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Diagonals of strongly separately
continuous functions

Olena Fotiy, Volodymyr Mykhaylyuk

Abstract. We study the diagonals g(z) = f(z,...,x) of strongly sep-
arately continuous mappings f: X" — Z, that is, mappings which for a
fixed value of one variable are jointly continuous with respect to the oth-
ers variables. We prove that for any n > 2, any topological space X, any
strongly o-metrizable equiconnected space (Z, A) with a perfect stratification
assigned with a mapping A and every Baire class one mapping g: X — R
there exists a strongly separately continuous mapping f: X" — Z with the
diagonal g. From this we obtain that for any PP-space space X and any
strongly o-metrizable equiconnected space (Z, A) with a perfect stratification
assigned with a mapping A the diagonals of strongly separately continuous
mappings f: X" — Z are exactly Baire class one mappings. Moreover, we
prove that for a countably compact space X the diagonals of strongly sepa-
rately continuous functions f: X™ — R coincide with the functions of Baire
class one if and only if every system of functionally open pairwise disjoint
sets in X is at most countable.

Amnoranis. Buswaorhea miaronani g(xz) = f(x,...,T) CHIBHO HAPI3HO He-
nepepBHUX Bigobpaxenn f: X" — Z, 10610 Bijobpakenb, dki mpu ¢ikco-
BAHOMY 3HAYE€HHI OJIHI€T 3MIHHOI € CYKYIIHO HEIlepEPBHUMM BiJHOCHO DEIITH
n—1 aminaux. JloBeaeHo, 1Mo JJjisd JOBIIBHAX 1 = 2, TOMOJIOTiYHOTO TIPOCTOPY
X, CHJIbHO 0-METPU30BHOTO PIBHOMIPHO 3B’a3HOr0 mpoctopy (Z, A) 3 10CKO-
HaJIMM BUYEPIIYBAHHSM, y3TO/KEHUM 3 BiOOparkeHHAM A, i BimoOpakeHHs
mepioro Kjiacy bepa g: X — Z icHye cujibHO Hapi3HO HellepepBHE Bijgobpa-
xenus f: X" — Z 3 piaronaJunio g. 3BiJcu BUILIUBAE, MO JJIA JOBIILHOTO
P P-ipoctopy mpoctopy X i JOBIIBHOTO CHIBHO 0-METPU30BHOTO PiBHOMIp-
HO 3B’A3HOTrO pocTopy (Z, A) 3 JOCKOHAJIUM BUYEPILYBAHHSIM, Y3TOIKEHUM
3 Bi/1IoOOparKeHHAM A, JiiaroHaJli CUJILHO HAPI3HO HEIEPEPBHUX Bij0OparKeHb
f: X" — Z — ue, B Tounocri, Binobpakenus nepinoro kiacy bepa. Kpim To-
T'0 JIOBEJIEHO, IO /IS 3/IiYeHHO KOMITAKTHOTO TPOCTOpy X iaroHasti CHIbHO
HapizHo HenepepBHuxX dyukmii f: X" — R 36iratorbesa 3 GYHKIIAMEA TEP-
moro kJjacy bepa Tomi i TIIbKK TOJ, KON KOXKHA cucTeMa (PYyHKITIOHAIHLHO
BIIKPUTHUX MOMAPHO HEIEPETUHHUX MHOXKUH B X € He OLIbII, HiK 3J1i9€HHOIO.
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1. INTRODUCTION

Let X be a topological space, n = 2 and f: X" — R be a mapping. We
call a mapping g: X — R defined by g(z) = f(z,...,z) for every z € X,
the diagonal of f.

Investigations of diagonals of separately continuous functions f: X2 — R
were initiated by R. Baire in [1]. It was shown in [1] that diagonals of sepa-
rately continuous functions of two real variables are exactly pointwise limits
of continuous functions. This result was generalized in [6,8] by H. Lebesgue
and H. Hahn for real-valued functions of n real variables.

The above results led to the study of the Baire classification of separately
continuous mappings and their analogues. This topic has been intensively
developed in the works of many mathematicians (see, for example, [2,9,
11,15,21] and the literature given there). Notice that results on the Baire
classification give necessary conditions on the diagonals of separately con-
tinuous mappings f: X" — Z for corresponding classes of spaces X and
Z. On the other hand, for an arbitrary topological space X the problem of
constructing of a separately continuous function f: X™ — R with a given
diagonal of the (n —1)-th Baire class was solved in [16] (for n = 2) and [17]
(for n = 3). Moreover, results on the construction of separately continu-
ous mappings with values in abstract spaces Z with a given diagonal were
obtained in [10, Corollary 3.2] and [11, Theorem 4.

Notice that the transition from separately continuous mappings of two
variables to mappings of three or more variables can be made by consi-
dering strongly separately continuous mappings, that is, mappings which
for a fixed value of one variable are jointly continuous with respect to
the others variables. The history of studying the properties of strongly
separately continuous mappings concerns only the investigation of the set
of discontinuity points. J. C. Breckenridge and T. Nishiura in |3, Theo-
rem 6.3] characterized the set of discontinuity points of strongly separately
continuous functions defined on the product of n metric spaces. In do-
ing so, they used the term strongly (n — 1)-continuous functions for such
functions. In [5, Theorem 2.1] the authors obtained a similar result for
]-"l;" -continuous functions, i.e. functions f: R™ — R, whose restriction on
any k-dimensional flat parallel to vector subspace spanned by k coordi-
nate vectors is continuous. The existence of strongly separately continuous
functions on the product of abstract spaces with an one-point discontinuity
was investigated in [12] and [13]. In this connection, the question on the
diagonals of strongly separately continuous functions naturally arises.

In this paper we study the diagonals of strongly separately continuous
mappings. First, using the standard approach, for an arbitrary n > 2, an
arbitrary topological space X and a strongly o-metrizable equiconnected
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space (Z,\) with a perfect stratification assigned with a mapping A obtain
a solution to the problem of constructing of strongly separately mapping
f: X™ — Z with a given diagonal of the first Baire class. From this we
obtain that for a PP-space X (in particular, metrizable space X ), the diag-
onals of strongly separately continuous mappings f: X" — Z are exactly
Baire class one mappings. Furthermore, we prove that for a countably
compact space X the diagonals of strongly separately continuous functions
f: X" — R coincide with the functions of Baire class one if and only if
every system of functionally open pairwise disjoint sets in X is at most
countable.

2. SEPARATE S-CONTINUITY AND STRONG SEPARATE CONTINUITY

Let n > 2, Xy,..., X, besets, X = [[,_; Xy, S < {1,....,n} bea
non-empty set and 7' = {1,...,n}\S. We consider the following projection
mappings

prS:X—>HXk and prS:X—»l_[X;C
keS keT

defined respectively by

prg(x) = (zx)res  and pr¥(x) = (1) rer

for every x = (x)p_, € X. In the future, we will identify a point x € X
and the pair (prg(x), pro(x)). If S = {k} then we write pr;, and pr* instead
prg and pr® respectively.

Moreover, let X1, ..., X, be topological spaces, Y be a topological space
and f: X — Y be a mapping. For every v € [[,.p X; we consider the
mapping fsv: | [peg Xx — Y defined by

fsv(u) = f(u,v)

for every u € [[cg Xk If S = {1,...,n}\{k} and z € X}, then we write
fi,z instead fs ;.

The following notions were introduced in [14]. We say that f is S-continu-
ous at a point x € X if the mapping fg s is continuous at the point
prg(x), and f is S-continuous if f is S-continuous at every point x € X.

Now let S be a system of nonempty proper subset of the set {1,...,n}.
We say that f is separately S-continuous if f is S-continuous for every
SeS.

Proof of the following statement is obvious, and we omit it.

Proposition 2.1. Let X;,...,X,, be topological spaces, Y be a topological
space and f: [[;_y Xr — Y be a mapping. Then
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(1) f is separately continuous if and only if f is separately S-continuous
for the system S = {{1},...,{n}};

(2) if S < {1,...,n — 1} for every S € S, then the S-continuity of f is
equivalent to the S-continuity of every mapping from the family

(frnz:xe Xp);

(3) if S1 € Sy < {1,...,n}, then the So-continuity of f implies the Sy -conti-
nuity;
(4) if f is separately So-continuous for the system

So = {S\{k} : 1 <k <n},

then f is separately S-continuous for any system S of nonempty proper
subset of the set {1,...,n};
(5) f is separately So-continuous for the system

So={S\{k}:1<k<n)

if and only if for every k < n and every x € X;, the mapping fr . is
continuous.

Since the separate Sp-continuity from Proposition 2.1 is the strongest
property among all separate S-continuities, it is natural to call it a strong
separate continuity.

Clearly, for every m > 2 the function sp,,: R” — R defined by

T1X2Tn 2 2 . 2
_ ) et ey Tr Tty #0,
spp(T1, ..., Xn) = 5 o 5
0. 224 a4 =0,
for (z1,x9,...,xy,) € R", is strongly separately continuous and discontinu-

ous at (0,0,...,0).

The following statement shows that for functions f: R® — R, where
n = 3, the strong separately continuity is strictly the strongest property
among all separate S-continuities.

Proposition 2.2. Let n = 2, § be a system of nonempty proper subset
of the set {1,...,n,n+ 1} and {1,...,n} ¢ S. Then there exists a sepa-
rately S-continuous function f: R — R which is not strongly separately
continuous.

Proof. 1t enough to consider the function

flxy, . xp,y Tng1) = spp(T1,. .., 2n). O
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3. CONSTRUCTING OF STRONGLY SEPARATELY CONTINUOUS FUNCTIONS
WITH GIVEN DIAGONAL

First, we will recall some definitions.

A mapping f: X — Y between topological spaces X and Y is called a
mapping of the first Baire class if there exists a sequence (f;);2; of conti-
nuous mappings f;: X — Y such that f;(x) — f(z) for every z € X.

A topological space X is called o-metrizable if there exists an increas-
ing sequence (X)), of closed metrizable subspaces X,, of X such that
X = J>_; X,. The sequence (X,)®_, is called a stratification of X. A
o-metrizable space X is called strongly o-metrizable if there exists a strati-
fication (X, )2, of X such that for any convergent sequence (), in X
there exists m € N with

{x, :neN}c X,,.

Moreover, we say that the stratification (X, ), is perfect (see, [11]) if there
exists a sequence (my),_; of continuous projections m,: X — X,,.

An equiconnected space is a pair (X, \) of a topological space X and a
continuous function A\: X x X x [0,1] — X such that

A(x7y70> =, )‘(xaya 1) =Y, )\(LU,.I',t) =7,

for every x,y € X and ¢t € [0, 1].

Let (X, \) be an equiconnected strongly o-metrizable space with a strat-
ification (X,,);~;. Then we say that the stratification (X,,),2_ is assigned
with A if A\(X,, x X, x [0,1]) € X,, for every n € N.

Following [22] we say that a topological space X is a US-space if every
convergent sequence has exactly one limit to which it converges. Clearly,
any Th-space is a US-space, and any U S-space is a Tj-space.

Proposition 3.1.

(1) Ewvery strongly o-metrizable space X is a US-space.
(2) There ezists a o-metrizable space X which is not a US-space.

Proof. (1). Let (X,,);2, be a stratification of X such that for any conver-
gent sequence (), in X there exists m € N with {z,, : n € N} € X,,,.
Moreover, let x,, — a and x,, — b in X. Then there exists m € N such that

{zn, :neN} U {a,b} < X,p.

Then z,, — a and z, — b in X,,,. Therefore, a = b.

(2). Let X = {x,, : n € N}, where all z;, are distinct. Moreover, let 7 be
the topology on X such that {z, : n > 2} is a discrete subspace of (X, )
and for every i = 1,2 the sets

{xi} u{zg : k=n}
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forms a 7-base at x;. Since every X,, = {z} : k < n} is a discrete subspace
of X, X is a o-metrizable space. Moreover, x,, — x1 and z, — x2in X. 0O

We say that a topological space X is a countably compact space if every
countable open cover of X has a finite subcover.

Let X be a completely regular space and C'(X) be the collection of all
continuous real-valued functions defined on X. By C,(X) we denote the
space C'(X) endowed with the pointwise convergence topology on X.

We will need the following auxiliary statement.

Lemma 3.2. Let X, Y be topological spaces, f: X — Y, xyg € X and
(Ui)£ be a sequence of neighborhoods U; of xg in X such that f(x;) — f(xo)
for every sequence (x;)72, of z; € U;. Then f is continuous at .

Proof. Let V' be an arbitrary neighborhood of f(zg) in Y. Assume that
f(U;) € V for every i € N. Then for every i € N there exists x; € U; with

f(z;) ¢ V. Now we have that f(x;) does not converge to f(z¢), which gives
a contradiction. O

The following theorem can be proved analogously to [19, Theorem 1].

Theorem 3.3. Let n = 2, X be a topological space, Y be a US-space,

(Z,\) be an equiconnected subspace of Y, (G;)72, and (F;), be sequences

of open sets G; and closed sets Fy in X", (¢;), be a sequence continuous

functions @;: X™ — [0,1], (9:)72, be a sequence of continuous mappings

gi: X > Z and g: X — Y be a mapping such that:

(1) Go=Fy=X"and A, ={(z,...,2) e X" :ze X} S Gis1 S F; € G;
for every i e N;

(2) X™\G; € ;7 1(0) and F; < ¢; 1(1) for every i e N;

(3) for every x € X, any sequence (t;)72, of t; € [0,1] and any sequence
()2, of zi € X such that

n

(i) € | prou (Fim1)
=2

for all i € N we have that
Zlg{.lo A(Qi(ﬂﬁi), Git1(x;), ti) =g().
Then the following function f: X™ — R, defined by

Mgi(z1), gig1(21), 0i(x)), x€ Fi—1\£i;

xe BE=(F,.
i=0

J6) = g(r1),
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for every x = (x1,...,x,) € X", is strongly separately continuous on X"
and joint continuous on the open set X™\E.

Proof. The joint continuity of the function f on the open set X™\E can be
proved in a completely analogous way to the proof of [10, Theorem 3.1].
Notice that for every x € X we have (z,2) € pr o, (Fj—1) for all i € N.

It follows from (3) that

lim gi(z) = lim A(g;(2), gi+1(2),0) = g(=).
1—00 1—00
Moreover, for every (z1,...,x,) € E we have that

g(z1) = g(z2) = - = g(xn).

Indeed, for every k > 2 we have that (x1,2x) € pryy py(Fi—1) for all i € N
and, according to (3),

g(zy) = lim Agi(z1), gi1(21),0) = lim gi(a1) = g(z1).

It remains to verify that f is strongly separately continuous at every point
x € E. Fix any x = (z1,...,2,) € E and k € {1,2,...,n} and show that
the mapping f, ,, is continuous at pr¥(x). For every i € N we set

Ui = Fi—l M prlzl(xk).
Let i e Nand y = (y1,...,yn) € U;. Notice that yp = x. If ye F; n E,
then
) =9() = 9(ye) = g(zr) = g(z1) = f(x).
If y € F;\F, then there is j > i and t € [0, 1] such that

9;(11), 9j+1(y1), ).

Moreover,
n

(y1, k) = (g, Tk) € U pl"{1,z}(Fj—1)

1=2
for Kk =1 and

n

(y1,2x) € | prow (Fj-1)

k=2
for k = 2. The condition (3) implies that

lim f(y;) = /()

for every sequence (y;)72, of y; € U;. Therefore, fy,, is continuous at
r*(x) by Lemma 3.2. O

We need the following statement |11, Proposition 3|.
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Proposition 3.4. Let X be a metrizable space, (Z, \) be a strongly o-metriz-
able equiconnected space with a perfect stratification (Z;), assigned with
a mapping X and g: X — Z be a mapping of the first Baire class. Then
there exist a sequence (g;)i2, of continuous mappings gi: X — Z; and a
sequence (W;)®, of open sets W; < X? such that:

(1) Ay € W; for every i € N;

(2) hn& gi(zi) = g(x) for every x € X and for any sequence (x;)°, of

i

points x; € X with (x;,x) € W; for all i € N.

Lemma 3.5. Let (Z,\) be an equiconnected space, z € Z, (z;)72, and
(wi)2, be sequences of zj,w; € Z such that z; — z and w; — z. Then for
every sequence (t;)72, of t; € [0,1] we have that A(z;, w;, t;) — z.

Proof. Tt follows from the continuity of A and the compactness of [0, 1] that
for every neighborhood W of z there exists a neighborhood W of z such
that A(W7 x Wy x [0,1]) € W. O

Theorem 3.6. Let n > 2, X be a topological space, (Z,\) be a strongly
o-metrizable equiconnected space with a perfect stratification (Z;) 2, as-
stgned with a mapping A and g: X — Z be a mapping of the first Baire class.
Then there exists a strongly separately continuous mapping f: X™ — Z with
the diagonal g.

Proof. Since the stratification (Z;);2, is perfect, there is a sequence ()7,
of continuous projections m;: Z — Z;. Choose a sequence (h;)72; of conti-
nuous mappings h;: X — Z which pointwise converges to g. Consider the
sequence (g;)72, of continuous mappings g;: X — Z;, g; = m; o h;. Since
(Z;), is a stratification of a strongly o-metrizable space Z, we have that
the sequence (g;)72, pointwise converges to g.

Consider the continuous mapping ¥: X — Hf’;l Z; defined by

U(z) = (9i(x))iZy
for every x € X. Since all Z; are metrizable, the space Y = 1(X) is metriz-
able. Moreover, all projection mappings p;: Y — Z;, pi((zj);ozl) = z;, are
continuous. Besides, for every z € X we have that
lim p;(¢(z)) = lim g;(x) = g(z).
1—00 1—0
So, we can consider the mapping g: Y — Z, defined by
§7((Zi)fi1) = lim 2
1—00

for every (z;)2, € Y. Clearly, ¢ is a Baire one mapping and g(z) = §(¢(x)).
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According to Proposition 3.4, there exist a sequence (g;);2 of continuous
mappings g;: Y — Z; and a sequence (W;)?2; of open sets W; < Y2 such
that

for every y € Y and for any sequence (y;);72; of pomts y; € Y such that
(yi,y) € W; for all i € N.

Choose sequences (G;)%, and (F;)?, of open sets G; and closed sets E;
in Y2 such that

0 c éz F é e Wi+1 N Wi+2
for every 7 € N.
Consider also the continuous mapping ¢: X2 — Y2 defined by

P(x1,22) = (Y(21), ¥ (x2))
for all 1,20 € X. Set Gy = Fy = X",

Gi = ﬂ pr{1 k} (G)) and I = ﬂ pr{l k} H(F)

for every i € N. Notice that the sequences (G;)72, and (F;)72, of function-
ally open in X" sets GG; and functionally closed in X™ sets G; satisfy the
condition (1) from Theorem 3.3. Moreover, there is a sequence (¢;)2, of
continuous functions ¢; : X™ — [0, 1] which satisfies (2) from Theorem 3.3.

Consider the sequence (f;)?2; of continuous mappings f;: X — Z defined
by

filz) = g(¢(x))

for every x € X. It remains to verify the condition (3) from Theorem 3.3
for the sequence (f;)72; and the mapping g. According to Lemma 3.5, it is
enough to show that for any fixed x € X and any fixed sequence (z;)72; of
z; € X with (z;,7) € Jp_o Pryy gy (Fi—1) for all i € N we have that

1—00 1—00
Notice that B
(¢($l),¢(a¢)) el 1 cWin Wiy

Therefore,
i fi(w) = lim gi(4(2:)) M fipa () = lim gip ((a7))
= g(¢¥(x)) and = g(¥(z))
=9() =g(2).

Theorem is completed. O
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4. CHARACTERIZATION OF DIAGONALS OF STRONGLY SEPARATELY
CONTINUOUS MAPPINGS

The following simple observation reduces the study of necessary condi-
tions on the diagonals of strongly separately continuous mappings to the
case of mappings of two variables.

Remark 4.1. Let X and Z be topological spaces, n = 2 and f: X" - Z
be a strongly separately continuous mapping. Then the diagonal of f is the
diagonal of the separately continuous mapping h: X? — Z defined by

h(ﬂ:,y)Zf(x,y,...,y)

for every x,y € X.

Therefore, the theorems on the Baire classification of separately continu-
ous mappings of two variables play a decisive role in obtaining the neces-
sary conditions on the diagonal of strongly separately continuous functions.
W. Rudin in [21], using locally finite partitions of the unit, showed that any
separately continuous mapping defined on the product of a metrizable space
and a topological space and with values in a locally convex space belongs
to the first Baire class. Further development of Rudin’s method led to the
emergence of the following notion.

A topological space X is called a PP-space if there exist a sequence
((hnyi =1 € 1)), of locally finite partitions of unity (hy; : i € I,) on
X and sequence ((n; : @ € Ip))y_; of families (xy; : ¢ € I,) of points
Zn; € X such that for any x € X and any neighborhood U of z there
exists ng € N such that z,; € U if n > ng and hyi(x) # 0. Notice that
Hausdorff PP-spaces coincide with metrically quarter-stratifiable spaces
(see [18]) introduced in [2].

Clearly, every metrizable space is a PP-space. A typical example of a
non-metrizable PP-space is the Sorgenfrey line S (see [7, p. 21]). In this
case for every n € N we can set I, = Z, hy; = X[i,ﬂ and x,; = % for
each i € Z, where x4 means the characteristic function of the set A.

The following result gives one of the most general results on the Baire
classification of separately continuous mappings with values in o-metrizable
spaces.

Theorem 4.2 ([11], Theorem 15). Let X be a PP-space, Y be a topological
space and Z be a strongly o-metrizable equiconnected space with a perfect
stratification (Z;)2,, where every Z; is an arcwise connected and locally

arcwise connected subspace of Z. Then every separately continuous mapping
f: X xY — Z is of the first Baire class.
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For a space Z which satisfies the conditions from Theorem 3.6 we obtain
the following corollary.

Corollary 4.3. Let X be a PP-space, Y be a topological space and (Z,\)
be a strongly o-metrizable equiconnected space with a perfect stratification
(Zi), assigned with a mapping X. Then every separately continuous map-
ping f: X XY — Z is of the first Baire class.

Proof. Since the stratification (Z;)°, assigned with a mapping A, for every
i € N the pair (Z;, \;) is an equiconnected space where \; is the restriction
of A on X; x X; x [0,1]. Therefore, every Z; is an arcwise connected and
locally arcwise connected subspace of Z. O

The following result is a main result of this section.

Theorem 4.4. Let X be a topological space, (Z,\) be a strongly o-metriz-
able equiconnected space with a perfect stratification (Z;) ., assigned with a
mapping A. Suppose also that at least one of the following condition holds:

(1) every separately continuous mapping h: X* — Z is of the first Baire
class;
(2) X is a PP-space;
(3) X is a metrizable space.
Then for any mapping g: X — Z the following conditions are equivalent:

(i) g is of the first Baire class;
(ii) for somen = 2 there exists a strongly separately continuous mapping
f: X™ — Z with the diagonal g;
(iii) for everym = 2 there exists a strongly separately continuous mapping
f: X™ — Z with the diagonal g.

Proof. Notice that (3) = (2). Moreover, (2) = (1) by Corollary 4.3. So,
we can consider the case (1) only.
The implication (ii) = (i) follows immediately from Remark 4.1 and (1).
The implication (iii) = (ii) is obvious.
The implication (i) = (iii) follows immediately from Theorem 3.6. [

5. CHARACTERIZATION OF DIAGONALS OF STRONGLY SEPARATELY
CONTINUOUS FUNCTIONS ON THE PRODUCT OF COUNTABLY COMPACT
SPACES

A separate direction of research on the Baire classification of separately
continuous mappings concerns real-valued functions defined on the product
of two spaces satisfying compactness-type conditions. These studies origi-
nate from the works [15] and [20]. It was proved in [15] and [20] that if X
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and Y are compacts and X satisfies the countable chain condition (CCC)
then every separately continuous function f: X x Y — R is of the first
Baire class.

Using some result from [4], we will obtain a generalization of a Moran-
Rosenthal’s result.

Proposition 5.1. Let X be a countably compact space such that every
disjoint system of functionally open sets in X is at most countable, Y be
a countably compact space, and f: X xY — R be a separately continuous
function. Then f is of the first Baire class.

Proof. We use the following standard construction. Let F; be the collection
of all continuous functions ¢;: X — R, F; be the collection of all continuous
functions ¢92: Y — R, and ®;: X — R7t and ®5: Y — R72 be the diagonal
mappings defined by

P1(2) = (p1(2)prern,  and  Pa(y) = (p2(Y))peer,

for every z € X and y € Y. It is easy to check that ®; and ®5 are conti-
nuous and X7 = ®1(X) and Y; = ®5(Y) are completely regular countably
compact spaces. Moreover, every disjoint system of open sets in X7 is at
most countable.

Consider the function h: X; x Y7 — R defined by

h(@1(x), @2(y)) = f(z,y)

for every x € X and y € Y. Let x1,79 € X and y1,y2 € Y be such that
D1 (z1) = P1(x2) and Po(y1) = P2(y2). Then

f(x1,y)=f($2,y) and f(xayl):f(mayQ)
for every x € X and y € Y. Therefore,

f(901,y1) = f(9027y1) = f(3727y2)

and the function h is well-defined. Moreover, since for every x € X the
function f*(-) = f(x,-) belongs to F2 and for every y € Y defined the
function fy(-) = f(-,y) belongs to F1, h is separately continuous.

Consider the associated maps 1: X; — Cp(Y1) and ¢2: Y1 — Cp(Xy)
defined by

P1(u)(v) = P2(v)(u) = h(u,v)

for every u € X7 and v € Y;. Since h is separately continuous, t; and
o are continuous. According to [4, Theorem 5.4|, there exists a dense

Gs-set A € X such that the mapping v is continuous with respect to the
sup-norm topology on C(Y]) at every point u € A.
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For every i € N we choose a system G; of non-empty open pairwise disjoint
sets G in X; such that the set | JG; = UGegi G is dense in X7 and
sup |h(u1,v) — h(ug,v)| < 3
”UGYl
for any w1, us € G € G;. Notice that every G; is at most countable. There-
fore, the system G = | J;2, ; is at most countable. For any G € G we choose
ug € G and consider the following at most countable set B = {ug : G € G}.
Now consider the mapping ¢: Y; — RE defined by

¢(v)(b) = h(b,v)
for every v € Y7 and b € B. Since h is separately continuous, ¢ is continuous.
Therefore, ¢(Y1) is a metrizable compact.

Show that for every vy, vy € Y7 if ¢(v1) = ¢(v2), then h(u,vi) = h(u,vs)
for every u € Xy. Assume that [h(u,v1) — h(u,v2)| = 2 for some u € X;
and 7 € N. Since the set | JG; is dense in Y, there exist G € G; and v/ € G
such that |[h(u,v1) — h(u,v2)| > 2. Now we have that

|h(ug,v1) — h(ug, va)| = |h(u',v1) — h(u', v2)]
- |h(ulvvl)
- h(quvl)| - ’h(ulﬂ)Q) - h(uG7U2)’

Let Z = 1(Y7) then the restriction mapping 7: Z — ¢(Y1), 7(2) = 2|,
is a bijection. Moreover, 7 is continuous, Z is a countably compact and
¢(Y1) is metrizable. Since for every closed subset C' of Z the image 7(C)
is closed in ¢(Y7), 7 is a homeomorphism and Z is a metrizable compact.
According to the Rudin theorem [21], the evaluation mapping

e: X1 x Z —> R, (u, z) — z(u),

is a Baire one function. Choose a sequence (e;)72; of continuous function
e;: X1 x Z — R which pointwise converges to e. Then the sequence of
continuous functions f;: X x Y — R, defined by

fi(z,y) = ei(P1(x), Ya(P2(y))),

pointwise converges to f. Il
The following statement shows that the additional condition on the
countably compact space X from Proposition 5.1 is necessary for obtaining

a characterization of the diagonals of separately continuous functions on
the product of two countably compact spaces.

Proposition 5.2. Let n > 2 and X be a T1-space such that
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(1) every closed discrete subspace of X is at most countable;
(2) the diagonal of any strongly separately continuous function f: X™ — R
is of the first Baire class.

Then every disjoint system of functionally open sets in X is at most count-

able.

Proof. Assume that there exists a uncountable system U of pairwise disjoint
non-empty functionally open sets in X. For every U € U choose x;; € U and
continuous function ¢y : X € [0, 1] such that py(zy) =1 and py(xz) =0
for every x € X\U.

Consider the function f: X™ — R, defined by

flar,. . mn) = Y [ ] eular)

Uel k=1

for every (z1,...,x,) € X™. Show that f is strongly separately continuous.
Fix any k < n, x € X and consider the system U, = {U e : x € U}. If
U, = &, then fi,, = 0 and therefore, it is continuous. If U, # J, then
Uy = {U} for some U € U. Therefore, fi, = hy, where

h(x1,... @) = H ou (k)
f=1

for every (z1,...,z,) € X™. Thus, the function fj, , is continuous.

Now consider the diagonal g of f. According to (2), g is of the first Baire
class. Therefore, there exists a sequence (g;);2; of continuous functions
gi: X — R such that g(z) = 'hHolo gi(x) for every x € X. Clearly,

1—>

g(x) = Z (pu(x))" VxeX.
Uel

In particular, g(xy) = 1 for every U € U and g(z) = 0 for every z € X\G,
where G = | Jye U-
For every i € N set

0
U = ﬂ{UGU L gi(zu) = 3}
j=1

Since U = U?‘;l U; and U is uncountable, there exists ¢ € N such that U;
is uncountable. It remains to show that the uncountable discrete subspace
A={zy :U el;} is closed in X.

Let € A. Then for every j > i we have that

re A g (b +0)).
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Therefore, g(z) = lim gj(z) > % and so, € G. Then there exists an
J—0

element U € U such that x € U. Since U n A # ¢ and U is pairwise
disjoint, U € U;. Now taking into account that X is a Tj-space we obtain
that

reUnA={zy}={ov} < A
Thus, A is closed. O

The following theorem is a main result of this section.

Theorem 5.3. Let X be a countably compact space. Then the following
conditions are equivalent:

(i) for every m = 2 the diagonals of all strongly separately continuous
functions f: X™ — R are exactly the functions of the first Baire
class;

(ii) for some n = 2 the diagonals of all strongly separately continuous
functions f: X™ — R are exactly the functions of the first Baire
class;

(iii) every disjoint system of functionally open sets in X is at most count-
able.

Proof. Notice that according to Theorem 3.6, the condition (i) (the con-
dition (ii)) means for every n > 2 (for some n > 2) the diagonal of any
strongly separately continuous function f: X™ — R is of the first Baire
class.

The implication (i)=>(ii) is obvious.

(ii)=(iii). Let F be the collection of all continuous functions ¢: X — R,
®: X — R’ be the continuous diagonal mapping defined by

O(z) = (p(x))per

forevery z € X and Y = ®(X). Clearly, Y is a completely regular countably
compact space.

Firstly, we show that diagonal of any strongly separately continuous
function f: Y™ — R is of the first Baire class. Let f: Y — R be a
strongly separately continuous function. Since ® is continuous, the function
h: X™ — R defined by

h(zi,...,xn) = f(P(21),...,P(xy))
is strongly separately continuous. According to (ii), there exists a sequence
(pi)72 of functions ¢; € F such that lim ¢;(z) = h(z,...,z) for every
1—00

x € X. Notice that for any ¢ € N the function g;: ¥ — R, which for every
Yy = (Yp)per defined by g;(y) = yy,, is continuous. Moreover, for every
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y €Y and z € X with y = ®(z) we have that
lim g;(y) = lim y,,, = lim @;i(z) = h(z,...,2) = f(y,...,y).
1—00 1—00 1—00

Thus, the diagonal of f is of the first Baire class.

It follows from Proposition 5.2 that every disjoint system of functionally
open sets in Y is at most countable. It is easy to see that every disjoint
system of functionally open sets in X is at most countable. Really, let I/ be
a disjoint system of nonempty functionally open sets in X. Then for every
U € U there exists ¢y € F such that

U={zxeX:p(x) #0}

For every U € U we consider the continuous function ¥y : Y — R defined
by

wU (y) = You
for every y = (y,)per € Y and set

Vo ={yeY :¢u(y) # 0}.

Since the family (V7 : U € U) is disjoint and consists of nonempty func-
tionally open in Y sets, U is at most countable.

(iii) = (i). This immediately follows from Remark 4.1, Proposition 5.1
and Theorem 3.6. U

Notice that Theorem 5.3 is non-comparable with the part of Theorem
4.4 which concerns the case of a PP-space X and Z = R. For example,
a discrete space X of infinite cardinality is metrizable (and, therefore, a
PP-space), but it is not countably compact. On the other hand, the fol-
lowing example shows that Theorem 5.3 does not follow immediately from
Theorem 4.4 for PP-spaces.

Example 5.4. Let X be a subspace of [0, 1]I%!] which consists of all func-
tions z: [0, 1] — [0, 1] with at most countable support {t € [0,1] : z(t) # 0}.
According to [7, Example 3.10.17], X is a countably compact space. Since
X is dense in the separable space [0, 1][0’1], X satisfies the countable chain
condition. Moreover, any countably compact P P-space is separable (be-
cause all set I, from the definition of PP-space must be finite). Therefore,
X is not a PP-space.
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