД. I“ The”rem 4.4 Вe
Аse c”llecti”“s ”f semi“”rms rather tha“ metrics. F”r tech“ical reas”“s it
is m”re c”“Бe“ie“t t” deal Вith semi“”rms.

Corollary 4очо Leо F aиd f be aн ги Tвeймeз 4.5. Га (PS)c вйжdн сгов
c = i“fF f , овeи f aооaгин гон згигзпз aо a кйгио ги Kc.

Proofо Acc”rdi“g t” The”rem 4.5, if f”r each i ∈ N Вe let ε =
1

i
. The“

there eГists xi ∈ F sАch that

f(xi) ≦ c+
1

i
, Pn

B(df(xi)) ≦
1√
i
, ∀n ∈ N, B ∈ N.

Theref”re, f(xi) → c a“d df(xi) → 0 i“ F ′
B
. Si“ce f satisࢸes (PS)c it

f”ll”Вs that there eГists a c”“Бerge“t sАbseqАe“ce xij → x0.
He“ce, f(x0) = c = i“fM f a“d df(x0) = 0. □
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