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A generalized Palais-Smale condition in
the Fréchet space setting

Kaveh Eftekharinasab

Abstract. The Palais-Smale condition was introduced by Palais and Smale
in the mid-sixties and applied to an extension of Morse theory to infinite di-
mensional Hilbert spaces. Later this condition was extended by Palais for the
more general case of real functions over Banach-Finsler manifolds in order to
obtain Lusternik-Schnirelman theory in this setting. Despite the importance
of Fréchet spaces, critical point theories have not been developed yet in these
spaces.

Our aim in this paper is to extend the Palais-Smale condition to the cases
of C'-functionals on Fréchet spaces and Fréchet-Finsler manifolds of class
C'. The difficulty in the Fréchet setting is the lack of a general solvability
theory for differential equations. This restricts us to adapt the deformation
results (which are essential tools to locate critical points) as they appear as
solutions of Cauchy problems. However, Ekeland proved the result, today is
known as Ekleand’s variational principle, concerning the existence of almost-
minimums for a wide class of real functions on complete metric spaces. This
principle can be used to obtain minimizing Palais-Smale sequences. We use
this principle along with the introduced conditions to obtain some customary
results concerning the existence of minima in the Fréchet setting.

Recently it has been developed the projective limit techniques to overcome
problems (such as solvability theory for differential equations) with Fréchet
spaces. The idea of this approach is to represent a Fréchet space as the
projective limit of Banach spaces. This approach provides solutions for a wide
class of differential equations in every Fréchet space and therefore can be used
to obtain deformation results. This method would be the proper framework
for further development of critical point theory in the Fréchet setting.

Keywords: The Palais-Smale condition, Fréchet-Finsler manifold, Ekeland’s variational
principle
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Amwnoramisi.  Ymosa [Tamica-Cwmeita 6yna Beegena P. Ilamicom ta C. Cwmeii-
jgom B cepemmHi 60-x Ta 3acTocoBaHa i TlepeHeceHHsi Teopil Mopca Ha
HecKindyeHOBUMIpHI Tinbbeprosi mpocropu. [lizuime, P. Ilajic yzaragbHus
11 g gificHosnavnmx QyHKINH Ha MHOTOBHjax banaxa-®@inciiepa s
Toro, mob posmupuru Teopio Jliocrepuika-IIIaipespMana Ha el BUIIAIOK.
HesBaxkaroun na BakjuBicTb mpocropiB @perie, Ha JaHH MOMEHT TeOpid
KPUTHYHUX TOYOK JIA I[UX IPOCTOPIB PO3BHHEHA Jy2Ke CJIado.

Meta manoi poGotu posmmpuTu yMmoBy Ilamica-Chmeitna na Bumagok C-
dyuxIiii Ha npocropax Ppemre Ta Ha MHOroBHAaxXx Ppermre-PiHcaepa Kiacy
C'. Ckuagicrs poboru 3 mpocropamu Ppele MOIATAE ¥ BiICYTHOCTI s
HOX 3arajibHOI Teopil po3B’sa3HOCTI AudepeHiaibHIX piBHSIHBL. lle cyTTeBO
06MezKy€e MOXKJIMBOCTI a7anTyBaTu Jid HuX Aedopmarniitai pesyabraru (gki €
CYTTEBUM IHCTPYMEHTOM [[JIsl 3HAXO/PKEHHSI KPUTHIHAX TOUYOK), Iepe3 Te, 10
BOHU OTPUMYIOTHCS sIK pO3B’si3ku mpobsrem Korrri.

1. Exemany noBiB Tak 3BaHuMii «Bapianiiinumii npwHIUMn EKieHgay, axuit
rapaHTy€ iCHYBaHHS MalizKe MIHIMYMIB JIJI IIIUPOKOTO KJIacy JiCHO3HATHUX
GbyHKIH Ha TOBHUX METPUIHUX mpocTopax. lleit mpuwammn moxke OyTm
BUKOPUCTAHUI JIjId  OTpUMaHHs MiHiMi3ylounx mociigoBaocreii I[lasrica-
Cwmeitia. B ganiii poboTi MU BHKOPHUCTOBYEMO IIeif NPUHIUI PAa30M 3
JIOMATKOBOIO YMOBOIO JJIT TOTO, MO0 OTPUMATH JesKi Ppe3yabTaTh PO
icnyBaHHsa MiHiIMyMiB (yHKIIN Ha mpocTopax Pperre.

PosBunena B ocTaHHI POKHU TEXHIKA IIPOEKTUBHUX I'PDAHUIb JI03BOJISE O0ITH
mpobsieMu po3’sI3HOCTI nudepeHIlaabHIX PiBHAHD B TpocTopax Ppemre. [nes
[IOJIATAE B TOMY, 1100 IPEICTABUTH pocTip Pperrte K MPOEKTHBHY IPAHUITIO
GanaxoBux mpocTopiB. Takwmil miaXim JM03BOJISIE PO3B’S3aTH IMUPOKUI Kjac
nudepeHIliaJbHNX PIBHAHD B KOXKHOMY TpocTopi Ppere, a 0OTKe, MOXKe
BHUKOPHCTOBYBATHUCD JIJIsl OTpUMaHHs jiedpopMaliiiaux pesysbraris. Onucanuit
METOJ MAa€ TOTEHI[aJbHI 3aCTOCYBAHHS JJI PO3BUTKY TEOPil KPUTHUIHUX
TOYOK B mpocTopax Pperre.

1. INTRODUCTION

The Palais-Smale condition is an essential tool for critical point the-
ory in infinite dimensional spaces. Since it was established by Palais and
Smale [8], a number of its generalizations for various categories of maps
have been introduced (cf. [6] for a survey). The Palais-Smale type condi-
tions have been applied to numerous problems in critical points theory and
its applications to various problems in differential equations, geometry and
physics (see [6]).

In this paper we generalize the Palais-Smale condition to the cases of
C'-functionals on Fréchet spaces and Fréchet-Finsler manifolds of class C*.
It is instantly noticed that due to the weak structural constraints of Fréchet
spaces, applications of the conditions are too restrictive. It is well known
that some of the basic tools for locating critical points of C'-functionals
are the deformation lemmas. The deformations that appear in the defor-
mation lemmas are obtained as solutions of Cauchy problems. However,
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on Fréchet spaces, an ordinary differential equation may admit no, one or
multiple solutions for the same initial condition. Thus, we can not get de-
formation results for Fréchet spaces in general. However, we can still use
the introduced conditions along with Ekeland’s variational principle to lo-
cate critical points. We then apply them and the works of Ekeland [2] and
Qui [9] to state some standard results dealing with the existence of minima.

2. PREREQUISITES

We use the following notion of C*-maps in Michal-Bastiani sense. We
shall work in the category of manifolds of class at least C*.

Definition 2.1. Let FE and F' be Fréchet spaces, U C E be an open subset
and f: U — F be a continuous map. The derivative of f at x € U in the
direction of h € F is defined as

A () (h) =l 1 (7 + ht) = f(2))

whenever the limit exits. The map f is called differentiable at x if d f(x)(h)
exists for all h € E. It is called a C'-map if it is differentiable at all points
of U and

df :U x E — F, (z,h) — df(z)(h),
is a continuous map. The map f is called a C*-map, k > 2, if it is contin-
uous, the higher directional derivatives

k oo (@ hgt) (B b 1) —dR T f(@) (BB 1)
d*f(z)(h1,..., hg) = %g% ;
exist for all integers j < k, 2 € U and hq,...,h; € E, and all maps

df:UxE - F, (z, b1, hy) = A f(2)(ha, .oy hy),
are continuous. We say that f is smooth or C* if it is C* for all k € N.

Within this framework most of the notions of the theory of infinite di-
mensional manifolds are sufficiently well behaved for our purposes. In
particular, Fréchet manifolds, Fréchet tangent bundles and C*-maps be-
tween Fréchet manifolds are defined in obvious way (cf. [3]). However, for
a Fréchet manifold M modelled on a Fréchet space F' we can define the
set-theoretic cotangent bundle

M= | (TM),
meM
where (T,,M)" is the dual of a tangent space T,, M. As a set, it carries a
natural structure of a vector bundle over M, but in general there is no vector

topology on F’, the dual of F', that can lead to the identification T'M =
F x F'. Therefore there is no natural smooth vector bundle structure on
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T'M if F is not normable, see |7, Remark 1.3.9]. Thus instead, we use the
notion of a B-cotangent bundle [10]. In this definition to put a manifold
structure on 7'M, the dual of F' is equipped by a B-topology, where B is a
bornology on F. To be precise, we recall that a family B of subsets of F' is
called a bornology on F' if the followings conditions are satisfied

(1) UBeB =F,
(2) for every A, B € B there exists C € B such that AUB C C,
(3) for all B € B and r € R there exists C' € B such that r- B C C.

Let E be a Fréchet space, B be a bornology on E and Lg(E, F') be the space
of all linear continuous maps from E to F. The B-topology on Lp(E, F) is
a Hausdorff locally convex topology defined by all seminorms obtained as
follows:

PR (L) := sup{pn(L(e)) | ¢ € B}, (2.1)

where B € B and {py }nen is a family of seminorms defining the topology
of F. One similarly may define L§(E, ') and A* Ls(E,R), the space of k-
linear jointly continuous maps of E¥ to F and the space of anti-symmetric
k-linear jointly continuous maps of E* to R, respectively. If B contains
all compact sets, then the B-topology on the space Lg(E,R) = Ej; of all
continuous linear functional on F, the dual of F, is the topology of compact
convergence. For this and further details on bornologies we refer to [4].

If B contains all compact sets of E, then L§(E, LY (F, F)) is canonically
isomorphic to ngk (E,F) as a topological vector space, see [5, Theorem
0.1.3]. In particular, L%(E,R) = L%(E) = Lg(E,Ey). Under the above
condition on B, we define the differentiability of class Cé as follows.

Let U C E be an open set. Then a map f : U — F is called C}j if
its partial derivatives exist and the induced map df : U — Lg(E, F) is
continuous. Similarly we can define maps of class Cg, k€ NU{co}, see [5,
Definition 2.5.0]. A map f:U — F is Cf,k = 1, if and only if f is C* in
the sense of Definition (2.1), see [5, Theorem 2.7.0 and Corollary 1.0.4 (2)].
In particular, f is C3° if and only in f is C°°. Thus, if f at x € E is ct
and hence Cllg, the derivative f at z, df(z), is an element of Ej, and we
shall denote df(z) evaluated at h € E via df(z)(h).

Assume that B is a bornology on F' containing all compact sets and
M is a Fréchet manifold modelled on F. Let f be a functional defined
over M. The derivative of f at x € M can be written in terms of the
iterated tangent bundles of M and we can consider df : TM — R given
by df(z,h) = df(z)(h) upon locally identifying TM with U x F', where U
is an open set in F. Therefore, if at z € M amap f: M — R is C! and
hence C}, then df(x) belongs to Lg(T,M,R) = (T, M)}
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Definition 2.2. Let M be a Fréchet manifold modelled on a Fréchet space
F and B a bornology on F. The B-cotangent bundle of M is defined as
TMp = e (TuM)p and the k-exterior product of the B-cotangent bun-

dle as \* TMy := U, cpr N"(Tu M)

If B is chosen such that T'(B) C B for all continuous linear endomor-
phisms T of F', then /\k TMyp is a vector bundle in the category of locally
convex spaces with the local model F' x /\k Fg. In particular, TMy is a

vector bundle in the category of locally convex spaces with the local model
F x Fy, see [10, Remark (1), p. 60].

3. THE PALAIS-SMALE CONDITION

A Finsler structure for a Fréchet manifold M in the sense of Palais was
defined in [1]. We now define a Finsler structure on its B-cotangent bundle.

Henceforth, we always assume that a bornology B on a Fréchet space
F' contains all compact sets and we always chose B such that T(B) C B
for all continuous linear endomorphisms T of F' whenever we define the
B-cotangent bundle of a manifold M modelled on F.

Definition 3.1. Let M be a C* Fréchet manifold modelled on a Fréchet
space F'; where k € NU {oco}. A Finsler structure for M is a collection of
functions || - ||}, : TM — R*, n € N, on its tangent bundle T'M such that

(1) for each x € M and n € N, the function
-1 =11 W3y, TeM — RY

is a seminorm on the tangent space T,M such that for every chart
¢ : U — F with x € U, the collection of seminorms

veEF |de (@) (V)]la

generates the topology of F’;
(2) given K > 1, g € M and a chart ¢ : U — F with zg € U, there exists
an open neighborhood U of ¢y in U such that

%Hdw_l(@(xo))(v)\lﬁo < Jlde @) @)y £ Kllde™ (o)) (v) 17,
forallt eUd, ne N, veF.

If {||-||" }nen is a Finsler structure on T'M, then eventually we can obtain
a graded Finsler structure, denoted by (|| - ||")nen, on TM. A Fréchet
manifold M is called Fréchet-Finsler if its tangent bundle T'M admits a
Finsler structure. If a Fréchet manifold M is paracompact and its model
space F'is such that all seminorms defining the topology of F' are smooth
maps on F'\ {0}, then TM admits a Finsler structure (|1, Proposition
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4]). As an example of a C*-Finsler manifold we can consider any C*-
submanifold M of a Fréchet space F', with T,, M carrying the collection of
seminorms induced by the inclusion T,,M C T,,F = F.

Let M be a connected Fréchet-Finsler manifold endowed with a graded
Finsler structure (|| - [|*)nen. For each n € N define d"(z,y) = inf, L™(v),
where the infimum is taken over all C'-curves v : [a,b] — M such that

Y(a) =z, 7(b) = y and
0= [ I,

Therefore, we obtain an increasing sequence of pseudometric (d"(z,y))nen-
Define

1 d'(zy)

< 271+ d"(2,y)
This is a metric, called the Finsler metric, consistent with the original
topology of M ([1]). In the sequel, we say that M is complete if M is
complete with respect to this metric. We say that p is locally compatible if
for each p € M there exist a chart (p € U, ) and constants «, 3 such that
foralln e Nand z,y € U

ap(z,y) = pule(@) —p(y) = Bo(z,y),

where {py, }nen is a family of seminorms defining the topology of F.
The B-cotangent bundle TMy, of M carries a natural Finsler structure,
denoted again by {|| - [|” }nen, characterized by letting

Jwl[z = sup {[{w, v)|;v € T M, |Jv]lz = 1},

where z € M, w € (T; M)y and (-, -) is the duality pairing between T,, M and
(T,;M)}s which is separately continuous. Consequently, for a C''-functional
f+ M — R the mappings ||[df||” : M — R given by z — |[|df(x)||? are
well defined and continuous for all n € N. We shall omit the index z in
||df(z)||Z and denote it just by ||df(z)|"™.

Definition 3.2. Let F' be a Fréchet space, B a bornology on F and F}; the
dual of F equipped with the B-topology. Let f : F — R be a C''-functional.
(i) We say that f satisfies the Palais-Smale condition, (PS) in short, if
each sequence (x;) C F such that f(z;) is bounded and
df(z;) >0 in Fg,

has a convergent subsequence.
(ii) We say that f satisfies the Palais-Smale condition at level ¢ € R,
(PS), in short, if each sequence (z;) C F such that

f(x;) > c and df(z;) =0 in Fg,

p(z,y) = 3.1)
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has a convergent subsequence.

The above definition of Palais-Smale condition can easily be extended
to the more general setting of C'-functionals on manifolds with Finsler
structures. Thus we may apply the Palais approach [8] to the critical point
theory for the general case of Fréchet manifolds.

Definition 3.3. Let M be a connected Fréchet-Finsler manifold endowed
with a Finsler structure {|| - ||"}nen and the corresponding Finsler metric
p. Let f: M — R be a C'-functional.

(i) We say that f satisfies the Palais-Smale condition, (PS) in short, if
for all n € N each sequence (x;) C M such that f(x;) is bounded and
|df(x:)||™ — 0, has a convergent subsequence.

(ii) We say that f satisfies the Palais-Smale condition at level ¢ € R,
(PS). in short, if for all n € N each sequence (z;) C M such that
f(zi) = c and ||df(x;)||™ — 0, has a convergent subsequence.

Let f be a C'-functional on a Fréchet space (or a Fréchet-Finsler mani-
fold). As usual, a point p in the domain of f is said to be a critical point
of fif df(p) =0, the corresponding value ¢ = f(p) will be called a critical
value. We will use the following standard notation:

K.:={pe M| f(p) = c,df(p) = 0}.

4. EXISTENCE OF MINIMA

Consider the following particular version of Ekeland’s variational princi-
ple (cf. [2]).

Theorem 4.1. Let (X,0) be a complete metric space. Let a functional
f: X — (—o0, 0] be semi-continuous, bounded from below and not identical
to +oo. Leta > 1,b >0 and x € X be given such that f(x) < infy f + a.
Then there exists x, € M such that

(1) f(za) = f(=),
(2) o(a0) < 7,
(3) f(zq) < f(x) + abo(x,xq), Va#xe€ M.

When X is a complete Fréchet-Finsler manifold and f is of class C!, we
have the following:

Theorem 4.2. Let M be a connected complete Fréchet-Finsler manifold of
class C' endowed with a Finsler structure {||- || }nen and the corresponding
Finsler metric p which is locally compatible. Let a C'-functional f : M — R
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be bounded from below. Then, for each 8 > 1 and each m € M such that
f(m) <infyy f + 62, there exist mg € M and a constant €y such that

(1) f(mg) = f(m),
(2) p(mg,m) =90,
(3) [|[df(me)|™ < €9, Vn €N.

1
Proof. Given 6 > 1, apply Theorem 4.1 with b = g to find my € M such
that (1) and (2) hold and
f(z) > f(mg) — Op(mp,x), VYa #mge M. (4.1)

Since p is locally compatible, there exist a chart ¢ : U — F with my € U
(F is the local model of M) and constants «, 8 such that for all n € N and
z,y e U

ap(z,y) = pale(®) —p(y) = Bp(z,y), (4.2)

where {pp}nen is a family of seminorms defining the topology of F. Let
h € p(U) and t > 0 be such that ¢! (p(m,) +th) € U Then by (4.1)

Fe™ (e(ma))) — f(o~ (p(mg) + th)) < Op(mg, o~ ((mg) + th)).
Hence, for all n € N

Fle™Hp(mg))) — f(o (0(mg) + th)) <

0 0
< &pn(@(me) — (p(mg) +th)) = apn(h)t <
0 B 0’
< Bplme, =" (p(me) + th))t < —ft. (4.3)
Define a Cl-curve v : [0,t9] — M by v(t) = ¢ (¢(mg) + th) such that
2

0

v([0,%0]) € U and let eg = — . By dividing both sides in (4.3) by t and
a

letting t — 0, we obtain

AF(me)(h) = S(f 07) o > ~o.

Changing h with —h gives df(mgp)(h) < €p, thereby for all n € N

[df(me)|" = sup  df(mg)(h) < ep.
pi(h)=1, ieN

Theorem is proved. (]

Corollary 4.3. Let M and f be as in Theorem 4.2. If (PS). holds with
c =infys f, then f attains its minimum at a point in K..
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1
Proof. According to Theorem 4.2, if for each i € N we let §2 = =, then
i
there exists x; € M such that

) Setr, @IS L, neN,

Therefore, f(x;) — ¢ and ||df(z;)||" — 0 for all n € N. Since f satisfies
(PS). it follows that there exists a convergent subsequence x;; — xo. Hence,
f(zo) = ¢ =infys f and df(zg) = 0. O

The similar results but with weaker assumptions can be obtained for
Fréchet spaces by means of the following Ekeland’s variational principle.

Theorem 4.4 ([9], Corollary 2.1). Let F' be a Fréchet space with topology
generated by an increasing sequence pi(-) < pa(-) < -+ of seminorms. Let
a functional f : F — (—o0,00| be semi-continuous, bounded from below
and not identical to +oco. Let n > 0 and xg € F be given such that
f(zo) £ infp f +n, and let (A\y)nen be a sequence of positive real numbers.
Then for any i € N, there exists z € F' such that

(1) Ajpj(z — o) = flwo) — f(2) forj=1,....4;
(2) pj(z—x0) < )\i forg=1,...,i;
j
(3) for any x € F,x # z, there exists m € N such that

AmPm (= 2) + f(x) > f(2),
or equivalently, sup,, Anpn(x—2)+f(x) > f(2) foranyx € F,x # z.

Theorem 4.5. Let F be a Fréchet space with topology generated by an
increasing sequence pi(-) < pa(:) < -+ of seminorms. Let B a bornology
on F and {P}},en the family of seminorms (defined as in (2.1)) that
generates the topology of Fy. Let a C-functional f : F — R be bounded
from below. Then, for eache > 0,1 € N, x € F such that f(x) < infp f+e¢,
there exists z € F such that

(V) pyte—an) < HEOTE forj 1

(2) pj(z—x0) < e forj=1,---i;
(3) PR(df(2)) £ ve, VneN,BebB.

Proof. Given ¢ > 0 and i € N, apply Theorem 4.4 with A\; = /e for all
j€Nandn=c¢tofind meNand z € F such that (1) and (2) hold and

f(x) > f(2) — Vepm(z —2), Vo #z€eF (4.4)
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By applying (4.4) to x = z 4+ th with ¢t > 0 and h € F, we obtain

f(z+th) = f(2) > =Vepm(h)t.

Dividing both sides by ¢ and letting ¢ — 0 yields df(z)(h) > —+v/epm(h) for
all h € F. Changing h with —h gives df(myg)(h) < \/epm(h) for all h € F,
which means for all n € N and B € B we have P (df(z)) < ve. O

Remark 4.6. To prove the preceding theorem as in the case of Finsler-
Fréchet manifolds we could use Theorem 4.1. However, that imposes re-
striction on a metric that defines the Fréchet topology. In Theorem 4.4 we
use collections of seminorms rather than metrics. For technical reasons it
is more convenient to deal with seminorms.

Corollary 4.7. Let F and f be as in Theorem 4.5. If (PS). holds with
c =infp f, then f attains its minimum at a point in K.

1
Proof. According to Theorem 4.5, if for each i € N we let ¢ = —. Then
7

there exists x; € F such that

fla) et s, P%Mf(m))é\% VneN,BeN.

Therefore, f(z;) — ¢ and df(xz;) — 0 in Fj. Since f satisfies (PS). it
follows that there exists a convergent subsequence z;; — zo.
Hence, f(z¢) = ¢ =infys f and df(zg) = 0. O

REFERENCES

[1] C. L. Bejan. Finsler structures on Fréchet bundles. Proc. 3-rd seminar on Finsler
spaces, Univ. Brasov 198/, Societatea de stiinte Matematice Romania, Bucharest, 49—
54, 1984.

[2] I. Ekeland. On the variational principle. J. Math. Anal. Appl, 47(2):324-353, 1974.

[3] R. S. Hamilton. The inverse function theorem of Nash and Moser. Bull. Amer. Math.
Soc, 7(1):65-222, 1982.

[4] H. Hogbe-Nlend. Bornologies and functional analysis, volume 62 of North-Holand
Mathematical Studies. 1977.

[5] H. Keller. Differential calculus in locally convex spaces, volume 417 of Lecture Notes in
Mathematics. Berlin: Springer-Verlag, 1974.

[6] J. Mawhin, M. Willem. Origin and evolution of the Palais-Smale condition in critical
point theory. J. Fized Point Theory App., 2(7):265-290, 2010.

[7] K-H. Neeb. Toward a Lie theory of locally convex groups. Japan. J. Math., 1(2):291
468, 2006.

[8] R.S. Palais, S. Smale. A generalized Morse theory. Bull. Amer. Math. Soc., 70(1):165—
172, 1964.

[9] J. H. Qiu. Ekeland’s variational principle in Fréchet spaces and the density of extremal
points. Studia Math., 168(1):81-94, 2005.



A generalized Palais-Smale condition in the Fréchet space setting 11

[10] T. Wurzacher. Fermionic second quantization and the geometry of the restricted Grass-
mannian. Infinite dimensional Kdhler manifolds (Oberwolfach, 1995), DMV Sem.,
31:287-375, 2001.

Received: December 21, 2017, accepted: February 27, 2018.

Kaveh Eftekharinasab

TOPOLOGY LAB., INSTITUTE OF MATHEMATICS OF NAS OF UKRAINE, TERESHCHENKIVSKA
ST. 3, Kyiv, 01601 UKRAINE

Email: kaveh@imath.kiev.ua


mailto:kaveh@imath.kiev.ua

