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From Maxwell’s equations to relativistic
Schrodinger equations via Schwartz Linear
Algebra and Killing frames on the two-sphere
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Abstract. In this work, we develop a rigorous framework partially
unifying classical electromagnetism and relativistic quantum mechanics
through the language of Schwartz Linear Algebra and via continuous sym-
metries of the 2-sphere. Building upon our recent analysis of Killing vec-
tor fields on the two-sphere and the associated orthonormal right-handed
frames, we construct explicit correspondences between two fundamental
distribution spaces:

V:S/(M%C)? W:S/(M47C3)a

where M, is Minkowski space-time. The space V hosts scalar tem-
pered wave distributions (the de Broglie basis of relativistic quantum
mechanics), while W hosts vector-valued tempered fields with natural
Maxwellian structure. For each unit vector e € S?, we introduce a canon-
ical orthonormal tangent frame f. arising from the Killing field K. on the
sphere (canonically associated with e) and we define the associated fam-
ilies of de Broglie waves n® and Maxwell-de Broglie fields w®. By these
families we construct two continuous and Schwartz-linear operators:

Fe: Ve = We, Ve: We = Ve

- (w)nwev F— (F)wen®
M M
which are shown to be inverse isomorphisms of each other. The operator
Fe transforms a wave distribution 1 into a Maxwellian field Fy,, while the
projection W, recovers the wave distribution from an electromagnetic-like
field. We prove that these isomorphisms are dynamically compatible: a
scalar distribution ¢ € V. solves the relativistic Schrédinger equation

Zhaﬂﬁ = ffmu/%
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if and only if its Maxwellian counterpart F, = F.(¢) solves the corres-
ponding generalized Maxwell-Schrodinger equation in W,:

ihoyFy = HE, Fy.

This duality holds in both the massless (photonic) case — where ﬁg
reduces to the curl operator multiplied times the Planck’s constant and
the speed of light — and in the massive case — where fIf;LO is the spectral
principal square root of the Schwartz diagonalizable and (strictly) positive
operator

A (AV x)? + (moc?)?Iyye.

The construction provides a precise mathematical mechanism to pass
from Maxwell theory to the relativistic Schrédinger picture, mediated by
Killing frames on the two-sphere. Beyond its intrinsic geometric interest,
this approach suggests new perspectives in the analysis of wave propaga-
tion, polarization, and spectral synthesis, as well as possible applications
to inverse problems in electromagnetism and the inclusion of curvature
from general relativity.

Amwnoraris. B pobori po3pobsieHo crporuit MaTreMaTudHUI anapar, o
9aCTKOBO 00’€/THY€E KJIACHYHY €JIEKTPOINHAMIKY Ta PEJIATUBICTCHKY KBaH-
TOBY MexaHiKy Ha MOBi JiniitaOl anrebpu IlIBapria ta 3a momomorom He-
nepepBHUX cuMeTpiit 2-cdepu. Crnupavynch Ha HEJABHINA aHAJI3 aBTOpa
BekTOpHUX moJiB Kiytiara na gBoBuMipHilt cdepi Ta MoB’sa3aHUX 3 HUMHI
OPTOHOPMOBAHUX IIPABHUX PeIepiB, MoOyI0BAHO ABHI BIAIOBIIHOCTI MixK
JBoMa byHIAMEHTAIBHUME IIPOCTOPAMHE PO3IOiIIB (y3araabHeHux QyH-
KITii):

V:S/(M4,C)7 W:S/(M47C3)a

ne My — mpoctip-1ac Minkoscskoro. [Ipoctip V' mictuth ckaasapHi XBu-
JILOBI po3moziam moBinbHOTO pocry (6asuc me Bpoitist peasaTuBicTChbKOl
KBAHTOBOI MeXaHiK#), ToAl aK W MICTUTh BEKTOPHO3HAYHI HOJIsI MTOBLIb-
HOTO POCTY 3 MPHUPOHOI0 MAKCBE/LTIBCHKOIO CTPYKTYPOIO. [I1g KOXKHOTO
OJIMHUYHOIO BEKTOPa € € S? BBEIEHO KAHOHIYHHIl OPTOHOPMOBAHMIL J0-
TugHuil penep fe, mwo Bunukae 3 nosd Kimutiara K, Ha cdepi (KaHoHIYHO
TOB’SI32HOTO 3 €), i BU3HAYeHO BiAnoBimai ciM’l xBuab me Bpoitrs n° ta
mostie Makcsesia-ie Bpoita w€. 3a momomorow nux cimeil mobymoBaHO
JBa, HermepepBHi Ta JiHiliHi 3a [IIBapriom omeparopu:

Fei: Ve = W, Ve: We = Ve

- (w)nwev F— (F)wen®
M M
fKi, sIK JOBEJIEHO, € B3ae€MHO obepHeHmME i30Mopdizmamu. Oneparop F,
HEePeTBOPIOE XBUIBOBHN PO3MOJIIT 1) Ha MaKCBeJIBCbKe mose [y, Tomi
AK mpoektisg V. BiIHOBIIOE XBUIBOBHUI PO3MOIII 3 €JIeKTPOMATHITOIO-
nibuoro mosis. Joseneno, 1o 1 i3oMopdi3zMu € JUHAMIYHO CYMiCHUMU:
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CKaJApHUN po3nomia ¢ € V, € po3B’da3KOM PeIATUBICTCHKOrO PiBHAHHSA
Ipemiarepa

ihow) = Hypy 1),
Tozj i JuIe TOA{, KoJu #oro MakcBesTiBehbKuil BiamoBimauk Fy = F. (1)
€ PO3B’sI3KOM BIJIIIOBIIHOTO y3arajbHeHOro piBHstHHsS Makcsesuta-ITIpe-
ninrepa B We:

_ e

hoyFy = H,, Fy.
ITa npoicricTsh 36epiraeThes aK y 6e3macoBoMy ((DOTOHHOMY) BUIIAIKY —
ne HS 3BoauThCst j10 onepaTopa potopa (curl), IOMHOXKEHOrO Ha CTALy
IInamka Ta MBUAKICTH CBITJIA&, — TaK i B BUNQJIKY HEHYJIBOBOI Macu — Je
Hp, € CIeKTpaJbHAM TOJIOBHUM KBaJIPATHUM KOPEHEM 3 J1arOHaTi30BHO-
ro 3a [IIsapuom i (cTporo) mogaTHOro omeparopa

ARV x)? + (moc?)*Tyye.

I mobymoBa Hagae TOYHUNE MATEMATHIHUN MEXAHI3M /I [IEPEXOLY BilT
Teopil Maxkcsesia 10 penaTuBicTcbkol Kaptuau [Ilpeminrepa 3a momomo-
roio penepiB Kijutiara na gsoBumipHiit cdepi. OKpimM cBOTo BHYTPIIITHBOTO
TreOMETPHUYHOrO iHTepecy, el MiIxXia IPOIOHy€e HOBI NEPCIEKTUBU B aHA-
JIi31 MO PEHHS XBUJIb, TTOJIAPU3AIII] Ta CIEKTPAJIHHOTO CHHTEZY, 8 TAKOK
MOXKJIMBI 3aCTOCYBaHHS JI0 OOEPHEHUX 33129 B €JIEKTPOIMHAMIIN Ta Bpa-
XyBaHHS KPUBUHU 13 3araJibHOI TeOpil BiJTHOCHOCTI.

1. INTRODUCTION

The unification of quantum mechanics and classical field theory has long
been a central theme in both mathematics and physics. On the one hand,
Maxwell’s equations provide the fundamental description of electromag-
netic radiation, with solutions that include plane waves, polarization states,
and geometric symmetries. On the other hand, the relativistic Schrédinger
equation governs the evolution of scalar quantum states, encoding the dy-
namics of both massless and massive particles.

Traditionally these two pictures are treated separately: Maxwell’s theory
as a real vectorial field theory, Schrédinger’s equation as a complex scalar
wave mechanics.

In this article we propose a unifying perspective: both can be realized
within the rigorous framework of complex Schwartz Linear Algebra, and,
more importantly, they are related by explicit complex topological isomor-
phisms.

The correspondence we develop allows us to project Maxwellian fields
onto Schrédinger wave distributions and to embed Schrodinger distributions
into Maxwell-type fields, in such a way that the two dynamical pictures
become equivalent.
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1.1. Geometric origin: Killing vector fields on the two-sphere. The
geometric foundation of our construction lies in the classical symmetries of
the two-sphere S?. The rotation group SO(3) acts isometrically on S?, with
infinitesimal generators given by Killing vector fields.

In [10], we studied the isomorphism

K:R® — K(S?), v K, qeS* — v xg,

which identifies each vector in R3 with a Killing field on S2.
Fixing a point e € S?, we construct a canonical orthonormal tangent
frame

felu) = (Ke(u),u x Ko(u)), ue S?\{+e},

which is smooth, orthonormal, and right-handed. We proved that every
smooth orthonormal right-handed frame on the pierced sphere S?\{+e} is
necessarily obtained from f, by a smooth rotation field

p: S2\{£e} — SO(3).

Thus the Killing frame f, is, in a precise sense, canonical. By homogene-
ity, this frame extends to the dual of Minkowski space-time M}, giving a
polarization structure valid for all wavevectors.

1.2. From geometry to electromagnetic solutions. Canonical frames
fe allow us to associate with each wavevector k a pair of orthogonal polar-
ization vectors

fe(k) = (re(kz),se(k))),
tangent to the unit sphere at k / |E |. Combining this geometric frame with
de Broglie plane waves

ne = ek, (kyxy =k & — Kct,

where k is any four wave-vector and z is the identity coordinate of the
vector space-time My, we obtain the Maxwell-de Broglie fields

wi = k) (re(k) + ise(k)).

In [10] we showed that, for light-like k, these fields satisfy the Maxwell
equations in free space, representing circularly polarized plane-wave solu-
tions. Varying the rest mass parameter mg, the same construction yields
generalized Maxwellian solutions with dispersion relations consistent with
Einstein’s formula
E? = |pi2c® + mict,

Thus, from the geometry of the two-sphere, one derives a complete family
of plane-wave solutions for both electromagnetic radiation and its massive
generalizations.
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1.3. Schwartz linear algebra and distribution spaces. The analytic
framework for these constructions is Schwartz Linear Algebra, developed
in [7]. This theory provides a rigorous language for working with bases and
superpositions in distribution spaces.

In our context, the relevant spaces are:

V =8'(My,C), W = &' (My, C3),

where V hosts scalar tempered wave distributions and W hosts vector-
valued tempered fields.
The ordered families

n° = (M) keI, » Il = span(eo, €), w* = (W) enei1n,

form Schwartz bases of two large subspaces V., ¢ V and W, < W, respec-
tively.

Every element of V, is a superposition of de Broglie waves with tempered
coefficients, while every element of W, is an analogous superposition of
Maxwell-de Broglie fields.

1.4. The new correspondence: projection and embedding. The cen-
tral contribution of the present work is the construction of explicit inverse
isomorphisms between V, and W,. For each e € S? we define:

Fe: Vo — We, Ve: We — Ve,

where F, is the embedding that maps a wave distribution % into the corres-
ponding Maxwell field Fy,, and W, is the projection that recovers 9 from Fy,.
We prove that

lIjeO]:‘e:HVea ]:eO\I’e:HWe-
Thus the spaces Ve and W, are not merely analogous, but actually isomor-

phic under Schwartz-linear maps.

1.5. Compatibility with dynamics. The power of this construction lies
in its dynamical compatibility. In the scalar space V', the relativistic Schro-
dinger equation reads

ihép = Hpyt), Hp,y = \/02\13\2 + (moc?)?Ly.
In the vectorial space W, we define the generalized Maxwell-Schrodinger
equation
iho,F = Hp, F, Hppy = /(AN %) + (moc?)?Iyy.
On the basis fields wj,, both operators act spectrally with identical eigen-

values. It follows that: 1 solves the mg-Schridinger equation in Ve iff
Fy = Fe(v) solves the mqg-Mazwell-Schrodinger equation in We. This
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result establishes a precise duality: Maxwell’s theory and Schrédinger’s
picture are two sides of the same coin, connected by the isomorphisms F,
and V..

1.6. Perspective and applications. The framework we develop brings
together geometry (Killing fields, frame bundles), analysis (Schwartz dis-
tributions, spectral operators), and physics (Maxwell and Schrédinger dy-
namics). It provides a mathematically rigorous mechanism to translate
between scalar quantum states and electromagnetic-type vector fields. Be-
yond its foundational importance, this perspective opens new directions for
applications:

e In optics and photonics, polarization states can be analyzed directly
through Killing frames.

e In inverse problems, symmetry properties of frames on S? may enhance
reconstruction of electromagnetic fields.

e In quantum field theory, the identification of state spaces suggests new
models for field quantization.

o In general relativity, the construction remains valid under metric defor-
mations g, yielding a gravitationally-aware Maxwell-Schrédinger opera-
tor.

In summary, this article provides a comprehensive passage from Maxwell’s
equations to the relativistic Schrédinger equation, via Schwartz Linear Al-
gebra and Killing frames on the two-sphere. The key novelty lies in the
explicit isomorphisms F, and ¥,, which demonstrate that the two theories
are mathematically equivalent on vast distribution subspaces, and dynam-
ically interchangeable.

2. BACKGROUND AND PRELIMINARIES

2.1. Minkowski space-time and its dual. We denote by
My =R x R?

the flat Minkowski space-time, with canonical coordinates = = (ct, Z) and
dual coordinates k = (k°, k) € M}. The Minkowski bilinear form is written
as

(kyxy=Fk & — Kct.

This pairing governs the spectral decomposition of tempered distributions
on My via the Fourier transform. The light cone

k) =0
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corresponds to massless excitations (photons), while the hyperboloid

mic?

<k7k> = 72

corresponds to a massive particle of rest mass my.

2.2. Schwartz distribution spaces. Let S(My, C) denote the Schwartz
space of rapidly decreasing smooth functions on My, and let

V =8 (My,C)

denote its dual, the space of complex tempered distributions. Elements
1 € V are interpreted as scalar wave distributions, forming the natural
habitat for relativistic Schrodinger dynamics.

Analogously, let

W = S'(My, C?),

the space of tempered C3-valued distributions. This is the natural space
for Maxwell-type fields F=F+icB , where E and B are the electric and
magnetic fields, respectively.

The essential philosophy of Schwartz Linear Algebra [7] is that these
distribution spaces admit continuous bases, called S-bases, with respect to
the fundamental operation of Schwartz superposition.

Pettis—Bourbaki integrals allow us to rigorously perform continuous su-
perpositions of the form

u= | o= .0,
with coefficient systems given by tempered measures
p: Ce(l) = C

and superposing families
vil -8

(of distributions v; indexed by a continuous set I) which are scalarly of
class C..

On the other hand, Schwartz superpositions extend the coefficient system
domain to the entire tempered distribution spaces (based upon any finite di-
mensional Euclidean space R™), restricting the vector families v: R™ — &’
to the so-called Schwartz families, which are distribution-valued Schwartz
functions (in the weak scalarly sense), defined on finite dimensional Eu-
clidean spaces.

In this language, the de Broglie plane waves and the Maxwell-de Broglie
fields constitute S-bases of vast subspaces of V' and W, respectively.
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2.3. The de Broglie basis. For each k € M} we define the plane wave

7714 — 67’<k’>
These functions constitute the de Broglie basis n = () ke of the space V.
More precisely, every tempered distribution ¢ € V' admits a representation

b= JM?; (),

where (1)), is a tempered coefficient distribution in momentum space. This
Fourier-Schwartz representation is the analytic backbone of our framework.

2.4. Killing vector fields on the sphere. Let S? — R? denote the unit
sphere. For each vector v € R3, define a Killing vector field K, acting as
follows

Ky(q)=vxq, qeS%
The map v — K, is a linear isomorphism
R3 ~ K(S?),

where C(S?) is the Lie algebra of Killing fields of S?, isomorphic to s0(3).
Thus the geometry of S? encodes directly the algebra of rotations.
Fixing a point e € S?, one defines the unit Killing field

- e Xu

Re(u) = we S\ (+e},

le x ul’

and the associated Killing frame

~

fe(w) = (Ke(u),u x Keo(u)).

In [10] we proved that:

e The vectors in f.(u) form a smooth orthonormal basis of T,,S? for all
u # te. R R

e The frame is right-handed: K¢(u) x (u x K¢(u)) = u.

e Every smooth orthonormal right-handed sphere-tangent frame on the
pierced sphere S?\{+e} is obtained from f. by a smooth rotation field p,
with p(u) € SO(3).

Thus, up to rotations, f. is the canonical orthonormal frame on the
pierced sphere.
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2.5. Homogeneous extension to Minkowski dual space. The Killing
frame f. can be extended homogeneously to the dual Minkowski space:

ﬁw—%%)kmwm&

where I, is the singular plane spanned by (1,0,0,0) and (0, e). For each k,
this provides a polarization pair

(re(k), se(k)) € R? x R3,

orthonormal and tangent to the sphere at k/|k|.

2.6. Maxwell-de Broglie basis. By using this extension, we can define
the family

wf = ¢S (ro(k) +ise(k), ke ML

These fields w{, are circularly polarized plane waves oriented according to
the Killing frame f.. For light-like k they solve Maxwell’s equations in free
space:

V x wf = |k, i0wf, = clkjwg.

The family w® = (wyf) forms a Schwartz basis of a subspace W, ¢ W; we
call w® the Mazwell-de Broglie basis of north pole e.

2.7. Summary. We have introduced:

The scalar space V = §'(My, C) with de Broglie basis 7.

The vector space W = S’ (My, C?) with basis  ® e;

The subspaces W, = &'(My, C3). with bases w® (a framed subspace
(We,w®) for any e € S?).

e The canonical Killing frames f. that determine the polarization structure
of wyf.

The stage is thus set for the construction of the isomorphisms
Fe: Ve — We, Ve: We — Ve,
which will be the subject of the next section.
3. THE EMBEDDING AND THE PROJECTION:
ISOMORPHISMS BETWEEN V., AND W,

We now construct the operators

Fe: Ve — We, Ve: We — Vo,
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and prove that they are continuous Schwartz-linear isomorphisms inverse to
one another. This establishes a precise correspondence between scalar dis-
tributional waves and Maxwellian vector fields, with respect to a prechosen
pole e € S2.

3.1. Spectral synthesis in the scalar space V.. Let

n° = (ni)kemj\ne = (ﬁk)keM;f\He
denote the restriction of the de Broglie basis 7 to the domain of f., that

is, a subbasis of n adapted to the frame f.. Every scalar wave distribution
1 € V, :="° span(n®) can be represented, by definition, as

¢ = J(w)'f]enea
M \ITe

where (1), is a tempered coefficient distribution in momentum space which
vanishes — by definition — about the plane II.. Therefore, V, is the sub-
space of all tempered distributions whose representation in the whole of the
basis n vanishes in a neighborhood of the above plane, by our definition of
the superposition above.

This representation is unique, since 7 is a basis of the entire space V'
and, consequently, 1€ is a Schwartz basis of V..

In other terms, we define V. as the subspace of all ¢y whose momentum
representation 1), vanishes about the plane Il.; then, we put

J@en = [ @ ) = @),
M \ITe M
for every ¢ € V.
3.2. Spectral synthesis in the vector space W,.. Analogously, the
Maxwell-de Broglie family
W = (W) pepg, w = €5 (g () + s (k)),

forms a Schwartz basis of the subspace W, < W. Thus every F' € W, has
a unique representation

Fe f (F)uu,
M \ILe
with tempered coefficient distribution (F),,.

The definition of superposition in this case is different from that of n,
in which we simply recover the local superpositions from the global super-
positions of 7. The family w® is not the subfamily of a wider Schwartz
basis of the entire tempered distribution field space, so we cannot define
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the superpositions of w® by means of the superpositions of any Schwartz
family defined upon a complete Euclidean Space.
We define any local superposition

Jawe,

M\

where a € S’(M}) is an everywhere defined tempered coefficient distribution
vanishing in an open neighborhood U, of the plane Il., by means of the

global superposition
Jawe = J aw’,
M

MEF\ILe

where w¢ is a Schwartz family obtained by continuously extending any
convenient local family y - w®, product of a smooth Urysohn’s mapping
separating any convenient pair

(U, M{\U,).

In detail, the everywhere defined family @w¢ is obtained by:

(1) multiplying w® by a convenient multiplier function x, specifically, a
smooth function such that:
e Y is equal to 1 in the complement of the open neighborhood Uy;
e Y is equal to 0 on the whole of a smaller open neighborhood U of I,
whose closure is contained in U, (and thus x equals 0 on II.);
(2) extending x - w®, continuously, to the entire dual of the Minkowski
spacetime.

3.3. Definition of the embedding F.. We define the embedding opera-
tor F.: Vo, — W, by the rule

Fe(nz) = wliv

extended linearly and continuously to the whole space V. by spectral syn-
thesis. Explicitly, for ¢ € V. with Fourier coefficients (1)),, we have

Fu) = J(wnw@.
ME\ILe

Thus F. maps the scalar wave 1 to its electromagnetic-type counterpart F.
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3.4. Definition of the projection V.. Dually, we define the projection
operator W.: W, — V. by linearly (and continuously) extending

e (wy) = n.

Hence, for F' € W, with coefficients (F),e, we have

U (F) = J(F)wene.
M \ITe

This recovers a scalar distribution from its Maxwellian expansion.

3.5. Isomorphism theorem.

Theorem 3.5.1. For every e € S?, the operators F, and ¥, are continuous
Schwartz-linear isomorphisms inverse to one another:
V.o F. =1y, FeoW, =1Iy,.

Proof. By construction, ., maps the basis element 7;, to wf, and ¥, maps
wf, back to ng. Thus, for all ke Mj\I,

Ue(Fe(np)) = Ye(wy) .. Fe(Pe(wy)) = Fe(ny)
. and similarly
= Mg»
Since both operators are Schwartz-linear, the equalities extend by linearity

and continuity to all superpositions, i.e. to all ¢ € V., and F' € W,. Therefore
U, o F. =1y, and F. o W, = Iy, . O

= wy.

3.6. Interpretation. The operators F, and ¥, formalize the passage:
e from a scalar wave distribution ¢ in the Schrodinger picture,

e to an electromagnetic-type field Fy, in the Maxwell picture,

e and back, with no loss of information.

This construction shows that the two spaces V., and W, are mathemati-
cally equivalent, once the polarization structure determined by the Killing
frame f. has been fixed.

In the next section we will prove that this equivalence is compatible with
the respective dynamics: Schrédinger in V,, Maxwell-Schrodinger in We.

4. DYNAMICS COMPATIBILITY: MAXWELL-SCHRODINGER EQUIVALENCE
In this section we prove that the isomorphisms
Fe: Ve = We, Ve: We — Ve,

intertwine the relativistic Schrodinger evolution in V., with the Maxwell
evolution in W,, both in the massless and in the massive cases.
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4.1. Operators on V and W. We work on tempered distributions through-
out. On the scalar space V' = §'(My, C) we consider the standard quantum
observables

E = ihd;, P = —ihV, |P| == h|V|,
so that, on de Broglie waves n, = etk
Eny, = c(Rk ), Pryy = (Rk)m, [Pl = (Rl
On the vector space W = &'(My, C?) we use

~

E := ihd; (componentwise),

curl ;== V x (acting on the spatial components),

and the spectral square-root Hamiltonians introduced below.
On the Maxwell-de Broglie basis defined by

wy, = ks (re(k‘) + ise(k)),

with (re, se) sphere-tangent, right-handed and orthonormal, we see the key
eigen-relations

curlwg, = |E!w§, sz = c(hk")w§, and V - wj; =0,

which is the fundamental first Maxwell condition: transversality (divergence-
free condition).

4.2. Dynamical generators.

4.2.1. Massless quantum-particles. Consider the massless relativistic Schro-
dinger equation in V,:

ihoyh = c|Py.
In this case, the relativistic Hamiltonian operator is
Hy = c|P|
with dispersion relation
E = |p].

On W,, we know the Maxwell-Schrédinger equation
tho F' = chcurl F),

whose spectral action (eigenvalue) on the electromagnetic field wy, is hc\l_ﬂ
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4.2.2. Massive spin-0 quantum field. On V. the relativistic Hamiltonian is
the spectrally defined operator

Hpy = \/02\]3]2 + (moc?)?1y,
so that
ihop) = Hpyt.
On W, we define spectrally the Hamiltonian operator
ﬁ[ﬁm = +/2(hcurl)2 + (moc)2Iy,,

generating the equation

iho F = HE, F.

All the above operators and equations are Schwartz-linear; the operators
are kind of von Neumann (Schwartz) linear extensions, via spectral calculus
(with multipliers and coefficients in the same spaces). It is also possible to
prove, with a little work, that the Schréodinger equation is the corresponding
von Neumann type Schwartz-linear extension of the equation governing
the dynamics in the finite manifold 1 of momentum “certainty”, which is
essentially a Hamilton—Jacobi equation.

4.3. Curl-momentum magnitude spectral coincidence on W,.
Lemma 4.3.1 (Spectral identification on W,). On the subspace
W, = © span(w®)

we have, on basis w°,

(h curl)wy, = ﬁ|/§|w,ﬁ, ﬁlfnowz = Hmo(h|E|)wz;
hence ﬁ[ﬁno agrees spectrally with ﬁmo under the identification

|Py| = Rcurl

on the subspace W,.

Proof. The first identity is the defining eigen-relation of wf,. For the second,
apply functional calculus to the eigenvalue ﬁ|E | of R curl:

A2 w = AJ (RIF)? + (moc2)2 wf

as we claimed. O
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Remark. It is important to note that the rightful spatial momentum ope-
rator on W, the vector differential operator

Py = (—thdj)_1,
is defined everywhere on W.

On the other hand, the mod (magnitude) of this vector operator is de-
fined on the subspace of W constituted by those vector fields F' whose
representations (F'), — in the global tensor product basis

b=n®e= (77p ® gj)peMI,jegv

of the de Broglie basis 1 times the canonical basis € of C> — vanish in
a neighborhood of the straightline M*\ span(eg). The operator |Pyy| is
spectrally defined on the tensor product basis b = n ® €, of the de Broglie
basis times the canonical basis of C? by

‘ﬁW’(np®%) = !ﬂ(np®5j),

for every non-zero p; in form of superposition we have:

\P|F = f (F) e |50 © ),
M x3

for every vector field F' whose representation (F), vanishes at the straight-
line M\ span(ep).

Indeed, the necessity for w® is required for the functional calculus in-
volving V x, because b is an eigenbasis of |P| but not of the operator curl:
those two operators coincide on every subspace W, for every e € S?, not
everywhere on W.

An analogous remark could be observed for the operators I:InvffO = Hy,, (]3)

and ﬁfno, which is defined spectrally by w®: for the Quantum mechanics-
like operators on W we need only the much simpler tensorial eigenbasis
b, on the other hand, for the Maxwell operators on W, based upon the
curl operator, a functional calculus requires the more elaborated Maxwell—
Schwartz eigenbases w®. The union of all W, is a vector bundle endowed
with the bundle-frame e — w®.

4.4. Intertwining of observables diagonal on the de Broglie basis.

Proposition 4.4.1 (Observable compatibility). Let Gy = g(|P|) € £(V)
be any Opr function of |P| (including |P|, Hp,, etc.), and let

Gw = g(hcurl)
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be the corresponding operator on We, spectrally defined by w®. Then
feOGV:GWOJ:ev Gvo\I/e:\IfeOGw.

Proof. Both equalities hold on basis elements because F¢(n}) = wj, and f

acts by the same spectral value f (ME |). Extend by linearity and continuity
to superpositions. O

4.5. Dynamical equivalence theorems.
Theorem 4.5.1 (Massless dynamical equivalence). For i € V. set
Fy = Fe(¥).
Then
ihdpp = c|Plip = ihd,Fy = chV x Fy,.

Equivalently,

P(t) = 67%1‘/6“5"(/}0 — Fy(t) = ef%tc(hVX)Fw
with Fy, = Fe(vo).

0

Proof. Use the observable compatibility with Gy = C|ﬁ | and Gy = chV x,
we obtain

F (0]13|1/1> — AV x Fu(t)).

Thus F. intertwines the generators; hence it intertwines the unitary groups
and solutions. |

Theorem 4.5.2 (Massive dynamical equivalence). For ¢ € V, set
Fw = F€(¢)
Then
ihop) = Hpgd < ihdyFy = HS, Fy.

Proof. Apply the observable compatibility with

Gy = Hing = A/ 2| PJ2 + (moc2)2Iy

and

Gw = ﬁ[ﬁm = +/2(hcurl)? + (moc?) 2Ty

both defined spectrally. The intertwining of generators yields the equiva-
lence of solutions. O
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4.6. Consequences.

Corollary 4.6.1 (Equivalence of Cauchy problems). For every initial da-
tum 1y € V. there is a unique Fy = Fe(1hg) € We such that the corresponding
Cauchy problems are equivalent under F. and V. in both massless and mas-
stve cases.

Remark (Energy, momentum and polarization). The intertwining shows
that spectral data (energy E, momentum magnitude |p]) coincide in the two
pictures. Polarization is carried geometrically by the Killing frame (7, S¢);
transversality and circular polarization are encoded in the basis w®, while
the scalar phase lies in the basis 7°. The pair (¢, Fy) thus gives a complete
and non-redundant dual description, as soon as we fix the unit vector e.

5. DISCUSSION

In this section we collect several refinements, complementary construc-
tions, and broader perspectives. Some of these ideas were introduced in
our AGMA 2025 presentation, and they enrich the central results of this

paper.

5.1. On Schwartz-linearity and domains. It is worth emphasizing that
all operators considered here (Fourier synthesis, F., ¥, |13 |, AV x, and the
spectral square-root Hamiltonians) are Schwartz-linear and Schwartz diag-
onalizable. That is, they are defined by multiplication of tempered Fourier
coeflicients against smooth and Schwartz distribution-valued functions of
momentum, followed by resynthesis (recomposition via superpositions).

In particular, all our constructions act continuously on Schwartz tem-
pered distributions of coefficients vanishing in a neighborhood of the sin-
gular plane II.. This ensures that no singularities are introduced and that
the intertwining theorems hold on vast dense subspaces of V and W.

5.2. Position-space embeddings. Besides the momentum-space embed-
dings F., one may also define position-space embeddings I; using the Dirac
basis §

d: l’*—>(5m65,(M4,C), x e My.

For example, one may construct the embedding

—

Ii: VoW [0 f),

My

where f is a complex 3-dimensional smooth frame field of components f;.
These embeddings preserve position eigenstates and demonstrate a duality
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between frequency- and position-space formulations of the theory. In this
way, the distributional formalism admits multiple geometric realizations.

5.3. Geometric example: Frenet frames along curves. To illustrate
the flexibility of the construction, consider a smooth spatial curve

v: R — R3.
Let f o+ be its Frenet frame. Then the field
t— oy f(v(1))

is supported along v and polarized according to its geometry. This gives
a localized electromagnetic-like field whose distributional support encodes
the trajectory ~ itself. Such examples suggest applications in optics, where
wavefronts can be encoded with geometric signatures.

5.4. Delta distributions and photons. A particularly interesting family
of solutions are the delta distributions

Y(t, %) = do(x F ct),

which solve the massless relativistic Schrodinger equation with spectral
support on the positive or negative light cone. They correspond to right-
moving and left-moving photons, respectively. Under the embedding Fe,
these give rise to electromagnetic pulses Fy, supported on the corresponding
null hyperplanes.

5.5. Relativistic mass of photons. In our spectral setting, the relation

_ Bl
N C

m

emerges naturally, associating to each monochromatic photon mode a rela-
tivistic mass depending on its wavevector. This relation is consistent with
the spectral identity F = hc[E | and provides a bridge between wave content
and relativistic mass-energy equivalence.

5.6. Extension to curved space-time. The Maxwell-Schrédinger corre-
spondence remains valid under deformations of the Minkowski metric (-, -)
to a pseudo-Riemannian metric g. In this case, the curl operator is replaced
by curly, and the Hamiltonian takes the form

fIf’nO = \/02(5 curly)? + (moc?)?Iy .

This observation suggests that the framework provides a gravitationally-
aware extension of the Maxwell-Schrédinger duality.
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5.7. General remarks. Several remarks are in order:

e The isomorphisms F, and ¥, identify two seemingly different worlds:
scalar relativistic quantum mechanics and vectorial Maxwell electromag-
netism. This equivalence is not approximate but exact on the Schwartz
spans V. and W,.

e The geometric role of Killing frames is essential: they anchor the po-
larization structure in a canonical way, linking the algebra of rotations
SO(3) to the analysis of wave distributions.

e The framework unifies three fundamental layers:

(i) the relativistic geometry of My and S2,
(ii) the analytic theory of tempered distributions,
(iii) the physics of electromagnetic and quantum dynamics.

e The construction is functorial: embeddings J(3, f) can be built from
arbitrary Schwartz bases § and smooth frame fields f, and they preserve
the action of all observables diagonal in 5. This shows that the passage
from scalar to vectorial representations is not an isolated fact, but part
of a more general algebraic architecture.

In conclusion, the discussion shows that the Maxwell-Schrodinger cor-
respondence is robust, geometrically natural, and analytically rigorous. It
opens paths toward applications in optics, inverse problems, quantum field
theory, and relativity.

6. CONCLUSIONS

In this work we have established a rigorous passage from Maxwell’s equa-
tions to the relativistic Schrodinger equation by means of Schwartz Linear
Algebra and Killing frames on the two-sphere.

The central result is the construction of two continuous, Schwartz-linear
operators

Fe: Ve — We, Ve: We — Ve,

which are inverse isomorphisms, between the scalar distributional space V.
(generated by de Broglie waves) and the vectorial Maxwellian space W,
(generated by Maxwell-de Broglie fields).

We proved that these operators intertwine the dynamical generators of
both pictures. A scalar distribution 1 satisfies the relativistic Schrodinger
equation if and only if its Maxwellian counterpart F, = F.(¢) satisfies the
Maxwell-Schrodinger equation. This duality holds in the massless case,
where ]P | and h V x coincide spectrally, and in the massive case, where the
spectral square-root Hamiltonians HmO and H WO agree on corresponding
bases.
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Geometrically, the construction is rooted in the canonical orthonormal
Killing frames on S?, which provide natural polarization directions associ-
ated with each momentum. Analytically, it relies on the theory of Schwartz
bases and tempered superpositions, developed by the author of this paper
in the last 30 years.

Physically, it reveals that Maxwell’s fields and Schrédinger’s wave dis-
tributions are two sides of the same mathematical structure, linked by a
precise isomorphism and equivalent dynamics.

The broader applicative implications are multiple. In quantum optics
and photonics, the framework better clarifies the role of polarization and
circular modes. In electromagnetic field analysis, it suggests new tools for
inverse problems involving spherical symmetries.

In mathematical physics, it points toward a unified spectral treatment
of Maxwell, Schrodinger, Klein-Gordon, Pauli, Proca and even Dirac type
equations, within the same distributional setting.

Finally, in Einstein’s general relativity, the method adapts naturally to
curved space-times, offering a possible route toward gravitational extensions
of the Maxwell-Schrédinger theory.

In conclusion, fixing a certain spatial direction e, the equivalence medi-
ated by the isomorphisms F, and ¥, shows that (as soon as we restrict
our analysis to the vast twin subspaces V. and W) the scalar and vectorial
pictures of relativistic wave phenomena are not merely parallel, but are
rigorously isomorphic at the distributional level.

Just to understand how vast are the twin spaces associated with a certain
spatial direction e, consider that:

e in momentum representation, the Maxwell field space W, covers all pos-
sible four-momenta p whose spatial part p'is different from the null vector
(so involving all plane-wave fields with an effective direction of propaga-
tion @) with the negligible exception of the one direction e, but including
all possible momentum representations (F'),e vanishing at the negligible
plane Il,.

e this amounts to saying (in Schrédinger momentum space V;, = §'(M}, C))
that all the possible Schwartz linear superpositions

| a6 ey,
M

belong to our analysis, as soon as we define the improper superposition
above for arbitrary distribution coefficients a vanishing at Il.
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This duality provides a solid analytic and geometric foundation for future
explorations in the intersection of Functional Analysis, Schwartz distribu-
tion theory, differential geometry, Lie algebra and group analysis, electro-
magnetism, Relativity and quantum field theory.
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