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On weakly two-convex sets in three-dimensional
Euclidean space

Tetiana Osipchuk

Abstract. The present work considers the properties of generalized con-
vex sets in real three-dimensional Euclidean space R?, known as weakly
2-convex. An open set in R3 is called weakly 2-convex if through every
boundary point of the set, there passes a plane that does not intersect
the given set. A closed set in R? is called weakly 2-convex if it is ap-
proximated from the outside by a family of open weakly 2-convex sets.
A point in the complement of a set in R3 (with respect to the entire
space) is a 2-nonconvexity point of the set if every plane passing through
the point intersects the set. It is proved that the non-empty interior of
a closed weakly 2-convex set is weakly 2-convex. It is also shown that
for any convex polyhedron there exists an open weakly 2-convex set such
that its 2-nonconvexity-point set coincides with the polyhedron interior.
However, there exists an open weakly 2-convex set such that its open
bounded convex 2-nonconvexity-point set differs from the interior of a
convex polyhedron.

Amnotariis. Y poboTi po3IIIsAIar0THCs BJIACTHBOCT] y3araJbHEHO OILYKJIIX
MHOZKHH Y JUACHOMY TPHBHMIPHOMY eBKJIioBOMY mpocTopi R3, Bimomux
AK caabko 2-omykiii. Bigxpura muoykunHa B R® HasmpaeThes ciabko 2-
OIIYKJIOIO, AKITO 4Yepe3 KOXKHY TOYKY MeKi MHOXKWHU ITPOXOIUTH ILIOIIH-
Ha, gKa He HepeTHHAE 3aJaHy MHOXKIHY. JaMKHeHa MHOKHEHA B R3 Hazm-
BAETHCS CJIAOKO 2-OMyKJIOIO, SIKIIO BOHA AIPOKCUMYETHCSI 330BHI CiM’€r0
BIAKPUTUX CJIAOKO 2-OIyKJINX MHOXKHUH. TO4YKa JOIMOBHEHHS MHOXKWHH B
R3 710 BCHLOTO MPOCTOPY HABMBAETLCS TOUKOIO 2-HEOIYKJIOCT i€l MHOMKH-
HU, SKIO KOXKHA IJIONINHA, K& IIPOXOIUTH Yepe3 II0 TOUYKY, IEPEeTUHAE
MHOKUHY. JlOBe/IeHO, 10 HEMOPOXKHS BHYTPINIHICTh 3aMKHEHOI CJIaOKO
2-0IIyKJIOT MHOXKUHU CJIa0KO 2-omykJa. [lokazaHo, mo iyt BCSIKOTO OILy-
KJIOTO MHOTOT'PAHHUKA ICHYE BiIKpHUTa CJIA0KO 2-OIMyKJia MHOXKHUHA TaKa,
10 1T MHOYKMHA TOYOK 2-HEOILyKJIOCTI CIIBIIaJIa€ 3 BHYTPIIIHICTIO MHOTO-
IPAHHUKA, OJHAK ICHYE BiIKpHUTa CJIAOKO 2-OIlyKJja MHOXKHUHA, ¥ SKOI BiJl-
Kpura obMexKeHa OIYKJIA MHOXKHHA TOYOK 2-HEONYKJIOCTI BiiMiHHA Bil
BHYTPIITHOCT] OMyKJIOTO MHOTOTPAHHUKA.

Keywords: Convex set, convex polyhedron, weakly 2-convex set, 2-nonconvexity-point
set, real Euclidean space
MSC2020: 52A30

1 ISSN 2072-9812 (print)
ISSN 2409-8906 (online)


https://doi.org/10.15673/pigc.3347

Paper 10 — page 2 T. Osipchuk

1. INTRODUCTION

Weakly (n—1)-convex sets in the real space R”, n > 2, with the Euclidean
norm, can be seen as a generalization of convex sets (any set is convex if
the entire segment joining two arbitrary points of the set is contained in the
set, see [2]). The notion was coined by Yurii Zelinskii [8].

First, recall that any (n — 1)-dimensional affine subspace of R", n > 2,
is called a hyperplane. A hyperplane in R? is also known as a plane, and it
is a straight line in the plane R2.

We will use the following standard notation. For a subset A < R”, let A
be its closure, Int A be its interior, and dA = A\ Int A be its boundary.

Definition 1.1 ([8]). An open subset E < R™, n > 2, is called weakly
(n—1)-convex if for any point x € JF there exists a hyperplane L such that
reLand Ln E=.

Any open convex set is weakly (n — 1)-convex, since through every bo-
undary point of any convex set, there passes a supporting hyperplane for
the set. The converse statement is not always true, which will be shown
further.

Definition 1.2. A set A is said to be approximated from the outside by
a family of open sets Ay, k = 1,2,..., if Ap4q is contained in Aj, and
A=A

k
It can be proved that any set approximated from the outside by a family
of open sets is closed.

Definition 1.3 ([8]). A closed subset E' = R" is called weakly (n—1)-convex
if it can be approximated from the outside by a family of open weakly
(n — 1)-convex sets.

Among the closed weakly (n — 1)-convex sets there are also those with
empty interior:
A=A=A\Int A= 0A.
The class of open and closed weakly (n — 1)-convex sets in R™ is denoted
by WC}_;.

Definition 1.4 ([5]). For a subset £ < R, n > 2, a point z € R™\E is
called an (n — 1)-nonconvexity point if every hyperplane passing through
x intersects E. The (n — 1)-nonconvexity-point set corresponding to E is

denoted by EnAf1 .

The class of open and closed weakly (n — 1)-convex sets in R" with non-
empty (n — 1)-nonconvexity-point sets is denoted by WC._;\Ch_;. The
sets belonging to that class have the following properties.
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Lemma 1.5 ([1, 3, 4]). An open or closed set belonging to the class
WCL_\C}h_, consists of not less than three connected components.

In particular, from Lemma 1.5, it follows that any open set belong-
ing to the class WC._,\C_; is disconnected and, therefore, not con-
vex. Interestingly, the class WCH_;\Cp_; does not contain open weakly
(n—1)-convex sets with smooth boundary either; see [1, Proposition 2.3.7].

By a convex polyhedron we mean the convex hull of a finite collection of
points in R™ with non-empty interior with respect to R"™, which is closed
and bounded obviously, see [2]. A convex polyhedron in R? is also known
as a convex polygon.

The following results are obtained in the plane.

Lemma 1.6 ([7, 6]). Let E = R? be a closed subset such that Int E # (¥,
If E is weakly 1-convex, then Int E is weakly 1-conver.

Lemma 1.7 ([5]). Let

E = (D\Int P)\ O 79 < R?, (1.1)
j=1

where P is a convex polygon; ¥9, j = 1,p, are the straight lines containing
all sides of P; D < R? is an open convex subset containing P. Then

EeWCAC? and E- =IntP.

Lemma 1.8 ([5]). Let a subset E = R? be open and bounded, consist
of a finite collection of components, and belong to WC3\C2. Then any
connected component of ElA is the interior of a convex polygon.

In this study, we focus on establishing general topological properties of
closed weakly 2-convex sets, and convexity properties of 2-nonconvexity-
point sets corresponding to open weakly 2-convex sets in R3.

Theorem 2.1 generalizes Lemma 1.6 to subsets of R, It proves that the
nonempty interior of a closed weakly 2-convex subset of R3 is also weakly
2-convex.

Theorem 2.2 is a spatial analogue of Lemma 1.7. In particular, it pro-
poses a method for constructing a broad subclass of WC3\C3.

The similarity of the above properties of weakly (n—1)-convex sets in the
spaces R? and R? immediately suggests the possible validity of the spatial
analogue of Lemma 1.8 as well. However, the hypothesis that each con-
nected component of the 2-nonconvexity-point set corresponding to an open
bounded weakly 2-convex subset of R? consisting of a finite number of com-
ponents is the interior of a convex polyhedron is refuted by Theorem 2.5, in
the proof of which, an example of an open bounded weakly 2-convex subset
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of R? consisting of 17 components and having an open bounded convex
2-nonconvexity-point set distinct from the interior of a convex polyhedron
is constructed.

Probably the most natural next question to study would be generalizing
the results of this paper to the sets belonging to WC:L_,\Ch_,, Vn > 3.

2. MAIN RESULTS

Given two points z,y € R”, we will denote by zy the open line segment
between those points, by |z —y| its length, and by {(x,y) the scalar product
of the radius vectors corresponding to those points. Let also

S% = {zeR3: |z| =1};

Uy,e) ={zeR>: |z —y| <&}, yeR3,
Lo(y) = {z e R* : {a,x — y) = 0}, >0,
na(y) = {ta+y : t € [0,400)}, ae S
Ya(y) = {ta+y :t e (—ow0,+0)},

Theorem 2.1. Let E < R3 be a closed subset such that Int E # . If E
s weakly 2-convex, then Int E is weakly 2-convez.

Proof. We will prove the theorem by contradiction. Suppose that Int F is
not weakly 2-convex. Then there exists a point y € 0E n (Int E)2A .

First, show that for y and any plane L,(y), a € S?, there exist points
xq € Lo(y) n Int E and a constant d > 0 such that U(z,,d) < Int E,
moreover, d depends only on y and does not depend on a € S? and on
Za € La(y).

Without loss of generality, suppose that y = O, where O € R? is the
origin.

Consider the homeomorphism

¢: RA\{O} — S? x (0,4x), 2z~ (Z‘ ||z||> :

|2

Let also o: 52 x (0, 4+m) — S? be the central projection on the sphere, i.e.,
z
o(z) = —.
=]

Then o is open.

Let 2, be an arbitrary fixed point of L,(y) nInt E, a € S2. Since Int E is
open, there exist open balls U, := U (z4,¢4), a € S?, such that U, < Int E.
Then the images o(U,), a € S, are open subsets of S2.

Let V, = {b €S%: Ly(y) nU, # @}, a € S%. Tt is not difficult to verify
that V,, a € S2, are open too. Indeed, let L be a plane passing through 3z,.
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FIGURE 2.1.

Let a; € L no(U,) and az, a3 € L n S? be perpendicular to a;. Then there
is a one-to-one correspondence between points a; and the pairs {az, a3} in
every plane L. Define the set of all points ag, az with respect to L by R.
The set R is open with respect to L n S?. Rotating R around yz,, we
obtain the open set V, on S?%; see Figure 2.1(a). Any plane Ly(y), b € f/a,
intersects Uy, since b€ L n V,, LLLy(y), and b by = Ly(y) n L n o(Uy);
see Figure 2.1 (b). On the other hand, if Ly(y) n U, # &, b€ S?, then

b1 = (Lp(y) no(Uy)) n L, where L1Ly(y),

is perpendicular to b. Therefore, b € Va. Thus, V, = W, a€ S? More-
over, | J,eq2 Va is a cover of the unit sphere 52, since for any a € S? there
exists an open subset V, — S? containing a. By the Heine-Borel theorem,
there exists a subcover |J Vi, of 5% such that a; € S2, j € M and M is
finite. jeM

Let E;, i € N < N, be the components of F with non-empty interior.
Then for any j € M there exists i(j) € N such that U,, < Int Ei(j-
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Consider the distance functions
di(x) = inf |z—2°|, zeIntE; ieN.
zVed(Int E;)

They are continuous in the domains Int F;, ¢ € N. Then their restrictions
to the compacts Uy, attain their minimum values d; > 0 on those compacts,
i.e.,

dj == min d;;(v), je M.

eraj

Since M is finite, there exists

d = mind; > 0.
jeM

FIGURE 2.2.

Then U (x,d) < Int E for any point z € @, j € M; see Figure 2.2 (a).
Moreover, for any a € S? there exists j € M such that L,(y) n Uiaj # & by
the construction.

Now, consider the neighborhood U (y, d) of the point y; see Figure 2.2 (b).
Since E is weakly 2-convex, there is a family of open weakly 2-convex sets
G, k=1,2,..., approximating F from the outside. Then there exists an
index ko € N such that 0Gr, nU(y, d) # &. Otherwise, U(y, d) = G, for all
k € N. In this case, considering Definition 1.2, U(y,d) < [ |Gy = E, which
contradicts the fact that y € 0F. k

Choose a point zj, € 0G, "U(y,d) and draw an arbitrary plane Lq(zg,),
a € S?, through zy,. Consider the plane L,(y) parallel to L,(zx,). Since
U(zq,d) € Int E < E for the point z, corresponding to L,(y), it follows
that Ly(zk,) N U(zq,d) # & and, therefore, L,(zx,) N E # &. Since
G, © E, we also have Lq(zx,) N Gi, # .
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The plane L,(zy,) is arbitrary, so zy, € 0Gj, is a 2-nonconvexity point of
G, , which gives a contradiction with the fact that Gy, is weakly 2-convex.
O

Theorem 2.2. Let P c R? be the union of convex polyhedron interiors,
and L < R3? be the union of a finite collection of planes, satisfying the
following conditions:

(1) L o 0P;
(2) the set L u P does not contain planes intersecting P.

Let D < R? be an open convez set containing P. Then
E(D,P,L) = (D\P)\L € wCs \C E(D,P, L)2A =P

Proof. First, prove that E := E(D,P,L) is weakly 2-convex. Since the
collection of planes generating L is finite, then

oL =1L.

Considering also the general properties of set boundaries and condition (1),
we obtain that

oF c 0D uoP udL =0D v L.

Since D is convex and open, through every point of 6D, there passes a plane
not intersecting D and, therefore, not intersecting £ — D. And, through
every point of L, there passes a plane not intersecting £ obviously. Thus,
FE is open and F € WC3

Now prove that E2 = P, which automatically shows that £ € WC3\C3.

From condition (1) it follows that L|JP = L|JP. Then, by condi-
tion (2)

Lo(z)& P VYreP, YaeS>
Moreover, D o P and D is open. Then
Lo(z)n (D\P) # &, zeP, ac S2,

Furthermore, since L,(x) is not contained in L by (1), and the number of
planes generating L is finite, it follows that

Lo(z) n (D\P)\L) = Lo(zx) nE# &, x€P, aeS’

Thus, P c EZ.

Notice that E c R3\E PuUoE U (R?’\D) Since E € WC3 and D is
convex, then 6E N E2 = & and (R3\D) n ES* = . Thus, E cpP. O

Corollary 2.3. For any convex polyhedron P,
E(D,Int P,L) e WC3\C3, E(D,Int P,L)5 = Int P.
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Despite its simplicity, Theorem 2.2 is needed to show that, firstly, for
any set P such that there is a collection of planes satisfying conditions (1)
and (2), there exists a set £ € WC3\C3 such that EQA = P. Secondly, it
demonstrates that there is no one-to-one correspondence between the open
sets belonging to WC3\C3 and their 2-nonconvexity-point sets. Indeed,
since R? is convex, it implies that

E(R? P,L)e WC3\C3 and E(R? P,L)5 =P

for any set P and any collection of planes satisfying conditions (1) and (2).
Moreover, if the set P is bounded, then there exist infinitely many sets
D o P, and, therefore, many sets E(D, P, L) € WC3\C3 such that

E(D,P,L)5 = P.

Lemma 2.4. Suppose that E is defined by (1.1). Suppose that H; < R?
is the half-plane bounded by the straight line ¥* and such that R*\H; > P.
Then

A= E\H, e WC2\C?, AL =Int P,

Proof. The set A is weakly l-convex. Indeed, A < E, 0A — JF, and
E € WC2, therefore, the straight line passing through a point y € 0A and
not intersecting E does not intersect A. We now prove that AlA = Int P.

FIGURE 2.3.

Let z € Int P; see Figure 2.3. Since P is closed and bounded, D is open,
and P c D, it follows that

Na(z) N (D\P) # & Vae S

Moreover, the collection of straight lines 47, j = 1, p, containing 0P is finite,
and 77 N Int P = . In this case, n,(z) n E # &, a € St

Let !, (x) := nq(x) such that n,(r) = R?\H;y. Then 7. (z) n (E\H;) # .
The union of all rays 7/, (z) generates the closed half-plane that is contained
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in R?\ H;. Therefore,
Yo(2) N A =7,(z) n (E\Hy) # &, acS', zelntP.

Thus, AS > Int P.
Notice that AT < R2\A = H; u (R2\D) u in U Int P.
The half-plane H7 is the union of the stralght hnes parallel to 7', then

A NnH =. Slnce D is convex, it nnphes that A N (R2\D) = &. It is
also obvious that A N U’y] . Thus, A c Int P O

Theorem 2.5. There exzsts a bounded open set E € WC3\C3 with a finite
collection of components, and such that E2A is open, bounded, convex, and
distinct from the interior of a convex polyhedron.

Proof. We will prove the theorem by constructing an example of a set sat-
isfying its conditions.
Consider the following sets:
GO = {(x1, 20, 73) € R® : 23 < —(x2)% + 4},
Gl = {(z1,22,23) e R3: =3 < 1 < 0}
2 Y Y 3 Y G _ ﬂ Gk'

G* = {(z1,22,23) e R° : =1 < x9 < 1}, P

G? = {(x1,29,23) € R®: 0 < 3},
The set G is open and convex as the intersection of a finite collection of
open convex sets. It is also bounded and distinct from the interior of a

convex polyhedron; see Figure 2.4 (a).
Consider the following supporting planes for G:

L'= {(z1,29,23) € R3: 2z = —3,0},

L? = {(z1,20,23) e R : 29 = —1,1}, L= UL’“.
L3 = {(:El,ﬂfg,xg)ERg 235‘3:0}, -
Let also

H = {(x1,x9,23) € R3: —4<x < 1,—1 < x3};

Now, consider the open set
E = (G'~ H)\(GuU L).
Since 0G < (0GY U L) and 0L = L, it implies that
0E < 0G° UOH U G U AL < dG° U L L 0H.
Moreover, through every point y = (y1,y2,y3) € 0G?, there passes the plane
L(y) = {(z1, 22, 23) € R? : 23 = —2yp12 — (2)° + 4}
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FIGURE 2.4.

not intersecting G°, and, therefore, not intersecting £ = G°, since L(y)
is generated by the parallel translation of the tangent straight line to the
parabola determining G along the axis Ozj. Furthermore, L U 0H is
contained in the union of the planes not intersecting E. Thus, E € WC3.
Show that EQA =G. Let 2° = (29,29, 29) € G; see Figure 2.4 (b). Draw
the plane L, (z%), u = (0, 1,0), parallel to the coordinate plane x1 O3, i.e.,
Ly (2%) = {(z1, 22, 23) € R : 2o = 29}.
Any straight line lying in L,(2°) and passing through 2° intersects E.
Indeed, (Ly,(z°) n E) € WC3\C? with respect to Ly (z°) by Lemma 2.4 as
A = (Ly(2") n E). Moreover,

—-3<r; <0, x =29
Lu(l‘o) NG = {(%1,%’2,1‘3) GRS: ! 2 2}

0<x3<—(29)2+4
— (Lu(2") N E)?.

Now consider an arbitrary plane L,(z°), a € S%. It either coincides with
Ly (2%), or intersects L, (x°) by a straight line passing through x°.
Therefore,
Lz nE# @, aeS? 2°eq.
Thus, G c E5.
Notice that By ¢ R}\E = (R*\(G° n H)) u G U L.
Since R3\(G®~ H) is the complement of the convex set to R3, it follows that
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EzA N (R3\(G n H)) = &. Since L is the union of planes not intersecting
E, it implies that E5° n L = . Then ES* < G. O
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