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Semi-reducible pseudo-Riemannian
spaces with additional conditions

Fedchenko Yu., Lesechko O., Marianko Ya.

Abstract. We consider semi-reducible pseudo-Riemannian spaces with al-
gebraic conditions on the Ricci tensor and the Riemann tensor. For almost
Einstein and weakly recurrent spaces we find the type of tensor characteris-
tic of semi-reducibility. Semi-reducible almost Einstein spaces and weakly
recurrent spaces are divided into types depending on the properties of the
vector fields that exist in them by necessity. The study is carried out locally
in the tensor form.

Анотація. В роботі розглядаються напівзвідні псевдоріманові простори
з алгебраїчними умовами на тензор Річчі та тензор Рімана. Для май-
же ейнштейнових та слаборекурентних просторів знайдено вид тензор-
ної ознаки напівзвідності. Напівзвідні майже ейнштейнові простори та
слаборекурентні простори розділені на типи в залежності від властиво-
стей векторних полів, які в них існують за необхідністю. Дослідження
ведуться локально в тензорній формі.

1. INTRODUCTiON
The semi-reducible expansion of a metric of a pseudo-Riemannian space

Vn (n ą 2) with a metric tensor gij is its representation in the form:
ds2 = ds21(x

1, x2, . . . , xr) + σ(x1, x2, . . . , xr) ds22(x
r+1, xr+2, . . . , xn),

where ds21 and ds22 are independent metrics, depending on different coor-
dinates, and the function σ depends only on the coordinates ds21. A space
Vn admitting at least one semi-reducible expansion is called semi-reducible.
Semi-reducible spaces are a generalization of reducible spaces [17].

A pseudo-Riemannian space Vn is semi-reducible if and only if there exists
a symmetric idempotent tensor, not proportional to the metric tensor, such
that

bαib
α
j = bij , (1.1)

bij,k = uibjk + ujbik, (1.2)
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where ui = u,i = Biu is some gradient vector, comma is a sign of covariant
derivative, and bij = bαjg

αi, gij are elements of a matrix inverse to gij .
Equations (1.1) and (1.2) are called tensor characteristic of semi-reduci-

bility of pseudo-Riemannian spaces [3].
The vector ui in the tensor characteristic of semi-reducible pseudo-Rieman-

nian spaces satisfies the following conditions:
uαb

α
j = 0. (1.3)

uα,ib
α
j = ´uαuαbij , (1.4)

where ui = uαg
αi. Moreover,

(ul,i ´ ului)b = (uαα, ´ uαu
α)bil + bαiR

α
l ´ bαβR

αβ
.il. . (1.5)

In this identity
b = bαβg

αβ , uαα, = uα,βg
αβ , Rhj

il = Rh
ilβg

αj ,

where Rh
ijk is the Riemann tensor, and Rij = Rα

ijα is the Ricci tensor [3].
Let us recall some of earlier results.
A pseudo-Riemannian space Vn is called spaces of constant curvature if

the Riemannian tensor Vn satisfies the following condition

Rh
ijk =

R

n(n´ 1)

(
δhkgij ´ δhj gik

)
,

where δhk is Kronecker symbols, and R := Rαβg
αβ is a scalar curvature.

In semi-reducible spaces of constant curvature, the following identity
holds

bij = γρiρj ,

where γ is some invariant. Moreover γραρα = 1, see [3, 4].
A pseudo-Riemannian space Vn is called Ricci symmetric, whenever the

following conditions hold for the Ricci tensor Vn, [6, 10]:
Rij,k = 0.

In semi-reducible Ricci symmetric spaces we get the following relation:

uαR
α
i =

1
τui, bαiR

α
j =

1
τbij ,

where 1
τ is some constant.

In semi-reducible Ricci-symmetric spaces, the vector ui satisfies the fol-
lowing conditions:

b
(
ui,j ´ uiuj

)
=
(
uα,α ´ uαu

α +
1
τ
)
bij ´ bαβR

α β
ij ,

uα,αk ´ uα,kα =
1
τui.
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Spaces in which the following conditions hold for the Ricci tensor

Rij =
R

n
gij ,

are called Einstein spaces.
For Einstein spaces, the scalar curvature R is always constant. Einstein

spaces belong to the Ricci symmetric spaces.
In semi-reducible Einstein spaces, 1

τ =
R

n
, [2].

A pseudo-Riemannian space is conformally flat if and only if following
conditions hold:

Pij,k ´ Pik,j = 0.

Rhijk = Phkgij ´ Phjgik + Pijghk ´ Pikghj ,

where
Pij =

1

n´ 2

(
Rij ´ 1

2(n´ 1)
Rgij

)
.

If a conformally flat space admits a semi-reducible expansion, then the
vector ui satisfies equations

ui,j ´ uiuj + Pij + µgij ´ e2ubij = 0,

where µ is some invariant such that
µk = uαP

α
k ´ µuk.

In this paper, we will continue the study of special types of semi-reducible
spaces started in [3, 19, 20]. The following three lemmas will be used. We
will present their proofs in Section 4.

Lemma 1.1. If a vector wl
i is an eigenvector of a tensor bij with a tensor

characteristic of semi-reducibility, then its eigenvalue is either zero or one.

Lemma 1.2. If the tensor bij from the tensor characteristic of semi-
reducibility satisfies the condition

bij = τiτj ,

then for the Ricci tensor of the semi-reducible pseudo-Riemannian space Vn
the followign identity holds true:

bαiR
α
j = bαβRαβbij ,

where τi is some vector, and bij = bαβg
αigβj.

Lemma 1.3. Suppose that the following conditions are met for the vector
ui from equation (1.2)

ui,j ´ uiuj + uαu
αbij = τiτj . (1.6)
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Then the vector τi is either zero or an eigenvector of the tensor matrix bij
from the tensor characteristic of semi-reducibility with zero eigenvalue.

2. SEMi-REDUCiBLE SPACES WiTH CONDiTiONS ON THE RiCCi TENSOR
Let us consider semi-reducible pseudo-Riemannian spaces with algebraic

conditions imposed on the Ricci tensor.
The following tensor

Eij := Rij ´ R

n
gij , (2.1)

is called an Einstein’s tensor. Note that Einstein spaces are characterized
by the identity:

Eij = 0. (2.2)
Spaces in which the Einstein tensor has the form

Eij = λiλj , (2.3)
for some nonzero gradient vector λi are called almost Einstein spaces, [5,15].

Taking into account equations (2.1), (2.2) and (2.3), we obtain that

Rij ´ R

n
gij = λiλj . (2.4)

Note that the vector λi is isotropic, i.e. λαλα = 0, whence
λα,iλ

α = 0. (2.5)
Differentiating (2.4) covariantly we obtain that

Rij,k ´ R,k

n
gij = λi,kλj + λiλj,k.

Multiplying the latter identity by gik and wrapping it up by the indices i
and k we get that

n´ 2

2n
R,j = λ α

α, λj ,

where λ α
α, = λα,βg

αβ .
Thus, a pseudo-Riemannian almost Einstein space Vn (n ą 2) has con-

stant scalar curvature only if λ α
α, = 0 [13].

The integrability conditions for equation (1.2) can be written down as
follows, see [4, 11]:

bαiR
α
jkl + bαjR

α
ikl = (ul,i ´ ului)bjk + (ul,j ´ uluj)bik

´ (uk,i ´ ukui)bjl ´ (uk,j ´ ukuj)bil.
(2.6)

Cycling the latter by the indices i, k, l, we obtain that
bαiR

α
jkl + bαkR

α
jli + bαlR

α
jik = 0. (2.7)
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Multiplying (2.7) by the tensor gjk and wrapping it by the indices j and k:

bαiR
α
l ´ bαlR

α
i = 0. (2.8)

Substituting the equations (2.2) and (2.1) into (2.8) we finally obtain that

bαiE
α
l ´ bαlE

α
i = 0. (2.9)

Thus the following theorem holds

Theorem 2.1. The Einstein tensor of a semi-reducible pseudo-Riemannian
space Vn, (n ą 2), satisfies the condition (2.9).

Consider now semi-reducible Einstein spaces. Taking into account (2.3),
the equation (2.9) will be written as follows:

bαiλ
αλl ´ bαlλ

αλi = 0, (2.10)

where λi = λαg
αi.

Since λi ‰ 0, we can choose a vector ξi satisfying ξαλα = 1. Multiplying
the equation (2.10) by ξl and wrapping it by the index l we get that

bαiλ
α =

2
τλi,

where 2
τ = bαβλ

αξβ.
Now we get from Lemma 1.1 the following

Theorem 2.2. In a semi-reducible pseudo-Riemannian almost Einstein
space, the vector λi from equation (2.4) is an eigenvector of the tensor
matrix bij corresponding to the eigenvalue 0 or 1.

The above theorem allows us to split semi-reducible almost Einstein
pseudo-Riemannian spaces into two types:

(A) when 2
τ = 0, and accordingly λαbαi = 0;

(B) when 2
τ = 1 and then λαbαi = λi.

Multiplying equation (2.6) by the tensor gjk and wrapping it up by the
indices j and k, we get the equation (1.5).

Substituting equation (2.4) into (1.5) we obtain that

b(ul,i ´ ului) =
(
u α
α, ´ uαu

α +
R

n

)
bil + λlbαiλ

α ´ bαβR
α β
il .

For spaces of type (A) the latter equation reduces to the following one:

b(ul,i ´ ului) =
(
u α
α, ´ uαu

α +
R

n

)
bij ´ bαβR

α β
il , (2.11)
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while for space of type (B) it will have the following form:

b(ul,i ´ ului) =
(
u α
α, ´ uαu

α +
R

n

)
bli + λlλi ´ bαβR

α β
ij . (2.12)

Hence the following statement holds:

Theorem 2.3. If a space is semi-reducible, almost Einstein and pseudo-
Riemannian, then the vector ui in the equation (1.2) satisfies the condi-
tion (2.11) for spaces of type (A) and the condition (2.12) for spaces of
type (B).

In next section we will consider semi-reducible spaces with certain re-
strictions on the Riemannian tensor.

3. SEMi-REDUCiBLE PSEUDO-RiEMANNiAN SPACES WiTH CONDiTiONS ON
THE RiEMANNiAN TENSOR

A pseudo-Riemannian space is called recurrent if its Riemannian tensor
satisfies the following condition:

Rh
ijk,l = ρlR

h
ijk, (3.1)

for some non-zero vector ρl.
Cycling (3.1) through the indices j, k, l, we obtain that

ρlR
h
ijk + ρjR

h
ikl + ρkR

h
ilj = 0. (3.2)

Note that the condition (3.2) is satisfied for recurrent spaces, however the
converse statement is not true in general. That is, the class of pseudo-
Riemannian spaces in which the condition (3.2) holds is wider than the
class of all recurrent spaces.

A pseudo-Riemannian space in which the condition (3.2) holds are called
weakly recurrent spaces.

Let us wrap the equation (3.2) by the indices l and h
ραR

α
ijk = ρkRij ´ ρjRik. (3.3)

Using this identity, we consider further semi-reducible weakly recurrent
pseudo-Riemannian spaces.

Let us multiply the equation (2.6) by the vector ρm and cycle through
the indices k, l,m. Taking into account (3.2), we then obtain that

ρm
(
(ul,i ´ uiul)bjk + (ul,j ´ ujul)bik

´ (uk,i ´ uiuk)bjl ´ (uk,j ´ ujuk)bil
)

+ ρk
(
(um,i ´ uium)bjl + (um,j ´ ujum)bil

´ (ul,i ´ uiul)bjm ´ (ul,j ´ ujul)bim
)
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+ ρl
(
(uk,i ´ uiuk)bjm + (uk,j ´ ujuk)bim

´ (um,i ´ uium)bjk ´ (um,j ´ ujum)bik
)
= 0.

Let us group the summands:
bjk (ρmul,i ´ ρmuiul ´ ρlum,i + ρluium)

+ bik (ρmul,j ´ ρmujul ´ ρlum,j + ρlujum)

+ bjl (ρkum,i ´ ρkuium ´ ρmuk,i + ρmukui)

+ bil (ρkum,j ´ ρkujum ´ ρmuk,j + ρmukuj)

+ bim (ρluk,j ´ ρlujuk ´ ρkul,j + ρkuluj)

+ bjm (ρluk,i ´ ρluiuk ´ ρkul,i + ρkului) = 0. (3.4)

Multiplying (3.4) by gjk, and wrapping by indices j and k we get
ul,i (bρm ´ ραb

α
m) ´ um,i (bρl ´ ραb

α
l )

´ uiul (bρm ´ ραb
α
m) + uium (bρl ´ ραb

α
l ) (3.5)

+ bil
(
ραu

α
,m ´ ραu

αum ´ uαα,ρm + uαu
αρm

)

´ bim
(
ραu

α
,l ´ ραu

αul ´ uαα,ρl + uαu
αρl
)
= 0 (3.6)

Let us multiply further (3.6) by tensor bij , wrap it by index i, and swap
indices i and j:
bil
(
ραu

α
,m ´ ραu

αum ´ uαα,ρm + uαu
αρm ´ uαu

αbρm + uαu
αραb

α
m

)

´ bim

(
ραu

α
,l ´ ραu

αul ´ uαα,ρl + uαu
αρl ´ uαu

αbρl + uαu
αρβb

β
l

)
= 0.

This means that
3
τmbil ´ 3

τlbim = 0, (3.7)
where

3
τ
m

= ραu
α
,m ´ ραu

αum ´ uαα,ρm + uαu
αρm ´ uαu

αbρm + uαu
αbβl ρβ . (3.8)

If the vector 3
τm ‰ 0, then we can choose a vector ξm so that ξα 3

τ
α
= 1 and

multiply equation (3.7) by the vector ξm. After wrapping by the index m,
we see that

bil =
3
τlbiαξ

α. (3.9)
Let us re-alternate equation (3.9) and take into account the symmetry of
the tensor bil

3
τlbiαξ

α ´ 3
τiblαξ

α = 0. (3.10)
Multiply further the equation (3.10) by ξl and wrap by the index lL

biαξ
α = bαβξ

αξβ
3
τi.
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Then (3.9) will be written down as follows:

bil = bαβξ
αξβ

3
τi

3
τl. (3.11)

It follows from (1.1) that
(
bαβξ

αξβ
)2 3
τj

3
τγ

3
τi

3
τγ = bαβξ

αξβ
3
τi

3
τj ,

where 3
τi =

3
ταg

αi. In other words,

bαβξ
αξβ
(
bαβξ

αξβ
3
τγ

3
τγ ´ 1

)
= 0,

whence (3.11) can finally we written as follows:

bij =
1

3
τα

3
τα

3
τi

3
τj . (3.12)

Note that the vectors ui and
3
τi are orthogonal, i.e.

uα
3
τα = 0.

Weakly recurrent semi-reducible spaces in which the tensor bij from the
tensor characteristic of semi-reducibility satisfies the condition (3.12) are
called spaces of the first type. That is, the tensor bij satisfies the identity

bij = τiτj .

In this case, τi is a vector such that

τi =
1b
3
τα

3
τα

3
τi.

Hence, the tensor bij satisfies the assumption of the semi-reducibility con-
dition of Lemma 1.3 and for the Ricci tensor the following equation holds

bαiR
α
j = bαβRαβbij .

Thus, (1.5) reduces to the following identity:

b(ui,j ´ uiuj) = (u α
α, ´ uαu

α + bαβRαβ)bij ´ bαβR
α β
ij . (3.13)

Thus we have proved the following

Theorem 3.1. In semi-reducible weakly recurrent spaces of the first type,
a vector from tensor characteristic of semi-reducibility conforms to the
condition (3.13).



Semi-reducible pseudo-Riemannian spaces with additional conditions 241

Let us consider the case when the vector 3
τ i is zero. Then, taking into

account (3.8), the equation (3.6) reduces to
(bρm ´ ραb

α
m) (ul,i ´ uiul + uαu

αbil)

´ (bρl ´ ραb
α
l ) (um,i ´ uium + uαu

αbim) = 0. (3.14)
Denote

4
τm := bρm ´ ραb

α
m.

A pseudo-Riemannian semi-reducible weakly recurrent space will be called
a space of the second type if 4

τm ‰ 0 and of the third type if 4
τm = 0.

For spaces of the second type, one can choose a vector ξi such that
4
ταξ

α = 1. Then the equation (3.14) will be written as follows:

ul,i ´ uiul + uαu
αbil =

4
τl(uα,i ´ uαui + uβu

βbαi)ξ
α.

Since the vector ui is gradient and the tensor bil is symmetric, we obtain
that

ul,i ´ uiul + uαu
αbil = c

4
τl

4
τi, (3.15)

where c is some invariant such that
c = (uα,β ´ uαuβ + uγu

γbαβ)ξ
αξβ .

Theorem 3.2. In semi-reducible weakly recurrent spaces of the second
type, a vector from tensor characteristic of semi-reducibility satisfies the
condition (3.15).

It follows from Lemma 1.3, that either c = 0 or 4
τ i is an eigenvector of

the tensor bij with zero eigenvalue.
That is, either

ul,i ´ uiul + uαu
αbil = 0,

or
(bρβ ´ ραb

α
β)b

β
i = 0. (3.16)

Taking into account (1.1), the equation (3.16) implies that:
(b´ 1)ραb

α
i = 0.

Thus, semi-reducible weakly recurrent spaces of the second type can be
split into spaces in which either c = 0 or b = 1 or ραbαi = 0.

Consider now semi-reducible weakly recurrent spaces of the third type,
in which

ραb
α
m = bρm.

According to Lemma 1.1, the invariant b can take the value 0 or 1.
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Theorem 3.3. In semi-reducible weakly recurrent spaces of the third type
with b = 1 the following identity holds:

ui,j ´ uiuj + uαuαbij = bαi Rαj ´Rij .

Proof. Multiply the equation (2.6) by the vector ρl = ραg
αl and wrap it by

the index l:
bαiR

α
jkβρ

β + bαjR
α
ikβρ

β = ρα(uα,i ´ uαui)bjk + ρα(uα,j ´ uαuj)bik

´ (uk,i ´ ukui)bαjρ
α ´ (uk,j ´ ukuj)bαiρ

α.

Taking into account equations (2.8) and (3.3), the latter identity reduces
to the following one:

ρiAkj + ρjAki =
5
τibjk +

5
τjbik, (3.17)

where
Akj = Rkj ´ bαj Rαk + b(uk,j ´ ukuj).

On the other hand,
5
τi = ρα(uα,i ´ uαui).

Let us now re-alternate (3.17) with respect to the indices i and k. Since
the tensor Aij is symmetric, i.e. Aij = Aji, we obtain that

ρiAkj ´ ρkAij =
5
τibjk ´ 5

τkbij .

Swapping the indices k and j we get:

ρiAkj ´ ρjAik =
5
τibjk ´ 5

τjbik. (3.18)
Add up equations (3.18) and (3.17) we obtain that

ρiAkj =
5
τibjk. (3.19)

Finally, multiplying (3.19) by tensor bil and wrapping by index i we get that
bρlAkj = ´uαuαbρlbkj .

Since ρl ‰ 0 and b = 1, the theorem is proved. □

Consider the case when b = 0. Then the equation (3.19) reduces to the
following one:

ρi(Rkj ´ bαj Rαk) =
5
τibjk. (3.20)

Multiply equation (3.20) by the tensor bjl and wrap it up by the index j.
Taking further into account equation (1.1), we will obtain that 5

τ i. Hence
we get the following
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Theorem 3.4. In semi-reducible weakly recurrent pseudo-Riemannian spaces
of the third type at b = 0 for the Ricci tensor the following conditions hold

Rij = bαi Rαj . (3.21)
Multiply the equation (3.21) by the vector ui and wrap by the index i.

Then we obtain that
uαRαj = 0.

Let us differentiate covariantly (3.21):
Rij,k = uiRjk + bαi Rαj,k. (3.22)

Recall that a Ricci flat space is a pseudo-Riemannian space with vanish-
ing Ricci tensor. Then equation (3.22) leads to the following:

Corollary 3.5. Suppose that in a semi-reducible weakly recurrent pseudo-
Riemannian space of the third type with b = 0, its Riemannian tensor
satisfies the recurrence condition (3.1). Then the space is Ricci flat.

Let us multiply equation (3.21) by the vector ρi and wrap up by the
index i. From equation (3.3) and the former expression, we can see that

2ραRαi = Rρi = 0.

This gives the following

Corollary 3.6. A semi-reducible weakly recurrent space of type with b = 0
is a space of constant scalar curvature.

4. PROOF OF LEMMAS 1.1, 1.2 AND 1.3
Proof of Lemma 1.1. Let’s multiply equation (2.8) by the tensor bij and
wrap up the index i. Taking into account the equation (1.1), we get

(2
τ ´ 1

)
λαbαi = 0.

Thus, 2
τ is a constant, that equals either 1 or 0. □

Proof of Lemma 1.2. Consider the case when the tensor bij is decomposed
into a bivector, i.e.

bij = τiτj , (4.1)
for some vector τi.

Condition (1.1) then implies that
τiτατ

ατj = τiτj .

Indeed, otherwise
τατ

α = 1,
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and the equation (1.2) reduces to the following one:
bij,k = τk(uiτj + ujτi).

Multiplying (1.3) by gij and wrapping by indices i and j we obtain
b,k = 2uατ

ατk.

Hence
uατ

α = 0.

Substituting condition (4.1) in equation (2.5) we get
τiταR

α
jkl + τjταR

α
ikl = (ul,i ´ ului)τjτk + (ul,j ´ uluj)τiτk

´ (uk,i ´ ukui)τjτl ´ (uk,j ´ ukuj)τiτl.

Grouping the terms in the latter equation we obtain
τi
(
ταR

α
jkl ´ (ul,j ´ uluj)τk + (uk,j ´ ukuj)τl

)

+ τj (ταR
α
ikl ´ (ul,i ´ ului)τk ´ (uk,i ´ ukui)τl) = 0.

(4.2)

Multiplying (4.2) by τ i and wrapping by index i
ταR

α
jkl ´ (ul,j´uluj)τk + (uk,j ´ ukuj)τl

+ τj (´ταul,ατk + τlτ
αuk,α) = 0.

(4.3)

Substituting (4.3) into (4.2) we obtain
τiτj (τlτ

αuk,α ´ τkul,ατ
α) = 0. (4.4)

Hence (4.3) reduces to
ταR

α
jkl = τk(ul,j ´ uluj) ´ τl(uk,j ´ ukuj). (4.5)

It also follows from (4.4) that
ταuk,α = uα,βτ

ατβτk.

Multiplying (4.5) by vector τk and wrapping by index k, we get
τατ

βRα
jβl = ul,j ´ uluj ´ uα,βτ

ατβτlτj . (4.6)
Taking into account equation (4.6) in (4.5)

ταR
α
jkl = τlτατ

βRαjkβ ´ τkτ
ατβRαjlβ .

In other words,
ταR

α
jkl = τlb

αβRαjkβ ´ τkτ
ατβRαjlβ . (4.7)

Multiplying (4.7) by gjk and wrapping by indices j and k we get
ταR

α
l = bαβRαβτl. (4.8)
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Multiplying furhter (4.8) by vector τk we finally get
bkαR

α
l = bαβRαβbkl,

which proves the lemma. □
Proof of Lemma 1.3. Multiply the equation (1.6) by the tensor bik and wrap
it by the index i:

bαkuα,j ´ bαuαuj + uαu
αbαk bαj = bαk τατj .

Then taking into account equations (1.4), (1.3) and (1.1), respectively, we
obtain that bαk τατj = 0. □

CONCLUSiONS
The specialization of pseudo-Riemannian spaces is one of the most ef-

fective methods of research in differential geometry. In our case, it is the
possibility of reducing the metric tensor of a pseudo-Riemannian space to
a special form in a certain coordinate system. Such pseudo-Riemannian
spaces are called almost reduced spaces.

Almost reduced spaces are wide classes of pseudo-Riemannian spaces
from general relativity [1], geodesic mapping theory [8], quasi-mapping
theory [16, 18] and conformal mapping theory [12, 14], as well as other
branches of differential geometry and topology [21].

The need of a choice of a coordinate system complicates the study, so
the tensor characteristic of such spaces is used. The tensor characteristic of
semi-reducible pseudo-Riemannian spaces is a system of two equations, al-
gebraic and differential, with respect to some tensor bij and gradient vector
ui. The study of this system leads to significant technical difficulties and,
therefore, the method of additional specialization by the type of internal
objects [7, 9].

We also described certain properties of the vector from the tensor semi-
reducibility characteristic of almost Einstein spaces and weakly recurrent
pseudo-Riemannian spaces.
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