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On canonical 2F-planar mappings of the
first type of pseudo-Riemannian spaces
with f-structure

Irina Kurbatova, Nadiia Konovenko

Abstract. The article is devoted to the basic questions of the theory of
2F-planar mappings of manifolds, which are endowed with a certain type
affinor structure. We proved that the class of pseudo-Riemannian spaces
with absolutely parallel f-structure is closed with respect to the considered
mappings. In addition, under the condition of covariant constancy of the
affinor f-structure in the mapped spaces, non-trivial 2F-planar mappings
can be of three types: complete and canonical of types I and II.

Previously, we studied complete 2F-planar mappings in detail. This ar-
ticle considers the main issues for canonical 2F-planar mappings of the first
type.

Theorems have been proved that give a regular method that allows for any
pseudo-Riemannian space with absolutely parallel f-structure (Vi., gij, F}*)
to either find all spaces (Vn,yijf? ) onto which V,, admits a canonical
2F-planar mapping of the first type, or to prove that there are no such
spaces.

In particular, we have shown that a pseudo-Riemannian space with abso-
lutely parallel f-structure, in which there is a concircular or quasi-concircular
vector field, admits a non-trivial canonical 2F-planar mapping of the first

type.

Amnotanis. Crarrsa npucssadena 6a30BUM HUTaHHAM Teopil 2F-ruranapHux
BiT06pazkeHb MHOTOBU/IIB, SIKi HA/ILIEHI adiHOPHOIO CTPYKTYPOIO MTEBHOTO TH-
y. JloBeseno, 1o KJac ICeBAOPIMAHOBUX IIPOCTOPIB 3 ADCOTIOTHO MAPAJIEIb-
HOIO f-CTPYKTYPOIO € 3aMKHEHUM BiJHOCHO PO3IVISIHYTUX Biobpazkenb. Kpim
TOTO0, 32 YMOBH KOBapianTHOI cTasocTi adinopa f-crpykrypu y Bimobpaxky-
BaHUX IIPOCTOpAaX, HeTpuBiaabHi 2F -T1aHapHi BimoOpakKeHHS MOXKYTh OyTH
JIMIIE TPHOX BHUIB: NOBHI (OCHOBHOrO THILy) i Kanouiuui Tunis I Ta II.

Pamnimme mu oknagHo BuBYau nmoBHi 2 F-niyanapHi BioOpakenus. ¥ it
CTATTi PO3IJISiIal0TbCs OCHOBHI MMUTAHHS JJisi KAHOHIYHUX 2F-1manapHux Bi-
nobpaxkeusb Tumy .
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JloBeieHO TeopeMu, sIKi Taf0Th PETYJISAPHUIT METOJI, 110 TO3BOJIsIE JIJTsI OY/Ib
-sIKOT'O TICEBJIOPIMAHOBOTO MPOCTOPY 3 abCOIIOTHO TAPAJIETBLHOI f-CTPYKTY-
poio (Vi, gij, FI) abo smaitta Bei mpocropu (V”,gij,f? ), Ha ski V,, momyc-
Kae KaHoHiuHe 2 F-miaHapHe BimoOpakeHHsT EPIIOTO TUITY, aD0 JOBECTH, IO
TaKUX MPOCTOPIB HeMae. 30KpeMa, MOKA3aHo, MO ICEeBIOPIMAHOBUI IIPOCTIP
3 abCOJIIOTHO TAPAJIEJIbHOI0 f-CTPYKTYPOIO, B SIKOMY ICHYE KOHIUPKYJISIDHE
ab0 KBa31KOHIIMPKYJ/ISIPHE BEKTOPHE TI0JIE, TOMYCKAE HeTPUBiaJIbHe KAHOHIIHE
2F-nnanapue Bimobpaxkenus tumy [.

1. INTRODUCTION

In [3,4] we considered 2F-planar mappings [2] which are a natural ge-
neralization of geodesic mappings [8] of affine-connected and Riemannian
spaces, as well as holomorphically-projective and F-planar [1,5,6,9] map-
pings of manifolds endowed with a certain type affinor structure.

In [2] the concept of 2F-planar mapping (2F'PM) of affinely connected
and Riemannian spaces was introduced and it was shown that 2FPM bet-

ween the spaces (Vn,gij,Fih), (Vn, G5, F';) with metric tensors g;;,9;; and

—h . .
affinor structures Fih, F, | respectively, necessarily preserves the structure.
In other words, in the common with respect to the mapping coordinate
system (z*') we have

In [2], 2FPMs of pseudo-Riemannian spaces with a structure of the form
FQFE‘FZ’B = I were also investigated.

Continuing the study of 2FPM in [3]|, we found out that a pseudo-
Riemannian space with an absolutely parallel f-structure is a product of two
spaces, one of which is Kéhler, and also that the class of pseudo-Riemannian
spaces with an absolutely parallel f-structure is closed with respect to the
considered mappings. It was also shown that under the condition of covari-
ant constancy of the f-structure, non-trivial 2F-planar mappings can be of
three types: complete and canonical of type I or II.

In [3] it is proved that 2FPM, depending on its type, induces on the
product components, which represent the mapped spaces, a geodesic [§],
holomorphic-projective [6] or affine [8] mapping.

In [4] we constructed geometric objects being invariant with respect to
the considered mappings, identified classes of pseudo-Riemannian spaces
with absolutely parallel f-structure that admit 2F'PM (of the main type
and canonical) onto a flat space, and obtained their metrics in a special
coordinate system.
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In [11] we considered the basic questions of the theory of 2F'PM of the
main type. It is developed a regular method allowing, for any pseudo-
Riemannian space with absolutely parallel f-structure (V4,, gij, Fih), either
to find all spaces (V,, yij,F?) onto which V,, admits a 2F-planar mapping
of the main type, or to prove that there are no such spaces.

The study is carried out in tensor form, locally, in the class of real rather

smooth, and in the general case analytic functions.

2. 2FPMSs OF PSEUDO-RIEMANNIAN SPACES WITH ABSOLUTELY
PARALLEL f-STRUCTURE AND THEIR REGULARITIES

Consider two pseudo-Riemannian spaces (Vy, gij, FM) and (Vn,@-j,F?),
in which affinor structures are given. In the common with respect to the
mapping coordinate system (z') a 2F-planar mapping

i\ 2FPM_ — _  —h
(VTMgl]aF}ZL) - (angzp Fz )7

is characterized by the fundamental equations [2]:

Th h h Lh 2
Uij(@) = T35(x) + ¥} + o Fjy + o Fy), (2.1)
Fl(x) = F(a),
where
1 2
Eh = ‘Fz'hv Fih - Fo}éLFia.
F?j, f?j are the Christoffel symbols of V,,,V,,, respectively; ;(z), ¢;(z),

o;(x) are certain covectors; brackets (i,7) denote the symmetrization with
respect to the corresponding indices; comma “)” is a sign of the covariant
derivative in respect to the connection of V,.

2FPM is considered trivial when ¢; = ¢; = g; = 0.

We will assume that the affinor F}* defines a f-structure in (V;,, gij, F*) 7],

[10], i.e. the following conditions hold
F(iLFﬁaF‘Zﬂ"i_F’zh:Ov Z.7h7aa67"':1727-"an7 (22)
Rg|Fl| =2k, (2k <n). '

Note that if

e the affinor agrees with the metrices on V;, and V,, in the sense that the
following identities hold:

o~

1 —

1 — 1
Ej:gia F}aa Fij = ia Ff.
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e and the corresponding affinor structure is absolutely parallel in V,, i.e.

1

Fl =0, (2.4)

then, as shown in [3], we will have that

1
F =0, (2.5)

where “, 7 and “ | ” are the signs of the covariant derivative in V,, and V,,
respectively.

In [3] we also found out that under the conditions (2.2)-(2.5) between the
vectors 1;, ¢;, 0; in the fundamental equations (2.1) there is a dependence

1 1 1
Yo F* =0, 0i = Vi — o F;* ¢i = 00 F* (2.6)

and also that the condition o; = 0 implies ¥; = ¢; = 0, i.e. in this case
2FPM is trivial. Therefore, for nontrivial 2F-planar mappings (V,,, gij, F, ih)

onto (V'pn,g;;, F; ) with the fundamental equations (2.1) one of the following
options occurs:

(I) =0, ¢ #0, 0; #0;
(IT) 4 #0, ¢; =0, o; #0;
(II1) 4 #0, ¢; #0, 07 # 0.

We will call the 2F-planar mapping canonical 1(IT) type and denote it by
2FPM(I), 2FPM(II) in cases I, IT and 2FPM of fundamental type in case I11.
Further in this article, we consider only 2FPM(I).
Let us define an operation of contraction with an affinor, which is called
the conjugation with respect to the corresponding indices and is denoted
as follows:

1 = 1.

Ay = Ag B Al = A% R,

2 = 2.

Ar = Ay B Al = A% R
1..

3. LINEAR EQUATIONS OF THE THEORY OF 2FPM(I)

A pseudo-Riemannian space V,, with an absolutely parallel f-structure
admits a non-trivial mapping

2FP1\/I(I) (Vn7 gz]) F:L))

onto the space V,,, if and only if in the common with respect to the map-
ping coordinate system (z*) the fundamental equations of the considered
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mapping have the form:

=h h Lh 2
F} (@) = Fi (@),
at the same time
1 1
0; = —¢a F" ¢i = 00 F©. (3.2)
It follows easily from here
2 2
0; = —04 F“ Oi = —¢a F. (3.3)

Relations (3.1) in (Vy, gij, F*) are the system of nonlinear differential
equations in partial derivatives of the first order with respect to the com-
ponents of the tensor g;;(z) and the vectors ¢;(x) # 0, oi(r) # 0 under
conditions (3.2), (3.3).

The modern theory of differential equations does not provide regular
methods for investigating the conditions for the existence and uniqueness
of solutions to this system.

Using the methods developed in the theory of geodesic mappings of Ri-
emannian spaces [6,8|, we will now reduce the fundamental equations of
2FPM(I) (3.1)—(3.3) to a form that allows for efficient investigation.

It follows from relations (3.1) and (3.2) that

i () = T (2) = 2(k + 1)oi(2),
Rg|F!| =2k (2k <n).

Therefore the vector o; is gradient, that is, there exists an invariant o(z)
such that
oo (x)
0; = .
B oxt
Further, since Gijip = 0 in Vi, Eq. (2.1) can be written in an equivalent
form

(3.4)

1 2 2
Gijhe = 06 Fjyp + 201 Fij + 06 Fjyps (3.5)
where
1 1 2 2
ij — 7104 F‘]av Fij - ng Fja7
2 2
Fy; =F;.

Let us consider a non-degenerate tensor

2
9ij = Gia <a5§4 tc F‘ja> ) (3.6)
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where a, ¢ are some invariants.
After covariant differentiation (3.6) in V,, taking into account the condi-
tions (3.5) we obtain:

1 2
Gijk = 06 Fyp T 06 Fiyp + Tijk, (3.7)
where
L 1 2 2
Fij = Jia Fjaa Fij = Jia Fja,
2

Tijk = Gijax+ Fij (ck+2(a—c)og).

We choose the invariants a and ¢ so that Tjj, = 0, i.e.

2
Gijart Fij(cr +2(a—c)og) = 0. (3.8)

2 .
Contracting the obtained relations with F}’ by the index j and comparing
the result with the original equality, we conclude that (3.8) are equivalent
to a system of first-order partial differential equations

ay =0,
ck+2(a—c)op=0.
This system is completely integratble and its general solution, taking into
account (3.4), has the form
a=Cq, c=0C1+ 02620(‘70),

where C7, Co are arbitrary constants. We need any partial solution for
which

Gij(z) # ag;j(x), det||gi;| # 0,
and therefore we choose C; = Cy = 1. Then
2
3ij = Gia (07 + (L4 €2) Ff). (3.9)

The matrix (g;;) is non-degenerate. It is easy to verify that the tensor
. : , 2 .
37 =g" <6& +(1+e) Faj)

satisfies the condition
Giag™ = 61]
Let us differentiate this identity covariantly in V,:

gia,kf]aj + §z’a§?€j =0.
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Hence B o
g7 = —Gap k™G
and, according to (3.7), (3.8),

11 2 2
@ijk = N Fyyr T M@ Fjyps (3.10)
where
Ai5 = gaﬂgaigﬂja
- . (3.11)
Xi = —0ag"" 985, Xi = —0aG"" gp;-
1 2
In view of (3.2) the vectors )\;, \; are related as follows
2 1 2 1
A7 = Ais i = =)\ (3.12)

It easily follows from (2.3), (3.11) that the tensor a;; satisfies the condi-
tions

1 1
Uiy Fja = —0Oja E~ det Haij H # 0. (313)

2
Let us contract (3.10) with F* by indices i,j. Then taking into ac-

2
count (3.12) it turns out that the vector ); is gradient, since

2 05 2 05 2
aagk F = (aag F7) 1 = 4k

Therefore, if a pseudo-Riemannian space (V4,, gi5, Fl-h) with an absolutely pa-

rallel f-structure admits a nontrivial 2FPM(I) onto the space (Vn,gij,F?),

i.e. it satisfies (3.5), (2.2), (2.3), (2.4), then there must exist in it a non-

singular symmetric tensor a;; that satisfies (3.10), (3.12), (3.13) for some
12
nonzero vectors \;, \;-

1 2
The converse is also true. In fact, if a;;, \;, and )\; satisfy the equations
(3.10), (3.12), (3.13), then for

Gij = a*? 9aigs;,
a;qa™ = 55

the identity (3.7) holds when

U g 2 o
Tk = 0, bi = =239 " Gais i = —=Xg9" " Gai-

Let ffj be the Christoffel symbols of the second kind derived from the
tensor g;;. Given that

Y I _
2Ty, = gaﬁﬁaf = G5 (Gopi + 2Gor 1)),



On canonical 2F-planar mappings of the first type 227

and taking into account (2.6), (3.7) we find
—20; = f‘?a - F?oz

which indicates the gradient of the vector o;.
But then for the tensor

2
B = Gio (5;.1 4 (14 e2) Fﬁ)

conditions (3.5) follow from (3.7) and (3.9). Obviously, g,; is a metric
tensor of a pseudo-Riemannian space with a completely parallel f-structure
- _ =h

Thus, we proved

Theorem 3.1. A pseudo-Riemannian space with an absolutely parallel
f-structure (Vy,, gij, th) admits 2FPM(I)s if and only if in this space there
exists a non-singular, symmetric, doubly covariant tensor a;; that satisfies

1 2
the equations (3.10), (3.13) for some vectors \i # 0, \; # 0, related by the
conditions (3.12).

Equations (3.10) represent a linear form of the fundamental equations of
the theory of canonical 2F-planar mappings of the first type of spaces with
f-structure.

Let us deduce a useful corollary of Theorem 3.1. Before formulating it,
recall that a Riemannian space (V},, gsj), in which there exists a vector field
& # 0, satisfying the equation

§ij = PYij (3.14)

is called equidistant [6,8]|. Such vector fields are called concircular [6,8]. An
equidistant space is considered to be of the fundamental type when p # 0
and of the special type when (3.10) holds.

Corollary 3.2. Every pseudo-Riemannian space with an absolutely parallel
f-structure (Vn,gij,F;) in which there exists a concircular vector field &;
satisfying (3.14) with p # 0, admits a nontrivial 2FPM(I) provided that
% # 0.

Proof. Suppose that there exists a vector field & in (V,,, gij,th) satisfy-
ing (3.14) and & # 0. Then for the tensor

2
aij = Cigij + C2 Fyj + C3(665 + €65)
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with constants C7,Cs,C3 # 0 such that a;; will be non-singular, we will

have that:
1 1 2 2
aijyk = )\(z Fj)k + )\(Z E])k’

where
1 2
i = —C3p&, Xi = C3p&;.

1 2
By direct verification, we will see that for a;; and \; # 0, \; # 0, and
the properties (3.12) and (3.13) hold. Hence, by Theorem 3.1 (Vn,gij,Fj)
admits 2FPM(I). O

Let us generalize the concept of a concircular vector field. To do this, we
introduce into consideration vector fields satisfying the conditions

2
Gij = p19ij + p2 Fjj. (3.15)

We will call them quasiconcircular.

Corollary 3.3. FEvery pseudo-Riemannian space with an absolutely parallel
f-structure (Vn,gij,F;), in which there exists a quasi-concircular vector
field ¢; satisfying the equation (3.15), admits a 2FPM(I) whenever p; # pa,
pr#0, p2#0,G#0.

Suppose that is a space (Vj,, gij, F]h) there exists a vector field (; satisfy-
ing (3.15) with p; # p2, p1 # 0, p2 # 0, Ci‘ # 0. Then, by direct calculation,
we can verify that the vector field

(p1 = p2)Gi — p2Gs

is concircular and, therefore, in accordance with Corollary 3.2, our space
admits 2FPM(I).

4. FUNDAMENTAL THEOREMS OF THE THEORY OF 2FPM(I) OF
PSEUDO-RIEMANNIAN SPACES WITH ABSOLUTELY PARALLEL
f-STRUCTURE

Let (Vp, gij, Fih) be a pseudo-Riemannian space with an absolutely pa-
rallel f-structure, so we know its metric tensor g;;(x) and the affinor of the
f-structure F*(x). Then the problem of whether this space (Vn,gij, FI*)
allows the first type canonical 2F-planar mappings reduces to the study

1
of equations (3.10) with respect to the tensor a;; and the vectors )\; # 0,

2
i # 0 satisfying the conditions (3.12), (3.13).
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To solve that problem, consider the integrability conditions of the equa-
tions (3.10). Taking into account the Ricci identity, they will have the
form:

aa(jR%kl = Q(ij)[k]> (4.1)

where

11 2 2
Qijki = Nid Fjk + Xig Fjp,
the square brackets denote the operation of alternation by the correspon-
ding indices.
Hence, using suitable algebraic transformations, we find

1 1 1
2kNig =v Fy + (aagR_O;i + aiaRE;> F (4.2)

where v is some invariant.

The differential conditions on iz are easily obtained from (3.12) and (4.2).

In equations (4.2) new unknown invariant v has appeared, for which
differential conditions must also be found. To do this, we write the integ-
rability conditions of the last equation:

1 1 1 1 2

(4.3)
1 a B L B pad
T 2N Ry, — aap | By, "+ F R ) -
Hence, by certain algebraic transformations, we find that:
1
Vi = QAQR% (44)

Equations (3.10), (4.2) and (4.4) constitute a closed system of the first
order partial differential equations of Cauchy type with respect to the un-

1
known functions a;j, \i, v. Let us denote it by (A). In the theory of dif-
ferential equations regular methods have been developed for such systems.
Thus, we proved

Theorem 4.1. A pseudo-Riemannian space (Vy,, gij(z), F(x)) with an ab-
solutely parallel f-structure admits a canonical 2F -planar mapping of the
first type, if and only if the system of differential equations (A) has a non-
trivial solution

0i5(2) (= aji(2), detfag(@)| #0),  A(2) #0,  v(a),

satisfying conditions (3.13).
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From the theory of differential equations it is known that the system (A)
has at most one solution for each set of Cauchy initial values

1
(@) = ay. Mee) = X v(wo) = v,

therefore the number of arbitrary constants in the general solution of the
equations (A) is limited. Note that this system is not always compatible
and the existence of non-trivial solutions depends on whether the set of
integrability conditions (A) and their differential extensions are compatible.

The integrality conditions of (3.10) are obtained from (4.1) after replac-

1
ing the derivative of the vector )\; with the expressions (4.2) in the form:
aa/jTl k= =0, (4.5)
where

af B
szkl = 2k(n — 2k) (5 R+ 0; Rﬂkl) * T(w)[kl]’

T

)

;kz <Ra’8 R%f)((n—%)ﬂ jk+(2k5 "’"F})l%k)

We obtain the integrability conditions of (4.2) from (4.3) after replacing
the derivatives of v in them with the expressions (4.4) in the form:

aasLSy + 2(k + 1)&@% =0
where
Ly = = R, ﬁ+ F’BR 1,00
Qilk =g gi'yQﬁlk’
Qlix = Rly — 571y (flwthil_ l%hRiE +2 fl‘jithﬁ f%thﬁ_ PQ}hRik>v o)
k= Rl Fl £ 1

Note that the tensor (4.6) is invariant under canonical 2F'PM of the first
type. It was built by us in [4].
Finally, the integrability conditions of equations (4.4) are as follows:

_ 1 _
aas (Ro" = 03RG) B+ 2kAa R = 0. (4.7)

Let us denote the integrability conditions of the system (A), which we
present in the form (4.5), (4.6)-(4.7), by (B), and their differential exten-
sions by (B1),(B2),(B3),.... As we can see, (B),(B1),(B2),(Bs),... are

1

a system of linear homogeneous algebraic equations with respect to a;;j,\i,
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v with coefficients from V,,. Since the number of unknown functions is
limited, there will be a natural number s such that (Bs) and the following
extensions will be the consequences of (B), (B1), (B2), (B3), ..., (Bs-1).

From the analytical theory of differential equations, for the system (A)
there is a nontrivial solution in the neighborhood of the point M, if and only
if the system of equations (B), (B1), (B2), (B3),. .., (Bs—1) have a nontrivial
solution at this point.

The following theorem holds:

Theorem 4.2. A pseudo-Riemannian space (Vy,, gij(z), F'(x)) with an ab-
solutely parallel f-structure admits a canonical 2F -planar mapping of the
first type, if and only if the system of homogeneous algebraic equations
(B), (B1),(Ba),(Bs3),...,(Bs-1) has in (Vu, gij, F') a nontrivial solution

1
aij(x) (= aji(z), det|ay(z)] #0), Aix) # 0, v(x),
which satisfies the conditions (3.13).

Theorems 4.1 and 4.2 can be regarded as the fundamental theorems
of the theory of the first type canonical 2F-planar mappings of pseudo-
Riemannian spaces with absolutely parallel f-structure, since they give a

regular method that allows for any such space (Vy,, gij, Flh) either to find all

pseudo-Riemannian spaces (Vmgij,ﬁ? ) onto which V,, admits 2FPM(I)s,

or to prove that there are no such spaces. However, it should be recognized
that for large n directly solving of this problem may be technically quite
difficult. Therefore, it is very important to develop other approaches to
studying the problem of the existence of 2FPM(I) and their features.
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