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On boundary distortion estimates of
homeomorphisms with a fixed point

Evgeny Sevost’yanov, Victoria Desyatka

Abstract. This article is devoted to the study of homeomorphisms that
distort the modulus of families of paths according to a Poletsky-type
inequality. We consider the case when the majorant corresponding to
the distortion of the modulus has finite mean oscillation at any point or
satisfies a Lehto-type integral divergence condition. We obtain boundary
Holder continuity for such mappings, provided that the image of at least
one inner point is located at a fixed distance from the boundary of the
mapped domain. In particular, this condition holds for fixed-point map-
pings. The manuscript deals with cases of both good boundaries and
domains with prime ends.

Amnotariisi. CrarTs npucBsieHa BUBYCHHIO TOMeOMOPdi3MiB, fKi CIIOTBO-
PIOIOTH MOIYJb ciMeit KpuBuxX 1o Tuiy HepiBHOCTI [lomempkoro. Posriis-
IAETHCH BUIIAJIOK, KOJIM MarKOPaHTa, IO Bi/IOBiJa€ CIOTBOPEHHIO MO-
s, Ma€ CKiHYeHHE CepeJIHE KOJIMBAHHA B OyIb-sKiil TodIli, abo 3am10-
BOJIbHSIE YMOBY iHTEerpaJsibHol po3bizkuocti Tuny Jlexro. Hamu orpumana
MeKOBa HelepepBHicTh 3a ['ebnepom Takux BimoOparKeHb 3a YMOBH, IO
obpa3 mpuHaiiMHI OHIET BHYTPIMHBOI TOUKN 3HAXOMUTHCA Ha (iKcoBa-
Hill Bizmcrani Bim Mexi Bimobpazkenol obsacti. 30KpeMa, BKazaHa yMOBa
BHUKOHYETbHCS JJIsl BijjoOpazkeHb 3 dikcoBaHoo Toukow. Mu okpemo pos-
DJISIIAEMO TapHi MexKi Ta 00J1acTi 3 TPOCTUMU KiHIISIMU.

1. INTRODUCTION

This article is devoted to the boundary behavior of mappings with finite
distortion. In particular, we deal with mappings associated with the distor-
tion of the modulus of families of paths (see, e.g., [14]). It should be noted
that boundary behavior occupies a special place in the theory of quasireg-
ular mappings and mappings with finite distortion. In turn, the qualitative
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behavior of mappings on the boundary is associated with Lipschitz and
Holder inequalities (see, for example, [4, 13, 18]).

Several recent publications by the first author are also devoted to the
above problems. In particular, we have obtained boundary estimates for
distortion under mappings satisfying a weighted Poletsky inequality (see,
e.g., [1, 21, 2|, cf. [20]). We have considered domains with different ge-
ometries, including domains that are locally connected at their boundary,
domains satisfying a Poincaré inequality, domains with prime ends, etc.
Besides this, we are interested in the case when the majorant ), which is
responsible for the distortion of the modulus of families of paths, has finite
means over infinitesimal balls.

In this paper, we continue our research on this topic by considering more
general conditions on ). Namely, we investigate the condition of finite mean
oscillation or the divergence of a Lehto-type integral. Another important
necessary condition is the requirement that the image of some point under
the mapping does not approach the boundary of the image domain (cf. [2]).

In what follows, D is a domain in R™ (n > 2), and we use the following
notation:

B(xzg,7) ={x e R" : |z — x¢| <1}, B" = B(0,1),
S(zo,r) ={x e R": |z — x| =1}, sv1=5(0,1),
Q, = m(B"), w1 =H"TH(S"T),

where m is the Lebesgue measure in R", H"~! is the (n — 1)-dimensional
Hausdorff measure,

A(zo,r1,m2) ={z e R" : r; < |z — 0| <712},

and M (T") denotes the conformal modulus of the family of paths T (see [22]).

Let @Q: R™ — [0,00] be a Lebesgue-measurable function equal to zero
outside D. Consider the following concept, see [14, section 7.6]. We say
that a mapping f: D — R is a ring Q-mapping at a point xg € D, xo # 00,
if the condition

M(f(F(S(xo,Tl),S(xo,rg fQ "(|lx — zo|)dm(xz) (1.1)
A(zo,r1,m2)

is fulfilled for some ro = r(z¢) > 0 and for arbitrary 0 < 1 < ry < rg,
where n: (r1,72) — [0, 00] is an arbitrary nonnegative Lebesgue measurable
function satisfying the inequality

fn(r) dr > 1. (1.2)

T1
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It can be shown that all quasiconformal and quasiregular mappings sat-
isfy relation (1.1), since they also satisfy the relation

M (f(T(S(zo,71),S(w0,72),D))) < K - M(T'(S(z0,71), S(x0,72), D))

when @ = K = const (see, for example, [17, 22]).

Following [3|, a domain G in R" is called a quasieztremal distance domain
(shortened to QFED-domain) if there is a number Ay > 1 such that the
inequality

M(D(E,F,R")) < Ag- M(T(E,F,G)) (1.3)
holds for any continua E, F' < G. Given sets A, B < R"™, we put
diam A = sup |z — y|, dist(A,B) = inf |z —y|.
z,yeA zeA,yeB

Sometimes, instead of diam A and dist(A, B), we write d(A) and d(A, B),
respectively.

Recall that a domain D < R"™ is called locally connected at the point
xg € 0D if, for any neighborhood U of the point g, there is a neighborhood
V < U of this point such that V' n D is connected. A domain D is locally
connected on 0D if D is locally connected at every point xg € dD.

Below, the spherical (chordal) metric in R* = R™ U {0} is defined as
follows:

WE) = swp h(ry),  BAB)= i h(ry),  (14)
z,yeE zeA,yeB
1
Bz, 0) = ——o
A1+ |z

[z —y|
ha,y) = :
\/1 + |x|2\/1 + ly?

Given a function @Q: D — [0, 0], where Q(z) = 0 in R™\D, denote by
xz, () the integral average of the function Q(z) over the sphere |z —xz¢| = r;
that is,

T # 00 # .

Qo (1) = % JQ(z) ds,

Wn—1
|x—x0|="
where dS is the area element of the sphere S, and w,_1 denotes the area
of the unit sphere in R"™.
Given a domain D < R™ (n > 2), points xg € 0D (zg # ) and a € D,
numbers Ag > 0 and ¢ > 0, and a function Q: D — [0, ], denote by

S gta.s(D: 70)
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the family of all homeomorphisms f: D — R satisfying conditions (1.1)—
(1.2) at o such that D} = f(D) satisfies condition (1.3) with G — D',
and h(f(a),0D%) = 6.

The following statement holds.

Theorem 1.1. Assume that the following conditions hold:

1) D is locally connected at its boundary;

2) there is r(, = r{(x0) > 0 such that the set B(xg,r) N D is connected for
all 0 < r < rf;

3) there is 6o = do(xo) > 0 such that

do
Jilt = . (1.5)

o taz, ' (b)

Then any f € GSOa s(D,x0) has a continuous extension to xo. Furthermore,
there is eg = £9(xo) > 0 and a number a > 0 such that the inequality
€0

B(f (). f(y)) < - exp | — (Ag) 7T f e

|z—z0| thno—l (t)

holds for all x,y € B(xo,c0(x0)) N D such that |z — xo| = |y — zo| and for
all f € &, 5(D, o).

Remark 1.2. In particular, condition 1) of Theorem 1.1 is fulfilled if D is
a convex domain.

Following [8], we say that a function ¢: D — R has finite mean oscillation
(FMO) at a point zg € D if

1
lim sup J|g0(x) — oz dm(zx) < 0,
e—0 Qngn
B(wo@)
where
1
=g | ela)dm()

B(mo,e)
is the mean of the function ¢(x) over the ball B(xo,e). Note that FMO is
not BM Oy, ([14, p. 211]). It is well known [9] that
L*(D) c BMO(D) < L

loc

(D), 1<p<oo,
but FMO(D) ¢ LY (D) for any p > 1 (see [14]).

loc
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Theorem 1.3. Assume that, under the conditions of Theorem 1.1, instead
of (1.5), the following condition holds:

Qe FMO(xp).

Then there is eg = eo(x9) > 0 and a number C' > 0 such that the inequality

h(f (@), f(y) < C <1> (1.6)

log To=zo]

1
Wn—1

holds for a number p = (m>ﬁ, where C7 > 0 depends only on the

function Q, for all x,y € B(xo,e0(z0)) N D such that |x — xo| = |y — xol,
and for all f € 6g?a7§(D, xo).

Theorems 1.1 and 1.3 have corresponding counterparts for domains with
bad boundaries, see below. The definition of a prime end used below can
be found in |7, 6] (cf. [11, 16]).

Let w be an open set in R¥, k = 1,...,n — 1. A continuous mapping
o: w — R"is called a k-dimensional surface in R™. A surfaceis an arbitrary
(n—1)-dimensional surface o in R™. A surface o is called a Jordan surface if
o(x) # o(y) for x # y. In what follows, we will use o instead of o(w) < R",
7 instead of o(w), and do instead of o(w)\o(w).

A Jordan surface o: w — D is called a cut of D if o separates D (that
is, D\o has more than one component), do "D = &, and do ndD # @. A
sequence of cuts o1,09,...,0m,,... in D is called a chain if:

(i) the set 041 is contained in exactly one component d,, of the set
D\oy,, where 0,,,—1 < D\(0p, U dypy);
o0
(i) N dm=2.
m=1
Two chains of cuts {0} and {o}} are called equivalent, if for each
m =1,2,... the domain dp, contains all the domains dj, except for a fi-
nite number, and for each £ = 1,2,... the domain dj also contains all
domains d,,, except for a finite number. The end of the domain D is the
class of equivalent chains of cuts in D. Let K be the end of D in R™, then
the set
1K) = ) @m
1

1 s

is called the impression of the end K. One may to prove that, I(P) < 0D
(see, e.g., [11, Proposition 1]).
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Following [16], we say that the end K is a prime end if K contains a

chain of cuts {oy,,} such that
WILILHOOM(P(C, om, D)) =0 (1.7)

for some continuum C' in D. We will use the following notation below: the
set of prime ends corresponding to the domain D is denoted by Ep, and
the completion of the domain D by its prime ends is denoted by Dp.

Consider the following definition, which goes back to Nakki [16] (see
also [11]). We say that the boundary of a domain D in R" is locally qua-
siconformal if each point x¢g € 0D has a neighborhood U in R" that can
be mapped by a quasiconformal mapping ¢ onto the unit ball B" < R" so
that (0D n U) is the intersection of B™ with the coordinate hyperplane.

The sequence of cuts o,,,, m = 1,2, ..., is called reqular if 6, "Gry1 = @
for m € N and, in addition, d(¢,,) — 0 as m — . If an end K contains
at least one regular chain, then K will be called regular. We say that a
bounded domain D in R" is regular if D can be quasiconformally mapped to
a domain with a locally quasiconformal boundary whose closure is compact
in R™, and if every prime end in D is regular.

Note that the space Dp = D U Ep admits a metric defined as follows. If
g: Dy — D is a quasiconformal mapping from a domain Dy with a locally
quasiconformal boundary onto a domain D, then for x,y € Dp we put:

p(z,y) =g~ () — g (W), (1.8)

where the elements g~'(z) and g~'(y) for x,y € Ep are understood as
unique boundary points of the domain Djy. It is easy to verify that p
in (1.8) is a metric on Dp, and that the topology on Dp defined in this
way does not depend on the choice of the mapping g with the indicated
property.

We say that a sequence z,, € D, m = 1,2,..., converges to a prime
end P € Ep as m — oo if, for any k € N, all elements x,, belong to
dj, except for a finite number. Here, d; denotes the sequence of nested
domains corresponding to the definition of the prime end P.

Given a domain D < R™ (n > 2), points Py € Ep and a € D, numbers
Ao > 0 and § > 0, and a function @: D — [0, 0], denote by

A
GQ’an(S(D7 PO)
the family of all homeomorphisms f: D — R" satisfying (1.1)—(1.2) at any
zo € I(Py) (where I(F) is the impression of Fy) such that D} = f(D)

satisfies (1.3) with G — D%, and h(f(a),0D}) = 6.
The following statement holds.
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Theorem 1.4. Assume that D is a reqular domain and the following con-

ditions are fulfilled:

1) for any yo € 0D, there is v, = r((yo) > 0 such that B(yo,r) n D is
finitely connected for all 0 < r < r{, and for each connected component

K of the set B(yo,r) n D, any pair of points x,y € K can be joined by
a path v: [a,b] = R™ such that

vl = K n B(zo, max{|z — yol, [y — yol}),
where
|v| ={x e R": 3t e [a,b]:v(t) = z};
2) there is 69 = do(xo) > 0 such that
do

fﬁit = 0. (1.9)
0 tqz, * (t)
Then, for any P € Ep, there is a point yg € 0D such that I(P) = {yo},
where I(P) denotes the impression of P. Furthermore, f has a limit as
x — Py, and there exists a neighborhood U of Py and a number o > 0 such
that the relation

B (@), f() < am-oxp { — (Ag) [ — %

|x—x0| tq9731071 (t)

holds for any x,y € U n D such that |x — xo| = |y — xo| and for all
fe&y, s(D, Ry), where I(Py) = {wo}.

Theorem 1.5. Assume that, under the conditions of Theorem 1./, instead
of (1.9), the following condition holds: Q € FMO(xg) for any xo € I(Fp).
Then f has a limit as x — Py, and there exists a neighborhood U of Py and
a number C > 0 such that the inequality

B(f(w), f(y)) < C (ﬂ)
08 To—ao]

holds for a number p = (m) 1, where C1 > 0 depends only on the

function Q, for all x,y € U n D such that |x — xo| = |y — 0|, and for all
fe GSOWS(D,PO), where I(Py) = {xo}.

Remark 1.6. In particular, condition 1) of Theorem 1.4 is fulfilled if, for
any yo € 0D, there is v, = r{(yo) > 0 such that the set B(yo,r) n D is
finitely connected for all 0 < r < r{,, and any component K of the set
B(yo,r) n D is convex. Indeed, let z,y € K. Let us join z and y with
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a segment v inside K (this is possible since the connected open set K is
also path connected; see, e.g., [14, Corollary 13.1]). Assume for definiteness
that | — yo| = |y — yo|. Since the ball B(z, |z — yo|) is convex, the entire
segment ~ belongs to B(z, |x — yo|). Then + is the desired path.

2. MAPPINGS OF DOMAINS LOCALLY CONNECTED ON THE BOUNDARY

A domain R in R (n > 2) is called a ring if R™\ R consists of exactly two
components, F and F. In this case, we write R = R(F, F'). The following
statement holds (see [14, ratio (7.29)]).

Proposition 2.1. If R = R(E, F) is a ring, then
M(T(E,F,R")) >

Wnp—1

(log #};%(F»nq?

where A, € [4,2e"71), Ay = 4, A" e asn — 00, and h(E) denotes the
chordal diameter of the set E defined in (1.4).

The following statement holds.

Lemma 2.2. Assume that, under the conditions of Theorem 1.1, instead of
condition 3), the following holds: there are numbers p < n and a Lebesgue
measurable function ¢: (g,e9) — [0,0], defined for € € (0,£¢), such that
the relation

JQ@) " (lz — o) dm(z) < Ko - I7(e, £0) (2.1)
e<|z—z0|<eo

holds as € — 0 for some Ky > 0, where
€0
0 < I(e,e0) = le(t) dt < (2.2)

for sufficiently small ¢ > 0. Assume that |x — xo| = |y — yo| and that
I(e,e0) — w0 as € — 0. Then there is a number A\, > 0 such that the
inequality

2 i L np
h(f(w),f(y)KAd”exp{—( ) I"I(\x—$0\760)} 23)

holds for all x,y € B(xo,c0(x0)) N D and for all f € 6g?a’5(D,x0).

Proof. Let us now make the following auxiliary considerations. If 0D con-
tains at least one finite point other than x(, denote it by yy. Otherwise, put
yo = 00. Since D is locally connected on its boundary, the point a can be
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joined to the point 39 by a path that belongs entirely to D, excluding the
point yg itself (see [14, Proposition 13.2]). Let us denote this path by FE.
Without limiting generality, we may assume that E < D\B(zo,¢), where
o is the number defined above, and also that F is a Jordan path.

Now fix f € GQ %0.6(D;20) and z,y € B(zo,€0). Note that

C(y07f)CaD}> D} = f(D)a

where C(yo, f) is the cluster set of f at the point yg (see, e.g., [14, Propo-
sition 13.5]). Let us prove the existence of a point ay € E such that

h(f(a), f(ay)) = (1/2) - h(f(a),0D}) = 6/2. (2.4)

Indeed, let zx € F, k = 1,2..., be an arbitrary sequence such that
zr — Yo as k — o0. Since the space R” is compact, we may assume that
the sequence f(z) also converges to some point y(, as k — oo with respect
to the chordal metric. Since C(yo, f) = 0D’, we obtain that y, € 0D.

Also, since f(zx) — y{ as k — oo, for the number §/2, we may find an
integer ko = ko(f) € N such that

h(f () vh) < 6/2 Yk > ho. (2.5)
Put af := z1,. Then, by the triangle inequality, relation (2.5), and the
definition of the class GSO s(D,xq), we obtain that
< h(f(a),0D%)
(f(a), o)
(f(a), f(ag)) + h(f(as), o)
(f(a), flas)) +6/2,
or, moving ¢/2 to the left side of (2.6),
5/2 < h(f(a).2D}) < h(f(a). f(ap)).

This final relation proves (2.4).
Now, let Ay be the continuum in D consisting of the part of E from the
point a to the point ay. Also, let x,y € B(xg,0). By the definition of e,

Af = D\B(xo,{;‘o). (27)

=M 2.6
< h(f (2.6)
<h

Since the points of the sphere
S(xo,7) N D, 0<r<rg,

are accessible from within the domain D using some path ~, and the set
B(zo,7) n D is connected for all 0 < r < r(, the points z and y can be
joined by a path K that belongs entirely to the closed ball B(xg, |z — x¢|)
and lies in D. This path K may also be considered a Jordan path.
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Note that the paths f(K) and f(Ay) are also Jordan paths and do not
split R™. Indeed, for n > 3, the set

FUKTD) v f(Af)
has a topological dimension of 1, as it is the union of two closed sets of
topological dimension 1 (see [5, Theorem III.2.3]). Then f(|K|) u f(Ay)
does not split R™ (see [5, Corollary 1.5.I1V]).

Let us now consider n = 2. According to Antoine’s theorem on the ab-
sence of wild arcs (see [10, Theorem I1.4.3]), there exists a homeomorphism
©: R? > R?
that maps f(|K|) onto some segment I. It follows that any two points x,y €
R2\ f(|K|) can be joined by a path v in R?\ f(|K|). Reasoning similarly, it
can be shown that any two points z,y € R2\(f(|K|) U f(Af)) can be joined

by a path v in R?\(f(|K|) u f(Ay)). Therefore,

R=R(f(IK]), f(Af))

is a ring domain.
In this case, we put
I =T(f(IK]), fF(Af), R™).

Then by Proposition 2.1,
Wn—1

MK, f(Ay), &) > L)
(to8 rermtiicrenm)
Due to (2.4) and (2.8), and by the definition of K, we obtain that
— Wn—
M(T(f(IK]), f(Ap).R™)) = : (2.9)

1 )\% n—1"
( o8 76-h(f(z),f(y))>
Since D is a QED-domain with constant Ag from (1.3), condition (2.9)

yields
Wn—1

M(T(FKI), F(Ap), D) = L W)
Ao (log 5-h(f4(w75,f(y))>
Note that
I'(|K|, A¢, D) > I'(S(xo, |x — z0]), S(0,€0), D). (2.11)
Indeed, let
vye (K|, Af, D), ~:[0,1] = D,  ~(0) € |K], v(1) € Ay.
Since

|K| < B(xo, |z — o), Ay < B(zo,€0),
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it follows from (2.7) that Ay — D\B(xo,e0). Then
v N B(xo, |z — x0]) # @ # v (D\B(x0, |z — x0]))-
By [12, Theorem 1.1.5.46], there exists
t1 € (0,1) such that ~(t1) € S(xo, |z — zo])-
Consider the subpath 71 = 7|y, 1) Since
|K| < B(xg,¢0), A; < D\B(xo,¢0),
we get from (2.7) that
71 N B(zo,€0) # @ # v 0 (D\B(w0,€0)).
Now, by [12, Theorem 1.1.5.46], there exists t2 € (¢1,1) such that
Y1(t2) = y(t2) € S(wo, o).
Let us denote 2 = |, 4,- Then 72 is a subpath of v, and
v2 € T'(S(zo, |x — x0]), S(x0,€0), D).

This proves (2.11). In this case, by the minorization principle of the
modulus of families of paths (see, e.g., [22, Theorem 6.4]), due to (2.11)
and (1.1) we obtain that

M(T(f( K1), f(Ay), D})) ZM( (T(IK1, Ay, D))
M (f(T(S(xo, |z = z0]), S(x0,20), D))) (2.12)

f@ "z — o) dm(2),

A(zo,|z—20],€0)
where 7 is an arbitrary Lebesgue measurable function satisfying condi-
tion (1.2) for r; = |z — zo| and ry = €.
Since I(g,e9) — o as ¢ — 0, there is a o > 0 such that I(g,e0) > 0 for
0<e<o. If |x —x0| < o, we put

P(t) .
n(t) = | Torzey &€ (|2 = 2ol €0);
0, t¢(|$*xo‘,6g).
Note that the function 7 satisfies condition (1.2) for r1 = |x — x| and
r9 = €¢. Then, due to (2.12) and (2.1), we obtain that

M(T(f(IK|), f(Ap), Df)) <
1 J %dm(z)

= I"(Jz — x|, €0) |z — x|
A(x07|$_x0‘750)

Ky
< .
In=r(|z — xol, €0)
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Combining (2.10) and (?7), we have that
Wn—1 KO

<
2 n—1 ]”*p(|$—1‘0|750)'
Ao (108 g7 7 )

The last relation implies that

2 Wh— = n—p
M), T) < 22 exp {— ()" (e —xo|,eo>}.

Observe that the latter relation holds for o < |z — xg| < ¢ with some
2
(possibly larger) constant C% > 0 instead of %". Indeed, by setting

1
e A
Cy = exp{— (ZgKE) I”‘I;(U,SO)}a

we obtain that

1
CQ 1 Wn—1 n=1l n-p
h <l=_—+F<+ - Ir=t(]z — o],
i) <1=2 < o exp{ () o - 50)}
whenever o < |z — z¢| < 9. The lemma is proved. O

Proof of Theorem 1.1. Letting €9 = Jg, where dg is from (1.5), and consi-
<0

dering & < g9, we analyze the function I(e,e0) = {-° ¢ (t) dt with

L te(een),

Y(t) = < tady (1)
07 t ¢ (5750)

(as usual, a/oo = 0 for a # 0, a/0 = o for a > 0, and 0 -0 = 0;
see [19, Ch. I]). Since f is a homeomorphism, I(e,e9) < o0 (see, e.g., [14,
Remark 7.2]). In addition, relation (1.5) implies that I(e,&9) > 0 for some
e1 € (0,e0) and any € € (0,e1).

Let us prove that ¢ also satisfies relation (2.1). Indeed, applying Fubini’s
theorem (see, e.g., [19, Theorem 8.1.II1]), we obtain that

€0

f Q(2) - (|2 — zol) dm(z) = wn_ - ji“
e<|z—zo|<eo € tq;/‘L(;l (t)

= Wn—-1"- I(Ea 50)'

Consequently, relation (1.5) implies relation (2.1) with p = 1 and Ky =
wp—1. The desired inequality (2.3) then follows from Lemma 2.2.

Let us prove that f has a limit as x — xg. We can argue by contradic-
tion. Indeed, if f does not have a limit as x — xg, then we can construct
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at least two sequences x,, — xg and ¥, — zg as m — o0 such that
h(f(zm), f(ym)) = 6 > 0 for some positive § > 0 and for all m =1,2,....
Let |z — 20| = |y — ym|- Then this contradicts inequality (2.3), because
the right-hand side of this inequality tends to zero as m — o due to (1.5).
Therefore, the limit of the mapping f as x — g exists. O

Proof of Theorem 1.3. Due to |14, Corollary 6.3, Ch. 6|, the condition @ €
FMO(xp) implies that, for some small ¢ < gy < 1,

JQ "(|5 — ao|) dm(z) = O<bgbgi), e, (2.13)

e<|z—zo|<eo

where ¢(t) = tlolgl > 0. Note that the quantity I(e,e0) defined in (2.2)
t

can be calculated as follows:

1
I(g,20) Jw = log ggg

€0

Thus, estimate (2.13) yields

1-n
JQ )" (|z — xo]) dm(z) < Cy <10glogi> .

6<|Z z0|<€0

I (5 £0)

In particular, the condition I(g,e0) — 00 as € — 0 holds as well.
Now, by Lemma 2.2,

Wnp—1\n—1
( . )(%q)
<Co | —g—
log Te=zo]
1
Thus, relation (1.6) is proved for p = ( A3011> T O

In the theory of conformal and quasiconformal mappings, mappings with
a fixed point are of particular importance. Based on this, let us consider
the following class.
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3. MAPPINGS OF DOMAINS WITH COMPLEX BOUNDARIES

In order to prove the statements of Theorems 1.4 and 1.5 concerning
domains with complex geometry, we formulate and prove a lemma similar
to Lemma 2.2 for this case. The following statement holds.

Lemma 3.1. Assume that D is a reqular domain and the following condi-
tions are fulfilled:

1) for any yo € 0D, there is r{ = ri(yo) > 0 such that B(yo,r) n D is
finitely connected for all 0 < r < r{, and for each connected component

K of the set B(yo,r) n D, any pair of points x,y € K can be joined by
a path v: [a,b] — R™ such that

17l = K n B(zo, max{|z — yol, [y — yol}),

where
ol = e €R" 3t € fo,8] (1) = ok
2) for any xo € 0D, there are numbers p < n, 0 < g9 < min{l,r(}, and a

Lebesgue measurable function ¢: (e,e9) — [0, 0], defined for e € (0, ),
such that the relation

Q(2) - Y"(|z — xo|) dm(z) < Ko - IP (e, £0) (3.1)

E<|Z—a:()|<6()

holds for any xo € I(Py) as € — 0 for some Ky > 0, where
€9
0<Ma%yszoﬁ<w
€

for sufficiently small ¢ > 0 with € < &y.

Assume that I(e,e9) — © as € — 0. Then, for any P € Ep, there is a
point yo € 0D such that I(P) = {yo}, where I(P) denotes the impression of
P. Furthermore, f has a limit as x — Py, and there exists a neighborhood
U of Py in Dp and a number A\, > 0 such that the relation

2 W1 \TT nmp
h(f(x),f(y))<A;eXp{—<AOKIO> In1<|a:—xo|,so>} (3.2

holds for any x,y € U n D with |x — x¢| = |y — x|, and for all f €

63.,5(D, Po), where I(Py) = {xo}.

Proof. 1. Let f € Gg?w;(D’PO)- Since the set B(yo,r) n D is finitely
connected for all yo € 0D and 0 < r < r{(yo), D is finitely connected at
the boundary. Therefore, D is a uniform domain (see [15, Theorem 3.2]).
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In other words, for every r > 0, there exists a number > 0 such that the
inequality

M(T(F*,F,D)) > ¢
holds for any continua F, F'* < D such that h(F) > r and h(F*) = r.

I1. Let us prove that for any P € Ep, there exists yo € dD such that
I(P) = {yo}. We prove this statement by contradiction. Suppose that there
exists a prime end P € Fp whose impression contains two points x,y € ¢D,
with = # y. In this case, there are at least two sequences ., ym € dm,
m = 1,2,..., that converge to x and y as m — 0, respectively (here d,,
denotes the decreasing sequence of domains formed by the corresponding
sequence of cuts o, in P).

Let us join the points z,, and vy, with a path ~,, in d,,. Since x # v,
there exists mg € N such that h(|v,|) = d(z,y)/2 for m > mg. Choose any
nondegenerate continuum C' < D\d;. Then, due to the uniformity of the
domain D,

M (T (|yml,C, D)) = 6y > 0 (3.3)

for some &g > 0 and all m > my.

The inequality (3.3) contradicts the definition of a prime end P. Indeed,
by the definition of o,,, we have that I'(|v,,|,C, D) > I'(oy,, C, D). Then,
due to (1.7), we obtain that

M (T (|yml,C, D)) < M(T(om,C, D)) — 0

as m — o0. This final relation contradicts (3.3), so I(P) = {yo} for some
Yo € oD.

ITI. It remains to prove relation (3.2). Let I(Py) = {xo} € 0D. Let
d.n, be a sequence of domains corresponding to cuts o,, in Py such that
Om < S(x0,Tm), where g € 0D and 1, — 0 as m — @ (see [11, Lemma 2]).
Since D is regular, the space Dp contains no less than two prime ends
P, P, e Ep. Let P, € Ep be a prime end that does not coincide with Fj.

Suppose that G,,, m = 1,2,..., is a sequence of domains that corresponds
to P;.
Let us construct a sequence of continua K,,, m = 1,2,..., as follows.

Join the points (; and a by an arbitrary path in D, which we denote by
K. Next, join the points (2 and ¢(; by the path K/ in G;. By combining
paths K7 and K7, we obtain a path Ks joining points a and (3. And so
on. Let K,, be a path joining the points (,,, and a. Let us join the points
Cm+1 and G, by a path K/ . which lies in G,,. By uniting the paths K,

and K], we obtain a path K,,11. And so on.
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Let us show that there is a number m € N such that
dpn " Ky =2 YV m>=my. (3.4)

Let us prove this by contradiction; suppose that (3.4) is not true. Then
there is an increasing sequence of numbers my — o as k — 00, and points
&€ Ky, ndpy, for k=1,2,.... Then & — Py as k — .

Note that two cases are possible: either all £ belong to D\G; for k =
1,2,..., or there is k; € N such that &, € G;. In the second case, consider
the sequence &, for k > k1. Note that two cases are possible again: either
&, for k > ki belong to D\Ga, or there is k2 > ki such that &, € Ga. In
the second case, consider the sequence & for £ > ko, and so on.

Suppose that the element &, , € G;—; has already been constructed.
Note that there are two cases: either & belong to D\G; for k > k;_q, or
there is a number k; > k;_; such that &, € G, and so forth. This procedure
may be finite or infinite, meaning we have two possible situations:

1) there are ng € N and lp € N such that & € D\Gy,, for all k& > ly;

2) for each [ € N, there is §, such that §, € G;, and the sequence k; is
increasing in [ € N.

We consider each of these cases separately and show that they both lead
to a contradiction. Suppose that case 1) holds. Observe that all elements of
the sequence &, belong to K,,,, which implies the existence of a subsequence
&k, m=1,2,..., that converges as » — o0 to some point £y € D. However,
&k € di,,, and therefore (see [11, Proposition 1])

d,, < 0D.
1

o€

18

This resulting contradiction indicates the impossibility of case 1).
Consider now case 2). Then & — Py and & — P; simultaneously as
k — o0. Since the space Dp is a metric space (see [11, Remark 2]), the
triangle inequality implies that P; = Py, which contradicts our choice of
Py. This resulting contradiction demonstrates the validity of relation (3.4).

IV. As proved above, I(P;) = {20} with zg € dD. Therefore, by con-
struction, there exists z,, — zg as m — o0, where z,, € K, and K is a path
originating at point a formed by uniting the paths K, constructed above
(m=1,2,...). Recall that

C(y07f)CaD:‘> D} = f(D)v

where C(yo, f) is the cluster set of f at the point yg (see, e.g., [14, Propo-
sition 13.5]). Reasoning in the same way as when proving Theorem 1.1, we
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can prove the existence of a point ay € K such that

h(f(a), f(ag)) = (1/2) - h(f(a),0Df) = 6/2. (3.5)

Now let Ay be the continuum in D that forms the part of the path £
from point @ to point ay.

V. Since I(Py) = {xo}, we can find a neighborhood U of Py in Dp such

that
U~ D c B(xg,ep).

By the definition of a regular domain, we may assume that U n D is
connected. Then U n D belongs to one and only one component K of
B(zp,e0) n D. Let x,y € U n D such that |z — x¢| > |y — x0|. By the
definition of 7{,, the points z and y can be joined by a path K contained in
the closed ball B(zg, |x — z¢|).

In what follows, the proof is very similar to the proof of Theorem 1.1.
We may assume that K and Ay are Jordan paths. Note also that the paths
f(K) and f(Ay) are also Jordan paths and do not divide the space R" (see
the proof of Theorem 1.1). Therefore,

R = R(f(IK]), f(Af))

is a ring domain. Let us denote I' = T'(f(|K]), f(Af),R™). Then, by
Proposition 2.1,

Wn—1

M(T(f(IK]), f(Ay),R?)) = v | (3.6)
(18 rrrn o)
Due to (3.5) and (3.6), by the definition of Ay,
M(T(f(IK]), f(Ap),R™)) > ol (3.7)

(log WM)M

Since D} is a QFED-domain with constant Ay from (1.3), under condi-
tion (3.7) we obtain that

M(T(f(IK]), f(f(Ay)), D)) =

Wn—1

A2 n-l
4o (108 57725737 )

(3.8)

Note that
F(|K|, Af, D) > F(S(mo, |x — $0|), S(:UQ,E()), D) (39)

Relation (3.9) can be proved in the same way as (2.11), which was estab-
lished during the proof of Theorem 1.1. In this case, by the minorization
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of the modulus (see, e.g., [22, Theorem 6.4]), and due to (2.11) and (1.1),
we obtain that
M(U(f(IED, f(Ap), Df)) = M(f(T(|K], Ay, D))
< M(f(T(S(zo, |z — @ol), S(wo,0), D)))

< [@) 1z = wol) dma),

{Eo,|$ 20|7€0

where 7 is an arbitrary Lebesgue measurable function satisfying relation (1.2)
for r1 = |z — x| and ro = o.

Since I(e,e9) — o0 as € — 0, there is a ¢ > 0 such that I(g,g9) > 0 for
0<e<o. If |x —x0| < o, we put

n(t) = %’ te (’(L‘—.’Ijo‘,go)’
0, t ¢ (Jz — ol €0).

Note that the function n satisfies condition (1.2) for r; = |x — x| and
ro = £0. Then, due to (3.9) and (3.1), we obtain that

M(T(f(IK]), f(Af), Df)) <

1 J
< . 157 .
I"(|z = ol, 20) |z — o] (3.10)

A(x(]v‘wil’()'ﬁ‘o)
< Ko .
I"=P(|x — 20}, €0)

Combining (3.8) and (3.10), we have that

Wn—1 < KO
S P

A2
4o (log 57t
This latter relation implies that

2 Wh— AT n—p
M), £w) < 2 exp {— () (e —xo|,ao>}.

Arguing similarly to the last part of the proof of Lemma 2.2, we can
prove that this relation holds for 0 < |x — xo| < €9 with some (possibly

larger) constant - > 0 instead of . The lemma is proved. O

The proofs of Theorems 1.4 and 1.5 follow from Lemma 3.1 similarly to
the proofs of Theorems 1.1 and 1.3.
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