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Spaces of constant almost holomorphic curvature

Andrii Soloviov, Tetyana Shevchenko, Serhii Hedulian

Abstract. In this work, special pseudo-Riemannian spaces endowed with
an affinor structure satisfying certain naturally arising conditions are in-
vestigated. Spaces with a special form of the Riemann tensor are con-
sidered, and two types of pseudo-Riemannian spaces are distinguished
depending on the type of their Riemann tensor. Their geometric cha-
racteristics are obtained for a specific form of the metric tensor. In par-
ticular, it is proven that pseudo-Riemannian spaces of constant almost
holomorphic curvature with an elliptic skew-symmetric affinor structure
of second degree are semi-symmetric.

The research is carried out locally, using tensor methods without im-
posing restrictions on the signature or definiteness of the metric tensor
of the space under consideration. A special conjugation operation, in-
troduced for spaces endowed with an affinor structure, is widely applied,
along with its properties for the Riemann and Ricci tensors.

Amnorariis. B poboTi mocriizkeno cremnianbHi CceBIoOpiMaHOBI TPOCTOPH,
AKi HaJIIeHO adiHOPHOI CTPYKTYPOIO, IO 33I0BOJILHSIE TEBHUM, MPU-
POJTHBO BUTIKAIOUUM yMoBaM. JI0C/IiTKyIOThCA TPOCTOPH 31 CHEIiaTbHUM
BUJIOM TeH30pa PimanHa, BUIIJIEHO JBa TUIM IICEBIOPIMAHOBUX ITPOCTO-
piB B 3ayieskHOCTI Bif Tumy Tenzopa Pimana. 3HaiimeHo ix reoMerpudHi
XapPaAKTEPUCTUKY JJIsT CHEIaJbHOrO BUIY METPUIHOIO TEH30pa. 30Kpe-
Ma JIOBEJIEHO, IO IICEBIOPIMAHOBI IIPOCTOPH 3 CTAJIOI0 MAaii2Ke OJIOMOD-
GbHOIO KPUBUHOIO 3 €TIIITHIHOI KOCOCUMETPUIHOIO ahiHOPHOIO CTPYKTY-
POIO JIDYTOTO CTYIIEHS HATIBCUMETPUYHI.

JocutiizKeH s BeIyThCs JIOKAJBbHO, TEH30PDHUMHU MeTojaMu 6e3 obme-
2K€Hb Ha CUTHATYPY Ta 3HAKOBU3HAYEHHICTH METPHUIHOIO TEH30PY IIPOC-
TOpY, IO PO3IVIATAETHCHA. B poBOTI MIMPOKO 3aCTOCOBYETHCS CIIEIAJIHHA
oTiepallis CIpsyKeHHs, 110 BBEJIEHA JIJIsI MPOCTOPIB, AKi HaIijeH0 adinop-
HOIO CTPYKTYPOIO, Ta 11 BJIACTUBOCTI st Ten30piB Pimana ta Pivui.
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1. INTRODUCTION

The study of special pseudo-Riemannian spaces attracts the attention
of many researchers. One of the main directions of such investigations is
the specialization of spaces, that is, imposing additional conditions both on
objects of internal nature and on those that are not intrinsic, meaning they
do not depend on the metric tensor.

Conditions imposed on the Ricci tensor have led to the study of Einstein
and almost-Einstein spaces [3, 7, 22|.

Conditions on the Riemann tensor allow one to examine spaces of con-
stant curvature, conformally flat spaces, and spaces of quasi-constant cur-
vature, among others [2, 6, 13].

The requirement for the existence of an affinor structure turns out to
be quite restrictive for many types of spaces. For example, there exist no
conformally flat spaces of dimension less than four that admit a Kéhler
structure [24].

Spaces endowed with an affinor structure possess specific properties, both
from the viewpoint of geometric characteristics and the methods used to
study them [8, 9, 10].

For analogues of the conformal curvature tensor in such spaces, two types
of spaces have been introduced depending on the form of the Riemann
tensor. The introduction of such spaces into consideration is motivated by
the necessity of specializing pseudo-Riemannian spaces. The specialization
of spaces, that is, the identification of particular types of spaces, represents
one of the modern directions in Riemannian geometry and facilitates the
technical simplification of their study. In the present work, precisely such
types have been distinguished, as they appear to be of interest from a
structural viewpoint and may possess potential geometric applications. The
possibility of reducing the metric tensor of these spaces to a special form is
investigated.

2. ON THE f-STRUCTURE OF DEGREE k

Consider a pseudo-Riemannian space V;, with a metric tensor g;;(x), in
which a tensor F*(z) is defined. If a tensor F*(x) defined in the space Vj,
satisfies certain conditions, then such spaces are said to be endowed with
an affinor structure [16], or equivalently, that an f-structure is defined in
them [17].

Definition 2.1. The degree of an affinor structure defined in V,, is the
smallest number k£ such that
k
FhFOFS2  Fal 2F ' = F] = edl,

chOE—1 " g
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where e € {—1,0,1}, and in the case of e = 1 it will be a hyperbolic f-
structure, in the case of e = 0 it will be a parabolic f-structure, and in
the case of e = —1 it will be an elliptic f-structure of the k-th degree [1],
respectively.

3. AFFINOR-SEMISYMMETRIC SPACES

Consider a pseudo-Riemannian space Vj, with a metric tensor g;;(z), in
which a tensor F*(z) is defined [18].
For the sake of convenience, we introduce an operation of conjugation in
Vi [19]:
A=A FY B = B F!, (3.1)
where A and B are arbltrary tensors of any valence [1 1]

Definition 3.1. An arbitrary tensor A]1 fl’“ is called semisymmetric [20]

if the alternation of its first and second 1ndlces of the covariant derivative
equals zero:

J1---Jk
.. Zh[ll+1lz+2]

where «,» is the symbol for the covariant derivative [21] in the space V,.

)

Definition 3.2. The space V,, is called an affinor-semisymmetric space [25]
if a semisymmetric affinor structure F*(z) is defined in it, i.e., the affinor
FI(x) satisfies the conditions
Here, the index is lowered using the metric tensor
Fij = gia I
Consider a pseudo-Riemannian space V,, in which an elliptic affinor-
semisymmetric structure of the second degree [12] is defined, i.e.,
FoFf = =47, (3.3)
which additionally satisfies
where the parentheses in the indices denote the operation of symmetriza-
tion, and 07 are the Kronecker symbols [4].
Affinor structures that satisfy (3.3) are called almost complex [14]. By (3.1),
formula (3.3) in terms of the conjugation operation takes the form
—oh.
We write the integrability conditions of the affinor [23], using the Ricci
identity:
Fijw — Fijie = Faj Ry + Fia Ry



Paper 11 — page 4 A. Soloviov, T. Shevchenko, S. Hedulian

By the antisymmetry of the affinor, we obtain
Foj RS + Fia Ry = Foj Ry — FaiR%y,

thus, the integrability conditions of the affinor [15] in terms of the conju-
gation operation are written in the form

Fijki — Fijik = B — Bijus

J
or, taking into account the antisymmetry of the curvature tensor,
Fijrt — Fijar = — (R + Rijra)- (3.5)

Here we use (3.2)

R = —Rijp- (3.6)
From the symmetry property of the curvature tensor it follows that

Rkﬁj = _Rklz‘j~
Contracting with the affinor over the index j, taking into account the almost

complex property (3.3) of the space and performing an index substitution
in terms of the conjugation operation, we obtain

Rijrr = Rijhl-
On the other hand, if it is known that in some space endowed with an
antisymmetric affinor structure condition (3.6) holds, then such a space will

be affinor-semisymmetric. Indeed, substituting (3.6) into (3.5) yields (3.2).
Thus, the following has been proven:

Theorem 3.3. A space V,, endowed with an antisymmetric affinor structure
is affinor-semisymmetric if and only if condition (3.6) is satisfied.
By virtue of (3.3), the following properties hold:
Az = —A;

..
B+ = — B
and by virtue of (3.4), the follovx./.i.ng holds:
Ay BS = AﬁFfiBa = _AB'...Ff-B.Of“' =
= Ay B% = -A; B,
Therefore, taking into account the last two properties, we have
Az BY = A5 BY
The metric tensor satisfies the relations [26]

(3.4) (3.3)
95 = 9apFoF] = Fg P "= —FigF "= gy (3.7)

(3.4)
Gij = 9ojFi = Fji = —Fij = —giaF; = —g,5.
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The Kronecker symbols satisfy the relation
O = OhF§ = Flf = —F} = =67 Fly = —df,
therefore

o = gt (2 g,

The Riemann tensor, in addition to the known identities [27], satisfies the

following properties:

(3.6) (3.3)
= —R;ijk =" Rpijk,

R?ﬁjk
Riji = Ryiy = — R = —Rigj-
Contracting (3.6) over the indices h, k gives
RaijpF2g™" = =Ry
RaijﬁFﬂa = jo
B _n
Rijp = i

Further contracting the equality Ry;;, = Rp;;x over the indices h, k, we get

Ry =

Raing.‘;F?g”‘s = —Rm‘jﬁFiFW = R;j,
therefore
R;; = —R;;.
Next, covariantly differentiate [28] equality (3.3) with respect to z*:
Fh B9+ FLES, =0,
F 5§ = FuFg), =0,
Similarly,
Frir = Frig

Covariantly differentiating this expression with respect to 27 and alternat-
ing over the indices k, j, we obtain

Fhi kg) = Fhi i)

Thus, special properties of the affinor structure [29] and the intrinsic geo-
metry [30] of affinor-semisymmetric spaces have been obtained.
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4. PSEUDO-RIEMANNIAN SPACES OF CONSTANT ALMOST HOLOMORPHIC
CURVATURE

Definition 4.1. A pseudo-Riemannian space V,, (n > 2) with a metric
tensor g;; is called a space of constant almost holomorphic curvature of type |
if its curvature tensor Ry, ) satisfies the conditions

1
Rpije = — 27(9njgri — gnk9ji + 9nj9%i — 9nkdji + 29ni95%)

2
— T(ghjukul- — GhkUju; + IpjURW — GppU;U; + QgthEuk (4'1)

+ GriUnUj — GjiUpUk + g URUF — Gj;URUE T+ 293kuhui),

and of type Il if its curvature tensor Ry, satisfies the conditions

Ryijr = — 27 (9njgri — 9nk9is + 9nj9%: — Ink9i; + 291i95k)
— ’?’(ghj(ukui + ugu;) — gk (uing + uzu;z)
+ gnj(upui — upuz) — guj(viug — uzuy) (4.2)
+ 2gp; (wjup — ujug) + gri(unu; + upu;)
— gji(unug + upug) + g (unu; — upuy)
— gji(unug — upuk) + 2955 (upu; — upu;)),

123 4 . . .
where 7, 7, 7, T are some non-zero invariants, and u; is some non-zero vector.

This definition uses the conjugation operation, meaning an affinor struc-
ture is defined in the space. Let the affinor structure of this space be
elliptic antisymmetric of the second degree. Also, for spaces of type 11, the
expression

u;u; = RU;jUj
obviously does not hold for any invariant x, otherwise it would be a space
of type L

We now turn to spaces of type I. Contracting equality (4.1) over the

indices h, k, we obtain the Ricci tensor of this space:

1 2
Rij = 27(n — 2)gji + 7((n — Duguy — 3uzu; + gjiu“uq). (4.3)

Conjugating this expression with respect to the indices ¢, j and taking into
account (3.7) and the relation R;; = R;;, we have

1 2
Rij = 27(n — 2)gji + 7((n — Vuzu; — 3uzuj + gjiuuq)

7

and subtract it from (4.3), since 740

UzUG = Uiy (4.4)
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Contracting the resulting equality with u/ yields
uuqau® = 0. (4.5)
Since u; # 0, the last equality indicates the fulfillment of

Theorem 4.2. In spaces of constant almost holomorphic curvature of type I
with an elliptic antisymmetric affinor structure of the second degree, the
vector u; 18 isotropic.

Based on this theorem, taking into account (4.4), (4.5), the identity (4.3)
takes the form

1 2
Rij = 27(n — 2)gji + 7(n — 4)u;u;. (4.6)
Hence, the integrability conditions for the Ricci tensor, taking into account
the Ricci identity, have the form

Rij iy = Raj Ry + Ria Ry,
or, expanding the Riemann tensor by definition,
Rij ey = 0.
It is proven:

Theorem 4.3. Spaces of constant almost holomorphic curvature of type I
with an elliptic antisymmetric affinor structure of the second degree are
Ricci-semisymmetric.

From (4.6) for n # 4 and 7 # 0 it follows that

1 1
uiuj = 5—— (R — 27(n — 2)g;i),
T(n —4)
therefore, the curvature tensor can be rewritten in the form
1

n—4
+ Rnjgri — Rukgij + Bpj9p — Rpigi; + 2Ryig5n)

Rpijr = (gnj Rii — gniRij + ghjﬁf/;i - gh;’fﬁ% + 29115}?%

where .

Rz’j = Rz’j — 27”LTgij.

We write the integrability conditions for the curvature tensor, taking into
account the Ricci identity and Ricci-semisymmetry:

Ryijrim) = 0.
It is proven:
Corollary 4.4. Spaces of constant almost holomorphic curvature of type I

with a semisymmetric elliptic antisymmetric affinor structure of the second
degree are semisymmetric.
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Multiplying both sides of equality (4.6) by g% and contracting over the
indices %, j, we obtain

R = 271'n(n —-2)+ 72'(71 — Huqu®
and express %, since n > 2

R — 72'(n — duqu®

1
= 2n(n — 2)
Rewriting (4.6) gives
2
R T(n — 4)uqu® 2
R;; = —9ij — T(n = Yuqu? gij + T(n — 4)uu,.

From the last equality, it is evident that for Einstein spaces [31], i.e., spaces

where the conditions R;; = %gﬁ hold, the invariant 7 is necessarily zero,
and the space of constant almost holomorphic curvature will be a space of
constant curvature. Therefore, in what follows, we will consider spaces that
are not Einstein spaces.

Definition 4.5. A pseudo-Riemannian space whose Ricci tensor can be
represented in the form

R
Rij = —gij + UilUj,
where U; is an isotropic gradient vector, is called an almost Einstein space.

Corollary 4.6. Spaces of constant almost holomorphic curvature of type I
with an elliptic antisymmetric affinor structure of the second degree are
almost Einstein spaces, where

2

T(n—4)
Uy=—-~
2

Almost Einstein spaces are well studied, therefore further research will
be conducted for spaces of type II.

We now turn to spaces of type II. Contracting the Riemann tensor over
the indices h, k, we obtain the Ricci tensor of this space:

Ui

R;; = 2?(71 —2)gi; + ;l'(n — 4) (uiuj + uzuz). (4.7)

Hence, the integrability conditions for the Ricci tensor, taking into account
the Ricci identity, have the form

Rij iy = Raj Ry + Ria Ry,
or, expanding the Riemann tensor by definition,
Rij k) = 0.
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It is proven:

Theorem 4.7. Spaces of constant almost holomorphic curvature of type 11
with a semisymmetric elliptic antisymmetric affinor structure of the second
degree are Ricci-semisymmetric.

From the Ricci tensor, it is evident that for n # 4 and ;1' # 0,
1 3
uiuj +uju; = 7 (Rij — 27(n — 2)g45),
T(n —4)

therefore, substituting this into (4.2) yields another representation for the
Riemann tensor:

1 . A N . N
Rhijie = ——— (9njBri — gnelij + gnj Rii — gniBli + 2001,
+ Rnjgri — RBukgij + Bpj9p — Rrigi; + 2Ryig5n),

where

- 3
Rz’j = Rz’j - 271’7’91‘]'.
We write the integrability conditions for the curvature tensor, taking into
account the Ricci identity and Ricci-semisymmetry:

Ryijk im) = 0.

It is proven:
Corollary 4.8. Spaces of constant almost holomorphic curvature of type I1
with a semisymmetric elliptic antisymmetric affinor structure of the second
degree are semisymmetric.

Next, contracting the Ricci tensor over the indices i, j yields the scalar
curvature of the space:

R = Q?n(n —-2)+ 2;1'(n — duqu®. (4.8)
From this equality, we express ?‘, since n > 2:
R— 2?’(71 — 4)uyu®
2n(n — 2)
and substitute it into the Ricci tensor:

4
R 21(n — 4)u u®
R;; = ngij_( Jua

3
T =

4
- gij + 7(n — 4) (uiu; + uzuz).

From the last equality, it is evident that for Einstein spaces, i.e., spaces

e . . 4 . .
where the conditions R;; = %gij hold, the invariant 7 is necessarily zero,
and the space of constant almost holomorphic curvature will be a space of
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constant curvature. Therefore, in what follows, we will consider spaces that
are not Einstein spaces.

Definition 4.9. A pseudo-Riemannian space whose Riemann tensor can
be represented in the form

Ry, = —(6]s Bigi + 85 By, + 200 By +
+ B[h‘gk}i + B%gl}}i + 2B;-hgjk),

where B;; is an arbitrary twice-covariant tensor, is called a Bochner-flat
space.

From this definition, it follows that

Theorem 4.10. Spaces of constant almost holomorphic curvature are Bochner-
flat, where for type I spaces

1 2
Bz‘j = TGij + TUUj,
and for type II spaces

3 4
Bij =TGij + T(uiu]' + ’u;u;)

5. REDUCIBLE SPACES WITH CONSTANT ALMOST HOLOMORPHIC
CURVATURE OF TYPE II

Definition 5.1. Let V,, be a pseudo-Riemannian space with a metric tensor
gij> m > 2. A Riemannian space V}, is called (locally) reducible [4] if, in some
neighborhood D of each of its points M, a coordinate system y!,y?, ..., y"
can be chosen such that the fundamental metric form has the form:

I = gap(a€)dzda’ + gop(27)da®dz”,

aabvczlail@ O‘7ﬁ77:k+17n'
Here, gq are assumed to depend only on z' 22,..., 2%, and Jgap — only
on k1 2F+2 2" Thus, according to the definition, a reducible Rie-
mannian space V,, represents the product of a Riemannian space V,, (re-
ferred to the coordinates ', 22,. .., 2%) with the fundamental metric form
Gap(2¢)dz*dx® and a Riemannian space V;,_,, (referred to the coordinates

gh+t k2 2™) with the metric form gog(2Y)dz“dx®. Therefore, the
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matrix of the metric tensor has the form

gir - Gik 0 . 0
gii = gkl ---  Okk 0 0
Y 0 0 Gktik+1 -+ Gk+in
0 ce 0 Ink+1 cee dnn
Definition 5.2. Twice-covariant tensors that satisfy the relation
aki..kp ) aky...k
aiaAjzl...lqp = aJaAih...lq "

k’k1...k:p . . p+1

where Aill... , issome tensor of arbitrary rank (q "
. kki..k
with the tensor AP
ily..lq

), are called commuting

Lemma 5.3. For a pseudo-Riemannian space to be reducible, it is neces-
sary and sufficient that there exists a twice-covariant symmetric idempotent
covariantly constant tensor a;; which is not proportional to the metric ten-
sor [5]:

aijr =0, aij = agi,
«
Qi = Qij, ajj # CYij-

The integrability conditions for a;; have the form:
ij k) = GagRijy + Gia Ry = 0.
Cyclically permuting the indices i, [, we obtain
aai RSy + aok RSy + a Ry, = 0.
From the latter, contracting with g%, we get
an Ry — aop R = 0.
Substituting condition (4.7) into this equality, we verify that for 7 # 0,
ai (ugur + uaug) — aj (uau + uguy) = 0. (5.1)

Contracting this expression with aé, taking into account the idempotency
of the tensor a;;, and performing an index substitution from j to I, we
obtain:

aj' (uaup + uauy) — ag(uaugaf + u@uBaB) =0. (5.2)

Subtracting the obtained identity from (5.1), we get

ag(uaugalﬁ + u@ugaf) — af (uqu + uguy) =0
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and contract with u!

a%ua(ugaguV —upu®) = —a%uo—luBaguv,
then, if u5a5u7 # uBuﬁ, we obtain
ap e = Uaj ug, (5.3)
where
u/;agzﬂ

U= — 3 .
ugayu’ — ugul

Using afuy # 0, 1 + 4% # 1, 4 # 0 and (5.3) in (5.2), we obtain

ajug = (g + ug) (5.4)

1442

and

1 1

Taking into account equalities (5.4) and (5.5) in (5.1), we obtain

1
(ujur — uguy) <ﬂ - A) =0.
U
Here, if |a] # 1, conjugate with respect to index k
URU] = —URU],

which contradicts the definition of spaces of constant almost holomorphic
curvature of type II. Thus, |4| = 1. We examine the cases |u| = 1.
Let 4 = —1. In this case, the following will hold:

1

5 ur—w) (5.6)

Substitute the Riemann tensor of the space of constant almost holomorphic
curvature of type II into the integrability conditions of the tensor a;;

afug = —aj'ug =

3
27 (ajkgu — ajugik + ap95 — @;19:% + 205795
4
+ 7(ajk(wus + uguz) — agi(uiw, + uzug) + aj (uu; — wug)
_ aﬂ—(uqu — u;uk) + 2aﬁ(u,-€ul — ukul-)
+ gri(anjuug + anju®ug) — gri(@aju®w + aoju®uy)
+ gpi(aajuug — agjuur) — gg;(aajuu; — aguu)

+ 29 (aaju®u; — agjuug)) + (i < j) =0,
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or, taking into account (5.6)
253'(%'16912‘ — a9k + aR95 — @19k T 205795
+ ;l'(ajk(ului + uguz) — agi(uiug, + uzug) + agp(upu; — wu;)
— aﬂ-(uiu,; — wug) + 2a;(upu — uguy)
+ aaju® (gri(wr — ug) — gri(w — ug)
+ g (ug + uk) — ggi (g + ul)
+ 205 (uz + wi))) + (i = j) =
We rewrite this identity as
QiAjk — 9ikAj + 9 A5 — 9 A+ 295 A
+ ;l'(ajk(ului + uguz) — aji(uiug + vzug) + agg(upu; — wug) (5.7)
— aj(uwiug, — wjuk) + 2a;;(upuw — ugug)) + (i <> ) =0,

where

4
T

A = 273'aij + 5(% —uz)(uj — u;) (5.8)

Note that A;; is necessarily symmetric. Multiplying equality (5.7) by g/*
and summing over the indices j, k, we obtain
4
g A — A + (1 —n) Ay + 1(a(wu; + upug;) (5.9)
— 2upuai — (uiup+ uzuy)) =0,

Conjugating the resulting expression with respect to the indices ¢, gives
giA — A + (1 —n)A;+ T( (wpu; + ujug)
— 2uqu®azy + (ujup + uzug)) = 0,
and subtract it from (5.9)
(n — 2)(Ag — Ag) + 27 (uu®(ag — ai) — (wiug + wju)) = 0. (5.10)
Contracting this identity with u! and using n > 2, we obtain
A;pu® = Ajqu®.
Expanding A;; by definition, we get
Uqu” 4
5 T

3
T=—

(5.11)

Note that the invariant u,u® # 0, otherwise ? = 0 would hold, which is
impossible. Thus, it is proven:
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Lemma 5.4. In reducible spaces of constant almost holomorphic curvature
of type II with an elliptic antisymmetric affinor structure of the second
degree for 4. = —1, the vector u; is non-isotropic.

Next, expanding A;; by definition in (5.10) and using (5.11) and 7+ 0,
we obtain:

—uqu®(az; — ai;) + wiuj + uzu; = 0, (5.12)
and, therefore,
A;7 = Ay
Taking this into account in (5.9) for n > 2, uau® # 0, we obtain:
a—1 1

n
@il = Gil s (n — 2)uau® ((a— 5)(“1102' + upu;)

— (1= ) (g + ),

Contracting this expression with aé«, taking into account the idempotency
of the tensor a;;, and performing an index substitution j — [, we obtain:

-1

2uqu®

a; = (u; — uz)(ug — up). (5.13)

. . R . . 4 . . c .
Multiplying and dividing this expression by 7, covariantly differentiating
with respect to 2/ and taking into account the covariant constancy of a;;,
we obtain that the expression is covariantly constant:

(;1'(%‘ —u)(w — ), =0

and, therefore,

Am"k =0.
Substituting (5.13) into (5.8) and using (5.11), we obtain:
1 4
Aij=—(5 + Tuqu®)ai;. (5.14)
TULUY

Conjugating this expression over all indices and subtracting it from (5.14),
we get:
1

(3 + ?’uaua)(aij —ag;) = 0.

TULUY
Here, one of the factors is zero, and if it is the second factor, i.e., a;; =
az;, then substituting this into (5.12) we find that w;u; = w;uy, which is
impossible. On the other hand, the first factor has no roots over the field
of real numbers. It is proven:
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Theorem 5.5. In reducible spaces of constant almost holomorphic curva-
ture of type II with an elliptic antisymmetric affinor structure of the second
degree, the invariant 4 # —1.

Based on this theorem, we will further assume 4 = 1. Then the following
will hold:

1
af'ug = aj'ug = §(ul + up) (5.15)
Substituting the Riemann tensor of the space of constant almost holomor-
phic curvature of type II into the integrability conditions of the tensor a;;,
we obtain
3
27(ajkgii — ajgix + a595 — @19k T 205395
4
+ 7(agn (wui + wpuz) — ag(uiug + uzug) + ajp(upu; — wug)
_ aﬂ-(uiu,-C — uzug) + 2a5(upu — upug)
+ gii(aaju®ur + aqjuug) — gri(aajuuw + aqjuug)
+ g (aajuug — aajuu) — gp;(aajuuy — aojuu)
+ 205 (anju®u; — agjuu;)) + (i < j) =0,

or, taking into account (5.15)

3
27’(ajk9li = @ik + R — 4519k T 2%‘%91}1)
4
+ 7(ajk(wui + uguz) — aji(uug + uzug) + agp(upu; — wu;)

— aji(uiu,; — uzug) + Qaﬁ(u,;ul — uuy)

1
+ 5(%‘ + u3) (gui(uk + ug) — gri (W + up)
+ g (up — wk) — ggi (up — wy)

+ 295 (u; —w))) + (i < j) = 0.
We rewrite this identity as
giiAjk — girAj + 9 Ajk — 9k AT+ 29m A5
+ ;l'(ajk(ului + uguz) — aji(wiug + uzug) + agx (v — wg) (5.16)
— aj(uwiug — wjug) + 2a;;(upu, — ugug)) + (i < ) =0,

where
4

Ajj = 273'aij + %(uZ + uz) (uj + uj). (5.17)
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Note that A;; is necessarily symmetric. Multiplying equality (5.16) by g/*
and summing over the indices j, k, we obtain

guA + (1 —n)Ay — Ap+
4 (5.18)
+ 7(a(wu; + ujuz) + uju; + wiug — 2a;uqu”) = 0.
Conjugating the resulting expression with respect to the indices i,1 gives
g A+ (1 —n)A;— A+
4
+ T(a(wu; + upuz) — uzu — wiug — 2a;7uqu®) =0

and subtract it from (5.18)

(n—2)(A;— Ay) + 2;1'(u5ul + wiup + uqu® (a7 — aq)) = 0. (5.19)
Contracting this identity with ! yields
A; u” = Ajqu®.
Expanding A;; by definition, we obtain

U U™
2

3
T=—

7. (5.20)

. . . 3 . .
Note that the invariant u,u® # 0, otherwise 7 = 0 would hold, which is
impossible. Thus, it is proven:

Lemma 5.6. In reducible spaces of constant almost holomorphic curvature
of type II with an elliptic antisymmetric affinor structure of the second
degree, the vector u; is non-isotropic.

Next, expanding A;; by definition in (5.19) and using (5.20), n > 2, we
obtain:
uau® (a7 — aq) + uguy + uzuy = 0, (5.21)
and, therefore,
Aﬁ = A,
Taking this into account in (5.18) and using the non-isotropy of the vector
u; and n > 2, we prove the following:

Theorem 5.7. In reducible spaces of constant almost holomorphic curva-
ture of type II with an elliptic antisymmetric affinor structure of the second
degree, the tensor a;j has the form
a—1 1
Prp—— _
L (n —2)uqu®

+ (1= ) + ).

(a = 5) (s + wrus)
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Contracting this expression for the tensor a;; with aé-, taking into account
the idempotency of the tensor a;;, and performing an index substitution
j — [, we obtain:

ay = (w;i + uz)(ug + up). (5.22)

2uqu®
Multiplying and dividing this expression by 7, covariantly differentiating
with respect to #/ and taking into account the covariant constancy of a;;,
we obtain that the expression is covariantly constant:

(7 (s + ) (g + 7)) 5 = 0. (5.23)
and, therefore,
Aij,k =0.
Substituting (5.22) into (5.17) and using (5.20), we obtain:
1
Aij = (4 - ?’uaua)aij. (524)
TULUY

Conjugating this expression over all indices and subtracting it from (5.24),

we get:

1 4
— Tuau®)(ai; — az;) = 0.

(3

TULUY
Here, one of the factors is zero, and if it is the second factor, i.e., a;; =
a;;, then substituting this into (5.21) we find that w;u; = w;uy, which is
impossible. Therefore,

L ;l'uauo‘ =0,
TULUY
that is,
Tuau® =7, #i=+1 (5.25)
or, substituting (5.20):
3 7
T=5 (5.26)

Formulas (5.25) and (5.26) indicate the constancy of the scalar curvature
from identity (4.8):

R =7#(n*-8).
Note that the quadratic equation n? = 8 has no solutions in the set of
natural numbers, therefore it is proven:

Corollary 5.8. Reducible spaces of constant almost holomorphic curvature
of type II with an elliptic antisymmetric affinor structure of the second
degree have constant, non-zero curvature.
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Covariantly differentiating the Ricci tensor from formula (4.7) with re-
spect to z¥, we obtain:

4
Riji = (n — 4)(7(usuj + uzu3)) ks
but from (5.23) it follows that

4 4
(T(usuj + u;uj))k = —(T(uz‘u5 + uzuj)) &,

therefore, the covariant derivative of the Ricci tensor takes the form

4
Rijr = —(n — 4)(7(wiu; + uzuj)) k-
In view of (5.21), it is proven:

Corollary 5.9. In reducible spaces of constant almost holomorphic curva-
ture of type II with an elliptic antisymmetric affinor structure of the second
degree, the covariant derivative of the Ricci tensor has the form

Rij,k = %(n - 4)((1;3)7]?

Thus, for the studied spaces, the form of the tensor a;; has been obtained,
as well as special additional conditions on the objects of the intrinsic geo-
metry of these spaces, particularly on the scalar curvature.

6. CONCLUSIONS

Thus, it has been proven that pseudo-Riemannian spaces of constant
almost holomorphic curvature of type I are almost Einstein spaces, and the
corresponding vector wu; is isotropic.

For reducible spaces of constant almost holomorphic curvature of type II,
it has been proven that the invariant @ can only be equal to 1, and the vector
u; corresponding to this space is non-isotropic. It has been shown that the
scalar curvature of these spaces is constant and non-zero, and the Ricci
tensor, as well as the curvature tensor, are semisymmetric.

In general, for pseudo-Riemannian spaces of constant almost holomorphic
curvature of both types, it has been proven that they are Bochner-flat
spaces which are distinct from Einstein spaces.
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