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Abstract. We give a sufficient condition under which every left-conti-
nuous (right-continuous) Hausdorff topology on a semigroup S is dis-
crete. We construct a submonoid %4 (a, b) (resp., €_(a,b)) of the bicyclic
monoid which contains a family {S,: @ € ¢} of continuum many sub-
semigroups with the following properties: (i) every left-continuous (resp.,
right-continuous) Hausdorff topology on S, is discrete; (ii) every semi-
group S, admits a non-discrete right-continuous (resp., left-continuous)
Hausdorff topology which is not left-continuous (resp., right-continuous);
(ii7) every semigroup S, isomorphically embeds into a Hausdorff compact
topological semigroup. Also we construct a submonoid %Z"’ (resp., €, )
of the extended bicyclic semigroup which contains a family {S,: « € ¢}
of continuum many subsemigroups with the above described properties.

Amnorartisa. 3HaliIeHO JOCTATHI YMOBH 38 BUKOHAHHS SIKUX KOYKHA Helle-
pepBHa 3JiiBa (HelepepBHa CIIpaBa) raycaopdoBa TOOJIOrist Ha HAIIBIPY-
mi S puckperna. IoBymosano mingmonoin €y (a,b) (Bimn., €-(a,b)) Ginn-
KJIYHOIr0O MOHOLIA, KUl MiCTUTH CiM'10 { Sy : @ € ¢} HOTYKHOCTI KOHTUHY-
YM HiJHAIIBIPYI 3 TAKUMHE BJIACTHBOCTAMU: (1) KOKHA HEllepePBHA 3J1iBa
(Bimm., HemepepBHa cnpaBa) raycaopdoBa TOMOJOTIS Ha HAMBrpym Sy
nucKperHa; (i) Ha KOXKHIH HamiBrpymi S, iCHye HEJIUCKPETHA Herepeps-
Ha cupasa (Bim., HenepepsHa 3JiBa) raycaopdoBa TOIOJOrId, dKa He €
HENnepepBHOIO 3J1iBa (B, HenepepBHOIO cupasa); (141) KOXKHA HAIIBrPY-
na S, 130MOpdHO 3aHYPIOETHCSA B TayCA0PGOBY KOMIIAKTHY TOIOJIOTTIHY
HamiBrpyiy. Takox 1m0OyI0BaHO IIiIMOHOLT ‘52 (Bimm., €, ) posimupenol
GiruKkIiYHOT HAmiBrpynH, sikuii MicTuTh ciM'io {S,: a € ¢} nmoryKHOCTI
KOHTUHYYM ITiTHAIIIBCPYT 3 BUIIE ONMUCAHUMU BJIACTUBOCTSIMU.
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1. INTRODUCTION, MOTIVATION AND MAIN DEFINITIONS

In this paper we shall follow the terminology of |7, 9, 12, 29|.

By w we denote the set of all non-negative integers and by Z the set of
all integers. Throughout these notes we always assume that all topological
spaces involved are Hausdorff — unless explicitly stated otherwise.

Definition 1.1. Let X, Y and Z be topological spaces. A map
[+ XxY >Z,  (z,y)— f(z,9),

is called

(i) right (left) continuous if it is continuous in the right (left) variable;
i.e., for every fixed z9p € X (yp € Y) the map Y — Z, y — f(x0,y),
(X - Z, 2z f(x,y0)) is continuous;
(ii) separately continuous if it is both left and right continuous;
(iii) jointly continuous if it is continuous as a map between the product
space X x Y and the space Z.

Definition 1.2 (|7, 29]). Let S be a non-void topological space which is
provided with an associative multiplication (a semigroup operation)

p: S xS —S8, (z,y) — p(z,y) = 2y

Then the pair (S, p) is called

(i) a right topological semigroup if the map u is right continuous, i.e., all
interior left shifts As: S — S, = — sz, are continuous maps, s € S;
(ii) a left topological semigroup if the map p is left continuous, i.e., all
interior right shifts ps: S — S, x — xs, are continuous maps, s € S;
(iii) a semitopological semigroup if the map p is separately continuous;
(iv) a topological semigroup if the map p is jointly continuous.
We usually omit the reference to p and write simply S instead of (S, ). It
goes without saying that every topological semigroup is also semitopological
and every semitopological semigroup is both a right and left topological
semigroup.

A topology 7 on a semigroup S is called:
e a semigroup topology if (S, 7) is a topological semigroup;
e a shift-continuous topology if (S, 7) is a semitopological semigroup;
e a left-continuous topology if (S, 7) is a left topological semigroup;
e a right-continuous topology if (S, 7) is a right topological semigroup.
If S is a semigroup then by E(S) we denote the set of all idempotents of S.
The bicyclic monoid € (a, b) is the semigroup with the identity 1 generated
by two elements a and b subjected only to the condition ab = 1. The
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semigroup operation on % (a,b) is determined as follows:
pEmiEmanif 1< m;
vl - pma™ = < bran, if I =m;
beal=mtn o if [ > m.

It is well known that the bicyclic monoid % (a,b) is a bisimple (and hence
simple) combinatorial E-unitary inverse semigroup and every non-trivial
congruence on ¢ (a,b) is a group congruence, see [9].
On B, = w x w we define the semigroup operation “ - ” in the following
way
(k=1l4+m,n), ifl<m;
(k,0) - (m,n) =< (k,n), if | =m; (1.1)
(k,l—m+mn), ifl>m,

k,l,m,n € w. It is obvious that the bicyclic monoid € (a,b) is isomorphic
to the semigroup B,, by the mapping b'a’ — (i,j). The set 67 = Z x Z
with the semigroup operation (1.1) is called the extended bicyclic semigroup,
see [32].

A semigroup S is called inverse if for any s € .S there exists a unique t € S
such that sts = s and tst = t. In this case the element ¢ is called inverse of
s and it is denoted by s~!. Every inverse semigroup S admits the natural
partial order:

s <t if and only if there exists an idempotent e € S such that s = et.

It is well known that the bicyclic monoid and the extended bicyclic semi-
group are inverse semigroups. Also the natural partial order < on %7 and
B,, is determined in the following way

(k,1) < (m,n) <= (k—l=m—nand m < k) < (k—l = m—n and n <1).

For semigroups S and 7" a map «a: S — T is said to be an anti-homo-
morphism if (s -t)a = (t)a - (s)a. A bijective anti-homomorphism of semi-
groups is called an anti-isomorphism.

It is well known that topological algebra studies how the topological
properties of its objects influence their algebraic properties, and vice versa.
There are two main problems in topological algebra: the problem of non-
discrete topologization and the problem of embedding into objects with
some topological-algebraic properties.

In mathematical literature the question about non-discrete (Hausdorff)
topologization was posed by Markov in [27]. Pontryagin gave well known
conditions on a base at the unity of a group for its non-discrete topolo-
gization (see Theorem 4.5 of [21]). Various authors have refined Markov’s
question:
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Can a given infinite group G endowed with a non-discrete
group topology be embedded into a compact topological
group?

Again, for an arbitrary Abelian group G the answer is affirmative, but
there is a non-Abelian topological group that cannot be embedded into any
compact topological group (see Section 9 of [10]).

Also, Ol'shanskiy [28| constructed an infinite countable group G such
that every Hausdorff group topology on G is discrete. In [23], the authors
constructed the first examples of infinite hereditarily non-topologizable
groups. In [33], Ye. Zelenyuk proved that on every countable group there
exists a non-discrete regular topology with continuous shifts and inversion.
Also, every countable locally finite group admits a non-discrete Hausdorff
topology (see [5]). Taimanov presented in [30], a commutative semigroup ¥
which admits only the discrete Hausdorff semigroup topology. Also in [31]
he gave sufficient conditions on a commutative semigroup to have a non-
discrete semigroup topology. In [15], it is proved that each shift-continuous
T1-topology on the Taimanov semigroup ¥ is discrete. The bicyclic monoid
admits only the discrete shift-continuous Hausdorff topology (see [11, 6]).
In [8], non-discrete shift-continuous (semigroup, semigroup inverse) T7-
topologies on the bicyclic monoid ¢'(a,b) are constructed. In [8] sufficient
conditions are presented, under which a shift-continuous Ti-topology on
€ (a,b) is discrete. Also every shift-continuous Hausdorff topology on the
extended bicyclic semigroup and any interassociate of the bicyclic monoid
is discrete (see [13, 18]).

It is known by [1, 22, 24] that stable and I'-compact topological semi-
groups do not contain the bicyclic semigroup. The problem of embedding
the bicyclic monoid into compact-like topological semigroups was studied
in |2, 3, 4, 20].

In [26], the anti-isomorphic subsemigroups of the bicyclic monoid

‘&rab {bzajecéab }
¢_(a,b) = {bzaj € €(a,b):i >]}

are studied. In [17] it was proven that every Hausdorff left-continuous
(right-continuous) topology on the monoid %, (a,b) (¢-(a,b)) is discrete
and there exists a compact Hausdorff topological monoid S which contains
€1 (a,b) (¢-(a,b)) as a submonoid. Also, in [17] it was constructed a non-
discrete right-continuous (left-continuous) topology 7,7 (7,7) on the semi-
group %4 (a,b) (¢-(a,b)) which is not left-continuous (right-continuous).

Similarly as in [26] we define the following two subsemigroups

CF ={(i,j)eCr:i<j} and € ={(i,j)eCp:i>j)
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of 7. The semigroup operation of %7 implies that ‘KZJF and ¢, are anti-
isomorphic subsemigroups of 7.

In the paper, we give a sufficient condition under which every left-conti-
nuous (right-continuous) Hausdorff topology on a semigroup S is discrete.
We construct a submonoid €4 (a,b) (resp., ¢-(a,b)) of the bicyclic monoid
which contains a family {S,: @ € ¢} of continuum many subsemigroups
with the following properties:

(i) every left-continuous (resp., right-continuous) Hausdorff topology on
S, is discrete;

(ii) every semigroup S, admits a non-discrete right-continuous (resp.,
left-continuous) Hausdorff topology which is not left-continuous
(resp., right-continuous);

(iii) every semigroup S, isomorphically embeds into a Hausdorff compact
topological semigroup.

Also we construct a submonoid € (resp., €, ) of the extended bicyclic
semigroup which contains a family {S,: @ € ¢} of continuum many sub-
semigroups with the above described properties.

2. ON TOPOLOGIZATIONS OF SUBSUBSEMIGROUPS OF THE SEMIGROUPS
¢+ (a,b) AND €_(a,b)

The following example shows that the bicyclic monoid % (a,b) admits a
Hausdorff right-continuous (left-continuous) topology 7, (Tll)) such that left

. . . . r l
(right) translations are not continuous in (¢'(a,b),7,) ((¢(a,b),7,)).

Example 2.1. Fix an arbitrary prime positive integer p. For any b'a’ €
% (a,b) and any n € w we denote

Ur(bia?) = {biaj+pn'k: ke w} :
Then the family %, = {%](b'a’): i,j € w}, where

%;(biaj) = {U;(biaj): new}
for bla’ € €(a,b), satisfies the properties (BP1)—~(BP4) of [12], and hence
it generates a Hausdorff topology 7, on the bicyclic monoid € (a,b). It

is obvious that 7, is a non-discrete topology on % (a,b), and moreover all
points of (¢(a,b),7,) are non-isolated.
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We claim that 7, is a right-continuous topology on %’(a,b). Indeed, for
any b'la’l, b2a’? € €(a,b) and any n € w we have that

bitgit . Uﬁ(biQajZ) = {bilajl Sbigi Pk e w}
{pir—ditizgiz4p™k  pe )i ) <o

= < (Va2 PR ke w), if 1 = ig;

({b1ral —2TRAPk e w), i gy > i

Ur(br—ntiegiz) if  j; < dg;

= q Un (b a”), if J1 =i

\U;(b“aﬂl_lﬁ_m), if 71 > 19,

and hence the semigroup operation is right-continuous in (¢(a,b), 7).

Fix arbitrary b'ta/t,b2a/2 € €(a,b) such that j; < i3. Then we have
that bi1al!t - b2a72 = b1 ~71T%2¢J2. For any n € w there exists kg such that
the neighbourhood U’ (b1a’) contains the elements b'a/tTP"* with the
property that j; 4+ p™ - k > io for all k£ > kg. This implies that

pirgh TPk | iz g2 — pit g d1tp™k—ia+ge
and hence we get that
Un(ba) - b2a” & U, (b1 H2672)

for any n,m € w. Thus, the semigroup operation is not left-continuous in
(¢(a,b), 7).
The anti-isomorphism of the bicyclic monoid
AJ: €(a,b) — €(a,b)
o o Vi,jew
b'a’ — Va'

generated a left-continuous topology on % (a,b) in the following way. For
any b'a’ € €(a,b) and any n € w we denote
Ul (b'a?) = (UT (W a?))2AT.
Then the family
Bll) = {%;(biaj): bia! € €(a,b),n e w},

where le)(biaj) = {U5(b'a?): n € w}, satisfies the properties (BP1)~(BP4)
of [12], and hence it generates a non-discrete Hausdorff topology Tzl) on
the bicyclic monoid € (a,b). Since 2AJ: €(a,b) — €(a,b) is the anti-
isomorphism, the semigroup operation is left-continuous in (%(a, b),7.) but
it is not right-continuous.



On semigroups which admit only discrete left-continuous Hausdorff topology Paper 8 — page 7

The following theorem gives a sufficient condition on a semigroup S under
which every Hausdorff left-continuous (right-continuous) topology on S is
discrete.

Theorem 2.2. Let S be an infinite semigroup. If for any s € S there exists
an idempotent es € S such that s € S\Ses (s € S\esS) and the set S\Ses
(S\esS) is finite, then every Hausdorff left-continuous (right-continuous)
topology on S is discrete.

Proof. Fix an arbitrary s € S. It is obvious that for the idempotent eg of
the semigroup S the right translation pe,: S — S, s — ses is a continuous
retraction of the topological space S. Hausdorffness of S and Exercise 1.5.C
of [12] imply that Ses is a closed subspace of S. Since the set S\Ses is finite
and open, the point s is isolated in S.

The proof of the dual statement is similar. O

Theorem 2.2 implies the following corollary.

Corollary 2.3. Let S be a subsemigroup of €4 (a,b) (¢-(a,b)) such that
the set E(S) is infinite. Then every Hausdorff left-continuous (right-
continuous) topology on S is discrete.

Proof. Fix an arbitrary bla’** € S, i,k € w. Since the set E(S) is infinite,
there exists a positive integer p such that p > k and 0**Pa't? € E(S).
The semigroup operation of €4 (a,b) (and hence of S) implies that for any
ba' € S we have that
bSiH PP if < i 4 p;
bal - bi+pai+p — bsai—&—p’ if t=14+ P;
bal, if t>i4+p.
By the above equalities we get that biath ¢ §.bitPgitP and moreover the
set €y (a,b)\(%+(a,b) - b Pa*tP) is finite. This implies that S\S - b Pa**P
is finite, as well. Next we apply Theorem 2.2.
In the case of semigroup %-(a,b) the proof is similar. O

The following example and later statements show that the semigroups
¢+ (a,b) and ¢ (a,b) contain continuum many subsemigroups which satisfy
the assumptions of Theorem 2.2.

Example 2.4. For an arbitrary non-negative integer k we define
C1k(a,b) = {biai“ €€i(a,b): s>k, sew}.

The semigroup operation of ¢ (a,b) implies that €1r(a,b) is a subsemi-
group of €4 (a,b). Fix an arbitrary infinite subset X of w. Later we shall
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assume that X = {z;: i € w} where {2;},., is a steadily increasing sequence
in w. Put

€N (a,b) = Chrla,b) U {b"a" € €4 (a,b): i€ w}.

Since
paits g — U0 i Gt s <
balts, it j+s>uz
and
Valts, —if x; <j;

bighi Wl TS = o ) ]
brig®its, if m; >

for all i,7,s € w, the inequality s > k implies that Cgfk(a, b) is a sub-
semigroup of &4 (a,b). It is obvious that the semigroup € _f_(k(a, b) contains
infinitely many idempotents. Hence the conditions of Corollary 2.3 hold for

the semigroup %f_{k (a,b).

Lemma 2.5. For an arbitrary infinite subset X of w the semilattice (X, max)
is isomorphic to the semilattice (w, max).

Proof. Since (w, max) is a linearly ordered semilattice, (X, max) is a semi-
lattice, too.

Without loss of generality we may assume that X = {x;: i € w} where
{2}, 1s asteadily increasing sequence in w. We define the map ¢x: w — X
by the formula (i)tx = x;, i € w. Since the sets w and X are well ordered by
the usual linear order <, the map tx: w — X is well defined. It is obvious
that tx: (w, max) — (X, max) is a semilattice isomorphism. Indeed, since
{:},c, is a steadily increasing sequence in w, the inequality ¢ < j implies
zi = (i)vx < (J)ex = zj. It is easy to see that the map tx: w — X is
bijective and its inverse is steadily increasing. Il

Lemma 2.6. Let {x;},., and {y;},., be steadily increasing sequences in w.
Then the sets X = {x;: i € w} andY = {y;: i € w} with the induced semilat-
tice operation from (w, max) are isomorphic semilattices, and moreover the
isomorphism ¢: (X, max) — (Y, max) is defined by the formula (x;)t = y;,
i€ w.

Proof. By the proof of Lemma 2.5 the semilattice isomorphism
tx: (w,max) — (X, max)

is defined by the formula (i)tx = z;, i € w. These arguments imply that
the isomorphism ¢: (X, max) — (Y,max) is determined in the following
way (z;)t = ((7;)tx" )ty = yi, i € w. Since the isomorphisms ¢y and ¢y are
well defined, so is ¢. O
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Lemma 2.7. Let {x;},.,, and {y;},c, be steadily increasing sequences in
w and let X = {x;:i€w} and Y = {y;: i € w}. Then the subsemigroups
¢ (a,b) and €Y (a,b) of the monoid € (a,b) are isomorphic if and only
if x; = y; for alli e w.

Proof. The implication (<) is trivial.

(=) Suppose that the semigroups €Y (a, b) and €7, (a, b) are isomorphic.
First we observe that the semigroup operation of ‘&r(a b) implies that for
any i € w the set of solution of the equality b'a’ - z = bla’™! in €y (a,b) is
the following

WH _ {a biaz’+1}
i.e., the cardinality of the set Fha iy +1 is equal to ¢ + 1. This implies that
the same holds for solutions of the equality b%ia® - z = b%a%*! in the
semigroup ‘Kfl(a, b) and for solutions of the equality b%a¥ - z = b¥ia¥%*! in
the semigroup %75 (a,b).

If3: ¢ (a,b) —> €} (a,b) is an isomorphism, then by Lemma 2.6, we get
that (b%a"™)J = b¥ia¥ for any ¢ € w. This and the above arguments imply
that the set of solutions of the equality b%a% - z = b%a™*! in € (a,b)
and the set of solutions of the equality b¥%a% -z = b¥%a¥ ! in €Y (a,b) have
the same cardinality x; +1 = y; + 1, and hence they coincide. This implies
that z; = y; for all 7 € w. O

It is well known that the set w contains continuum many distinct infinite
subsets. This and Lemma 2.7 imply that there exist continuum many non-
isomorphic subsemigroups in the monoid ¢4 (a,b) of the forms % k(a b),
where k € w\{0} and X is an infinite subset of w. Then using Theorem 2.2
we obtain the following theorem.

Theorem 2.8. The monoid €4 (a,b) contains continuum many non-iso-
morphic subsemigroups of the forms € k,(a b), where k is a positive integer
and X is an z'nﬁm'te subset of w, such that every left-continuous Hausdorff
topology on € k(a b) is discrete.

Proof. Let X = {x;: i € w} be any infinite subset of w such that {z;},_ isa

- =
steadily increasing sequence in w. For any element /a’ " € %ﬁ(a, b) there

exists x; € X such that x; = j + s + 1. Then we have that
Valts ¢ €5(a,b) - b a" < €y(a,b) - b"ia”
and the set
€N (a,b)\ (€% (a,b) - b"1a") < €y (a,b)\ (€4 (a,b) - b" a™)
is infinite. Next we apply Theorem 2.2. ([
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By the dual way as in Example 2.4 for an arbitrary infinite subset X of
w and any positive integer k we construct the subsemigroup ¢~ (a,b) of
the monoid €_(a,b). We observe that the monoids € (a,b) and €_(a,b)
are anti-isomorphic by the mapping

AT: blal — bd', i,jew,i<]
For more details see [17, 26|. Simple verifications show that the restriction
of AT onto %fk (a,b) is an anti-isomorphism from %j_{k (a,b) to €% (a,b) for

an arbitrary infinite subset X of w and any positive integer k. By the above
arguments and Theorem 2.8 we get the following result.

Theorem 2.9. The monoid ¢_(a,b) contains continuum many non-iso-
morphic subsemigroups of the forms %ffk,(a, b), where k is a positive integer
and X is an infinite subset of w, such that every right-continuous Hausdorff
topology on €% (a,b) is discrete.

We observe that for any positive integer k£ and any infinite subset X of w
we have that for every b'a’ € (ffk (a,b) there exists a basic neighbourhood

Ur(b'a’) of b'a? in (%(a, b),TZl)) such that U} (b'a’) < €3Y,(a,b), and more-
over, Uy, (b'a’) < €% (a,b) for any positive integer m > n. This implies
that the topology of the space (‘K(a,b),TIl)) induces on ‘Ea”fk(a,b) a non-

discrete topology. Later we denote this topology on %fk (a,b) by TIlD. Then
the arguments presented in Example 2.1 imply the following proposition.

Proposition 2.10. The monoid €4 (a,b) contains continuum many non-
isomorphic subsemigroups of the forms ‘ka(a,b), where k is a positive
integer and X is an infinite subset of w, and the semigroup operation is
left-continuous and is not right-continuous in (Cgfk(a, b), T}l?).

Also, by the dual way we get the following proposition.

Proposition 2.11. The monoid ¢_(a,b) contains continuum many non-
isomorphic subsemigroups of the forms Cgﬁ(a,b), where k is a positive
integer and X is an infinite subset of w, and the semigroup operation is
right-continuous and is not left-continuous in (€ (a,b),7)).

3. ON TOPOLOGIZATIONS OF SUBSUBSEMIGROUPS OF THE SEMIGROUPS
€, AND %
For arbitrary (k,l) € ¢z we denote
T< (k1) = {(i,j) € Gz: (k,1) < (i,5)}
l<(kal) = {(27]) € %Z: (Zvj) < (kvl)}a

where < is the natural partial order on %7%.
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We observe that the semilattice E(%7) of idempotents of ¢7% is isomorphic
to the semilattice (Z, max) by the mappings (i,7) — i, i € Z.

Lemma 3.1. Every Hausdorff shift-continuous topology T on (Z, max) is
discrete.

Proof. Fix an arbitrary integer n and suppose that n is a non-isolated point
of (Z,max, 7). Since the semilattice operation max on (Z, ) is separately
continuous, the set 1.(n — 1) = {i€ Z: n—1 >} is closed in the space
(Z,7) as the full preimage of the point (n — 1) under the continuous shift
k +— max{k,n — 1}. This implies that the point n has an open neighbour-
hood U(n) in (Z,7) such that U(n) < |.n={i€ Z: i > n}.

Again, since the shift k& — max{k,n + 1} is a continuous retraction of
the Hausdorff space (Z,7), by Exercise 1.5.C of [12] we get that the set
ls(n+1)={i€eZ:i>n+1}is a closed subset of (Z,7). Hence n is an
isolated point of (Z, ), which implies the statement of the lemma. [l

Remark 3.2.

(1) Since the semilattices (Z, max) and (Z, min) are isomorphic by the map
n — —n, the statement Lemma 3.1 holds for the semilattice (Z, min).

(2) The first part of the proof of Lemma 3.1 implies that every shift-
continuous 7T1-topology 7 on (N, min) is discrete.

(3) The second part of the proof of Lemma 3.1 implies that every Hausdorff
shift-continuous topology 7 on (N, max) is discrete. It is obvious that
the semilattice (N, max) admits a non-discrete semigroup 71-topology.

Lemma 3.3. For any k € Z the subsemigroup €, [k] = {(s,t) € € : s > k}
of ch-F is isomorphic to the semigroup €+ (a,b) by the mapping

be: Ci(a,b) > G K], blal > (i+k,j+k)

Proof. The semigroup operation of 67 implies that ‘52 [k] is a subsemigroup
of (52 . By definition of b, we have the equalities

prTItRa )by, i g < g

b a’? )by, it j1 =1g;
bradtm2 ), i gy > dg;

(bilajl ,bi2aj2)hk —

in+k,jo+ k), if  ji1 =g

(
(
(
(i1 —j1+iz + kg2 + k), if g1 <ig;
(
(i1 +k,j1—ia+go+ k), if ji1>ig;
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and

(b a )by - (b2a7)by, = (i1 + k, j1 + k) - (i2 + k, jo + k)
((i1+k— (1 + k) +io+ K, jo+ k), if j1+k<ia+k;
(i1 + k, jo + k), if j1+k=ris+k;
(i1 + kg1 +k—(ia+ k) + g2+ k), if j1+k>ix+k;
(i1 —j1 +ia+ k,jo + k), if j1 <o

(i1 +k,j2 + k), if  ji1 =g

(i1 +k,j1—ta+ja+ k), if ji1>io;
which imply the statement of the lemma. (Il

If < is the natural partial order on %7 and S is a subsemigroup of €,
then in this section we denote by <° the restriction of the binary relation
<onto S, i.e., (i,5) <° (k,1) if and only if (i,) < (k,1) in 6z. Put

t<s(m,n) ={(p,q) € St (m,n) <5 (p,q)}
l<s(m,n) ={(p,q) € S: (p,q) <° (m,n)},

Theorem 3.4. Let S be a subsemigroup of €, (%, ) such that the band
E(S) of S is isomorphic to the semilattice (Z, max). Then every Hausdorff
left-continuous (right-continuous) topology T on S is discrete.

Proof. If S = E(S) then the statement of the theorem follows from Lem-
ma 3.1. Hence we assume that S # E(S5).

Fix an arbitrary (i, j) € S. Since the band E(S) is isomorphic to the semi-
lattice (Z, max), the semigroup operation of %2 implies that there exists
the maximum integer k such that (k, k) € E(S) and k < i. By Lemma 3.3,
the subsemigroup €, [k] of ¢, is isomorphic to the semigroup ¢4 (a,b),
and hence by Corollary 2.3, S = S n ‘Kg [k] is a discrete subsemigroup
of S.

Again, since F(S) is isomorphic to (Z, max), the semigroup operation of
%, implies that there exists the minimum integer n such that (n,n) € E(S)
and j < n. Then we have that (i,7) - (n,n) = (n — j +4,n). We observe
that

V(m,n) e S

T<S(n_j+ian) = {(S’t) €s: (Sat) ’ (n’n) = (TL—]—F’L,TL)}
={(n—j+i-pn-p):pew}.
By Lemma 3.3 and Corollary 2.3, the point (n — j 4+ 4,n) is isolated in the
space S, = S N (KZJ“ [n]. Then the equality
{(n—t—i—s,n), if t<my

(8,8)-(mm) =3 . it t>n
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and the left-continuity of the semigroup operation of (S, 7) imply that the
set 1<s(n—j+i,n) is open in (S, 7). It is obvious that (4, j)et<s(n—j+i,n).
If the set 1<s(n — j +14,n) is finite, then the proof is complete.

Suppose the set T s(n —j +1,n) is infinite. Since F(S) is isomorphic to
(Z, max), the semigroup operation of ‘52 implies that there exists the maxi-
mum integer s < j such that (s, s) € E(S) and (i,7) - (s,s) = (4,5). We ob-
serve that the semigroup operation of %2 implies that the set s (4, j) is in-
finite, and hence there exists (z,y) € 1<s(4, j) such that (4, j) # (z,y) - (s, 5).
Without loss of generality we may assume that y < s and hence we have
that (z,y) - (s,s) = (s —y + z,s). Then Hausdorffness and left-continuity
of the semigroup operation of (S, 7) imply that the set 1 s(s —y +x,5) is
closed in (9, 7) as the full preimage of the point (s — y + z, s) under the
right shift

P(s,s)* S — Sa (avb) e (aab) : (S,S)

This implies the point (4, j) has a finite open neighbourhood in (S, 7), and
hence is isolated.

The dual statement of the theorem follows from the fact that the semi-
groups ‘52 and ¢, are anti-isomorphic by the mapping

AT: € — 6, (i,5) — (4,9). O

The following example shows that the extended bicyclic semigroup %7

admits a Hausdorff right-continuous (left-continuous) topology 7; (7;,) such

that left (right) translations are not continuous in (%¢z,7,) ((¢z, Tfo)).

Example 3.5. Fix an arbitrary prime positive integer p. For any (i, j) € €7
and any n € w we denote

Un(i,j) = {(i,j +p" - k): ke w}.

Then the family 2= {%}(i,j): i, jeL}, where By (i,j)={U}(i,5): n € w}
for (i,j) € €y, satisfies the properties (BP1)—(BP4) of [12]|, and hence it
generates a Hausdorff topology 7, on the extended bicyclic semigroup 7.
It is obvious that 7, is a non-discrete topology on %7z, and moreover all
points of (¢7z,7;) are non-isolated.

The proofs of the statements that the semigroup operation on (%7, 7))
is right-continuous and it is not left-continuous are similar to the cor-
responding statements in Example 2.1. Also, by the anti-isomorphism
AT: 67 — 67, (i,7) — (J,1), we get a Hausdorff left-continuous topology

l

7, such that right translations are not continuous in (%7, T},).

Remark 3.6. (1) We observe that for any integer iy the subset
EZ‘O = {(io,io + Z) 1€ Z}
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is not a subsemigroup of %7 because
(ig,io — 1) - (do, 50 — 1) = (io + 1,40 — 1) ¢ L,
(2) It is obvious that the topology 7 (TIZ)) of the extended bicyclic semi-
group 7 induces on the semigroup ¢, (¢, ) a Hausdorff non-discrete right-

continuous (left-continuous) topology which is not left-continuous (right-
continuous).

The following example shows that the statement of Theorem 3.4 does
not hold in the case when the band F(S) of a subsemigroup S of ‘52’ is
infinite.

Example 3.7. We define S = Sgu S, where Sy = {(—i, —i) € ‘Kg: 1€ N}
and Sy = {(0,k) € € : k € w}. Simple verifications show that S is a com-
mutative subsemigroup of ‘KZ"’ . Moreover, S7 is an ideal of S such that
(—i,—1) - (0,k) = (0,k) for all (—i,—i) € Sp and (0, k) € Si.

We define a topology 7 on S in the following way. All points of the form
(—i,—1), i € N, are isolated in (S, 7). Fix an arbitrary prime integer p. The
family B; = {U,(0,k): n € N}, where

Un(0,k) ={(0,k+p"s) e S1: s € w},
is the base of the topology 7 at the point (0, k) € S;. Simple verifications

show that 7 is a Hausdorff topology on S,.
Since

(=1, =) - (=4, =j) = (max{—i, —j}, max{—i, —j}),
(—i,—1) - Un(0,k) = Uy(0, k), and U,(0, k) - U,(0,1) < Uy, (0,k 4 1) for any

i,7,k € N and k,l € w, we conclude that the semigroup operation on (.S, 7)
is continuous.

By Lemma 3.3 the semigroup %Z"’ contains infinitely many isomorphic
copies of the semigroup %4 (a, b) and hence by Theorem 2.8 ng has contin-
uum many subsemigroups {S,: « € ¢} such that for any a € ¢ the following
conditions hold:
(1) the band E(S,) is isomorphic to (w, max);
(2) for any idempotent (i,7) of S, the set So\(Sq - (7,7)) is finite;
(3) every left-continuous Hausdorff topology on S, is discrete.
Example 3.8 and Theorem 3.10 imply that ‘52 has continuum many sub-
semigroups {S,: a € ¢} such that for any « € ¢ the following conditions
hold:

(i°) the band E(S,) is isomorphic to (Z, max);
(ii°) for any idempotent (7,7) of S, the set S, \(Sq - (7,7)) is infinite;
(iii°) every left-continuous Hausdorff topology on S, is discrete.
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Example 3.8. Later we shall assume that X = {z;: i € w} where {z;},.
is a steadily increasing sequence in w. For any positive integer k we define

Gy (k, X) = {(—i,—i): i e w}u{(wi, 3;): i e wu{(m,n) € € [0]: m > k}.

It is not difficult to prove that ‘ﬁg (k, X) is a subsemigroup of ‘ﬁg for any
positive integer k.

Lemma 3.9. Let {x;},.,, and {y;},c, be steadily increasing sequences in
w and let X = {x;:i€w} and Y = {y;: i € w}. Then the subsemigroups
‘52(1,)() and %g(l,Y) of ‘52 are isomorphic if and only if x; = y; for all
1EwW.

Proof. The implication (<) is trivial.
(=) Suppose that J: €,/ (1, X) — €, (1,Y) is an isomorphism. Put

Sx =% (1,X) n 6, 0], Sy =65 (1,Y) n 6, [0].

Simple verifications show that Sx and Sy are subsemigroups of %Z"r (1,X)
and ‘52 (1,Y), respectively. Moreover S is isomorphic to %”fl (a,b) and Sy
is isomorphic to Cf}:l (a,b) by the mapping (m,n) — b™a". The semigroup
operation of €,/ (1, X) and €, (1,Y) implies that the equation
z-(i,i+p) = (i,i +p)

(in € (1,X) and %, (1,Y)), where i € w and p € N, has finitely many so-
lutions, we conclude that the restriction Jg, : Sx — Sy is an isomorphism,
and hence by Lemma 2.7, we get that x; = y; for all ¢ € w. Then the semi-
lattices € (1, X)\Sx and €, (1,Y)\Sy are isomorphic. It is obvious that
¢, (1, X)\Sx and %, (1,Y)\Sy are isomorphic to the semilattice (w, min)
by the mapping (—i, —i) + 4. Since the natural partial order on the semilat-
tice (w, min) is complete, i.e., (w, min, <), we have that (=i, —i)J = (—i, —1)
for any i € w. Il

We observe that for any steadily increasing sequence {x;},., in w the
semigroup ¢, (1, X), where X = {;: i € w}, satisfies the conditions (i°),
(ii°) and (iii®). Then Lemma 3.9 implies the following theorem.

Theorem 3.10. The semigroup ‘Kg contains continuum many non-isomor-
phic subsemigroups S, such that every left-continuous Hausdorff topology
on Sy is discrete and Sy satisfies the conditions (i°), (ii°) and (iii®).

4. EMBEDDING OF THE SEMIGROUP %,/ INTO A COMPACT TOPOLOGICAL
SEMIGROUP

The following example of the closure of the extended bicyclic semigroup
%7 is presented in [13].
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Example 4.1 (|13, Example 5|). We denote by G1(1) and Gy the additive
groups of integers. We denote by (n)! and (m)? the elements of the groups
G1(1) and Gy, respectively, n,m € Z. This means that (m)!-(n)! = (m+n)!
and (m)?- (n)? = (m+n)® for any m,n € Z. Put S = G1(1) L6z L Gp and
extend the semigroup operation from %z, G1(1) and Gy in the following
way:

()" (6,5) = (—=n +1i,j) € 62
(i,4) - (n)' = (i,j +n) € 6z;
(n)* - ( ) (n+m)® e Go;
(m)?- (n)! = (m +n)° € Gy;
(m)?- (i,4) = (m+j —i)° € Go;

(6,5) - (m)" = (m+j — )" € Gy,
for any (n)! € G1(1), (i,5) € 6z, and (m)° € Gy.
The topology 7 on S is determined in the following way:

(1) all elements (i, 7) of the extended bicyclic semigroup %7 are isolated in
(S, 7);
(2) the family Z((n)') = {Uy((n)'): p € N}, where

Up((n)l) ={m)'} u{(~¢.~q+n)eC:q=p},

is a base of the topology T at the point (n)! € G1(1);
(3) the family Z((m)°) = {V,((m)°): p € N}, where

oy J{m b olleatm)edzg=p), i m
hll ”‘{{<m>0}u{<qm,q>e<€zzq>p}, it m

is a base of the topology 7 at the point (m)? € Gy.

Then (S, 7) is a Hausdorff locally compact topological inverse semigroup,
see [13].

Example 4.2. Let G1(1) and Gy be the groups which are defined in
Example 4.1. We denote

Gf ={(n)'eGi(1):n=>0} and G ={(m)’eGy:m=>0}.

The semigroup operation of S implies that the subset ST = Gf U ‘52 U Gar
of S with the induced from S multiplication is a subsemigroup of S.

Let 7+ be the topology on ST which is induced from (S,7). Then
(S*,71) is a Hausdorff topological semigroup. Since (S*,7%) is a closed
subspace of (S, 7), Theorem 3.3.8 of [12] implies that the space (S*,77) is
locally compact.
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We define S’Jﬁr to be the semigroup ST with the adjoined zero €, i.e.,
O-s=5-0=0-0=0 for any s€ ST. VVedeﬁneatopologyTgpr on the
semigroup S; as follows. We extend the topology 7+ onto the semigroup
SF in the following way: the family BT (6) = {W,(0): p € N}, where

W,y(0) ={0}u{(n)' € Gi(1): n > p} U
u{(i,j)e%i‘:j—i)p}u
U {(m)OEGO: m = p},
is the base of the topology 7'; at the point ¢. It is obvious that Tg is
a compact Hausdorff topology on S;. Since the semigroup S}' is count-

able, Theorems 3.1.21 and 4.2.8 from [12| imply that the space (Sg, Tg) is
metrizable.

Proposition 4.3. (5’2,7'25) s a topological semigroup.

Proof. Since (ST, 77) is a Hausdorff topological semigroup and (S*,77) is
an open subspace of the topological space (S;,T; ), it is enough to show
that the semigroup operation is continuous on (S}, 7)) in the following
seven cases.

(1) In the case (n)! - €, where (n)! € G1(1), we have that
Upi(0)') Wy (6) € Wiy (0)

for any non-negative integer n and any positive integers p; and ps.
(2) In the case O - (n)', where (n)! € G1(1), we obtain that

Wi (0) - Upy((n)') € Wiy n(0)

for any non-negative integer n and any positive integers p; and ps.
(3) In the case (i,j) - €, where (i,7) € €, , we get that

(4,7) - Wp(O) € Wptj—i(O)

for any positive integer p.
(4) In the case 0 - (i, ), where (i,5) € €, , we have that

Wp(0) - (i,§) € Wp+-i(0)

for any positive integer p.
(5) In the case (m)" - @, where (m)" € G, we obtain that

Vpl((m)o) ’ Wp?(ﬁ) = Wm+p2(ﬁ)

for any non-negative integer m and any positive integers p; and ps.
(6) In the case @ - (m)?, where (m)? € Gy, we get that

Wpl(ﬁ) ’ %2((m)0) < WPl-l-m(ﬁ)

for any non-negative integer m and any positive integers p; and ps.
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(7) In the case & - € we have that
Wpl (ﬁ) ’ WP2(ﬁ) < Wp1+ﬁ2(ﬁ)

for any positive integers p; and ps.

The above arguments imply that the semigroup operation is continuous on
(Sg, Tg ). O

The definition of the topology 7, implies that Iy = G§ U {O} is a
compact ideal of the Hausdorff compact topological semigroup (S}S, Tg). By
the Lawson-Madison theorem (see [25] or |7, Theorem 1.57|) the quotient
semigroup S}’ /1o with the quotient topology 74 is a Hausdorff compact
topological semigroup. Since 652 is a dense subsemigroup of (S;/S, 7'2) and
652 N Iy = @ we get the following corollary.

Corollary 4.4. The semigroup %g is a dense subsemigroup of the Haus-
dorff compact topological semigroup (S}S/IO,TQ).

Since the closure of a subsemigroup S of a Hausdorff compact topological
semigroup K is a compact topological semigroup, Proposition 4.3 implies
the following two corollaries.

Corollary 4.5. Every subsemigroup of semigroup (52 is a dense subsemi-
group of a Hausdorff compact topological semigroup.

Corollary 4.6. The semigroup €y (a,b) with adjoined zero admits a Haus-
dorff compact semigroup topology.

Remark 4.7. (a) Similar statements to Proposition 4.3 and Corollaries 4.4
and 4.5 hold for the semigroup ¢, . Also, the statement of Corollary 4.6
holds for the semigroup ¢-(a,b).

(b) In [14], it is proved that a Hausdorff locally compact semitopological
bicyclic semigroup with adjoined zero €° is either compact or discrete.
Similar statement holds for semitopological interassociates of the bicyclic
monoid [18]. But the extended bicyclic semigroup with adjoined zero %3
admits continuum many shift-continuous locally compact topologies [19]
and similar statements hold for the semigroups ¢4 (a,b) and ¢ (a,b) [16].
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