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Remarks on equivariant asymptotics for
complexified toric eigenfunctions

Simone Gallivanone, Roberto Paoletti

Abstract. The eigenfunctions of the Laplace-Beltrami operator on a
real-analytic Riemannian manifold admit a simultaneous holomorphic ex-
tension to a sufficiently small Grauert tube. If the manifold is endowed
with an isometric action of a compact Lie group, one can decompose
each eigenspace into isotypical components associated to the irreducible
representations of the group. The local asymptotics of the complexified
eigenfunctions in a fixed isotypical component and (heuristically speak-
ing) belonging to a spectral band drifting to infinity have been studied
recently in [arXiv:2409.04753]. In this note, we illustrate these results in
the special case where the base manifold is a d-dimensional torus with
the standard metric, acted upon by a proper subtorus.

Amnoranis. Bracui dyunkimii oneparopa Jlammaca—Bemaprpami Ha miicHo-
AHAJITUIHOMY PIMaHOBOMY MHOTOBH/JII JIOIYCKAIOTh OJTHOYACHE TOJIOMOD-
dHe MPOIOBKEHHS HA JOCTATHBO MaJty TPyOKy I'payepra. Akino va mHO-
TOBUJII 3a/IaHO I30METPUYHY [if0 KOMIAKTHOI rpymu JIi, To KoXkeH Bac-
HUIl IIPOCTIp MOXKHA PO3KJIACTUA HA I30THUMIYHI KOMIIOHEHTH, IO BiJIIIO-
BiZlat0oTh HE3BiMHUM 300pakKeHHAM I1i€l rpynu. JIoKaj bHI aCHMITOTUKH
KOMILTIEKCU(DIKOBAHUX BIacHUX (DyHKIN y dikcoBaniil i3oTumivuaiii KoM-
MOHEHT], 9Kl (6BPUCTUYHO KarXKyuu) HAJIEKATH M0 CIEKTPAJILHOI CMYTH,
10 3MIIILYETHCS IO HECKIHIEHHOCTI, OyJIM HEIoIaBHO AOCTiIKeH] y pobo-
1i [arXiv:2409.04753]. B mauiii crarri Mu LIOCTPYEMO 1i PE3yJIbTATH J1JIst
OKPEMOT'0 BUITAJIKY, KOJU Ha, d-BUMIPHOMY TOPi 3i CTAHIAPTHOIO METPHU-
KOIO JIi€ BJIACHUM MiJITOP.

Let (M, k) be a closed and connected real-analytic Riemannian manifold,
with non-negative Laplacian A. Let
0=pp<pi<ps<--

be the distinct eigenvalues of A, where p; > 0; for every j, let V; < C*(M)
be the eigenspace of ,u?, and let (¢;i)r be an L?-orthonormal basis of Vj.
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Furthermore, let M denote the Bruhat-Whitney complexification of M
(a complex manifold in which M sits as a totally real submanifold). Then
every real-analytic function f: M — R admits a holomorphic extension f to
some open neighbourhood of M in M. As was first pointed out by Boutet
de Monvel [1], there exists an open neighbourhood of M in M to which
every ;, can be holomorphically extended (see also [14, 9] for discussions
and different proofs).

On the other hand, on a sufficiently small open neighbourhood of M in
M there is a canonically induced non-negative strictly plurisubharmonic
function p, with zero-locus M and enjoying several nice properties making
its study of considerable interest from the points of view of Riemannian,
symplectic and complex geometry.

For instance ,/p, which is smooth on M \M, satisfies the homogeneous
complex Monge-Ampére equation, its Hamiltonian flow is closely related
to the homogeneous geodesic flow, and the corresponding Monge—Ampére
foliation is essentially a manifestation of the Riemannian foliation on the
tangent bundle of M. One key to interpreting these statements is that x
induces a symplectomorphism from a tubular neighbourhood of the zero
section in (T'M, Qean) to (M ,Q), where Q4 is the canonical symplectic
structure on TM = TV M, Q = 100p, and the tangent and cotangent
bundles TM and TV M are identified by & (see [10, 7, 8]).

Therefore, for any sufficiently small 7 > 0, the level sets

X7 — p—1(7_2)

are boundaries of strictly pseudoconvex domains M7 c M , and are en-
dowed with a CR structure, a Hardy space H(X") < L?(X7), and a Szegd
projector I17: L?(X7) — H(XT). In particular,

ik = Pl € H(XT),

and the relation between ;i and gojT-k is mediated by a Fourier integral
operator 87 with very interesting microlocal properties (see, e.g., [14, 15,
6]).

These considerations lead one to study, for a fixed sufficiently small
7 > 0, certain Toeplitz operator kernels on X7 related to complexified
wave-Poisson operators on X7 defined in terms of P7. These kernels may
be regarded as heuristic holomorphic analogues of the smoothed spectral
projectors classically used in the spectral theory of pseudodifferential opera-
tors; in particular, they encapsulate information on the asymptotic growth
and concentration properties of the complexified eigenfunctions ¢j;. It
turns out that these operator kernels asymptotically concentrate along the
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graph of the homogeneous geodesic flow, and satisfy along the latter certain
scaling asymptotics of Heisenberg type (|3, 2, 12, 4]).

In addition, given the smooth isometric action on (M, k) of a compact
Lie group G, this analysis can be refined to the equivariant setting. That
is, given a fixed irreducible representation of (G, and under appropriate
hypothesis on the cotangent moment map, one considers the asymptotics
of the associated isotypical components of these kernels. Such issues have
been addressed in [4]; with respect to the action-free case, one additional
feature is that the equivariant kernels asymptotically concentrate along the
zero locus of the moment map.

We won’t provide here in detail the precise statements given in [4] (see
Theorem 7, 29). The goal of this note is rather to illustrate the general
result by describing what it implies in a specific situation. Furthermore,
in order to avoid introducing too many technicalities and terminology, we
shall confine our discussion to the diagonal setting.

Let

T4 =R/ (272%) = (S1)?
be a d-dimensional compact torus, with projection
m:9eRY— P eT?,

and let x denote the standard metric on it (induced from the standard
Euclidean metric on R?). Let 7" < T? denote a proper r-dimensional
subtorus; thus, r < d and T" acts freely on T¢ by translations; this action
determines in a standard manner a unitary representation of 77 on L?(T%).
We shall let t? and ¢ < % denote the Lie algebras of T% and 77, respectively.
Using x, we shall identify the Lie algebras and the corresponding coalgebras,
and correspondingly, for any vector subspace V' < ¢, its orthocomplement
in V+ < ¢ with its annihilator subspace in V0 < (t4)V.

The eigenfunctions of the Laplacian A of (T, k) are the one-dimensional
characters of T, and they are in one-to-one correspondence with the mul-
tiindexes in Z%. Given X € Z%, the corresponding L?-normalized eigenfunc-
tion is

4,0,\(6“9) = cge M o= (27r)*d/2, (1)
and the corresponding eigenvalue is |A|?.

On the other hand, by the theorem of Peter and Weyl, L?(T%) also
decomposes unitarily as a direct sum of isotypical components for T, each
such component being associated to an irreducible representation, hence to
an irreducible character, of T".

If A € Z%, then (y restricts on T" to the character 1/, where X is
the weight on T induced by A. Every weight of T" is the restriction of
a weight of 79, and given A1, Ao € Z¢ we have A] = X} if and only if
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X —Xb e () Z9. Thus, if v is a weight for T, and & € Z? is any choice
of a lift of v, then the weights of T% restricting to v on T" are precisely
those of the form A\ i= & +n with n e (t")*+ n Z4.

Therefore, the T"-isotypical component of L?*(T%) corresponding to v is

L2(Td),, = (—D C- potns (2)
ne(tr)Lnzd

here @p 1y is an eigenfunction of A, with eigenvalue || 4+ n?.

Heuristically, for a given fixed 7 > 0, we are interested in the asymp-
totic concentration of the complexification of those of the eigenfunctions
appearing in (2) that pertain to a spectral band of v/A drifting to infinity
(in other words, with | + | ranging in an interval of fixed length that
is being translated to infinity). Thus, the asymptotic concentration is con-
sidered at a fixed distance 7 from the real locus and letting the spectral
parameter travel to infinity. In practice, we shall primarily deal with an
appropriately smoothed version of this problem.

The complexification T¢ can be identified with (C*)? ~ C%/(27Z%), the
projection being 7: z — e**. Furthermore,

XT=T%x 8 (r)cT?
is the projection of
R? x 28971(7) < C?,

where S1(7) < R? is the sphere of radius 7 centered at the origin (when
7 = 1 we shall set S9! := §9=1(1)). In this case (as for any compact Lie
group with a bi-invariant metric) 7 € (0, +00), see [13].

The holomorphically extended eigenfunction ¢y is obtained by replacing
¥ eR?in (1) by z e C%. Thus if we write z = 9 — o, with 9, r € R?, then

oA (%) = cde*1<)\ﬂ9>*<>\,r>'

The restriction 7 is obtained by taking r = 7w, with w € S%1.
The tempered holomorphic equivariant projector kernel

P, ;€ CP(X™ x X7)
associated to the eigenvalue p; of v/A is then defined to be
()
— s 7
Pli(zy) =™ Y 0hn(@)@h, 1),
ne(tr)Lnzd
where Z(j ) means that we are summing only over those n’s for which

|7 +mn)? =4
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The exponential factor e 27#i tempers the exponential growth of the
complexified eigenfunctions at distance 7 from the real locus.

Since the complexified eigenfunctions ¢, +n do not form an orthonormal
system in H(XT7) (i.e., orthonormality is generally lost through holomorphic
extension to X7), P} ; is not an orthogonal projector kernel. Nonetheless,
it encapsulates information on the asymptotic growth and concentration
properties of the 7 H]’s. In particular, its diagonal restriction is

()
Pl i(wa)=e2™ 1 Jop (@)
ne(t)Lnzd

2

)

so that any asymptotic pointwise estimate on PJ j (x,z) determines an es-
timate on the growth rate of the complexified eigenfunctions along X7.

Since we are interested in the asymptotics related to a traveling spectral
band, following a classical procedure in spectral theory (see e.g. [5]) we
shall consider a smoothed version of the tempered holomorphic projector
kernel associated to an interval drifting to infinity. To this end, let us fix
X € Ci°(—¢, €) for some sufficiently small e > 0, and for A\ € R consider the
smoothing kernel

oo = D XA = ) P,
J

which can be regarded as a smooth approximation of the sum of the P,j,j’s
pertaining to an interval centered at A and drifting to infinity with A\ — +o0.

We may equivalently rewrite P; y in the form

Ps(y) = D) XA =g +ml)e Pl oL (@) eh(v). (3)
ne(tr)Lnzd

which may be regarded as a tempered holomorphic analogue of the smoothed
projection kernels used in classical spectral theory [5] and in Kéhler geo-
metric quantization (see for instance, with no pretense of completeness, the
discussions in [11, 16, 17]).

For the sake of simplicity, we shall restrict here to diagonal asymptotics,
and refer to [4] for more general statements. Let us consider z € X7, and
write as above z = €%, where z = ¥ — 17w, where w € S% 1. The first
conclusion that we can draw from the theory in [4] is that

Py \(z,2) =0 (A™*) as A— +m, (4)

v

unless w € S9! A ("), In fact, a stronger statement holds: for any choice
of constants C,e > 0, (4) holds uniformly for

dist (w, (tr)L) > CONTY2,
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Thus we need to restrict to shrinking neighbourhoods of
Z7 =T x z(Sdil(T) N (tr)L)

in order to find non-trivial asymptotics.

To get a heuristic glimpse of why this is true in the special case at hand,
let us consider for simplicity the case of the trivial representation, so that
we may assume & = 0, and a point z = ¢ € X7 with w ¢ (t")*. Then for
every non-zero ) € (t")* we have

e—27Iml \(p;(:v)F = e 27l ¢ o= 2mnw)

= cgerInl-Kn/Inl,—w)—1]

The expression

m/lnl, —w) -1

remains negative and bounded from above when n € (£"):\{0} and w €
S4=1\(t")* is fixed, hence (5) is rapidly decreasing with |n| — +c0. On
the other hand, (roughly speaking) the non-negligible contributions to (3)
come from those n with |n| ~ A.

Let us refine the previous remark, and consider instead a moving point
x € X7 approaching Z7 at a slow pace with A, that is, we assume that
x is at a variable distance ~ CX~'/2, for some sufficiently small € > 0.
Thus, 7w is at a distance = CAX“"1/2 from ()%, If 7wy is the point of
S4=(7) n (1) closest to Tw, we can write to first order

1
TW=Two+ —F—=Nn+---.

VA

where n € t" has norm ~ C\¢, for some sufficiently small ¢ > 0. Taking
into account that w,wg € S%1, we have

2 1
wo+ ——=n
0 /A

n

1
VA
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Hence, for every non-zero i € (")* we have

e
— 2] |y [1- <,77 w

<2l |5 QAHnH%Rg € ﬁn)]
Linl, o < 1 >
=———F—|n|"+R3| —=n|,
—7 Inl” + B 5y

where R3 vanishes to third order at the origin. Thus, in the regime where
A ~ |n|l, we obtain an exponential decrease in A — +00.
Let us fix x € Z7, and consider the asymptotics of P , (z,x) for A — +o0.

In this case, the results in [4] imply that there exists a full asymptotic
expansion in descending powers of A:

1 1 A (d—1-7)/2 o0 '
i ~N— e — | — E —Jq,,

One is then led to look for an analogue of (6) when z — Z7 in X7 at a
sufficiently fast pace (if  approaches Z7 slowly enough, we already know
that PJ y(z,2) is rapidly decreasing). A convenient way to formulate the
problem is then to consider a small displacement from a given z € Z7 in
a direction normal to Z7; using an additive notation to be interpreted in
an appropriate system of local coordinates centered at x, we shall denote
such small displacement by = + n/v/A € X7, where |n| < CA° for some
suitably small ¢ > 0. The previous discussion suggests that there should
be an exponential Gaussian type factor mediating between the asymptotic
expansion (6) valid on Z7, and the rapid decrease holding at a fixed pair
(0, x0) with zo ¢ Z7. In place of (6), one has

P (x—l—n x—l—n)
v, \/X’ \F

1 e Fmli /oy @-1-r)/2
()
where, in agreement to conventions for which we refer to [4], we have set
|12 :=1]-]?/2, and ay j(x,-) is a polynomial (of degree < 63).

Finally, let us dwell on what the previous expansion looks like in the
action-free case (thus with 7" the trivial subgroup). Then r =0, Z7 = X"

0
0) + Z A ay j(z,m)|,

j=1
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and we obtain that, uniformly on X7,

SR nl)e2 I o7 () ~

nezd

1 1 3\ (@-1)/2 © }
~—— = | — 0)+ A a;
N (wr) x(0) ; aj(z)
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