Proceedings of the International Geometry Center —®
Volume 19 - Number 1 - (2026) - Paper 6 - 14 pages

[ ONUT

https://doi.org/10.15673/pige.v19i1.3307 (225} Open Access

Sets of numbers with unique representations in
numeral systems with a natural base and a
redundant alphabet

Mykola Pratsiovytyi, Oleh Vynnyshyn

Abstract. In this work, we study a numeral system with a natural base
s = 2 and a redundant alphabet A, = {0,1,...,r}, where s <r < 2s—2.
We investigate the topological, metric, and fractal properties of the set
of numbers in the interval [0, 5] that admit a unique representation
=", =A%y o> On € Ar. A criterion for the uniqueness of
a number’s representation is established. We prove that the Hausdorff—
Besicovitch dimension of the set of numbers with a unique representation

is equal to 2Zs=r=1)

— ). An analysis of the quantity of representations for
numbers having purely periodic representations with a simple (single-
digit) period is carried out. It is proved that the set of numbers that
admit a continuum of distinct representations has full Lebesgue measure.
Conditions for a number to belong to this set are given in terms of one
of its representations.

Amwnorartig. Y pobori Jjisi CUCTeMU YUCJIEHHS 3 HATYPaJbHOK OCHOBOIO
s =2 i majymnkosum andasitom A, = {0,1,...,r}, s<r<2s — 2, Bu-
BYAIOThCH TOIOJIONO-METPUYHI i hpaKkTabHI BJACTUBOCTI MHOXKUH YHCEJT

Biapiska [0; -75], 9Ki MaOTL €auHe 300parKeHHs:
S a
— n o __ Ts
r= Z sn = Aoqotz...an.,,? Qp € Ar-
n=1

OO6rpyHTOBaHO KPUTEPIil €1MHOCTI 300parKeHHsI YNCJIa, JOBEIEHO, 110 PO3-
Mmipaicte [aycmopda-BesnkoBuda MHOXKUHM YKCENT 3 €MUHUM 300parKeH-
HSAM piBHA % Hagesieno pesysbraru aHasmisy KiJbKOCTI 300pa-
2KEHb Y YUCeJI, IKi MalOTh YACTO Mepioandne 300parKeHHs 3 IPOCTUM IIe-
piomom (mepiogom 3 onuiel uudpu). loBeseHo, 10 MHOXKUHA YHUCEI, HAKi
MarOTh KOHTUHYaJbHY MHOXKWHY PI3HUX 300pazkeHb, € MHOKUHOIO TIOBHOI
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wmipu Jlebera. HaBemero yMOBY HAJIEXKHOCTI IUCET ITiif MHOXKUHI 38 OTHUM
3 1X 300pasKeHb.

1. INTRODUCTION

Expansions of real numbers x € [0; ;5] of the form

0
=),
k=1

with an arbitrary (not necessarily integer) base ¢ € (1;m + 1) and a re-
dundant alphabet A,, = {0,1,...,m} have been studied since 1957. This
line of research was initiated by Rényi [20] and Parry [12]. A new wave of
interest in this topic was triggered by the work of Erdés and Joo [4], where
it was shown that the set of bases in which 1 has a unique expansion has
the cardinality of the continuum. Since then, many interesting results have
been obtained, and dozens of papers have been published. The two main
directions of research in this area are as follows.
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1. For fixed ¢ and A,,, one studies the sets of numbers having: a unique
representation, a finite set of distinct representations, a countable set of
representations, or a continuum of representations.

2. For a fixed x > 0, one studies the set of bases g for which x has a set of
representations of various cardinalities.

For the sets mentioned above, researchers study their topological, met-
ric, and fractal properties. We are interested in the first direction under
the assumption that the base ¢ is an integer. Let us note that numeral sys-
tems with a redundant alphabet have found applications in various areas
of mathematics, including the theory of distributions of random variables
(primarily singular ones), infinite Bernoulli convolutions [18, 14, 19|, the
theory of functions with a locally complex structure and fractal proper-
ties [17], fractal analysis [15], the geometry of numerical series [22, 8|, er-
godic theory, the theory of dynamical systems, and others. It is not the aim
of the present paper to provide a comprehensive survey of known results,
as there already exist relatively comprehensive surveys [21, 9, 13, 2].

Our interest in numeral systems with a natural base and a redundant
alphabet arose from the study of convolutions of singular probability dis-
tributions and the distributions of random variables whose digits in a given
numeral system are independent. It is known [7] that the convolution of two
singular distributions may be singular, absolutely continuous, or a mixture
of both. The problem of distinguishing these cases by explicit conditions,
even within specific classes of random variables, is nontrivial, although
examples in which this can be done are easy to construct. In [14], it was
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shown that the sum of two independent singularly distributed random vari-
ables, whose digits in the classical binary numeral system are independent
random variables, has a singular distribution.

Our approach is based on two main ideas: the existence of mutually
replaceable (alternative) pairs of consecutive digits in the representation
of a number, and the use of the specific structure of overlaps of cylinder
sets. A distinctive feature of this approach is that it yields explicit descrip-
tions of the representations of numbers, together with direct, elementary
number-theoretic proofs of the results. In what follows, we use the notation
described below.

Let s and r be two natural numbers such that 2 < s <r < 2s — 2. Let
A, ={0,1,...,7} be an alphabet (a set of digits), and let L, = A, x A, x- - -
be the set of sequences with elements from the alphabet. It is known [5, 18]
that for any number x € [0; 5], there exists a sequence (a;) € L, such
that

e}
7k s
r= ) as Tt = A, gy (1.1)
k=1
The symbolic (abbreviated) notation z = Ap: ., of the number’s ex-

pansion into the series (1.1) is called the rs-representation of the number
x, or the representation of x in the numeral system with base s and alpha-
bet A,. Hereafter, parentheses in the representation of a number denote a
period. Obviously,

Al = A + Al

aiaz... a1a2~~-am(0) 0...0am+1am+2-..
A N LATS (1.2)
a1a2...am(0) gm Am+41Am+2...)
and
A asam.. T A5, 5 = Aﬂiﬁﬁl}{azwz}...[aﬁ,@n]...’
with [a, + Br] € A, If
a b ¢ d
stETs T
which is equivalent to
s(a—c)=d-—0b,

then the pairs (a,b) and (c,d) in the representation of a number are mutu-
ally replaceable (alternative). The redundancy of the alphabet A, guaran-
tees the existence of numbers that have an infinite set, or even a continuum,
of different rs-representations. Such systems of encoding real numbers [16]
with an integer base s = 2 have been studied in various works, in particular
in [5, 11]. Also, in the works [1, 10, 3|, sets of numbers with a unique rep-
resentation in numeral systems with a redundant alphabet and a real base
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were studied. However, we did not find an elementary exposition for inte-
ger bases in the literature. Therefore, we continue our previously initiated
research, specifying certain results and providing more detailed arguments.

2. NUMBERS WITH PURELY PERIODIC REPRESENTATIONS AND A SIMPLE
PERIOD

Lemma 2.1. Fvery number xg that has a purely periodic rs-representa-
tion with period (c), where c € {0,7} U {r —s+2,...,s — 2}, has a unique
representation.

Proof. If ¢ € {0,7}, then the statement is obvious. Consider the number
Ty = AZﬁ—s—H—km)’ where m € {1,2,...,2s — r — 3}. Assume that there
exists another rg-representation A7 ., , . of the number xq. Since the
representations are different, there is a smallest index k£ such that o # c.

We proceed by considering the following cases:

(1) If ag > ¢, then, taking into account (1.2), we have

Advariionia- Z Bayo) 2 Ao = Bes-1) > Beloy

since ¢ < s — 1. Thus we obtain xg > xg, which is a contradiction.
(2) If o < ¢, then

Ts Ts
A <A

Q1 42

czsfl)

() S B = Beir—(s-1)) < Aelo

since ¢ > r — (s —1). Thus we obtain z¢ > x, which is a contradiction.

Lemma is proved. O

Lemma 2.2. Every number xg that has a purely periodic rs-representation
with period (c), where ce {1,2,...,r—s,s,s+1,...,7—1}, has a continuum
of distinct representations.

Proof. If c € {1,2,...,r — s}, then for each pair of adjacent digits cc there
exists a mutually replaceable pair (¢ — 1,¢+ s).

If ce {s,s+1,...,r — 1}, then for the pair cc the alternative one is
(c+ 1,c — s). Since there are infinitely many positions of adjacent digit
pairs in the rs-representation of the number zg that have alternatives, we
conclude that there exists a continuum of distinct representations of xg. [

Lemma 2.3. Fvery number xg that has a purely periodic rs-representation
with period (c), where ¢ € {r — s+ 1,s — 1}, has an infinite set of distinct
rs-representations.

Proof. If ¢ = s — 1, then the equalities

Aoy = Aslo) = Aism11s0) = Dlsm1)fs—1]...[s—1]s(0)
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hold, meaning the given number has an infinite set of representations. If
c =1 — s+ 1, then similarly,

A(:’—s—&—l) = A[:—S](’I’) = A[;—s+1][r—s](r) - A[:—s—i-l]...[r—s—i-l][r—s](r)'
Thus, the number xy has an infinite set of representations. (I

3. NUMBERS WITH A UNIQUE REPRESENTATION
The following statement is obvious.

Lemma 3.1. The number x = Als _ has a unique rs-representa-

' ' i ; oiag..gn.. i
tion if and only if the number ' = A has a unique

[r—ai]fr—az]...[r—an]...
representation.

Proof. Indeed, if the number x has another representation Agsl B where

Br # ay, for some k, then Afﬁ*ﬁl][T*ﬁg]‘..[rfﬂn]... is another representation of
the number 2’. Conversely, the same logic holds in the opposite direction.

This contradicts the uniqueness of the rs-representation of the number. [

Theorem 3.2 (Criterion for the uniqueness of a number representation).

T

AT . . .
For a number x = Ap ., .. in the interval (0,;55) to have a unique

rs-representation, it is necessary and sufficient that, for every k € N, the
following two conditions hold:

(1) Agsk+1ak+2...ak+n... < 1 or Oék = r;
(2) AT® <1 ora;=0.

[r—agy1]lr—ogya]...[r—aktn]...

Proof. Necessity. Let the number x = Als ., have a unique rs-rep-
resentation. We prove that conditions (1) and (2) are met.

Since 0 # = # 5, there exists an index k such that oy # r. Consider

the number z;, = A’s . Assume that z;, > 1.

A1 Qgp---
If 2, = 1, then z;, = A7 =A"" , and hence

(s—1) [s—1]5(0)

Tr =

Ts Ts
at...ap(s—1) a1...ar[s—1]s(0)’

which contradicts the uniqueness of the rs-representation of x.
Assume that x; > 1. Then among the digits of the representation of xy,
there exists an aj4; > s — 1; we take the smallest such j. If j = 1, then

— AT .
x at...ap_1agt+1][ogy —slogroogys...
If apy1 < s—1, then

Ts

r=A .
10 Q1 [ j -1 H [ =]k g1

In both cases, we obtain another rs-representation of the number z, which
contradicts its uniqueness. These contradictions prove condition (1).
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Condition (2) is proved analogously. Moreover, it follows directly from
condition (1) and Lemma 3.1.

Sufficiency. Assume that for the number x = Af ., . ., both con-
ditions (1) and (2) hold for every k € N, and that there exists another
representation x = Agj B Then there exists an index k € N such that
ay # By, while a; = 3; for all j < k. Suppose that oy > 8;. Then oy # 0,

and by condition (2) we have

Ts __ Ts — Ts
Ay~ A pranie = A lir—appal fraksnl. < 1
Ts s
Then A(T) —1< Agkﬂammamm, but
AZ;) —1= Az’i) B Azg—l) = A?ﬁ—s-{-l) < Agsk+1ak+2---ak+n---'
Hence
s N (677 1 s Qe 1 S o o
Aak(rferl) - ? + EA(rferl) < ? + ;Agk+1-~0¢k+n~-~ - Agkak+1...ak+n...'
However,
Ts _ Ts
A r—s+1) = Blag-1](r)’
and therefore
Ts s
A[ak—l](r) <AL ot
Consequently,
Ts Ts Ts Ts
BrBr+1Br+2--- S Aﬂk(r) S A[ak—l](r) < AO‘WHIO‘H?'“’
and hence
Ts Ts
BrBr+1Br+2-- < Aakak+1ak+2-~‘

Thus, in the case where aj > [k, we obtain a contradiction to the assump-
tion that there exists another representation of the number x.
Now suppose that aj < k. By condition (1) we have

Ts Ts
Aakak+lak+2~~ < A[«3%-&-1](0)
and ay # r. Moreover,
A

Ts
[ +1](0) < A5k5k+1ﬁk+2---’
and hence
ATs

ROk 10k 2 Ag;/gk+1ﬂk+2--~'

Thus, in this case as well, we obtain a contradiction to the assumption
that there exists another representation of the number x. The sufficiency
and hence the entire theorem are proved. [l
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Remark 3.3. In the case r = s, the described criterion coincides with |1,
Theorem 4.2], where the set of numbers with a unique representation in
numeral systems with one redundant digit is studied in detail.

Lemma 3.4. Let oy and ags1 be consecutive digits in the representation

— Ts
of a number To = AZ oy, ap_tapapiiapss.. Such that

(1) ax >0 and a1 <1 —s, or

(2) ax <r and agyq = s.

Then the digit pair (o, ag11) can be replaced by the alternative pair
In case (1): (g, apy1) — (g — 1, apsr + 8) = (aﬁg,agﬁl);
In case (2): (ag, ag+1) — (g + 1, ap41 — ) = (042;70424.1)7'

and the equality vo = A’ holds.

! /
Q1O Q1 QO | Ot 9.

Proof. In case (1), we have the equality 5 + SklfH = “S_kl + Sb,ifl. Therefore
Ts — Ts
Aalocz---Oék—lakoék+1ak+2--- - Aalaz...ak,l[akfl][ak+l+s}ak+2...'

b=% . Therefore

In case (2), we have the equality 5 + Sk% = ofl 4

Ts — Ts
AOéIOZZ~~-04k—1ak04k+1ak+2~-~ - Aalag...ak,l[ak+1][ak+1—s}ak+2...' O
Lemma 3.5. Let 9 € (0, ;%) be a number with a unique rs-representa-
tion AY ay..an...- If ax = 0 for some k, then a; = 0 for all i < k. The

representation of xg has the form

— Ts
Lo = 0..000mm+1-..Cm4n...?

where 0 < oy, < s and i € {r—s+1,r—s+2,...,s — 1} ENf__SlH,
and the sequence (mirn) cannot have period (r —s+1) or (s —1).

Proof. Since xy # 0, its rs-representation contains at least one nonzero
digit. Assume that «p = 0 and that there exists an index i < k such that
a; > 0. Let j = max{i : a; > 0,7 < k}. The number z(p has a unique
re-representation, but the pair (aj, a11) = (j,0) admits the replacement
(aj —1,s), which is a contradiction. Thus, the number z( has the form

_ Ts
Lo = A0...Oozmozm+1... .

The digit a, cannot exceed s — 1, since otherwise the pair (0, o, ) would
admit the alternative replacement (1, ay, — s). Thus, 0 < o, < s — 1.

Suppose that there exists an [ > 0 such that either oy, ; > s — 1 or
Qmyr < 7 — s+ 1. Let t be the smallest number with this property. In
the case where ay,+¢ > s — 1, the pair (@ 4i—1,@m4¢) can be replaced
by (mtt—1 + 1,mit — s). In the case where apyy < 1 — s+ 1, the
pair (am4¢—1,@m+t) can be replaced by (amii—1 — 1, it + 8). This is a
contradiction with the uniqueness of the representation.
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Also, by Lemma 2.3, the number zy cannot have period (r — s + 1)
or (s —1). Taking into account the above observations, the statement is
proven. [l

Lemma 3.6. Let x9 € (0, ;") be a number with a unique rs-representa-
tion Ay ay..a..- If ax = 1 for some k, then a; = r for all @ < k. The
representation of xg has the form

Ts s—1
L0 = AF ramamitamin..s Where 1 —s <oy <71 and dmi € N7 g,

and the sequence (am+n) cannot have period (s — 1) or (r —s+1).

Proof. Since xg # 5, its rs-representation contains a digit different from
r. Assume that o, = r. Suppose that there exists an index i < k such that
a; <7, and let

J=max{i:q; <ri<k}.

Then the pair (o, ajy1) = (o, r) admits an alternative replacement, i.e.,
the pair (oj + 1,7 —s), which contradicts the uniqueness of the rs-represen-
tation of the number zy. Therefore, the rs-representation of the number g
has the form

xg = Al®

T PO Oy 41 -

If we assume that oy, < r—s, then the pair (r, ayy,) admits an alternative
replacement, namely the pair (r —1, a;, + s), which contradicts the unique-
ness of the rg-representation of the number xy. Hence, r — s < ayy, < 1.

Suppose that a1y < r—s+ 1 or aupay > s — 1 for some [ > 0, and
let m + t be the smallest index with this property. Then, for the digit
pair (Qm4t—1,@m+t), an alternative replacement can be specified, which
again leads to a contradiction to the uniqueness of the r-representation of
xg. The same conclusion can be obtained based on Lemma 3.1, since the
number x = A’s ~has a unique representation if and only if the

T T, Ol -1 -
number
r

/
Trn =
07 s-1

— 2o = AO Ofr—am]lr—am+1][r—am+2]-..

has a unique rs-representation. According to Lemma 3.5, the representation
of x(, must satisfy the conditions

O<r—anp<s and r—s+1<r—aqmpp1 <s—1,

which are equivalent to the conditions of the present statement. Taking
into account the above observation, the lemma is proven. O

Theorem 3.7. The set E of numbers x € (0, ;5) that have a unique rs-rep-
resentation consists precisely of those numbers whose rs-representations do
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not contain a period equal to (s — 1) or (r — s+ 1) and have one of the
following forms:

Ts Ts Ts
Acﬂlﬁz...ﬁn...’ A00 .0apB1B2...0n...0 AT”I’ rbB1B2...0n...7
where 0 <a<s,r—s<b<r,0< Tand/BZENﬁ;H

Proof. If the rs-representation of a number with a unique representation
contains the digit 0 or r, then, as established by the two preceding lemmas,
the representation of the number has the form

Ts Ts

200...0ap1 ... OF A rbB1fa .

where 0 < a <s,r—s <b<r, and f; € N ;H Consider the numbers
that have a unique rs-representation and do not use the digits 0 and r in
their rs-representations at all. Let wg = A} ., ,,.. be a number of this

type. Suppose that for some k£ > 1 the digit is
are{l,...,r—stu{s,s+1,...,r—1},

then the pair (ax_1,ax) admits an alternative replacement. In the case
1 < ag <7 — s, this replacement is the pair (ax_1 — 1, a + ), and in the
case s < ai < r—1, the alternative replacement is the pair (ax_1+1, ax—s).
In both cases, thls contradicts the uniqueness of the rs-representation of
the number zy. Hence,

ap € N3~ Vke{2,3,...}.

r— s+l

The same conclusion can also be obtained by applying the criterion of
uniqueness (Theorem 3.2). Note that the digit oy is not subject to these
restrictions. U

Remark 3.8. We note that in [3, Lemma 4.1], a lexicographic criterion
for the uniqueness of number representation was established for arbitrary
real bases ¢ > 1. Therefore, Theorem 3.2 is not new in itself. However, the
proof presented above is direct and elementary, and does not rely on the
theory of greedy or quasi-greedy expansions. The structural description of
the set E of numbers having a unique rs-representation is a particular case
of a more general result established in [3]. At the same time, the proofs
presented here are elementary and self-contained.

Theorem 3.9. The set E of numbers x € (0 ) that have a unique rs-rep-
resentation is symmetric about the point 5 ( 1)’ has a Hausdorff-Besicovitch

ln(25 r—1)
Ins

fractal dimension of , and is not closed for r < 2s — 2.

Proof. The symmetry of the set E is proved in Lemma 3.1. Let r = 25 — 2,
then by Theorem 3.7, all numbers = € (0; ;%5) with a unique representation
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have a tail 813> ..., where 3; € Nf:lerl = {s — 1}, which means the repre-
sentation is periodic with period (s — 1). However, by the same theorem,
numbers from E cannot have period (s—1) or (r—s+1). Therefore E = (.
In the case r < 2s — 2, each point of the form
Ts
A0 0aB1B2...8n(c)’

k

where c € {s — 1,7 — s+ 1} and k € N, is a limit point of the set E, since
in E there exists a point arbitrarily close to it of the form

AV

0...0aB1B2...8ncc...c([s—1][s—2])’

k
with a two-digit period. Moreover, each point of the form
AT
0...0aB182...0n(c)

k

does not belong to the set E (Theorem 3.7). Therefore, the set E is not
closed.

We determine the Hausdorff-Besicovitch dimension of the set E. Let D
denote the set of all numbers whose rs-representation has period (s — 1)
or (r—s+1). As noted above, E n D = . It is well known that
every countable set has Lebesgue measure zero and Hausdorff—Besicovitch
dimension zero. Therefore, such sets can be neglected in metric problems.

Let us introduce the following notation. For n € N u {0}, define

a __ . _ ATs s—1 .
E§, ={z : x*AO...OaﬁlﬁQ...ﬁk...’ﬁkENT—S-H}’ 0<ac<s;

n

b _ . _ATs s—1 .
En={r: 2 =480 g .00k €N ot T s <b<
| I

= —b
Then the set E has the following structure:

o [s—1 r—1 5

—a —

e=U|UEnv U B
n=0 La=1 b=r—s+1

All sets Efn with fixed n are isometric to each other and are self-similar.
Each of them is similar to the set

s -1
C={z: z= Aglﬂz..ﬂn...’ﬁn e Nf_5+1},

which consists of numbers representable in the classical base-s numeral sys-
tem using digits from the set Nf:sl 1. This set is a self-similar Cantor-type
set meeting the open set condition [6]. Therefore, its similarity dimension
log,(2s — r — 1) coincides with its Hausdorff-Besicovitch dimension ag(C).
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The Hausdorff-Besicovitch dimensions of the sets £ and C coincide due
to the countable stability property of the dimension:

ao(U F;) = sup ag(F}). O

Remark 3.10. For the case r = s, the obtained formula coincides with the
result given in [1, Theorem 6.1(c)|. It is also a particular case of the general
formula for the Hausdorff-Besicovitch dimension of the set of numbers with
a unique representation established in [10, Theorems 1.2 and 1.3|, for all
alphabets {0,1,...,7} and all real bases ¢ > 1, where the dimension is
determined by the topological entropy. An advantage of our presentation
is that it provides an independent, elementary derivation that does not rely
on the theory of topological entropy.

4. THE SET OF NUMBERS HAVING A CONTINUUM OF REPRESENTATIONS

Theorem 4.1. A number xo for which some rs-representation AZ ., o .

has no period (0) or (r), but contains infinitely many digits from the set
Ar\Ni:;Jrl ={0,1,2,...,r—s,8,s+1,....,7r—1,r},
admits a continuum of distinct rs-representations.

Proof. The conditions of the theorem allow for the following cases:

(1) The number contains infinitely many zeros.
(2) The number contains infinitely many digits equal to 7.
(3) The number contains only finitely many digits equal to 0 or 7.

We consider these cases separately.

Case 1. Since the given r¢-representation of the number xy does not have
the period (0), the sequence () contains infinitely many pairs (a,0) with
a # 0 occurring as consecutive digits in the rg-representation of xg. How-
ever, each such pair admits an alternative replacement (a — 1,s). The
existence of infinitely many such alternative replacements implies that the
set of distinct rs-representations of the number zg has the cardinality of
the continuum.

Case 2. An analogous situation occurs in the second case. Since the r¢-rep-
resentation of the number zy does not have the period (r), there exist
infinitely many pairs (a,r) with a # r occurring as consecutive digits in the
rs-representation of xy. Since this pair admits an alternative replacement,
namely the pair (a + 1,7 — s), we again obtain a continuum of distinct
rs-representations of the number x.
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Case 3. Suppose that the given r¢-representation of the number zg contains
only finitely many digits equal to 0 and r. Then there exists a digit ¢
belonging to one of the sets {1,2,...,r — s} or {s,s +1,...,7 — 1,r} that
occurs infinitely many times in the rs-representation.

If the rs-representation of zq is periodic with period (c¢), where ¢ # 0
and ¢ # r, then, by Lemma 2.2, the number x(y has a continuum of distinct
rs-representations. On the other hand, if the rs-representation of xg is
not periodic, then the sequence («y;) contains infinitely many pairs (b, ¢) of
consecutive digits such that ¢ # b # 0 and b # r.

If ¢ belongs to the set {1,2,...,7 — s}, then the pair (b,c) admits the
alternative replacement (b — 1,c¢ + s). If ¢ belongs to {s,s + 1,...,7 — 1},
then the alternative replacement of (b,c) is (b+1,c—s). In both cases, the
existence of infinitely many alternative replacements implies that the set of
distinct rs-representations of the number xg is a continuum. [l

Theorem 4.2. Almost all numbers with respect to Lebesque measure on
the interval (0, 75) have a continuum of distinct rs-representations; that
T

is, the set of such numbers has a Lebesgue measure equal to .

Proof. Let B denote the set of all numbers for which at least one r4-repre-
sentation does not satisfy the conditions of the preceding theorem; that is,
among the digits of such an rs-representation, only finitely many belong to
the set AT\Nf:;Jrl, while all the remaining digits belong to the set

{fr—s+1,r—s+2,...,s—1}

Denote by B,, the set of all numbers whose rs-representations contain no
digits from the set AT\NT‘?:Sl 1 starting from the n-th position, where n € N.

Consider the set C' of numbers whose r,-representation uses only digits
from the set {r — s+ 1,r —s+2,...,s — 1} and, therefore, does not use
the digit 0 or redundant digits. It is known that in the classical base-s
representation this set is a Cantor-type set, i.e., a nowhere dense set of
Lebesgue measure zero.

The set

is finite.

The set B,, is the union of a finite number of sets congruent (isometric)
to C, since B, is the arithmetic sum of the sets D,, and S%C’ . Therefore, it
has Lebesgue measure zero.

Obviously,

BicByc---cB,cBpy1 ...
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and

n—0o0

o0
B = UBn: lim B,,.
n=1

Hence, for the Lebesgue measure we have

A(B) = A( G Bp) < i A(B,) = 0.
n=1 n=1

Therefore, the set of numbers whose rs-representations satisfy the condi-
tions of the theorem has full Lebesgue measure. O

Remark 4.3. This theorem parallels the theorem of N. Sidorov [21], accor-
ding to which almost every number (in the sense of Lebesgue measure) has
a continuum of representations with the alphabet {0, 1} for bases € (1, 2)
(B-expansions).

Corollary 4.4. The set of numbers with finitely or countably many distinct
rs-representations is of Lebesgue measure zero.

Remark 4.5. The property for a number g € [0, 5] to have a continuum
of distinct representations is typical.
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