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BaacTtuBocTi cupsizkeHux (pyHKITNA y
rilnmepKOMIIJIEKCHOMY IIPOCTOPI

M. B. Credanuyk

Abstract. We introduce new notions of linearly convex and conjugated
functions in multidimensional hypercomplex space being a n-product of
quaternions. There are investigated properties of these objects.

Amnoramniga. B gamiit poboTi BBOAUTHCS MOHATTS JIHIKHO OMYKJINX Ta CIIPIKE-
HUX YHKIIH y n-BuMipHOMY rinepkomiiekcHoMy mnpocropi H™, mociimxkyro-
ThC 1XHI BJIACTUBOCTI.

1. JIIHITHO ONYKJII ®YHKIIIT

B naniit poboTi Mu y3araJbHIOEMO JesKi pe3yJIbTaTH o0 baraTo3Had-
Hux yHKIii y kommiekcHomy mpocropi C" (mus. [1]) ma n-BumipHwmii ri-
nmepKoMILIeKcHuil mpoctip H”, n = 1,2,..., 1m0 € IpgaMuM JI00YyTKOM 71~
koriit Tima karepuionis H (H! := H) [2], [3]. dns nosimbol mapu

r=(x1,...,2n), ¥y=(Y1,-.-,yn) € H"

BU3HAYMMO CKaJIpHUIL 100yTOK (2, y) 3a dopmysiomw:

n
<x,y> = Z TmYm-
m=1

Ozuavenns 1.1. Oyukmia f: H” — H wazuBaeTbest 6a2amo3Haum010, SKIIO
obpazom Toukn x € H" € muoxuna f(x) € H.

ObsracTh BU3HAUEHHST TAKOI (DYHKIIIT Oy1€eMO TTO3HAYATH Tepe3
E; :={x e H"| icuye take y € H, mo y = f(x)}.

Ozuauenns 1.2. Oyuxnig [: H" — H nasuBaeTbesa aginnoro, gaxmo 11
rpadikoM € TinepIuIonuHa.

Kmouosi caosa: bararosnadna yHKIA, adinHa OyHKINA, THIHHO OmyKJa (QyHKILSI,
cipsizkeHa (OYHKITis
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OsnavyenHsd 1.3. Bararoznauna ynkiia f: H" — H nasuBaeTbca AiHit-
HO ONYK.A010, AKIIO Il JTOBLIbHOI apu To4uok (xo,yo) € (H™ x H) \ T'(f)
icaye adinna byuxmia [ H"* — H, taka, mo yo = l(zo) i I'(() NT(f) = @
st Beix ¢ € H", me gwepes I'(1) ta I'(f) mosnadeno rpadiku dyskiiii [ Ta
f BimmosimHoO.
OzuauenHd 1.4. Jlinidino yenymoro GyHKIEIO HA3UBAETHCA TaKa baraTo-
suauna byuknig f : H” — H, ara axol dyskmia ¢ = H\ f e miniitao
OITYKJIOHO.

Ile oznauae, mo H* 1\ T'( f) e rpadixom siniitao omykaoi dymKii, T06TO
110 Yepe3 KOXKHY TOUKY (xo,yo) € I'(f) npoxomurs rpadik adbinHol GyHKII,

saKuit mosuicTio Mictutbes y I'(f).

Osnavennd 1.5. Bazamosnaunoio aginnoro gyrryicto HA3MBAETHCA PYHK-
I, JIHIHO OITyKJIa i JIHIHHO yrHyTa OJHOYACHO, 1 JIJIsd SKOI 3HANIeThCA
npuHaiiMai ogna Ttouka x € H", B skiit kokna 3 MHOXkHH f(z) N H Ta
H\ f(x) € nemopoxuboI0.

O3znavenns JiHIHHO OMyKJI01 (DYHKINT MOYXKHA ITOIIMPUTH HA OaraTo3HAYHI
$yHKIIT, 9Ki TpUIMAOTh 3HAYEHHS B PO3IIUPEHi MIepKOMIIJIEKCHIN 110
muai H° = HU {oo}, komnakTudikoBaniii 0/{HI€EI0 TOIKOIO.

Hapememo neski mpukaamsu JTiHIAHO OMyK/IUX (DYHKITIH.

OsnavyenHda 1.6. Pyukiia
We(y) =H"\ U (z,y)
el
Ha3WBAETHCSI 0NOPHON0 PyHkyiero MaOKUHEU F C H™.
Oznauennda 1.7. dkmo F C H" — niniitHo onykjia MHOXKuHA, TO QYHKILidA

Sl 0, sakmo x € F,
xr) =
E oo, «kmo r ¢ F,

JIerko mepeKoHaTHUCs, 110 OTIOPHA Ta IHANKATOPHA (DYHKITIT JiHIHHO OIYK-
JIi.

Teopema 1.8. Hdxwo fo, a € A, € cim’ero AHIGHO ONYKAUL PYHKYIT,

de A — dosinvHa mHoocuna iHdexcis, mo gynkyia f = ﬂA fa € ainitino
ac

ONYKA0N0.

Hosenennsi. Maemo I'(f) = OA ['(f.). BisbMeMo j10BiIbHY TOUYKY
aE

(z0,50) € (H" x H)\T'(f) = (H" x H) \ 0 T(fa).
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Tomi

(z0,y0) € (H" x H) \ I'(fa)
JUIS JIETKOro v, a Tomy icuye adinna oyukmis [ H” — H, rpadik skoi He
neperunae ['(f, ). Tomy Bin Tum 6inbire ve neperunae I'(f). Orke, dyHKitis
f € miHiitHO OIYyKJIOIO. O

2. CHPAXKEHI OYHKINT

Osuaavenns 2.1. OyHKI€w, cnpasicenoro 3 f, HABUBAETHbCA PYHKIIs, IO
33/1a€ThC PIBHICTIO

)=\ U ((x,y) - f(z)). (2.1)

zeH"

3 o3HavenHHs cupsizkeHol (YHKIH] BUIIIMBAE TiIIEPKOMILIEKCHUI aHAJIOn
uepisrocti HOnra-®enxesns [1]:

(z,y) & f(x) + [ (y)- (2.2)

CuiBsitHoneHHs (2.2) MOXKHA [IEPENUCATH Y BUIJISI

(z,y) € H\ (f(z) + f*(¥)),
abo

fl@)n((zy) - fy)=2
npu BCix x,y € H™.

SuaiiemMo PyHKITO, cpsaKeHy 10 GYHKIT f*:
[ @)= () (@) =H"\ U ((z,y) = (W)
yeH

Ilpukaazn 2.2. CupsizKeHOI0 3 baraTo3HaYHOK adiHHOKW (DYHKINIEH

f(x) = (z,y0) + f(O),
ne f(©) C H— muoxuna, ska € obpasom rouku O = (0,0,...,0) € H", €
dyHKITIA

)=\ U ((z,9) = (@) — £(0)) =
=H\ U (2,9 —90) — f(0)) =
He \ (=f(©)), saxmo y = yo,
0, AKIIO Y 7 Yo-

Ipuknan 2.3. Hexait E C H", H"\ E # @ i f(z) = dp(z). Toxi
P =H\ U ()~ 0s@) =H\ U (o)

zeH"CE

TOOTO CIPSI?KEHOIO 3 IHAMKATOPHOIO (DYHKITIEI0 BiIacHOI miaMuokuuu F Oyae
onopHa (MYHKITi Ii€7 MHOYKUHM.
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Teopema 2.4. lasn xooichoi bazamosnayunor gynxuyii f: H® — H cnpased-
auee exaruerms f C f**.

doBenenns. BizbMeMo NOBIIBHY ITapy TOYTOK
x=(T1,...,%n), Y= (Y1,...,yn) € H".

3 mepiBHoCTi (2.2) orpuMaemMo

(z,y) = f*y) N f(z) = 2,
TOOTO

(z,y) = " (y) CH\ f(2),
a ToMy

HO\ ((2,9) = f*(y)) D f(2).

BzgBmm B ocTanHbOMY BKJIIOUEHHI mepeTwH 1o Bcix y € H", orpmmaemo
TaKi BKJIIOUEHHS

N [H\ ((z,9) — )] D f(),

yeHn”
abo
H° U ((z,y) — f* D f(x).
\ (@) = 1w) 2 f(@)
Ocranne BKJIIOUeHHsT o3Ha4ae, mo f C f**. Teopemy moBeneHO. O

OzunauenHs 2.5. bBararosnauna ¢dynkiis f: H" — H nasuBaerbes gid-
Kkpumoro (6i0nosidno, 3aMKHEHOW YU KomnakmHoro), Kouau 11 rpadik € Bii-
KpUTOIO (BIIOBIZHO, 3aMKHEHOIO Y1 KOMIIAKTHOI) MHOXKHHOIO B H~H,

Teopema 2.6. Hexati f: H" — H — 6azamosnauna dynrxuyis. Todi cnps-
otcena do wel pynryia f* e ainitino onyxaoto. Hxwo f — eidkpuma, mo
f* — samxnena.

HoBenenns. 3HadeHHs CIPAKEHOT (DYHKINHT MOKHA 3aITUCATHA Y BUTJISA]
(y)= n (H° — .
rw =0, @\ (@) - @)
IIpu dikcoBanomy x dyHKITisS

yr— H\ ((z,y) - f(2))
€ GaraTo3HadHOO adiHHOI (YHKINEI IO Y, a8 TOMY 11 MOXKHA IIOJATH Yy
BUTJISLIT]
y— {z,y) + [H\ (—f(2))]. (2.3)
Orxe f* € nepermHom JiHifiHO omykimx yHKIGH By (2.3), a Tomy 3a
Teopemoio 1.8 f* e miHiliHO OMyKI010 (DYHKITIEH.
Kpim Toro, sikio f € Bigkpurowo, 1o KoxkHa 3 GyHKIH (2.3) € 3aMKHe-
HOIO, a OTKe f* Oy/e TakKoXK 3aMKHEHOIO. O
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Osnauennsa 2.7. Jliniitno onykia OYHKIS HABUBAETHCH 6.AACHON0, SKIIO
xoua O JyIs OJHOrO X BUKOHYeThes criBBimporrenus: f(x) NH # @ i mua
BCix = Mae wmicre mepiBaicts H \ f(z) # .

Teopema 2.8. Hexati f— eaacha ainitino onykaa dynxuis. Todi f* —
saacha Gyrryia.

oBeaeHHs. Jxkmo xg € Er, TO
1

)=\ U ((x,y) - fx)) < H\ ({zo,y) — f(20))-

reH"
Binmosigmo,
H\ f*(y) > (zo,y) — flxo) # 2

JUtst BCix . 3 iHIIOro OOKY, OCKIJIBKHU f — BJIacHA JIHIAHO OmyKJjIa (PYHKITIS,
To icuye adinna dyukiis [(z) = (z,y) + a, rpadik gxol ve neperunae I'(f).
Toxi Andg MHOTO Yy MATUMEMO, IO

((z,9) + o) N f(z) = 2,

((z,y) = f(z)) N —a =2,
o C B ((2,3) - £(@)).
Tomy f*(y) D —a # @. O

Hacrymnuaa Teopema [4] € rinepkomiuiekcHunM anajgorom reopemu Penxe-
sasg-Mopo.

Teopema 2.9. Hexati 6azamosnavna gyrxyisa f: H® — H maxa, wo

H\ f(z) # 2

oan ecizx x € H". Todi f** = f y momy i auwe y momy sunadky, xosu f e
AIHITHO ONYKAOM0.

HoBenenns. Ilokaxkemo, mo piBaicTb f** = f piBHOCUIbHA JIiHIIHIA OIyK-
Jtocti pyHKIl f.

dxmo f** = f, 1o, 3rigHo 3 Teopemor 2.6, GpyHKIIisI, CIpsI?KEHa T0 JI0-
BisbHOI yHKIil, Gye siniliHo omykiow. dxmo f(H™) = oo, To piBHicTH
f** = f orpumyernbes 3 dopmyn (2.1) i (2.2). Maemo f*(y) = H ma Beix
y € (H")* i f** = co. Ockisbku f C f** 3a Teopemoro 2.4, TO JI0CTATHBO
IOKa3aTH, IO JJIs JIHIAHO OmyKJIol (pYHKIII cipaBejinBe 00epHEHEe BKJIIO-
gennsa f D f**.
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Hexait B nmesikiit Touni xo mae micue HepiBHicTb f(x0) # f**(20). Toni
icaye adinna dyuxmiza [(x) = (z,y0) + «a, Taka, mo I'(() NI'(f) = @ i
wo = {x0,Y0) + @, ae wo € [**(xg) \ f(xo). Toni

f*(yo) = H \ xELHJ-]I"«x’yO) — f(z)) =
= 0 B\ (@)~ f@)] 2 (~a),

zeH”

TaK K [(m,y()) - f(:v)] # —a pg Beix x € H". g dynkiil f** copase-
JINBE BKJIFOUECHHA

f@o)= 0 [H\ ((zo,y) — [*(v)] C

ye(H)*

C H?\ ((wo,y0) — f*(y0)) C

CH\ ((xo,y0) + ) = H\ wy.
Tomy wo ¢ f**(z0), mo cynepeuants Bubopy Touku wy € f**(xo)\ f(z9). O
OznavenHs 2.10. OyuKIilisi f HA3UBAETHCH 00HOPIOHOI0, STKIIIO

fAz) = Af(x)

Jutst Beix ckasspis A € H \ 0.
Teopema 2.11. Hexad f: H*\ © — H, © = (0,0,...,0) € H", e saacnorw

MINETHO onyKa010 00nopidnoto dynruieto © f(O) = H\ 0. Todi f e onoproro
PYHKUIEI DeAK0T MHONCUHU.

HoBenenna. Po3riiinemMo MHOXKUHY
A={yeH"| f(x) F (x,y) ana Bcix x € H"}
1 MOKaXkKeMo, 1110
flz) =H"\ U (z,y) = Wa(z).
yeA
Axmo y € A, 1o (z,y) ¢ f(z)10 ¢ (x,y) — f(x) ana Becix x. Bignosiguo,
Fy) =0\ U ({z,y) — f(z)) =H"\ (H*\ 0) = 0.

zeH"”

Axmo y ¢ A, 1o (x9,y) € f(zg) ns pesikoro xog € H", xg # 0. Toxi
PO =B\ U (@) - 1) =

—H\ (£©) U (09~ @) =

z€H"\©
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3rigHo 3 Teopemoro 2.8 oxepxkyemo, mo f* € BiaacHoo dyHKiieo. ToMmy
A# @i f*=4§4. Bepyun n0 yBaru rinmepkoMiuiekcHy Teopemy PDemxeris-
Mopo 2.9 i npukmazn 2.3, onepxKyemo pinicts f = f** = % = Wy4. Tobro
f — omopHa dyHKIIT MHOXKIHEA A. O

Hacainok 2.12. fxwo odnopiona airitino onyxaa gynkyia f: H"\© — H
€ 81OMIHHO010 610 aginHoi, Mo

) = de,. (y)-

Teopema 2.13. Hrwpo f: H"\ © — H — odnopiona ainitino onykaa dyrik-
Uia, 6i0MinHa 610 adinroi, mo

@ =B\ Y ().

HoBenenusi. fxio f— miniitHo onykia QyHKIig, TO 3a TeopeMoio DeH-
xenasg-Mopo f = f** = §*. Bepyun no yBaru npukiiaz 2.3, mepeKoOHyEMOChH,
mo f € onopHo (yHKITIEI0 MHOKUHN Fp+. U

Oszuavenns 2.14. Hexaii f,: H" — H, a € A, € bararosnaunumu QpyHK-
mistmMu. QyHKITIO

(U fa) @) = U fa(2)
Ha3BeMO 00’ cdnannam Pynruit fo, a QyHKIIO

(N fa) (@) = fal)
— IX nepemuHoM.

s cupsizkennx QYHKINNH Mag MicIie TeopeMa JBOICTOCTI.

Teopema 2.15. Hexati fo: H" — H,a € A, ¢ bazamosnaunumu Gynryisa-
mu. Todi surxonyemoves pisHicmo

(g foz)* = g f;
Hosenennsi. 3 Bupasy (2.1) ajisi cupsizkeHuX (OYHKIINH 0JIEPKYEMO
(g fa)*(y) = H° \ xeLﬁ]In(<x’y> - Lcafa(x)) =
SH\ U U((@) — fole) =
—E\ (U (@) fale) =

=0 (H\ Us({(x,9) — fa(@))) =N fi(y).

Teopemy moBeieHO. ]
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