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On canonical 2F-planar mappings of the
first type of pseudo-Riemannian spaces

with f-structure
Irina Kurbatova, Nadiia Konovenko

Abstract. The article is devoted to the basic questions of the theory of
2F -planar mappings of manifolds, which are endowed with a certain type
affinor structure. We proved that the class of pseudo-Riemannian spaces
with absolutely parallel f -structure is closed with respect to the considered
mappings. In addition, under the condition of covariant constancy of the
affinor f -structure in the mapped spaces, non-trivial 2F -planar mappings
can be of three types: complete and canonical of types I and II.

Previously, we studied complete 2F -planar mappings in detail. This ar-
ticle considers the main issues for canonical 2F -planar mappings of the first
type.

Theorems have been proved that give a regular method that allows for any
pseudo-Riemannian space with absolutely parallel f -structure (Vn, gij , F

h
i )

to either find all spaces (V n, gij , F
h
i ) onto which Vn admits a canonical

2F -planar mapping of the first type, or to prove that there are no such
spaces.

In particular, we have shown that a pseudo-Riemannian space with abso-
lutely parallel f -structure, in which there is a concircular or quasi-concircular
vector field, admits a non-trivial canonical 2F -planar mapping of the first
type.

Анотація. Стаття присвячена базовим питанням теорії 2F -планарних
відображень многовидів, які наділені афінорною структурою певного ти-
пу. Доведено, що клас псевдоріманових просторів з абсолютно паралель-
ною f -структурою є замкненим відносно розглянутих відображень. Крім
того, за умови коваріантної сталості афінора f -cтруктури у відображу-
ваних просторах, нетривіальні 2F -планарні відображення можуть бути
лише трьох видів: повні (основного типу) і канонічні типів I та II.

Раніше ми докладно вивчали повні 2F -планарні відображення. У цій
статті розглядаються основні питання для канонічних 2F -планарних ві-
дображень типу I.
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Доведено теореми, які дають регулярний метод, що дозволяє для будь
-якого псевдоріманового простору з абсолютно паралельною f -структу-
рою (Vn, gij , F

h
i ) або знайти всі простори (V n, gij , F

h
i ), на які Vn допус-

кає канонічне 2F -планарне відображення першого типу, або довести, що
таких просторів немає. Зокрема, показано, що псевдорімановий простір
з абсолютно паралельною f -структурою, в якому існує конциркулярне
або квазіконциркулярне векторне поле, допускає нетривіальне канонічне
2F -планарне відображення типу I.

1. INTRODUCTiON
In [3, 4] we considered 2F -planar mappings [2] which are a natural ge-

neralization of geodesic mappings [8] of affine-connected and Riemannian
spaces, as well as holomorphically-projective and F -planar [1, 5, 6, 9] map-
pings of manifolds endowed with a certain type affinor structure.

In [2] the concept of 2F -planar mapping (2FPM) of affinely connected
and Riemannian spaces was introduced and it was shown that 2FPM bet-
ween the spaces (Vn, gij , F

h
i ), (V n, gij , F

h
i ) with metric tensors gij , gij and

affinor structures F h
i , F

h
i , respectively, necessarily preserves the structure.

In other words, in the common with respect to the mapping coordinate
system (xi) we have

F h
i (x) = F

h
i (x), h, i = 1, 2, . . . , n.

In [2], 2FPMs of pseudo-Riemannian spaces with a structure of the form
F h
αF

α
β F

β
i = δhi were also investigated.

Continuing the study of 2FPM in [3], we found out that a pseudo-
Riemannian space with an absolutely parallel f -structure is a product of two
spaces, one of which is Kähler, and also that the class of pseudo-Riemannian
spaces with an absolutely parallel f -structure is closed with respect to the
considered mappings. It was also shown that under the condition of covari-
ant constancy of the f -structure, non-trivial 2F -planar mappings can be of
three types: complete and canonical of type I or II.

In [3] it is proved that 2FPM, depending on its type, induces on the
product components, which represent the mapped spaces, a geodesic [8],
holomorphic-projective [6] or affine [8] mapping.

In [4] we constructed geometric objects being invariant with respect to
the considered mappings, identified classes of pseudo-Riemannian spaces
with absolutely parallel f -structure that admit 2FPM (of the main type
and canonical) onto a flat space, and obtained their metrics in a special
coordinate system.
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In [11] we considered the basic questions of the theory of 2FPM of the
main type. It is developed a regular method allowing, for any pseudo-
Riemannian space with absolutely parallel f -structure (Vn, gij , F

h
i ), either

to find all spaces (V n, gij , F
h
i ) onto which Vn admits a 2F -planar mapping

of the main type, or to prove that there are no such spaces.
The study is carried out in tensor form, locally, in the class of real rather

smooth, and in the general case analytic functions.

2. 2FPMS OF PSEUDO-RiEMANNiAN SPACES WiTH ABSOLUTELY
PARALLEL f -STRUCTURE AND THEiR REGULARiTiES

Consider two pseudo-Riemannian spaces (Vn, gij , F
h
i ) and (V n, gij , F

h
i ),

in which affinor structures are given. In the common with respect to the
mapping coordinate system (xi) a 2F -planar mapping

(Vn, gij , F
i
h)

2FPMÝÝÝÝÑ (V n, gij , F
h
i ),

is characterized by the fundamental equations [2]:

Γ
h
ij(x) = Γh

ij(x) + ψ(iδ
h
j) + ϕ(i

1
F

h
j) + σ(i

2
F

h
j) ,

F h
i (x) = F

h
i (x),

(2.1)

where
1
F

h
i = F h

i ,
2
F

h
i = F h

αF
α
i .

Γh
ij , Γ

h
ij are the Christoffel symbols of Vn, V n, respectively; ψi(x), ϕi(x),

σi(x) are certain covectors; brackets (i, j) denote the symmetrization with
respect to the corresponding indices; comma “,” is a sign of the covariant
derivative in respect to the connection of Vn.

2FPM is considered trivial when ψi = ϕi = σi = 0.
We will assume that the affinor F h

i defines a f -structure in (Vn, gij , F
h
i ) [7],

[10], i.e. the following conditions hold
F h
αF

α
β F

β
i + F h

i = 0, i, h, α, β, ¨ ¨ ¨ = 1, 2, . . . , n,

Rg}F h
i } = 2k, (2k ă n).

(2.2)

Note that if
‚ the affinor agrees with the metrices on Vn and V n in the sense that the

following identities hold:
1
Fij+

1
Fji = 0,

1

F ij+
1

Fji = 0,

1
Fij = giα

1
F

α
j ,

1

F ij = giα
1
F

α
j .

(2.3)



On canonical 2F-planar mappings of the first type 223

‚ and the corresponding affinor structure is absolutely parallel in Vn, i.e.
1
F

h
i,j = 0, (2.4)

then, as shown in [3], we will have that
1
F

h
i|j = 0, (2.5)

where “ , ” and “ | ” are the signs of the covariant derivative in Vn and V n,
respectively.

In [3] we also found out that under the conditions (2.2)-(2.5) between the
vectors ψi, ϕi, σi in the fundamental equations (2.1) there is a dependence

ψα

1
F

α
i = 0, σi = ψi ´ ϕα

1
F

α
i , ϕi = σα

1
F

α
i , (2.6)

and also that the condition σi = 0 implies ψi = ϕi = 0, i.e. in this case
2FPM is trivial. Therefore, for nontrivial 2F -planar mappings (Vn, gij , F h

i )

onto (V n, gij , F
h
i ) with the fundamental equations (2.1) one of the following

options occurs:
(I) ψi = 0, ϕi ‰ 0, σi ‰ 0;
(II) ψi ‰ 0, ϕi = 0, σi ‰ 0;
(III) ψi ‰ 0, ϕi ‰ 0, σi ‰ 0.

We will call the 2F -planar mapping canonical I(II) type and denote it by
2FPM(I), 2FPM(II) in cases I, II and 2FPM of fundamental type in case III.

Further in this article, we consider only 2FPM(I).
Let us define an operation of contraction with an affinor, which is called

the conjugation with respect to the corresponding indices and is denoted
as follows:

A...
i...

= A...
α...

1
F

α
i , Ai...

... = Aα...
...

1
F

i
α,

A...

i...
= A...

α...

2
F

α
i , Ai...

... = Aα...
...

2
F

i
α.

3. LiNEAR EQUATiONS OF THE THEORY OF 2FPM(I)
A pseudo-Riemannian space Vn with an absolutely parallel f -structure

admits a non-trivial mapping

(Vn, gij , F
i
h)

2FPM(I)ÝÝÝÝÝÑ (V n, gij , F
h
i ),

onto the space V n, if and only if in the common with respect to the map-
ping coordinate system (xi) the fundamental equations of the considered
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mapping have the form:

Γ
h
ij(x) = Γh

ij(x) + ϕ(i
1
F

h
j) + σ(i

2
F

h
j) ,

F h
i (x) = F

h
i (x),

(3.1)

at the same time

σi = ´ϕα
1
F

α
i , ϕi = σα

1
F

α
i . (3.2)

It follows easily from here

σi = ´σα
2
F

α
i , ϕi = ´ϕα

2
F

α
i . (3.3)

Relations (3.1) in (Vn, gij , F
h
i ) are the system of nonlinear differential

equations in partial derivatives of the first order with respect to the com-
ponents of the tensor gij(x) and the vectors ϕi(x) ‰ 0, σi(x) ‰ 0 under
conditions (3.2), (3.3).

The modern theory of differential equations does not provide regular
methods for investigating the conditions for the existence and uniqueness
of solutions to this system.

Using the methods developed in the theory of geodesic mappings of Ri-
emannian spaces [6, 8], we will now reduce the fundamental equations of
2FPM(I) (3.1)–(3.3) to a form that allows for efficient investigation.

It follows from relations (3.1) and (3.2) that
Γ
α
iα(x) = Γα

iα(x) ´ 2(k + 1)σi(x),

Rg}F h
i } = 2k (2k ă n).

Therefore the vector σi is gradient, that is, there exists an invariant σ(x)
such that

σi =
Bσ(x)

Bxi . (3.4)

Further, since gij|k = 0 in V n, Eq. (2.1) can be written in an equivalent
form

gij,k = ϕ(i

1

Fj)k + 2σk
2

F ij + σ(i

2

Fj)k, (3.5)
where

1

F ij = giα
1
F

α
j ,

2

F ij = giα
2
F

α
j ,

2

F ij =
2

Fji.

Let us consider a non-degenerate tensor

g̃ij = giα

(
aδαj + c

2
F

α
j

)
, (3.6)
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where a, c are some invariants.
After covariant differentiation (3.6) in Vn taking into account the condi-

tions (3.5) we obtain:

g̃ij,k = ϕ(i

1

rF j)k + σ(i

2

rF j)k + Tijk, (3.7)
where

1

rF ij = g̃iα
1
F

α
j ,

2

rF ij = g̃iα
2
F

α
j ,

Tijk = gija,k+
2

F ij (c,k + 2(a´ c)σk) .

We choose the invariants a and c so that Tijk = 0, i.e.

gija,k+
2

F ij

(
c,k + 2(a´ c)σk

)
= 0. (3.8)

Contracting the obtained relations with
2
F

j
k by the index j and comparing

the result with the original equality, we conclude that (3.8) are equivalent
to a system of first-order partial differential equations

#
a,k = 0,

c,k + 2(a´ c)σk = 0.

This system is completely integratble and its general solution, taking into
account (3.4), has the form

a = C1, c = C1 + C2e
2σ(x),

where C1, C2 are arbitrary constants. We need any partial solution for
which

g̃ij(x) ‰ agij(x), det }g̃ij} ‰ 0,

and therefore we choose C1 = C2 = 1. Then

g̃ij = giα

(
δαj + (1 + e2σ)

2
F

α
j

)
. (3.9)

The matrix (g̃ij) is non-degenerate. It is easy to verify that the tensor

g̃ij = giα
(
δjα + (1 + e´2σ)

2
F

j
α

)

satisfies the condition
g̃iαg̃

αj = δji .

Let us differentiate this identity covariantly in Vn:
g̃iα,kg̃

αj + g̃iαg̃
αj
,k = 0.
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Hence
g̃ij,k = ´g̃αβ,kg̃αig̃βj

and, according to (3.7), (3.8),

aij,k =
1
λ(i

1
Fj)k +

2
λ(i

2
Fj)k, (3.10)

where
aij = g̃αβgαigβj ,

1
λi = ´ϕαg̃αβgβj ,

2
λi = ´σαg̃αβgβj .

(3.11)

In view of (3.2) the vectors
1
λi,

2
λi are related as follows

2
λi =

1
λi,

2
λi = ´1

λi. (3.12)
It easily follows from (2.3), (3.11) that the tensor aij satisfies the condi-

tions

aiα
1
F

α
j = ´ajα

1
F

α
i , det }aij} ‰ 0. (3.13)

Let us contract (3.10) with
2
F ij by indices i, j. Then taking into ac-

count (3.12) it turns out that the vector
2
λi is gradient, since

aαβ,k
2
F

αβ = (aαβ
2
F

αβ),k = 4
2
λk.

Therefore, if a pseudo-Riemannian space (Vn, gij , F h
i ) with an absolutely pa-

rallel f -structure admits a nontrivial 2FPM(I) onto the space (V n, gij , F
h
i ),

i.e. it satisfies (3.5), (2.2), (2.3), (2.4), then there must exist in it a non-
singular symmetric tensor aij that satisfies (3.10), (3.12), (3.13) for some
nonzero vectors

1
λi,

2
λi.

The converse is also true. In fact, if aij ,
1
λi, and

2
λi satisfy the equations

(3.10), (3.12), (3.13), then for
g̃ij = aαβgαigβj ,

aiαa
αj = δji

the identity (3.7) holds when

Tijk = 0, ϕi = ´1
λβg

βαg̃αi, σi = ´2
λβg

βαg̃αi.

Let Γ̃h
ij be the Christoffel symbols of the second kind derived from the

tensor g̃ij . Given that

2Γ̃α
iα = g̃αβ

Bg̃αβ
Bxi = g̃αβ(g̃αβ,i + 2g̃αγΓ

γ
βi),
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and taking into account (2.6), (3.7) we find

´2σi = Γ̃α
iα ´ Γα

iα

which indicates the gradient of the vector σi.
But then for the tensor

gij = g̃iα

(
δαj + (1 + e2σ)

2
F

α
j

)

conditions (3.5) follow from (3.7) and (3.9). Obviously, gij is a metric
tensor of a pseudo-Riemannian space with a completely parallel f -structure
(V n, gij , F

h
j ).

Thus, we proved

Theorem 3.1. A pseudo-Riemannian space with an absolutely parallel
f -structure (Vn, gij , F

h
j ) admits 2FPM(I)s if and only if in this space there

exists a non-singular, symmetric, doubly covariant tensor aij that satisfies
the equations (3.10), (3.13) for some vectors

1
λi ‰ 0,

2
λi ‰ 0, related by the

conditions (3.12).
Equations (3.10) represent a linear form of the fundamental equations of

the theory of canonical 2F-planar mappings of the first type of spaces with
f -structure.

Let us deduce a useful corollary of Theorem 3.1. Before formulating it,
recall that a Riemannian space (Vn, gij), in which there exists a vector field
ξi ‰ 0, satisfying the equation

ξi,j = ρgij (3.14)

is called equidistant [6,8]. Such vector fields are called concircular [6,8]. An
equidistant space is considered to be of the fundamental type when ρ ‰ 0
and of the special type when (3.10) holds.

Corollary 3.2. Every pseudo-Riemannian space with an absolutely parallel
f -structure (Vn, gij , F

i
j ) in which there exists a concircular vector field ξi

satisfying (3.14) with ρ ‰ 0, admits a nontrivial 2FPM(I) provided that
ξ
i

‰ 0.

Proof. Suppose that there exists a vector field ξi in (Vn, gij , F
h
j ) satisfy-

ing (3.14) and ξ
i

‰ 0. Then for the tensor

aij = C1gij + C2

2
Fij + C3(ξiξj + ξ

i
ξ
j
)
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with constants C1, C2, C3 ‰ 0 such that aij will be non-singular, we will
have that:

aij,k =
1
λ(i

1
Fj)k +

2
λ(i

2
Fj)k,

where
1
λi = ´C3ρξi,

2
λi = C3ρξi.

By direct verification, we will see that for aij and
1
λi ‰ 0,

2
λi ‰ 0, and

the properties (3.12) and (3.13) hold. Hence, by Theorem 3.1 (Vn, gij , F
i
j )

admits 2FPM(I). □

Let us generalize the concept of a concircular vector field. To do this, we
introduce into consideration vector fields satisfying the conditions

ζi,j = ρ1gij + ρ2
2
Fij . (3.15)

We will call them quasiconcircular.

Corollary 3.3. Every pseudo-Riemannian space with an absolutely parallel
f -structure (Vn, gij , F

i
j ), in which there exists a quasi-concircular vector

field ζi satisfying the equation (3.15), admits a 2FPM(I) whenever ρ1 ‰ ρ2,
ρ1 ‰ 0, ρ2 ‰ 0, ζ

i
‰ 0.

Suppose that is a space (Vn, gij , F
h
j ) there exists a vector field ζi satisfy-

ing (3.15) with ρ1 ‰ ρ2, ρ1 ‰ 0, ρ2 ‰ 0, ζ
i

‰ 0. Then, by direct calculation,
we can verify that the vector field

(ρ1 ´ ρ2)ζi ´ ρ2ζi

is concircular and, therefore, in accordance with Corollary 3.2, our space
admits 2FPM(I).

4. FUNDAMENTAL THEOREMS OF THE THEORY OF 2FPM(I) OF
PSEUDO-RiEMANNiAN SPACES WiTH ABSOLUTELY PARALLEL

f -STRUCTURE
Let (Vn, gij , F

h
i ) be a pseudo-Riemannian space with an absolutely pa-

rallel f -structure, so we know its metric tensor gij(x) and the affinor of the
f -structure F h

i (x). Then the problem of whether this space (Vn, gij , F
h
i )

allows the first type canonical 2F -planar mappings reduces to the study
of equations (3.10) with respect to the tensor aij and the vectors

1
λi ‰ 0,

2
λi ‰ 0 satisfying the conditions (3.12), (3.13).
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To solve that problem, consider the integrability conditions of the equa-
tions (3.10). Taking into account the Ricci identity, they will have the
form:

aα(jR
α
i)kl = Q(ij)[kl], (4.1)

where
Qijkl =

1
λi,l

1
Fjk +

2
λi,l

2
Fjk,

the square brackets denote the operation of alternation by the correspon-
ding indices.

Hence, using suitable algebraic transformations, we find

2k
1
λi,l = ν

1
Fil +

(
aαβR

α
.i
β
.γ + aiαR

α
γ

) 1
F

γ
l (4.2)

where ν is some invariant.
The differential conditions on

2
λi are easily obtained from (3.12) and (4.2).

In equations (4.2) new unknown invariant ν has appeared, for which
differential conditions must also be found. To do this, we write the integ-
rability conditions of the last equation:

2(k + 1)
1
λαR

α
ilk =

(
ν,[l ´ 1

λαR
α
[l

)
1
Fk]i +

1
λαR

α
[l

2
Fk]i+

+ 2
1
λiRlk ´ aαβ

(
Rα

ilk,
β

.
+

1
F

β
i R

αδ
..lk,δ

)
.

(4.3)

Hence, by certain algebraic transformations, we find that:

ν,k = 2
1
λαR

α
k
. (4.4)

Equations (3.10), (4.2) and (4.4) constitute a closed system of the first
order partial differential equations of Cauchy type with respect to the un-
known functions aij ,

1
λi, ν. Let us denote it by (A). In the theory of dif-

ferential equations regular methods have been developed for such systems.
Thus, we proved

Theorem 4.1. A pseudo-Riemannian space (Vn, gij(x), F h
i (x)) with an ab-

solutely parallel f -structure admits a canonical 2F -planar mapping of the
first type, if and only if the system of differential equations (A) has a non-
trivial solution

aij(x) (= aji(x), det }aij(x)} ‰ 0) ,
1
λi(x) ‰ 0, ν(x),

satisfying conditions (3.13).
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From the theory of differential equations it is known that the system (A)
has at most one solution for each set of Cauchy initial values

aij(x˝) = aij
˝
,

1
λi(x˝) =

1
λi˝
, ν(x˝) = ν˝ ,

therefore the number of arbitrary constants in the general solution of the
equations (A) is limited. Note that this system is not always compatible
and the existence of non-trivial solutions depends on whether the set of
integrability conditions (A) and their differential extensions are compatible.

The integrality conditions of (3.10) are obtained from (4.1) after replac-
ing the derivative of the vector

1
λi with the expressions (4.2) in the form:
aαβT

αβ
ijkl = 0, (4.5)

where

Tαβ
ijkl = 2k(n´ 2k)

(
δβj R

α
.ikl + δβi R

α
.jkl

)
+

1
T

αβ
(ij)[kl],

1
T

αβ
ijkl =

(
Rα

.iγ
β
.

´Rα
γ δ

β
i

)(
(n´ 2k)

1
F

γ
l

1
Fjk + (2kδγl + n

2
F

γ
l )

2
Fjk

)
.

We obtain the integrability conditions of (4.2) from (4.3) after replacing
the derivatives of ν in them with the expressions (4.4) in the form:

aαβL
αβ
ilk + 2(k + 1)

1
λαQ̃

α

ilk
= 0,

where

Lαβ
ilk = Rα

ilk,
β

.
+

1
F

β
i R

αδ
..lk,δ,

Q̃α
ilk = gαβgiγQ

γ
βlk,

Qh
ilk = Rh

ilk ´ 1
2(k+1)

(
1
F h
k Ril´

1
F h
l Rik + 2

1
F h
i Rkl+

2
F h
k Ril

´ 2
F h
l Rik

)
,

k =
1

2
Rg}F h

i } ‰ 1.

(4.6)

Note that the tensor (4.6) is invariant under canonical 2FPM of the first
type. It was built by us in [4].

Finally, the integrability conditions of equations (4.4) are as follows:

aαβ

(
Rα

.γ[l
β

.
´ δβγR

α
[l

)
Rγ

k] + 2k
1
λαR

α
[k,l] = 0. (4.7)

Let us denote the integrability conditions of the system (A), which we
present in the form (4.5), (4.6)-(4.7), by (B), and their differential exten-
sions by (B1), (B2), (B3), . . . . As we can see, (B), (B1), (B2), (B3), . . . are
a system of linear homogeneous algebraic equations with respect to aij ,

1
λi,
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ν with coefficients from Vn. Since the number of unknown functions is
limited, there will be a natural number s such that (Bs) and the following
extensions will be the consequences of (B), (B1), (B2), (B3), . . . , (Bs´1).

From the analytical theory of differential equations, for the system (A)
there is a nontrivial solution in the neighborhood of the pointM˝ if and only
if the system of equations (B), (B1), (B2), (B3), . . . , (Bs´1) have a nontrivial
solution at this point.

The following theorem holds:

Theorem 4.2. A pseudo-Riemannian space (Vn, gij(x), F h
i (x)) with an ab-

solutely parallel f -structure admits a canonical 2F -planar mapping of the
first type, if and only if the system of homogeneous algebraic equations
(B), (B1), (B2), (B3), . . . , (Bs´1) has in (Vn, gij , F

h
i ) a nontrivial solution

aij(x) (= aji(x), det }aij(x)} ‰ 0) ,
1
λi(x) ‰ 0, ν(x),

which satisfies the conditions (3.13).
Theorems 4.1 and 4.2 can be regarded as the fundamental theorems

of the theory of the first type canonical 2F -planar mappings of pseudo-
Riemannian spaces with absolutely parallel f -structure, since they give a
regular method that allows for any such space (Vn, gij , F h

i ) either to find all
pseudo-Riemannian spaces (V n, gij , F

h
i ) onto which Vn admits 2FPM(I)s,

or to prove that there are no such spaces. However, it should be recognized
that for large n directly solving of this problem may be technically quite
difficult. Therefore, it is very important to develop other approaches to
studying the problem of the existence of 2FPM(I) and their features.
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