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Semi-reducible pseudo-Riemannian
spaces with additional conditions

Fedchenko Yu., Lesechko O., Marianko Ya.

Abstract. We consider semi-reducible pseudo-Riemannian spaces with al-
gebraic conditions on the Ricci tensor and the Riemann tensor. For almost
Einstein and weakly recurrent spaces we find the type of tensor characteris-
tic of semi-reducibility. Semi-reducible almost Einstein spaces and weakly
recurrent spaces are divided into types depending on the properties of the
vector fields that exist in them by necessity. The study is carried out locally
in the tensor form.

Amnoraiiig. B poboti po3riisiaioThCs HAIIB3BiIHI TICEBIOPIMAHOBI TPOCTOPH
3 ajreOpaiyHuMu ymoBamu Ha TeH30p Piudi Ta Tenzop Pimana. lna maii-
JKe efHINTTeRHOBUX Ta CJIaDOPEKYPEHTHUX MPOCTOPIB 3HANIEHO BUJ TEH30D-
HOI o3Haku Hamip3BixnocTi. HamiB3pigni maiike efiHITeiiHoBi pocTopu Ta
CJIADOPEKYPEHTHI TPOCTOPH PO3/IiJIEH] Ha TUMH B 3aJIEKHOCTI BiJ| BJIACTHBO-
creil BEKTOPHUX IIOJIIB, sKi B HUX ICHYIOTH 3a HeoOximmicTio. Jlociimkenns
BE/LyThCsI JIOKAJTHHO B TEH30DPHIH dopmi.

1. INTRODUCTION

The semi-reducible expansion of a metric of a pseudo-Riemannian space
Vi (n > 2) with a metric tensor g;; is its representation in the form:

ds® = ds?(zt, 2%, .. 2") + ozt 2%, 2T dsA(am T 2R L e,

where ds? and ds3 are independent metrics, depending on different coor-
dinates, and the function o depends only on the coordinates ds?. A space
V, admitting at least one semi-reducible expansion is called semzi-reducible.
Semi-reducible spaces are a generalization of reducible spaces [17].

A pseudo-Riemannian space V;, is semi-reducible if and only if there exists
a symmetric idempotent tensor, not proportional to the metric tensor, such
that

(0%
baib = bij, (1.1)
bij i = wibjk + u;jbig, (1.2)
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where u; = u; = d;u is some gradient vector, comma is a sign of covariant
derivative, and b;- = baj g*, g% are elements of a matrix inverse to 9ij-
Equations (1.1) and (1.2) are called tensor characteristic of semi-reduci-
bility of pseudo-Riemannian spaces |3].
The vector u; in the tensor characteristic of semi-reducible pseudo-Rieman-
nian spaces satisfies the following conditions:

uabf = 0. (1.3)
ua,ib;?‘ = —uauo‘bij,

where u* = uq,g®. Moreover,

(w,i — wui)b = (ug, — uau®)by + bai R — bas RSy (1.5)
In this identity
i .
b= baﬁgaﬁa ug, - uo‘vﬁgaﬁ’ Ril] - Rﬁﬁga]’

where thjk is the Riemann tensor, and R;; = Rfj, is the Ricci tensor [3].
Let us recall some of earlier results.
A pseudo-Riemannian space V,, is called spaces of constant curvature if

the Riemannian tensor V,, satisfies the following condition

(6795 — 5;-191'1@),

(e}

R
h
Rijp = ——F
n(n—1)

where 5,@ is Kronecker symbols, and R := Raﬁgaﬂ is a scalar curvature.

In semi-reducible spaces of constant curvature, the following identity
holds

bij = Ypip;,

where 7 is some invariant. Moreover yp,p* = 1, see [3,4].

A pseudo-Riemannian space V,, is called Ricci symmetric, whenever the
following conditions hold for the Ricci tensor V;,, [6,10]:

Rij,k =0.
In semi-reducible Ricci symmetric spaces we get the following relation:

1 1
(67 o
uo Ry = Tuy, bai R} = Tbij,

1,
where T is some constant.
In semi-reducible Ricci-symmetric spaces, the vector u; satisfies the fol-
lowing conditions:

b(ui’j — uiuj) = (uava — uaua + 71')b@] — baﬁRai]ﬂ,

1
« « _ )
u ak u ko = TUG.
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Spaces in which the following conditions hold for the Ricci tensor
R
Rij = —9ii»
are called Finstein spaces.
For Einstein spaces, the scalar curvature R is always constant. Einstein

spaces belong to the Ricci symmetric spaces.

R
In semi-reducible Einstein spaces, F= —, [2].
n
A pseudo-Riemannian space is conformally flat if and only if following
conditions hold:

Pijx — Pig; = 0.
Rpijk = Pak9ij — Prjigik + Pijgnk — Pikgnj,

where
1

1
P = 7<R~ R )
U o\ T gy 1y
If a conformally flat space admits a semi-reducible expansion, then the
vector u; satisfies equations

uij — uinj + Pij + pgi; — e*'bij = 0,
where p is some invariant such that
p = ua Py — pug.
In this paper, we will continue the study of special types of semi-reducible

spaces started in [3,19,20]. The following three lemmas will be used. We
will present their proofs in Section 4.

Lemma 1.1. If a vector wé is an eigenvector of a tensor b;; with a tensor
characteristic of semi-reducibility, then its eigenvalue is either zero or one.

Lemma 1.2. If the tensor b;; from the tensor characteristic of semi-
reducibility satisfies the condition
bij = TiTj,

then for the Ricci tensor of the semi-reducible pseudo-Riemannian space Vi,
the followign identity holds true:

bai RS = 0P Rogbij,
where T; is some vector, and b" = baggaigﬁj.
Lemma 1.3. Suppose that the following conditions are met for the vector
u; from equation (1.2)

Us.5 — UiUj + uauabij = T;Tj. (16)



236 Yu. Fedchenko, O. Lesechko, Ya. Marianko

Then the vector T; is either zero or an eigenvector of the tensor matriz b;;
from the tensor characteristic of semi-reducibility with zero eigenvalue.

2. SEMI-REDUCIBLE SPACES WITH CONDITIONS ON THE RICCI TENSOR

Let us consider semi-reducible pseudo-Riemannian spaces with algebraic
conditions imposed on the Ricci tensor.

The following tensor

R
EZ" = Rij — Egij, (21)

is called an FEinstein’s tensor. Note that Einstein spaces are characterized
by the identity:

E;; = 0. (2.2)
Spaces in which the Einstein tensor has the form
Eij = Ai)‘ja (23)

for some nonzero gradient vector \; are called almost Einstein spaces, [5,15].
Taking into account equations (2.1), (2.2) and (2.3), we obtain that

Rij — ggn = Ailj. (2.4)
Note that the vector \; is isotropic, i.e. AoA% = 0, whence
Aa,iA* = 0. (2.5)
Differentiating (2.4) covariantly we obtain that

Ry
Rijx — 7’91']' = Nk Aj + Ak

Multiplying the latter identity by ¢’* and wrapping it up by the indices i
and k we get that
n—2
o i = Al
where Ao = A 5g%°.
Thus, a pseudo-Riemannian almost Einstein space V;, (n > 2) has con-

stant scalar curvature only if A\, = 0 [13].
The integrability conditions for equation (1.2) can be written down as
follows, see [4,11]:
bai Ry + baj Ry = (uri — wwi)bji + (wi; — wpu)big 26)
— (u;m- — ukui)bj — (uk,j — ukuj)bil. '
Cycling the latter by the indices ¢, k, [, we obtain that

baiR?kl + bakR}lli + balR?éik = 0. (27)
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Multiplying (2.7) by the tensor g/* and wrapping it by the indices j and k:
baiR] — by Ry = 0. (2.8)
Substituting the equations (2.2) and (2.1) into (2.8) we finally obtain that
bai B — by B = 0. (2.9)

Thus the following theorem holds

Theorem 2.1. The Einstein tensor of a semi-reducible pseudo-Riemannian
space Vi, (n > 2), satisfies the condition (2.9).

Consider now semi-reducible Einstein spaces. Taking into account (2.3),
the equation (2.9) will be written as follows:

Daid® N\ — by A \; = 0, (2.10)

where A’ = \,g™. ‘
Since A\; # 0, we can choose a vector £ satisfying £*\, = 1. Multiplying
the equation (2.10) by & and wrapping it by the index I we get that

baid® = A,

where %: baﬁAang.
Now we get from Lemma 1.1 the following

Theorem 2.2. In a semi-reducible pseudo-Riemannian almost Einstein
space, the vector \; from equation (2.4) is an eigenvector of the tensor
matriz b;j corresponding to the eigenvalue 0 or 1.

The above theorem allows us to split semi-reducible almost Einstein
pseudo-Riemannian spaces into two types:

(A) when 7= 0, and accordingly A\*b,; = 0;
(B) when 7 = 1 and then \ba; = \;.

Multiplying equation (2.6) by the tensor ¢/* and wrapping it up by the
indices j and k, we get the equation (1.5).
Substituting equation (2.4) into (1.5) we obtain that

R
b(ul,i - ului) = <Ua7a — ugu® + E)bzl + AbaiA® — baﬂRail’B.
For spaces of type (A) the latter equation reduces to the following one:

R
b(ug; — wu;) = (umo‘ — Uu® + E)bij — baBRailB, (2.11)
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while for space of type (B) it will have the following form:
R
buy; — wpug) = (ua,a — ugu® + E)b“ + AN — bagRY. (2.12)
Hence the following statement holds:

Theorem 2.3. If a space is semi-reducible, almost Einstein and pseudo-
Riemannian, then the vector u; in the equation (1.2) satisfies the condi-
tion (2.11) for spaces of type (A) and the condition (2.12) for spaces of

type (B).
In next section we will consider semi-reducible spaces with certain re-
strictions on the Riemannian tensor.

3. SEMI-REDUCIBLE PSEUDO-RIEMANNIAN SPACES WITH CONDITIONS ON
THE RIEMANNIAN TENSOR

A pseudo-Riemannian space is called recurrent if its Riemannian tensor
satisfies the following condition:

R’Z’k,l = le?jk’ (31)

for some non-zero vector pj.
Cycling (3.1) through the indices j, k, [, we obtain that

Note that the condition (3.2) is satisfied for recurrent spaces, however the
converse statement is not true in general. That is, the class of pseudo-
Riemannian spaces in which the condition (3.2) holds is wider than the
class of all recurrent spaces.

A pseudo-Riemannian space in which the condition (3.2) holds are called
weakly recurrent spaces.

Let us wrap the equation (3.2) by the indices [ and h

pal, = prRij — pjRik. (3.3)

Using this identity, we consider further semi-reducible weakly recurrent
pseudo-Riemannian spaces.

Let us multiply the equation (2.6) by the vector p,, and cycle through
the indices k, [, m. Taking into account (3.2), we then obtain that

P ((us — wing)bje + (ug; — wjug) b
— (s — ugug)bjy — (up,; — wjug)bi)
=+ pk((um,i — Uity )bj1 + (U, — Ujtm )by

— (uri — i) bjm — (urj — wjug)bim)
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=+ Pl((uk,i — witg)bjm + (Uk,j — Uju)bim
— (i = wittm) b — (W j — wjtin)bix) = 0.
Let us group the summands:
bik (Pmut — PmUity — Prtim,i + Pruitm)
+ bik, (PmULj — PmUjUup — PrUm,j + PIUjUm)
+ b1 (PrUm,i — PEUUm — PmlUk + PmUkl;)
+ bt (PrUm,j — PrUjUm — Pk + PrmUkL;)
+ bim (p1uk,; — prujug — prug; + pruiu;)
+ bjm (pruk,; — pruiug — prug; + prugu;) = 0. (3.4)
Multiplying (3.4) by g7, and wrapping by indices j and k we get
Uy 5 (bpm — pabiy) — Um,i (bpr — pabi’)

= ity (bpm — pabyy,) + witim (bpr — paby’) (3.5)
+ by (pQUf’;n = Pl Uy — Ug P + U U Py )
— bim (pau — pauug — u pr + uqu®pr) =0 (3.6)

Let us multiply further (3.6) by tensor b%, wrap it by index i, and swap
indices 7 and j:

bil (pau?;n - pauaum - Ug,Pm + uauapm - uocuabpm + uauapab;ln)
— bim (pau?j — Pt Uy — ug pr + UaU pp — Uaubpy + uauapgblﬁ> =0.

This means that

73—mbil - 73—lbim =0, (3.7)

where
3
7= pauj’?‘n — Pl Uy — Ug P+ UaU P, — U U by + uauablﬁpﬁ. (3.8)

If the vector 73'm # 0, then we can choose a vector £ so that £ 73'a =1 and
multiply equation (3.7) by the vector ™. After wrapping by the index m,
we see that

3
bi = Tibia " (3.9)
Let us re-alternate equation (3.9) and take into account the symmetry of
the tensor b

Fibia €™ — Liba™ = 0. (3.10)
Multiply further the equation (3.10) by ¢ and wrap by the index IL

« (07 3
bia§™ = bag§ & 7.
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Then (3.9) will be written down as follows:

bit = bapt®c® 7 7). (3.11)
It follows from (1.1) that

23 3,3 3 3 3
(bapl®€®)" 75 77 75 7y = bap€®8® 7 7,

where 3 — ?'ago‘i. In other words,
bap” (bap€” 71 7, 1) = 0,
whence (3.11) can finally we written as follows:

1 33

Ta T

bl'j =

3 .
Note that the vectors u; and 7; are orthogonal, i.e.

3
Uy T = 0.

Weakly recurrent semi-reducible spaces in which the tensor b;; from the
tensor characteristic of semi-reducibility satisfies the condition (3.12) are
called spaces of the first type. That is, the tensor b;; satisfies the identity

bij = 7;7;.
In this case, 7; is a vector such that
1 3

T, = — T4
T 3 3 K3
Ta T

Hence, the tensor b;; satisfies the assumption of the semi-reducibility con-
dition of Lemma 1.3 and for the Ricci tensor the following equation holds

baiRS = b Rogbi;.
Thus, (1.5) reduces to the following identity:
buij — uiug) = (g * — uat® + 5*’ Rag)bi; — bap R, (3.13)
Thus we have proved the following

Theorem 3.1. In semi-reducible weakly recurrent spaces of the first type,
a vector from tensor characteristic of semi-reducibility conforms to the
condition (3.13).
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. 3 . . .
Let us consider the case when the vector 7; is zero. Then, taking into
account (3.8), the equation (3.6) reduces to

(bpm — paby,) (U1 — wiug 4+ uauby)
— (bpr — pabf) (Ui — Wity + uubipm,) = 0. (3.14)

Denote
4
Tm = bpm — pabs,.

A pseudo-Riemannian semi-reducible weakly recurrent space will be called
a space of the second type if ?‘m # 0 and of the third type if ;L'm =0.

For spaces of the second type, one can choose a vector £ such that
;l'afa = 1. Then the equation (3.14) will be written as follows:

4
o «
w i — wiy + uqu by = T1(Ua,i — Ui + u[guﬁbai)f .

Since the vector u; is gradient and the tensor b; is symmetric, we obtain

that
4 4
i — wity + uau®by = ¢ T Ty, (3.15)

where ¢ is some invariant such that
¢ = (Uqp — Uug + uwﬂbag)ﬁagﬁ.

Theorem 3.2. In semi-reducible weakly recurrent spaces of the second
type, a wvector from tensor characteristic of semi-reducibility satisfies the
condition (3.15).

. 4 .
It follows from Lemma 1.3, that either ¢ = 0 or 7; is an eigenvector of
the tensor b;; with zero eigenvalue.
That is, either

Ui — Uy + uauby =0,
or
(bps — pab3)b; = 0. (3.16)
Taking into account (1.1), the equation (3.16) implies that:
(b—1)paby = 0.

Thus, semi-reducible weakly recurrent spaces of the second type can be
split into spaces in which either ¢ =0 or b =1 or pob§* = 0.
Consider now semi-reducible weakly recurrent spaces of the third type,
in which
Pabsy, = bpp,.
According to Lemma 1.1, the invariant b can take the value 0 or 1.
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Theorem 3.3. In semi-reducible weakly recurrent spaces of the third type
with b =1 the following identity holds:
Uj 5 — UiU; + uauabij = b?Raj — Rij.
Proof. Multiply the equation (2.6) by the vector p! = po,g® and wrap it by
the index I:
baiR?kﬁpﬁ + bosz;‘);cﬁpB = p* (Ui — Uai)bjk + p*(Ua,j — Uatj)bik
— (up,i — uri)bajp® — (ug,; — upt;)baip™.

Taking into account equations (2.8) and (3.3), the latter identity reduces
to the following one:

5 5
piArj + pj Ak = Tibji + Tjbir, (3.17)
where
Akj = Rkj - b?Rak + b(uk,j — ukuj).

On the other hand,

5
T = pa(ua,i - uaui)-

Let us now re-alternate (3.17) with respect to the indices i and k. Since
the tensor A;; is symmetric, i.e. A;; = Aj;, we obtain that

5 5
PiAr; — prAij = Tibji — Tbij.

Swapping the indices k and j we get:
5 5

piAkj — ,Oink = Tibjk - ijik- (318)
Add up equations (3.18) and (3.17) we obtain that
5
piAkj = Tibjk:- (319)

Finally, multiplying (3.19) by tensor bf and wrapping by index ¢ we get that
bprArj = —uau®bpby;.
Since p; # 0 and b = 1, the theorem is proved. [l

Consider the case when b = 0. Then the equation (3.19) reduces to the
following one:
5
pz(Rk] - b?Rak) == Tibjk- (320)
Multiply equation (3.20) by the tensor b{ and wrap it up by the index j.

Taking further into account equation (1.1), we will obtain that 75'1 Hence
we get the following
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Theorem 3.4. In semi-reducible weakly recurrent pseudo-Riemannian spaces
of the third type at b =0 for the Ricci tensor the following conditions hold

Ri; = b® Ra. (3.21)

Multiply the equation (3.21) by the vector u’ and wrap by the index i.
Then we obtain that

UaRaj =0.
Let us differentiate covariantly (3.21):
Rijk = uiljk + bf Rajik- (3.22)

Recall that a Ricci flat space is a pseudo-Riemannian space with vanish-
ing Ricci tensor. Then equation (3.22) leads to the following:

Corollary 3.5. Suppose that in a semi-reducible weakly recurrent pseudo-
Riemannian space of the third type with b = 0, its Riemannian tensor
satisfies the recurrence condition (3.1). Then the space is Ricci flat.

Let us multiply equation (3.21) by the vector p’ and wrap up by the
index ¢. From equation (3.3) and the former expression, we can see that

2p%Ra; = Rp; = 0.
This gives the following
Corollary 3.6. A semi-reducible weakly recurrent space of type with b =0
is a space of constant scalar curvature.

4. PROOF OF LEMMAS 1.1, 1.2 AND 1.3

Proof of Lemma 1.1. Let’s multiply equation (2.8) by the tensor b;- and
wrap up the index i. Taking into account the equation (1.1), we get

(7= 1)A%q; = 0.
Thus, Fisa constant, that equals either 1 or 0. U

Proof of Lemma 1.2. Consider the case when the tensor b;; is decomposed
into a bivector, i.e.

bij = TiTj, (4.1)
for some vector 7;.
Condition (1.1) then implies that

TiTaTOTj = T4Tj.

Indeed, otherwise
TaT =1,
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and the equation (1.2) reduces to the following one:
bijk = Tie(wiTj + ujT;).

Multiplying (1.3) by g% and wrapping by indices i and j we obtain

bi = 2uaT Ty
Hence

ue, T = 0.
Substituting condition (4.1) in equation (2.5) we get
TiTaR]q‘kl + 7iTa Ry = (Wi — wug) T + (W — wug) 7T

— (ki — ;)T — (U j — URU)TiT

Grouping the terms in the latter equation we obtain

7i (Ta RSy — (wij — wug) i + (up,j — upus)m)

+ 75 (Ta Ry — (wi — wus) T — (ug,; — ugus)m) = 0. (4.2)
Multiplying (4.2) by 7¢ and wrapping by index i
Tl — (wj—wu) 7 + (uk,; — wpu;)m (43)
+ 75 (—TaUr,0Te + T U o) = 0.
Substituting (4.3) into (4.2) we obtain
i (T Uk 0 — Tt o) = 0. (4.4)
Hence (4.3) reduces to
TQR;"M = 1 (ur,; — wuy) — 7(upj — upuy). (4.5)
It also follows from (4.4) that
TUp o = Uq pTOT T
Multiplying (4.5) by vector 7% and wrapping by index k, we get
TaTBR?‘Bl = — UUj — uaﬂTaT'BTlTj. (4.6)
Taking into account equation (4.6) in (4.5)
Ta Ry = TlTaTBRajkg - TkTaTﬁRaﬂg.
In other words,
TaR?kl = leaﬁRajkg — TkTaTBRaleB. (4.7)

Multiplying (4.7) by ¢7¥ and wrapping by indices j and k we get
Ta R = b*P Rop7. (4.8)
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Multiplying furhter (4.8) by vector 7 we finally get
bra RS = b*° Ry sby,
which proves the lemma. O

Proof of Lemma 1.5. Multiply the equation (1.6) by the tensor b} and wrap
it by the index 1:

RUaj — DM uquj + uqu®bibaj = bYTaT).

Then taking into account equations (1.4), (1.3) and (1.1), respectively, we
obtain that bi7,7; = 0. O

CONCLUSIONS

The specialization of pseudo-Riemannian spaces is one of the most ef-
fective methods of research in differential geometry. In our case, it is the
possibility of reducing the metric tensor of a pseudo-Riemannian space to
a special form in a certain coordinate system. Such pseudo-Riemannian
spaces are called almost reduced spaces.

Almost reduced spaces are wide classes of pseudo-Riemannian spaces
from general relativity [1], geodesic mapping theory [8], quasi-mapping
theory [16, 18] and conformal mapping theory [12, 14|, as well as other
branches of differential geometry and topology [21].

The need of a choice of a coordinate system complicates the study, so
the tensor characteristic of such spaces is used. The tensor characteristic of
semi-reducible pseudo-Riemannian spaces is a system of two equations, al-
gebraic and differential, with respect to some tensor b;; and gradient vector
u;. The study of this system leads to significant technical difficulties and,
therefore, the method of additional specialization by the type of internal
objects [7,9].

We also described certain properties of the vector from the tensor semi-
reducibility characteristic of almost Einstein spaces and weakly recurrent
pseudo-Riemannian spaces.
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