
Proceedings of the International Geometry Center
Volume 19 ¨ Number 2 ¨ (2026) ¨ Paper 11 ¨ 20 pages
https://doi.org/10.15673/pigc.3270

Spaces of constant almost holomorphic curvature

Andrii Soloviov, Tetyana Shevchenko, Serhii Hedulian

Abstract. In this work, special pseudo-Riemannian spaces endowed with
an affinor structure satisfying certain naturally arising conditions are in-
vestigated. Spaces with a special form of the Riemann tensor are con-
sidered, and two types of pseudo-Riemannian spaces are distinguished
depending on the type of their Riemann tensor. Their geometric cha-
racteristics are obtained for a specific form of the metric tensor. In par-
ticular, it is proven that pseudo-Riemannian spaces of constant almost
holomorphic curvature with an elliptic skew-symmetric affinor structure
of second degree are semi-symmetric.
The research is carried out locally, using tensor methods without im-

posing restrictions on the signature or definiteness of the metric tensor
of the space under consideration. A special conjugation operation, in-
troduced for spaces endowed with an affinor structure, is widely applied,
along with its properties for the Riemann and Ricci tensors.

Анотація. В роботі досліджено спеціальні псевдоріманові простори,
які наділено афінорною структурою, що задовольняє певним, при-
родньо витікаючим умовам. Досліджуються простори зі спеціальним
видом тензора Рімана, виділено два типи псевдоріманових просто-
рів в залежності від типу тензора Рімана. Знайдено їх геометричні
характеристики для спеціального виду метричного тензора. Зокре-
ма доведено, що псевдоріманові простори з сталою майже голомор-
фною кривиною з еліптичною кососиметричною афінорною структу-
рою другого ступеня напівсиметричні.
Дослiдження ведуться локально, тензорними методами без обме-

жень на сигнатуру та знаковизначеннiсть метричного тензору прос-
тору, що розглядається. В роботi широко застосовується спецiальна
операцiя спряження, що введена для просторiв, які наділено афінор-
ною структурою, та її властивостi для тензорiв Рiмана та Рiччi.
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1. INTRODUCTiON
The study of special pseudo-Riemannian spaces attracts the attention

of many researchers. One of the main directions of such investigations is
the specialization of spaces, that is, imposing additional conditions both on
objects of internal nature and on those that are not intrinsic, meaning they
do not depend on the metric tensor.
Conditions imposed on the Ricci tensor have led to the study of Einstein

and almost-Einstein spaces [3, 7, 22].
Conditions on the Riemann tensor allow one to examine spaces of con-

stant curvature, conformally flat spaces, and spaces of quasi-constant cur-
vature, among others [2, 6, 13].
The requirement for the existence of an affinor structure turns out to

be quite restrictive for many types of spaces. For example, there exist no
conformally flat spaces of dimension less than four that admit a Kähler
structure [24].
Spaces endowed with an affinor structure possess specific properties, both

from the viewpoint of geometric characteristics and the methods used to
study them [8, 9, 10].
For analogues of the conformal curvature tensor in such spaces, two types

of spaces have been introduced depending on the form of the Riemann
tensor. The introduction of such spaces into consideration is motivated by
the necessity of specializing pseudo-Riemannian spaces. The specialization
of spaces, that is, the identification of particular types of spaces, represents
one of the modern directions in Riemannian geometry and facilitates the
technical simplification of their study. In the present work, precisely such
types have been distinguished, as they appear to be of interest from a
structural viewpoint and may possess potential geometric applications. The
possibility of reducing the metric tensor of these spaces to a special form is
investigated.

2. ON THE f -STRUCTURE OF DEGREE k

Consider a pseudo-Riemannian space Vn with a metric tensor gij(x), in
which a tensor F h

i (x) is defined. If a tensor F h
i (x) defined in the space Vn

satisfies certain conditions, then such spaces are said to be endowed with
an affinor structure [16], or equivalently, that an f -structure is defined in
them [17].

Definition 2.1. The degree of an affinor structure defined in Vn is the
smallest number k such that

F h
α1
Fα1
α2

Fα2
α3

. . . F
αk´2
αk´1 F

αk´1

i :=
k

F h
i = eδhi ,
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where e P t´1, 0, 1u, and in the case of e = 1 it will be a hyperbolic f -
structure, in the case of e = 0 it will be a parabolic f -structure, and in
the case of e = ´1 it will be an elliptic f -structure of the k-th degree [1],
respectively.

3. AFFiNOR-SEMiSYMMETRiC SPACES
Consider a pseudo-Riemannian space Vn with a metric tensor gij(x), in

which a tensor F h
i (x) is defined [18].

For the sake of convenience, we introduce an operation of conjugation in
Vn [19]:

A...
ī...

:= A ...
α...F

α
¨i B ī...

... := Bα...
...F

i
α¨, (3.1)

where A and B are arbitrary tensors of any valence [11].

Definition 3.1. An arbitrary tensor Aj1...jk
i1...il

is called semisymmetric [20]
if the alternation of its first and second indices of the covariant derivative
equals zero:

Aj1...jk
i1...il,[il+1il+2]

= 0,

where «,» is the symbol for the covariant derivative [21] in the space Vn.
Definition 3.2. The space Vn is called an affinor-semisymmetric space [25]
if a semisymmetric affinor structure F h

i (x) is defined in it, i.e., the affinor
F h
i (x) satisfies the conditions

Fij,[kl] = 0. (3.2)
Here, the index is lowered using the metric tensor

Fij = giαF
α
¨j .

Consider a pseudo-Riemannian space Vn in which an elliptic affinor-
semisymmetric structure of the second degree [12] is defined, i.e.,

F h
¨αF

α
¨i = ´δhi , (3.3)

which additionally satisfies
F(ij) = 0, (3.4)

where the parentheses in the indices denote the operation of symmetriza-
tion, and δhi are the Kronecker symbols [4].
Affinor structures that satisfy (3.3) are called almost complex [14]. By (3.1),

formula (3.3) in terms of the conjugation operation takes the form
F h

¨̄i = ´δhi .

We write the integrability conditions of the affinor [23], using the Ricci
identity:

Fij,kl ´ Fij,lk = FαjR
α
¨ikl + FiαR

α
¨jkl.
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By the antisymmetry of the affinor, we obtain
FαjR

α
¨ikl + FiαR

α
¨jkl = FαjR

α
¨ikl ´ FαiR

α
¨jkl,

thus, the integrability conditions of the affinor [15] in terms of the conju-
gation operation are written in the form

Fij,kl ´ Fij,lk = Rj̄ikl ´ Rījkl,

or, taking into account the antisymmetry of the curvature tensor,
Fij,kl ´ Fij,lk = ´(Rījkl +Rij̄kl). (3.5)

Here we use (3.2)
Rījkl = ´Rij̄kl. (3.6)

From the symmetry property of the curvature tensor it follows that
Rkl̄ij = ´Rklij̄ .

Contracting with the affinor over the index j, taking into account the almost
complex property (3.3) of the space and performing an index substitution
in terms of the conjugation operation, we obtain

Rijk̄l̄ = Rijkl.

On the other hand, if it is known that in some space endowed with an
antisymmetric affinor structure condition (3.6) holds, then such a space will
be affinor-semisymmetric. Indeed, substituting (3.6) into (3.5) yields (3.2).
Thus, the following has been proven:
Theorem 3.3. A space Vn endowed with an antisymmetric affinor structure
is affinor-semisymmetric if and only if condition (3.6) is satisfied.
By virtue of (3.3), the following properties hold:

A...
ī...

= ´A...
i...,

B ī...
... = ´Bi...

... ,

and by virtue of (3.4), the following holds:
A...

ᾱ...B
α...
... = A...

β...F
β
¨αB

α...
... = ´A...

β...F
β
α¨B

α...
... =

= ´A...
β...B

β̄...
... = ´A...

α...B
ᾱ...
... ,

Therefore, taking into account the last two properties, we have
A...

ᾱ...B
ᾱ...
... = A...

α...B
α...
... .

The metric tensor satisfies the relations [26]

gīj̄ = gαβF
α
¨i F

β
¨j = FβiF

β
¨j

(3.4)
= ´FiβF

β
¨j

(3.3)
= gij (3.7)

gīj = gαjF
α
¨i = Fji

(3.4)
= ´Fij = ´giαF

α
¨j = ´gij̄ .
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The Kronecker symbols satisfy the relation

δhī = δhαF
α
¨i = F h

¨i = ´F h
i¨ = ´δαi F

h
α = ´δh̄i ,

therefore
δh̄ī = ´δh

ī

(3.4)
= δhi .

The Riemann tensor, in addition to the known identities [27], satisfies the
following properties:

Rh̄ījk

(3.6)
= ´R

h̄ijk

(3.3)
= Rhijk,

Rījkl = Rkl̄ij = ´Rij̄kl = ´Rklij̄ .

Contracting (3.6) over the indices h, k gives

RαijβF
α
¨γg

βγ = ´Rīj

RαijβF
βα = Rīj

Rβ̄
¨ijβ = Rīj

Further contracting the equality Rhīj̄k = Rh̄ijk̄ over the indices h, k, we get

Rīj̄ = RαijβF
α
¨γF

β
¨δg

γδ = ´RαijβF
α
¨γF

γβ = Rij ,

therefore
Rīj = ´Rij̄ .

Next, covariantly differentiate [28] equality (3.3) with respect to xk:

F h
¨α,kF

α
¨i + F h

¨αF
α
¨i,k = 0,

F h
¨α,kF

α
¨i ´ F h

α¨F
α
¨i,k = 0,

F h
¨̄i,k = F h̄

¨i,k.

Similarly,
Fh̄i,k = Fhī,k.

Covariantly differentiating this expression with respect to xj and alternat-
ing over the indices k, j, we obtain

Fh̄i,[kj] = Fhī,[kj].

Thus, special properties of the affinor structure [29] and the intrinsic geo-
metry [30] of affinor-semisymmetric spaces have been obtained.
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4. PSEUDO-RiEMANNiAN SPACES OF CONSTANT ALMOST HOLOMORPHiC
CURVATURE

Definition 4.1. A pseudo-Riemannian space Vn (n ą 2) with a metric
tensor gij is called a space of constant almost holomorphic curvature of type I
if its curvature tensor Rhijk satisfies the conditions

Rhijk = ´ 2
1
τ(ghjgki ´ ghkgji + ghj̄gk̄i ´ ghk̄gj̄i + 2ghīgj̄k)

´
2
τ(ghjukui ´ ghkujui + ghj̄uk̄ui ´ ghk̄uj̄ui + 2ghīuj̄uk

+ gkiuhuj ´ gjiuhuk + gk̄iuhuj̄ ´ gj̄iuhuk̄ + 2gj̄kuhuī),

(4.1)

and of type II if its curvature tensor Rhijk satisfies the conditions

Rhijk = ´ 2
3
τ(ghjgki ´ ghkgij + ghj̄gk̄i ´ ghk̄gij̄ + 2ghīgj̄k)

´
4
τ(ghj(ukui + uk̄uī) ´ ghk(uiuj + uīuj̄)

+ ghj̄(uk̄ui ´ ukuī) ´ ghk̄(uiuj̄ ´ uīuj)

+ 2ghī(uj̄uk ´ ujuk̄) + gki(uhuj + uh̄uj̄)

´ gji(uhuk + uh̄uk̄) + gk̄i(uhuj̄ ´ uh̄uj)

´ gj̄i(uhuk̄ ´ uh̄uk) + 2gj̄k(uhuī ´ uh̄ui)),

(4.2)

where 1
τ ,

2
τ ,

3
τ ,

4
τ are some non-zero invariants, and ui is some non-zero vector.

This definition uses the conjugation operation, meaning an affinor struc-
ture is defined in the space. Let the affinor structure of this space be
elliptic antisymmetric of the second degree. Also, for spaces of type II, the
expression

uīuj̄ = κuiuj

obviously does not hold for any invariant κ, otherwise it would be a space
of type I.
We now turn to spaces of type I. Contracting equality (4.1) over the

indices h, k, we obtain the Ricci tensor of this space:

Rij = 2
1
τ(n ´ 2)gji +

2
τ((n ´ 1)uiuj ´ 3uīuj̄ + gjiu

αuα). (4.3)
Conjugating this expression with respect to the indices i, j and taking into
account (3.7) and the relation Rīj̄ = Rij , we have

Rij = 2
1
τ(n ´ 2)gji +

2
τ((n ´ 1)uīuj̄ ´ 3uiuj + gjiu

αuα)

and subtract it from (4.3), since 2
τ ‰ 0

uīuj̄ = uiuj . (4.4)
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Contracting the resulting equality with uj yields
uiuαu

α = 0. (4.5)
Since ui ‰ 0, the last equality indicates the fulfillment of
Theorem 4.2. In spaces of constant almost holomorphic curvature of type I
with an elliptic antisymmetric affinor structure of the second degree, the
vector ui is isotropic.
Based on this theorem, taking into account (4.4), (4.5), the identity (4.3)

takes the form
Rij = 2

1
τ(n ´ 2)gji +

2
τ(n ´ 4)uiuj . (4.6)

Hence, the integrability conditions for the Ricci tensor, taking into account
the Ricci identity, have the form

Rij,[kl] = RαjR
α
ikl +RiαR

α
jkl,

or, expanding the Riemann tensor by definition,
Rij,[kl] = 0.

It is proven:
Theorem 4.3. Spaces of constant almost holomorphic curvature of type I
with an elliptic antisymmetric affinor structure of the second degree are
Ricci-semisymmetric.

From (4.6) for n ‰ 4 and 2
τ ‰ 0 it follows that

uiuj =
1

2
τ(n ´ 4)

(Rij ´ 2
1
τ(n ´ 2)gji),

therefore, the curvature tensor can be rewritten in the form

Rhijk = ´
1

n ´ 4
(ghjR̂ki ´ ghkR̂ij + ghj̄R̂k̄i ´ ghk̄R̂ij̄ + 2ghīR̂j̄k

+Rhjgki ´ Rhkgij +Rhj̄gk̄i ´ Rhk̄gij̄ + 2Rhīgj̄k),

where
R̂ij := Rij ´ 2n

1
τgij .

We write the integrability conditions for the curvature tensor, taking into
account the Ricci identity and Ricci-semisymmetry:

Rhijk,[lm] = 0.

It is proven:
Corollary 4.4. Spaces of constant almost holomorphic curvature of type I
with a semisymmetric elliptic antisymmetric affinor structure of the second
degree are semisymmetric.
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Multiplying both sides of equality (4.6) by gij and contracting over the
indices i, j, we obtain

R = 2
1
τn(n ´ 2) +

2
τ(n ´ 4)uαu

α

and express 1
τ , since n ą 2

1
τ =

R ´
2
τ(n ´ 4)uαu

α

2n(n ´ 2)
.

Rewriting (4.6) gives

Rij =
R

n
gij ´

2
τ(n ´ 4)uαu

α

n
gij +

2
τ(n ´ 4)uiuj .

From the last equality, it is evident that for Einstein spaces [31], i.e., spaces
where the conditions Rij = R

n gji hold, the invariant
2
τ is necessarily zero,

and the space of constant almost holomorphic curvature will be a space of
constant curvature. Therefore, in what follows, we will consider spaces that
are not Einstein spaces.
Definition 4.5. A pseudo-Riemannian space whose Ricci tensor can be
represented in the form

Rij =
R

n
gij + UiUj ,

where Ui is an isotropic gradient vector, is called an almost Einstein space.
Corollary 4.6. Spaces of constant almost holomorphic curvature of type I
with an elliptic antisymmetric affinor structure of the second degree are
almost Einstein spaces, where

Ui =

2
τ(n ´ 4)

2
ui.

Almost Einstein spaces are well studied, therefore further research will
be conducted for spaces of type II.
We now turn to spaces of type II. Contracting the Riemann tensor over

the indices h, k, we obtain the Ricci tensor of this space:

Rij = 2
3
τ(n ´ 2)gij +

4
τ(n ´ 4)(uiuj + uīuj̄). (4.7)

Hence, the integrability conditions for the Ricci tensor, taking into account
the Ricci identity, have the form

Rij,[kl] = RαjR
α
ikl +RiαR

α
jkl,

or, expanding the Riemann tensor by definition,
Rij,[kl] = 0.
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It is proven:
Theorem 4.7. Spaces of constant almost holomorphic curvature of type II
with a semisymmetric elliptic antisymmetric affinor structure of the second
degree are Ricci-semisymmetric.

From the Ricci tensor, it is evident that for n ‰ 4 and 4
τ ‰ 0,

uiuj + uīuj̄ =
1

4
τ(n ´ 4)

(Rij ´ 2
3
τ(n ´ 2)gij),

therefore, substituting this into (4.2) yields another representation for the
Riemann tensor:

Rhijk = ´
1

n ´ 4
(ghjR̂ki ´ ghkR̂ij + ghj̄R̂k̄i ´ ghk̄R̂ij̄ + 2ghīR̂j̄k

+Rhjgki ´ Rhkgij +Rhj̄gk̄i ´ Rhk̄gij̄ + 2Rhīgj̄k),

where
R̂ij := Rij ´ 2n

3
τgij .

We write the integrability conditions for the curvature tensor, taking into
account the Ricci identity and Ricci-semisymmetry:

Rhijk,[lm] = 0.

It is proven:
Corollary 4.8. Spaces of constant almost holomorphic curvature of type II
with a semisymmetric elliptic antisymmetric affinor structure of the second
degree are semisymmetric.
Next, contracting the Ricci tensor over the indices i, j yields the scalar

curvature of the space:

R = 2
3
τn(n ´ 2) + 2

4
τ(n ´ 4)uαu

α. (4.8)

From this equality, we express 3
τ , since n ą 2:

3
τ =

R ´ 2
4
τ(n ´ 4)uαu

α

2n(n ´ 2)

and substitute it into the Ricci tensor:

Rij =
R

n
gij ´

2
4
τ(n ´ 4)uαu

α

n
gij +

4
τ(n ´ 4)(uiuj + uīuj̄).

From the last equality, it is evident that for Einstein spaces, i.e., spaces
where the conditions Rij = R

n gij hold, the invariant
4
τ is necessarily zero,

and the space of constant almost holomorphic curvature will be a space of
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constant curvature. Therefore, in what follows, we will consider spaces that
are not Einstein spaces.

Definition 4.9. A pseudo-Riemannian space whose Riemann tensor can
be represented in the form

Rh
ijk = ´(δh[jBk]i + δh[j̄Bk̄]i + 2δhī Bj̄k+

+Bh
[jgk]i +Bh

[j̄gk̄]i + 2Bh
ī gj̄k),

where Bij is an arbitrary twice-covariant tensor, is called a Bochner-flat
space.

From this definition, it follows that

Theorem 4.10. Spaces of constant almost holomorphic curvature are Bochner-
flat, where for type I spaces

Bij =
1
τgij +

2
τuiuj ,

and for type II spaces

Bij =
3
τgij +

4
τ(uiuj + uīuj̄).

5. REDUCiBLE SPACES WiTH CONSTANT ALMOST HOLOMORPHiC
CURVATURE OF TYPE II

Definition 5.1. Let Vn be a pseudo-Riemannian space with a metric tensor
gij , n ą 2. A Riemannian space Vn is called (locally) reducible [4] if, in some
neighborhood D of each of its points M , a coordinate system y1, y2, . . . , yn

can be chosen such that the fundamental metric form has the form:

I = gab(x
c)dxadxb + gαβ(x

γ)dxαdxβ ,

a, b, c = 1, k, α, β, γ = k + 1, n.

Here, gab are assumed to depend only on x1, x2, . . . , xk, and gαβ – only
on xk+1, xk+2, . . . , xn. Thus, according to the definition, a reducible Rie-
mannian space Vn represents the product of a Riemannian space Vm (re-
ferred to the coordinates x1, x2, . . . , xk) with the fundamental metric form
gab(x

c)dxadxb and a Riemannian space Vn´m (referred to the coordinates
xk+1, xk+2, . . . , xn) with the metric form gαβ(x

γ)dxαdxβ. Therefore, the
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matrix of the metric tensor has the form

gij =



g11 . . . g1k 0 . . . 0
... . . . ... ... . . . ...

gk1 . . . gkk 0 . . . 0
0 . . . 0 gk+1k+1 . . . gk+1n
... . . . ... ... . . . ...
0 . . . 0 gnk+1 . . . gnn


.

Definition 5.2. Twice-covariant tensors that satisfy the relation

aiαA
αk1...kp
jl1...lq

= ajαA
αk1...kp
il1...lq

,

where Akk1...kp
il1...lq

is some tensor of arbitrary rank
(
p+1
q+1

)
, are called commuting

with the tensor Akk1...kp
il1...lq

.

Lemma 5.3. For a pseudo-Riemannian space to be reducible, it is neces-
sary and sufficient that there exists a twice-covariant symmetric idempotent
covariantly constant tensor aij which is not proportional to the metric ten-
sor [5]:

aij,k = 0, aij = aji,

aiαa
α
j = aij , aij ‰ cgij .

The integrability conditions for aij have the form:
aij,[kl] = aαjR

α
ikl + aiαR

α
jkl = 0.

Cyclically permuting the indices i, l, we obtain
aαiR

α
jkl + aαkR

α
jli + aαlR

α
jik = 0.

From the latter, contracting with gij , we get
aαlR

α
k ´ aαkR

α
l = 0.

Substituting condition (4.7) into this equality, we verify that for 4
τ ‰ 0,

aαl (uαuk + uᾱuk̄) ´ aαk (uαul + uᾱul̄) = 0. (5.1)
Contracting this expression with alj , taking into account the idempotency
of the tensor aij , and performing an index substitution from j to l, we
obtain:

aαl (uαuk + uᾱuk̄) ´ aαk (uαuβa
β
l + uᾱuβ̄a

β
l ) = 0. (5.2)

Subtracting the obtained identity from (5.1), we get

aαk (uαuβa
β
l + uᾱuβ̄a

β
l ) ´ aαk (uαul + uᾱul̄) = 0
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and contract with ul

aαkuα(uβa
β
γu

γ ´ uβu
β) = ´aαkuᾱuβ̄a

β
γu

γ ,

then, if uβaβγuγ ‰ uβu
β , we obtain

aαkuα = ûaαkuᾱ, (5.3)
where

û := ´
uβ̄a

β
γuγ

uβa
β
γuγ ´ uβuβ

.

Using aαkuα ‰ 0, 1 + û2 ‰ 1, û ‰ 0 and (5.3) in (5.2), we obtain

aαl uα =
1

1 + û2
(ul + ûul̄) (5.4)

and
aαl uᾱ =

1

1 + û2

(
1

û
ul + ul̄

)
. (5.5)

Taking into account equalities (5.4) and (5.5) in (5.1), we obtain

(ul̄uk ´ uk̄ul)

(
û ´

1

û

)
= 0.

Here, if |û| ‰ 1, conjugate with respect to index k

uk̄ul̄ = ´ukul,

which contradicts the definition of spaces of constant almost holomorphic
curvature of type II. Thus, |û| = 1. We examine the cases |û| = 1.
Let û = ´1. In this case, the following will hold:

aαl uᾱ = ´aαl uα =
1

2
(ul̄ ´ ul) (5.6)

Substitute the Riemann tensor of the space of constant almost holomorphic
curvature of type II into the integrability conditions of the tensor aij

2
3
τ(ajkgli ´ ajlgik + ajk̄gl̄i ´ ajl̄gik̄ + 2ajīgk̄l)

+
4
τ(ajk(ului + ul̄uī) ´ ajl(uiuk + uīuk̄) + ajk̄(ul̄ui ´ uluī)

´ ajl̄(uiuk̄ ´ uīuk) + 2ajī(uk̄ul ´ ukul̄)

+ gli(aαju
αuk + aαju

ᾱuk̄) ´ gki(aαju
αul + aαju

ᾱul̄)

+ gl̄i(aαju
αuk̄ ´ aαju

ᾱuk) ´ gk̄i(aαju
αul̄ ´ aαju

ᾱul)

+ 2gk̄l(aαju
αuī ´ aαju

ᾱui)) + (i Ø j) = 0,
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or, taking into account (5.6)

2
3
τ(ajkgli ´ ajlgik + ajk̄gl̄i ´ ajl̄gik̄ + 2ajīgk̄l)

+
4
τ(ajk(ului + ul̄uī) ´ ajl(uiuk + uīuk̄) + ajk̄(ul̄ui ´ uluī)

´ ajl̄(uiuk̄ ´ uīuk) + 2ajī(uk̄ul ´ ukul̄)

+ aαju
α(gli(uk ´ uk̄) ´ gki(ul ´ ul̄)

+ gl̄i(uk̄ + uk) ´ gk̄i(ul̄ + ul)

+ 2gk̄l(uī + ui))) + (i Ø j) = 0.

We rewrite this identity as
gliAjk ´ gikAjl + gl̄iAjk̄ ´ gik̄Ajl̄ + 2gk̄lAjī

+
4
τ(ajk(ului + ul̄uī) ´ ajl(uiuk + uīuk̄) + ajk̄(ul̄ui ´ uluī)

´ ajl̄(uiuk̄ ´ uīuk) + 2ajī(uk̄ul ´ ukul̄)) + (i Ø j) = 0,

(5.7)

where

Aij := 2
3
τaij +

4
τ

2
(ui ´ uī)(uj ´ uj̄). (5.8)

Note that Aij is necessarily symmetric. Multiplying equality (5.7) by gjk

and summing over the indices j, k, we obtain

gliA ´ Al̄̄i + (1 ´ n)Ail +
4
τ(a(ului + ul̄uī)

´ 2uαu
αail ´ (uiul̄ + uīul)) = 0,

(5.9)

Conjugating the resulting expression with respect to the indices i, l gives

gliA ´ Ali + (1 ´ n)Aīl̄ +
4
τ(a(ului + ul̄uī)

´ 2uαu
αaīl̄ + (uiul̄ + uīul)) = 0,

and subtract it from (5.9)

(n ´ 2)(Aīl̄ ´ Ail) + 2
4
τ(uαu

α(aīl̄ ´ ail) ´ (uiul̄ + uīul)) = 0. (5.10)
Contracting this identity with ul and using n ą 2, we obtain

Aīᾱu
α = Aiαu

α.

Expanding Aij by definition, we get
3
τ = ´

uαu
α

2

4
τ . (5.11)

Note that the invariant uαuα ‰ 0, otherwise 3
τ = 0 would hold, which is

impossible. Thus, it is proven:
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Lemma 5.4. In reducible spaces of constant almost holomorphic curvature
of type II with an elliptic antisymmetric affinor structure of the second
degree for û = ´1, the vector ui is non-isotropic.

Next, expanding Aij by definition in (5.10) and using (5.11) and
3
τ ‰ 0,

we obtain:
´uαu

α(aīl̄ ´ ail) + uiul̄ + uīul = 0, (5.12)
and, therefore,

Aīl̄ = Ail.

Taking this into account in (5.9) for n ą 2, uαuα ‰ 0, we obtain:

ail = gil
a ´ 1

n ´ 2
´

1

(n ´ 2)uαuα
((a ´

n

2
)(ului + ul̄uī)

´ (1 ´
n

2
)(uiul̄ + uīul)),

Contracting this expression with alj , taking into account the idempotency
of the tensor aij , and performing an index substitution j Ñ l, we obtain:

ail =
´1

2uαuα
(ui ´ uī)(ul ´ ul̄). (5.13)

Multiplying and dividing this expression by 4
τ , covariantly differentiating

with respect to xj and taking into account the covariant constancy of aij ,
we obtain that the expression is covariantly constant:

(
4
τ(ui ´ uī)(ul ´ ul̄)),j = 0

and, therefore,
Aij,k = 0.

Substituting (5.13) into (5.8) and using (5.11), we obtain:

Aij = ´(
1

4
τuαuα

+
4
τuαu

α)aij . (5.14)

Conjugating this expression over all indices and subtracting it from (5.14),
we get:

(
1

4
τuαuα

+
4
τuαu

α)(aij ´ aīj̄) = 0.

Here, one of the factors is zero, and if it is the second factor, i.e., aij =
aīj̄ , then substituting this into (5.12) we find that uīuj̄ = uiuj , which is
impossible. On the other hand, the first factor has no roots over the field
of real numbers. It is proven:
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Theorem 5.5. In reducible spaces of constant almost holomorphic curva-
ture of type II with an elliptic antisymmetric affinor structure of the second
degree, the invariant û ‰ ´1.

Based on this theorem, we will further assume û = 1. Then the following
will hold:

aαl uα = aαl uᾱ =
1

2
(ul + ul̄) (5.15)

Substituting the Riemann tensor of the space of constant almost holomor-
phic curvature of type II into the integrability conditions of the tensor aij ,
we obtain

2
3
τ(ajkgli ´ ajlgik + ajk̄gl̄i ´ ajl̄gik̄ + 2ajīgk̄l)

+
4
τ(ajk(ului + ul̄uī) ´ ajl(uiuk + uīuk̄) + ajk̄(ul̄ui ´ uluī)

´ ajl̄(uiuk̄ ´ uīuk) + 2ajī(uk̄ul ´ ukul̄)

+ gli(aαju
αuk + aαju

ᾱuk̄) ´ gki(aαju
αul + aαju

ᾱul̄)

+ gl̄i(aαju
αuk̄ ´ aαju

ᾱuk) ´ gk̄i(aαju
αul̄ ´ aαju

ᾱul)

+ 2gk̄l(aαju
αuī ´ aαju

ᾱui)) + (i Ø j) = 0,

or, taking into account (5.15)

2
3
τ(ajkgli ´ ajlgik + ajk̄gl̄i ´ ajl̄gik̄ + 2ajīgk̄l)

+
4
τ(ajk(ului + ul̄uī) ´ ajl(uiuk + uīuk̄) + ajk̄(ul̄ui ´ uluī)

´ ajl̄(uiuk̄ ´ uīuk) + 2ajī(uk̄ul ´ ukul̄)

+
1

2
(uj + uj̄)(gli(uk + uk̄) ´ gki(ul + ul̄)

+ gl̄i(uk̄ ´ uk) ´ gk̄i(ul̄ ´ ul)

+ 2gk̄l(uī ´ ui))) + (i Ø j) = 0.

We rewrite this identity as

gliAjk ´ gikAjl + gl̄iAjk̄ ´ gik̄Ajl̄ + 2gk̄lAjī

+
4
τ(ajk(ului + ul̄uī) ´ ajl(uiuk + uīuk̄) + ajk̄(ul̄ui ´ uluī)

´ ajl̄(uiuk̄ ´ uīuk) + 2ajī(uk̄ul ´ ukul̄)) + (i Ø j) = 0,

(5.16)

where

Aij := 2
3
τaij +

4
τ

2
(ui + uī)(uj + uj̄). (5.17)
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Note that Aij is necessarily symmetric. Multiplying equality (5.16) by gjk

and summing over the indices j, k, we obtain
gliA+ (1 ´ n)Ail ´ Al̄̄i+

+
4
τ(a(ului + ul̄uī) + uīul + uiul̄ ´ 2ailuαu

α) = 0.
(5.18)

Conjugating the resulting expression with respect to the indices i, l gives
gliA+ (1 ´ n)Aīl̄ ´ Ali+

+
4
τ(a(ului + ul̄uī) ´ uīul ´ uiul̄ ´ 2aīl̄uαu

α) = 0

and subtract it from (5.18)

(n ´ 2)(Aīl̄ ´ Ail) + 2
4
τ(uīul + uiul̄ + uαu

α(aīl̄ ´ ail)) = 0. (5.19)
Contracting this identity with ul yields

Aīᾱu
α = Aiαu

α.

Expanding Aij by definition, we obtain
3
τ = ´

uαu
α

2

4
τ . (5.20)

Note that the invariant uαuα ‰ 0, otherwise 3
τ = 0 would hold, which is

impossible. Thus, it is proven:
Lemma 5.6. In reducible spaces of constant almost holomorphic curvature
of type II with an elliptic antisymmetric affinor structure of the second
degree, the vector ui is non-isotropic.

Next, expanding Aij by definition in (5.19) and using (5.20), n ą 2, we
obtain:

uαu
α(aīl̄ ´ ail) + uiul̄ + uīul = 0, (5.21)

and, therefore,
Aīl̄ = Ail.

Taking this into account in (5.18) and using the non-isotropy of the vector
ui and n ą 2, we prove the following:
Theorem 5.7. In reducible spaces of constant almost holomorphic curva-
ture of type II with an elliptic antisymmetric affinor structure of the second
degree, the tensor aij has the form

ail = gil
a ´ 1

n ´ 2
´

1

(n ´ 2)uαuα
((a ´

n

2
)(ului + ul̄uī)

+ (1 ´
n

2
)(uīul + uiul̄)).
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Contracting this expression for the tensor ail with alj , taking into account
the idempotency of the tensor aij , and performing an index substitution
j Ñ l, we obtain:

ail =
1

2uαuα
(ui + uī)(ul + ul̄). (5.22)

Multiplying and dividing this expression by 4
τ , covariantly differentiating

with respect to xj and taking into account the covariant constancy of aij ,
we obtain that the expression is covariantly constant:

(
4
τ(ui + uī)(ul + ul̄)),j = 0. (5.23)

and, therefore,
Aij,k = 0.

Substituting (5.22) into (5.17) and using (5.20), we obtain:

Aij = (
1

4
τuαuα

´
4
τuαu

α)aij . (5.24)

Conjugating this expression over all indices and subtracting it from (5.24),
we get:

(
1

4
τuαuα

´
4
τuαu

α)(aij ´ aīj̄) = 0.

Here, one of the factors is zero, and if it is the second factor, i.e., aij =
aīj̄ , then substituting this into (5.21) we find that uīuj̄ = uiuj , which is
impossible. Therefore,

1
4
τuαuα

´
4
τuαu

α = 0,

that is,
4
τuαu

α = τ̂ , τ̂ := ˘1 (5.25)
or, substituting (5.20):

3
τ =

τ̂

2
. (5.26)

Formulas (5.25) and (5.26) indicate the constancy of the scalar curvature
from identity (4.8):

R = τ̂(n2 ´ 8).

Note that the quadratic equation n2 = 8 has no solutions in the set of
natural numbers, therefore it is proven:
Corollary 5.8. Reducible spaces of constant almost holomorphic curvature
of type II with an elliptic antisymmetric affinor structure of the second
degree have constant, non-zero curvature.
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Covariantly differentiating the Ricci tensor from formula (4.7) with re-
spect to xk, we obtain:

Rij,k = (n ´ 4)(
4
τ(uiuj + uīuj̄)),k,

but from (5.23) it follows that

(
4
τ(uiuj + uīuj̄)),k = ´(

4
τ(uiuj̄ + uīuj)),k,

therefore, the covariant derivative of the Ricci tensor takes the form

Rij,k = ´(n ´ 4)(
4
τ(uiuj̄ + uīuj)),k.

In view of (5.21), it is proven:

Corollary 5.9. In reducible spaces of constant almost holomorphic curva-
ture of type II with an elliptic antisymmetric affinor structure of the second
degree, the covariant derivative of the Ricci tensor has the form

Rij,k = τ̂(n ´ 4)(aīj̄),k.

Thus, for the studied spaces, the form of the tensor aij has been obtained,
as well as special additional conditions on the objects of the intrinsic geo-
metry of these spaces, particularly on the scalar curvature.

6. CONCLUSiONS
Thus, it has been proven that pseudo-Riemannian spaces of constant

almost holomorphic curvature of type I are almost Einstein spaces, and the
corresponding vector ui is isotropic.
For reducible spaces of constant almost holomorphic curvature of type II,

it has been proven that the invariant û can only be equal to 1, and the vector
ui corresponding to this space is non-isotropic. It has been shown that the
scalar curvature of these spaces is constant and non-zero, and the Ricci
tensor, as well as the curvature tensor, are semisymmetric.
In general, for pseudo-Riemannian spaces of constant almost holomorphic

curvature of both types, it has been proven that they are Bochner-flat
spaces which are distinct from Einstein spaces.
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