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On distortion of the transfinite diameter under
regular homeomorphisms

Mariia Stefanchuk

Abstract. In this paper, a lower bound of exponential type for the
distortion of the transfinite diameter of the image of a disk under regular
homeomorphisms belonging to the Sobolev class W 1,1

loc and possessing the
N -property (in the sense of Luzin) is obtained. Moreover, the problem
of minimizing the distortion functional of the transfinite diameter of the
image of a disk in a certain class of such mappings is solved.

Анотація.У даній роботі отримано нижню оцінку експоненціального
типу для спотворення трансфінітного діаметра образу круга при ре-
гулярних гомеоморфізмах, що належать класу Соболєва W 1,1

loc та во-
лодіють N -властивістю (за Лузіним). Крім того, розв’язано задачу
про мінімізацію функціонала спотворення трансфінітного діаметра
образу круга на деякому класі таких відображень.

1. INTRODUCTiON
We recall some definitions. Let G be a domain in the complex plane C.

A mapping f : G Ñ C is said to be regular at a point z0 P G if f has a total
differential at z0 and its Jacobian Jf = |fz|2 ´ |fz̄|2 ‰ 0, see [6, I. 1.6]. Here
fz = 1

2(fx ´ ify) and fz = 1
2(fx + ify) denote the formal derivatives of f

with respect to z and z, respectively, whereas fx and fy stand for the partial
derivatives of f with respect to the variables x and y. A homeomorphism
f belonging to the Sobolev class W 1,1

loc is called regular if Jf ą 0 almost
everywhere.
Hereafter, |E| denotes the Lebesgue measure of a set E Ă C. A mapping

f : G Ñ C is said to possess the N -property (in the sense of Luzin) if |E| = 0
implies |f(E)| = 0.
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For z0 P C, we introduce the following notations:
γ(z0, r) = tz P C : |z ´ z0| = ru, γr = γ(0, r),

B(z0, r) = tz P C : |z ´ z0| ă ru, Br = B(0, r), B = B(0, 1),

B(z0, r) = tz P C : |z ´ z0| ď ru, Br = B(0, r).

Let f : G Ñ C be a regular homeomorphism belonging to the Sobolev class
W 1,1
loc , z0 P G, and let p ą 1. The p-angular dilatation of f at a point

z = z0 + reiθ P Gztz0u with respect to z0 is defined by

Dp,f (z, z0) =
|fθ(z0 + reiθ)|p

rpJf (z0 + reiθ)
,

where fθ denotes the partial derivative of f with respect to θ. Note that
the p-angular dilatation is used in the study of the asymptotic properties
of regular homeomorphic solutions to nonlinear Beltrami equations, see [2,
3, 7, 8, 9, 12, 13, 16], and of homeomorphisms of finite distortion, see [17].
For Dp,f (z, z0) and t P (0, d0), where d0 = dist(z0, BG), we define the

circular average by

dp,f (z0, t) =
( 1

2πt

ż

γ(z0,t)

D
1

p´1

p,f (z, z0)|dz|

)p´1
.

In what follows, we assume that
Dp,f (z, z0) = Dp,f (z), dp,f (z0, t) = dp,f (t), z0 = 0.

The following statement provides a differential inequality for the function
Sf (z0, r) = |f (B(z0, r))| under the assumption that f is a regular Sobolev
homeomorphism, see [16, Lemma 2.2], cf. [3, Lemma 2.1].
Proposition 1.1. Let G be a domain in the complex plane C, z0 P G,
p ą 1, and let f : G Ñ C be a regular homeomorphism belonging to the
Sobolev class W 1,1

loc and possessing the N -property. Then

S1
f (z0, r) ě 2π

2´p
2 r1´pd´1

p,f (z0, r)S
p
2
f (z0, r) (1.1)

for a.e. (almost every) r P (0, d0), where d0 = dist(z0, BG).

Let E be a bounded closed set in the complex plane C. The quantity

dn(E) = max
zi,zjPE

!

ź

1ďiďjďn

|zi ´ zj |
2

n(n´1)

)

is called the n-th diameter of the set E. Note that dn(E) is computed
among all n-tuples of points from the set E. In particular, d2(E) = diamE
is the Euclidean diameter of the set E.
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We note that the sequence tdn(E)u is non-increasing, that is,
dn+1(E) ď dn(E), n = 2, 3, . . .

Therefore, the limit
d(E) = lim

nÑ8
dn(E)

is called the transfinite diameter of the set E. If E is a finite set, then
d(E) = 0. It is known that the quantity d(E) coincides with the Chebyshev
constant of the set E and with its logarithmic capacity, see, e.g. [4, pp. 285–
305], [5, pp. 209–217].
We recall some well-known properties of the transfinite diameter.

1. If E1 Ă E2, then d(E1) ď d(E2).
2. The transfinite diameter of a closed disk Br is equal to its radius r, and
the transfinite diameter of a segment [a, b] is equal to (b ´ a)/4.

3. According to Pólya’s theorem, see [10, p. 10], for any compact set E Ă C,
the following estimate holds:

|E| ď πd2(E). (1.2)
In this paper, using the method of isoperimetry, we obtain a lower bound of
exponential type for the distortion of the transfinite diameter of the image
of a disk under regular homeomorphisms belonging to the Sobolev class
W 1,1
loc and possessing the N -property. We note that distortion estimates of

power type for the transfinite diameter, for other classes of mappings, were
obtained by means of the non-conformal modulus method in [14].

2. DiSTORTiON OF THE TRANSFiNiTE DiAMETER OF THE iMAGE OF A
DiSK

Below we present a result on the distortion of the transfinite diameter
of the image of a disk under regular homeomorphisms in the Sobolev class
W 1,1
loc whose circular average dp,f (z0, r) satisfies a power-exponential growth

condition.
Theorem 2.1. Let G be a bounded domain in the complex plane C, z0 P G,
1 ă p ă 2, and let f : G Ñ C be a regular homeomorphism belonging to the
Sobolev class W 1,1

loc and possessing the N -property. If, for some numbers
K = K(z0) ą 0, α ą 0, and β ą 0, the following condition

dp,f (z0, t) ď Ktβ+2´peα/t
β (2.1)

holds for a.e. t P (0, d0), where d0 = dist(z0, BG), then

d
(
f
(
B(z0, r)

))
ě

(
2 ´ p

Kαβ

) 1
2´p

exp
(

´
α

(2 ´ p)rβ

)
(2.2)

for every r P (0, d0).
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Proof. The differential inequality (1.1) in Proposition 1.1, together with the
condition (2.1), implies that the following relation

S1
f (z0, t)

S
p
2
f (z0, t)

ě 2π
2´p
2 t1´pd´1

p,f (z0, t) ě 2π
2´p
2 K´1t´β´1e´α/tβ

holds for a.e. t P (0, d0), where d0 = dist(z0, BG). Integrating this inequality
over the segment [ε, r] with 0 ă ε ă r ă d0 leads to

r
ż

ε

S1
f (z0, t)dt

S
p
2
f (z0, t)

ě
2π

2´p
2

Kαβ

(
e´α/rβ ´ e´α/εβ

)
. (2.3)

Taking into account that the function Φp,f (z0, t) =
2

2´pS
2´p
2

f (z0, t) is non-
decreasing in t, we further derive

r
ż

ε

S1
f (z0, t)dt

S
p
2
f (z0, t)

=

r
ż

ε

Φ1
p,f (z0, t)dt

ď Φp,f (z0, r) ´ Φp,f (z0, ε)

=
2

2 ´ p

(
S

2´p
2

f (z0, r) ´ S
2´p
2

f (z0, ε)

)
,

(2.4)

see [11, Theorem IV.7.4].
A combination of the inequalities (2.3) and (2.4) yields

S
2´p
2

f (z0, r) ě S
2´p
2

f (z0, r) ´ S
2´p
2

f (z0, ε)

ě
π

2´p
2 (2 ´ p)

Kαβ

(
e´α/rβ ´ e´α/εβ

)
.

Letting ε Ñ 0 and simplifying the resulting expression, we arrive at
ˇ

ˇ

ˇ
f
(
B(z0, r)

)ˇ

ˇ

ˇ
ě Sf (z0, r) ě π

(
2 ´ p

Kαβ

) 2
2´p

exp
(

´
2α

(2 ´ p)rβ

)
.

An application of Pólya’s inequality (1.2) then gives

πd2
(
f
(
B(z0, r)

))
ě

ˇ

ˇ

ˇ
f
(
B(z0, r)

)ˇ

ˇ

ˇ

ě π

(
2 ´ p

Kαβ

) 2
2´p

exp
(

´
2α

(2 ´ p)rβ

)
.

Consequently, the estimate (2.2) follows. □
The following result establishes a lower bound for the distortion of the

transfinite diameter of the image of a disk under a power-exponential growth
condition on the p-angular dilatation Dp,f (z, z0).
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Corollary 2.2. Let G be a bounded domain in the complex plane C, z0 P G,
1 ă p ă 2, and let f : G Ñ C be a regular homeomorphism belonging to the
Sobolev class W 1,1

loc and possessing the N -property. If, for some numbers
K = K(z0) ą 0, α ą 0, and β ą 0, the following condition

Dp,f (z, z0) ď K|z ´ z0|β+2´p eα/|z´z0|β

holds for a.e. z P B(z0, d0), where d0 = dist(z0, BG), then

d
(
f
(
B(z0, r)

))
ě

(
2 ´ p

Kαβ

) 1
2´p

exp
(

´
α

(2 ´ p)rβ

)
for every r P (0, d0).

Setting G = B and z0 = 0 in Theorem 2.1, we obtain the following
statement.
Corollary 2.3. Let f : B Ñ C be a regular homeomorphism belonging to
the Sobolev class W 1,1

loc and possessing the N -property and let 1 ă p ă 2. If,
for some numbers K ą 0, α ą 0, and β ą 0, the following condition

dp,f (t) ď Ktβ+2´peα/t
β

holds for a.e. t P (0, 1), then

d
(
f
(
Br

))
ě

(
2 ´ p

Kαβ

) 1
2´p

exp
(

´
α

(2 ´ p)rβ

)
for every r P (0, 1).

Corollary 2.4. Let f : B Ñ C be a regular homeomorphism belonging to
the Sobolev class W 1,1

loc and possessing the N -property and let 1 ă p ă 2. If,
for some numbers K ą 0, α ą 0, and β ą 0, the following condition

Dp,f (z) ď K|z|β+2´peα/|z|β

holds for a.e. z P B, then

d
(
f
(
Br

))
ě

(
2 ´ p

Kαβ

) 1
2´p

exp
(

´
α

(2 ´ p)rβ

)
for every r P (0, 1).

3. MiNiMiZATiON OF THE TRANSFiNiTE DiAMETER
In this section, we solve an extremal problem concerning the minimiza-

tion of the transfinite diameter of the image of a disk within the class
of regular homeomorphisms under the condition that the circular average
dp,f (t) satisfies a power-exponential growth condition.
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Fix numbers 1 ă p ă 2, K ą 0, α ą 0, and β ą 0, and denote by
H = H(p,K, α, β) the class of all regular homeomorphisms f : B Ñ C that
belong to the Sobolev class W 1,1

loc , possess the N -property, and satisfy the
condition

dp,f (t) ď Ktβ+2´peα/t
β (3.1)

for a.e. t P (0, 1).
On the class H, consider the functional of the distortion of the transfinite

diameter of the image of a disk

dr(f) = d
(
f
(
Br

))
.

The following theorem provides the solution to the minimization problem
for the functional dr(f) over the class H.

Theorem 3.1. For every r P [0, 1), the following equality

min
fPH

dr(f) =
(
2 ´ p

Kαβ

) 1
2´p

exp
(

´
α

(2 ´ p)rβ

)
holds. Moreover, the minimum of this functional is attained by

f̃(z) =

$

&

%

(
2´p
Kαβ

) 1
2´p exp

(
´ α

(2´p)|z|β

)
z

|z|
, z ‰ 0,

0, z = 0.
(3.2)

Proof. From Corollary 2.3 together with the condition (3.1), we deduce the
following estimate

d
(
f
(
Br

))
ě

(
2 ´ p

Kαβ

) 1
2´p

exp
(

´
α

(2 ´ p)rβ

)
, r P [0, 1).

Consequently, the inequality

dr(f) ě

(
2 ´ p

Kαβ

) 1
2´p

exp
(

´
α

(2 ´ p)rβ

)
holds for any homeomorphism f P H.
Now consider the radial stretching f̃ P H defined by (3.2). Writing (3.2)

in polar coordinates (r, θ), z = reiθ, we obtain

f̃
(
reiθ

)
=

(
2 ´ p

Kαβ

) 1
2´p

exp
(

´
α

(2 ´ p)rβ

)
eiθ, f̃(0) = 0.

We verify that f̃ is a regular homeomorphism possessing the N -property.
Indeed, f̃ is a diffeomorphism in Bzt0u and f̃ P W 1,1

loc (Bzt0u).
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Let r0 = min
!(

αβ
2´p

) 1
β
, 1

)

. Denote by λ1 and λ2 the minimal and
maximal stretchings of f̃ at a point z = reiθ, where 0 ă r ă r0. Setting

R(r) =

(
2 ´ p

Kαβ

) 1
2´p

exp
(

´
α

(2 ´ p)rβ

)
,

we derive

λ1 =
R(r)

r
=

(
2 ´ p

Kαβ

) 1
2´p

r´1 exp
(

´
α

(2 ´ p)rβ

)
and

λ2 =
dR

dr
= K

´ 1
2´p

(
2 ´ p

αβ

) p´1
2´p

r´β´1 exp
(

´
α

(2 ´ p)rβ

)
,

see [15, Proposition 1.4]. Next, we compute

λ2

λ1
=

αβ

2 ´ p
r´β ą 1, r P (0, r0).

Here, r0 = 1 if αβ ě 2´ p, and r0 =
( αβ
2´p

) 1
β if αβ ă 2´ p. Hence, λ2 ą λ1

for every z = reiθ with 0 ă r ă r0. Therefore,

ż

Br0

λ2dxdy = c

r0
ż

0

r´β exp
(

´
α

(2 ´ p)rβ

)
dr ă 8,

where c = 2πK
´ 1

2´p
(2´p

αβ

) p´1
2´p . Thus, f̃ P W 1,1

loc (B).
The homeomorphism f̃ maps the closed disk Br onto the closed disk Br˚

of radius

r˚(r) =

(
2 ´ p

Kαβ

) 1
2´p

exp
(

´
α

(2 ´ p)rβ

)
.

It is well known that the transfinite diameter of a closed disk coincides with
its radius. Hence,

d
(
f̃
(
Br

))
= d

(
Br˚

)
= r˚(r).

Therefore,

dr(f̃) = d
(
f̃
(
Br

))
= r˚(r) =

(
2 ´ p

Kαβ

) 1
2´p

exp
(

´
α

(2 ´ p)rβ

)
.
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Computing the partial derivatives of f̃ with respect to r and θ

f̃r = K
´ 1

2´p

(
2 ´ p

αβ

) p´1
2´p

r´β´1 exp
(

´
α

(2 ´ p)rβ

)
eiθ,

f̃θ = i

(
2 ´ p

Kαβ

) 1
2´p

exp
(

´
α

(2 ´ p)rβ

)
eiθ,

we obtain the Jacobian

Jf̃ (re
iθ) =

1

r
Im

(
f̃r(reiθ)f̃θ(re

iθ)
)

= K
´ 2

2´p

(
2 ´ p

αβ

) p
2´p

r´β´2 exp
(

´
2α

(2 ´ p)rβ

)
ą 0,

see, e.g. [1, formula (21.52)].
The corresponding p-angular dilatation is

Dp,f̃ (z) = Dp,f̃ (re
iθ) =

|f̃θ(re
iθ)|p

rpJf̃ (re
iθ)

= Krβ+2´peα/r
β
= K|z|β+2´peα/|z|β .

Hence, the circular average equals

dp,f̃ (t) =

 1

2πt

ż

γt

D
1

p´1

p,f̃
(z)|dz|

p´1

= Ktβ+2´peα/t
β

for every t P [0, 1). Therefore, f̃ P H. □
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