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Topology of the punctual Hilbert
schemes of plane curve singularities with
a single Puiseux pair

Masahiro Watari
Dedicated to Professor Fumio Sakai on his 70th birthday

Abstract. Piontkowski showed the existence of affine cell decompositions
of Jacobian factors of plane curve singularities with a single Puiseux pair.
He also provided a combinatorial description of the Euler numbers and Betti
numbers of these Jacobian factors. Following his results, Oblomkov, Ras-
mussen, and Shende demonstrated the existence of affine cell decompositions
of punctual Hilbert schemes for the same type of singularity. In the present
paper, we revisit their theorem from a computational perspective and de-
scribe the Euler numbers and Betti numbers of the punctual Hilbert schemes.

Amnorariiga. [TionTkoBebKuiil MoKa3aB icHyBaHHs ahiHHUX KJIITHHHAX PO3KJIa-
HiB dakTopiB AKobisg CHHTYIIpHOCTEH IJIOCKOT KPUBOI 3 ojiHie0 napoio ITio-
13e. Bin Takoxk manas kombimaTopHmit omuc unces Eitrepa ta wmcen Berri
nux dakTopiB Akobi. 3a momomororo #oro pedyasraris, Obmomkos, Pacmyc-
cen Ta Illene npogemMoncTpyBasn icHyBanHa adiHHIX KJTITUHHAX PO3KJIAIIB
TOYKOBHX cxeM ['lpbepTa mIs TOro X THILy CHHTYJISPHOCTI. ¥ Iiif cTaTTi MK
MEPErIAIAEMO IXHIO TeOPeMy 3 OOYHC/IIOBAJIBHOI TOUKH 30Dy Ta OIHUCYEMO
quciia Eistepa ta gucia Berri roukoBux cxem ['ibbepra.

1. INTRODUCTION

Let X be a singular plane curve over C with its singular point 0. We refer
to the pair (X, 0) as a plane curve singularity. In this paper, we consider
the case where (X, 0) is reduced and irreducible. Let R = O X,0 denote the
completion of the local ring Ox, of X at o, and let I' be the semigroup
of R. We denote by Hilb"(X,0) the punctual Hilbert scheme of degree
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r for the given singularity (X,0). It is known that Hilb" (X, 0) admits a
decomposition of the form

Hilb"(X,0)= | | H(A) (1.1)
AeMod, (T")

where Mod,(I") == {A : A is a I-semimodule with #(I"\A) = r}. In gen-
eral, some of H(A) are empty. We call the component H(A) the A-subset
of Hilb" (X, o).

Piontkowski [5] studied the topology of the Jacobian factors of irreducible
plane curve singularities with a single Puiseux pair. It is known that a Jaco-
bian factor Jx , of an irreducible plane curve singularity (X, o) is isomorphic
to certain punctual Hilbert schemes (see Corollary 2.3 below). Therefore,
Jx, also admits a decomposition (1.1). By showing that each A-subset
H(A) in the decomposition is isomorphic to an affine space, he described
the Euler number and the Betti numbers of Jx,. Following his result,
Oblomkov, Rasmussen, and Shende proved the following theorem:

Theorem 1.1 (|3], Theorem 13). Let p and q be coprime positive integers
with p < q. For an irreducible plane curve singularity (X, o) withT' = {(p, ¢),
each A-subset H(A) of Hilb"(X,0) is isomorphic to an affine space of
dimension

p—1
DI #{(—min A+ T) A [ai, a; + @) DAY (1.2)
=1

where {ay, ...,ap—1} is the p-basis of the 0-normalization
AO — —minA + A
of A.

Remark 1.2. Although the dimension (1.2) was originally expressed dif-
ferently in [3], we re-express it here using the p-basis, as in [5].

In this paper, we apply Piontokowski’s method, emphasizing the compu-
tational aspects, to prove Theorem 1.1. The following result immediately
follows:

Corollary 1.3. Under the same assumption as in Theorem 1.1, the Euler
number of Hilb" (X, 0) is equal to #Mod,(T").

We also give a combinatorial description of the Betti numbers of punctual
Hilbert schemes, which generalize Piontkowski’s result. For A € Mod, ("),
define the codimension of H(A) as

codim H(A) := dim Hilb" (X, 0) — dim H (A).



Topology of the punctual Hilbert Schemes 185

We also set
Hyg = {H(A) : A e Mod,(T") and dim H(A) = d},
HY = {H(A) : A e Mod,(T") and codim H(A) = d}.

Theorem 1.4. Let (X,0) be the same as in Theorem 1.1. The odd (co-)
homology groups of Hilb" (X, 0) vanish. The even (co-) homology groups of
Hilb" (X, 0) are free abelian groups with Betti numbers

hoa(Hilb" (X, 0)) = #Hrq  and  A*(Hilb"(X,0)) = #H.

This paper is structured as follows: Sections 2, 3, and 4 summarize the
foundational concepts required for the proofs. Section 2 recalls the proper-
ties of punctual Hilbert schemes of curve singularities. Section 3 introduces
definitions and facts related to I'-semimodules. Section 4 discusses com-
putational techniques involving Grobner bases. In Section 5, we prove the
main theorems. Section 6 presents examples, and Section 7 provides re-
marks on related results.

2. PUNCTUAL HILBERT SCHEMES OF CURVE SINGULARITIES

In this section, we recall properties of punctual Hilbert schemes estab-
lished in [4]. Although we focus on irreducible plane curve singularities
here, the notions presented here hold in more general situations.

Let (X,0) be an irreducible plane curve singularity. By Puiseux’s theo-
rem, there exist coprime positive integers p and ¢ such that R = C[t?, ¢]
where ¢ = t9 4 higher order terms and p < ¢. The normalization R of R is
isomorphic to C[t]. Let v be the natural valuation

v: R\{0} — Zxo

defined by v(f) = ord:(f), and set v(0) = oo.

We call T := v(R) the semigroup of R. A semigroup I' generated by posi-
tive integers v1,72, - .., is denoted as I' = (71,72, . .., 7). The d-invariant
of R is defined as § = dimc(R/R). The conductor ¢ of T' is the smallest
integer in I' such that c— 1 ¢ I' and ¢+ n € I for any n € N. It satisfies
d+1<c<26and c= 26 if and only if R is Gorenstein (see [7]).

For a positive integer a, we denote by (%) an ideal of R. Let

Gr (8, R/(t%))

be the Grassmannian which consists of §-dimensional linear subspaces of
R/(t?). For M € Gr(6, R/(t*)), we define a multiplication by

Rx M3 (fym+ (t*°)) — fm+ (t¥)e M.
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The set

Ty {M e Gr(5, B/(12)) -

M is an R-submodule with respect to
the above multiplication.

is called the Jacobian factor of (X, 0), which was introduced by Rego in [6].
For any non-negative integer r, set

Z, ={I < R:Iis an ideal of R with dim R/I = r}.
Observe that any element [ in Z, satisfies
t"tPYARCIC (t") N R.
It follows that
t¥yctI<R  and  dimg(R/t7"I) = dimg(R/I) —r = 6.

Using these properties, Pfister and Steenbrink defined a map

¢ I, — Jx,o C Gr(6, R/ (t*)) (2.1)
by @ (I) = t7"I/(t?) (see [4]). We call o, the §-normalized embedding. Tt

has the following properties:

Proposition 2.1 ([4], Theorem 3). The §-normalized embedding o, is in-
jective for any non-negative integer r. It is also a bijection for r = c. The
punctual Hilbert scheme Hilb" (X, 0) is Zariski closed in Jx o.

Definition 2.2. We call Hilb" (X, 0) = ¢,(Z,) the punctual Hilbert scheme
of degree r for (X, o).

The following fact follows from Proposition 2.1:

Corollary 2.3. For any positive integer r with r = ¢, we have
Hilb" (X, 0) = Hilb(X, 0) = Jx .

Remark 2.4. In [5|, Piontkowski originally proved Theorem 1.1, Corol-
lary 1.3, and Theorem 1.4 for the case where the degrees r = c.

3. I'-SEMIMODULES

Let I' be a semigroup. A subset A c Z is called a I'-semimodule if it
satisfies
A+T cA.

It is straightforward to see that, for any ideal I of R, the set
L(I) = A{v(f): fel}

is a I'-semimodule. If integers a1, ..., as generate A (i.e., A =37 (a;+7T)
holds), we write I' = {ay, ..., as)r.
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Two I'-semimodules Ay and As are isomorphic if there exists an integer
a such that

Al:CL—FAQ:{CL—Fd:dGAQ}.

We define two special normalizations of a I'-semimodule A: We define the
0-normalization of A as A©® = —min A + A. In general, A is called 0-
normalized if min A = 0. On the other hand, A is said to be d-normalized
if #(N\A) = 4. For I € Z,., there exists an element A of Mod,(I") such that
A =T(I). From the inclusion (t*) < ¢~"I and the definition of ¢, in (2.1)),
it follows that —r + A is d-normalized, and #{(—r + A) n [0,26 — 1]} =§
holds. We call —r + A the 6-normalization of A and denote it by A,

In [5], Piontkowski introduced special generators of a I'-semimodule.

Definition 3.1 (|5]). Let I' = (p, q) where p < ¢ and ged(p,q) = 1. The

p-basis of a I'-semimodule A is the unique set {ag,a1,...,ap—1} satisfying
p—1
A= |(a; +pN) and a; = iq (mod p).
i=0
In particular, we have A = {ag, ..., ap—1)r.

Throughout this paper, we consider the p-basis only for O-normalized
I'-semimodules and therefore we always set ag = 0. Using the inclusion

Ngc T < AO we find non-negative integers a1, ..., a,—1 € N such that
ap = 07
a1 =q— a1p,
az = 2q — azp, (3.1)

ap—1 = (p—1)q — ap_1p.

We also set g = 0. These satisfy 0 < a1 <as < - < op_1 <gq.
The set Z, can be decomposed in terms of I'-semimodules.

Lemma 3.2 (|8, Proposition 6|). We have

.= || z() (3.2)

AeMod, (T)
where Z(A) ={I € Z, : T'(I) = A}.

By setting H(A) == ¢,(Z(A)), the stratification (1.1) of Hilb"(X, o) fol-
lows from Lemma 3.2.
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Remark 3.3. In general, some of the components in (3.2) may be empty.
However, in [5], Piontkowski showed that all components are not empty for
an irreducible curve singularity with I' = (p, ¢).

4. GROBNER BASES

We begin by recalling some key facts about Grobner bases, primarily
following [2]. Let R = C[xi(t),...,x;(t)] be a subring of C[t] such that
dimc C[t]/R < oo, and let M < C[t] be an R-module. As in Section 2,
let v be the natural valuation v: C[t]\{0} — Z=o. We also set v(0) = oo.
Put I' :== v(R) and I'(M) = v(M). Clearly, I'(M) is a I'-semimodule. We
consider the local order

v(1) > v(t) > v(t?) > -
For f e M, we denote by LC(f) (resp. LT(f)) the leading coefficient of f
(resp. the leading term of f) with respect to this order.
Definition 4.1. A subset G = {g1,...,gm} of R is called a SAGBI' basis
if, for any f € R, there exists a multi-index (51, ..., m) € ZZ, such that
LT(f) = LT(g}" - gur").
Definition 4.1 implies the following:

Theorem 4.2. A SAGBI basis G of R generates R as C-algebra.

Definition 4.3. Let G = {g1,...,9m} be a SAGBI basis for R and let H
be a subset of M. The pair (G, H) is called a standard basis of M if, for
any f € M, there exist h € H and a multi-index (f51,...,0mn) € ZZ, such

that LT(f) = LT(¢"" - - girh).

Similar to the above, the following theorem holds:

Theorem 4.4. Let (G, H) be a standard basis of M. Then the set H
generates M as R-module.

The following proposition follows from Definition 4.3.

Proposition 4.5. Let G = {g1,...,9m} < R be a SAGBI basis for R and
let H={hy,...,hy} be a subset of M. Then (G, H) is a standard basis of
M if and only if T' =<v(g1),...,v(gm)) and T'(M) = {v(h1),...,v(hn))r.

'Subalgebra Analogue to Grobner Bases for Ideals
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Theorem 4.6. Let G and H be as in Proposition 4.5. If (G,H) is a
standard basis of M, then any f € C[t] can be written as

f=ahi+ - +aqhn+r (4.1)

where 1. .., qn € Clg1,...,gm] andr =Y, c;ti.
30 (M)
We call r in (4.1) the reduction of f modulo (G, H), and denote it by
R(f,G,H).

Proof. We claim that the following algorithm yields (4.1):

Division Algorithm
Input: feR, G={g1,---s9m}, H="{h1,...,hp}
Output: q1,...,qn, T
Define: ¢ =0,...,¢, =0, 7=0,p:=f
WHILE p # 0 DO
If v(p) € T'(M), THEN find smallest [ such that
LT(p) = LT(¢7" - 'gﬁ{”hl) for some (B1,. .., Bm) € ZZ,

a=aq+g g

p=p—gtt gy

Ti=T

ELSE
p=p—LT(p)
r=r+LTep

We allow the algorithm to proceed infinitely many steps. Since the order
v(p) strictly increases at every step, p converges to 0. It is also obvious that
the orders of all terms in the final reduction r are not in I'(M). For further
details, refer to the proof of Theorem 3 in Chapter 2, Section 3 of [1]. O

The reduction R(f, G, H) has the following property:

Lemma 4.7. Let (G, H) be a standard basis of M. Then for any f € M,
the reduction R(f, G, H) is unique no matter how the elements of G and H
are listed.

Proof. The proof of this lemma is similar to that of Proposition 1 in Chapter
2, Section 6 of [1]. So we omit it. O

For fi1, fo € M, there exist multi-indices

(617"')/8771)7(717"‘77771) EZ;nO
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and elements hq, hy € H such that
LT(fi) =LT(¢{" ---garh1)  and  LT(fa) = LT(g]" --- g ho).
The S-process for f1, fo € M is defined as
S(f1,f2) = 91" - ghrhafy — gi* - g b fo.

Among all such expressions, we define the one with minimal order as the
minimal S-process of f1 and fo, denoted by Swin(f1, f2).

Proposition 4.8 ([2, Theorem 2.3|). Let G = {g1,...,9m} < R be a
SAGBI basis for R, and let H = {hy,...,h,} be a set of generators of
M. The pair (G, H) is a standard basis of M if and only if

R(Smin(hi?hj):GyH) =0
for all h;,hj e H.

5. PROOFS OF THE MAIN RESULTS

As noted in Remark 2.4, Piontkowski [5] originally proved Theorem 1.1,
Corollary 1.3, and Theorem 1.4 in the case r > c¢. The following result
about syzygies was used in his proof:

Lemma 5.1 (|5], Proposition 5). Let I' = (p,q), and let

p—1
A= J(ai +pN)
i=0
be a I'-semimodule with p-basis {ao,...,ap—1}. Consider a graded algebra
C[I] = D,er Ct7, and a graded C[I'|-algebra C[A] = P,cp Ct7 generated
by (t%, ..., t%=1). Then the syzygies of this p-tuple are minimally generated
by the following vectors:

o = (9, —%1P_0, ..., 0),
U1 = (Oa t4, _t(ag—al)p’ 0,..., 0)7

Up—2 = (0, e ,07 tq7 _t(ap—l—Oép_Q)p)’
Vp—1 = (ft(q_@pfl)p7 0,...,0,t9)
where aq, ..., q,_1 are numbers given in (3.1).

Before proving the main theorems, we briefly summarize Piontkowski’s
approach.
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Outline of Piontkowski’s proofs. If r = ¢, then we have
Hilb" (X, 0) = Hilb*(X,0) = Jx o

by Corollary 2.3. Recall that points of Hilb°(X,0) correspond bijectively
to elements I € 7, via ¢.. Moreover, each I € Z. corresponds to t~4] where
d=minI. If A == v(I), then v(t~4I) = A, Thus, Piontkowski identified
t=4I with a point in the A-subset H(A) of Jx , = Hilb°(X, 0). In his proof,
the following generators of t~%I were used:

hi=t%+ > Apt®th (i=0,...,p—1) (5.1)
a;+k¢A0)
k=0
where {ag,a1,...,ap—1} is the p-basis of A, He verified the conditions

for

© = (w(ho),...,v(hp-1))r.
Set G = {tp ¢} where ¢ = t?4higher order terms, and H = {ho,...,hp—1}.
Then A©) = (v(hyg),...,v(h,_1))r holds if and only if (G, H) is a standard
basis of R-module ¢~ dI by Proposition 4.5. Moreover, by Proposition 4.8
and Lemma 5.1, (G, H) is a standard basis of t~¢I if and only if

R(Suin(hi, hiy1), G, H) =0 for i=0,...,p—2, (5.2)
R(Smin(hp—1,h0),G,H) =0
hold. The minimal S-processes are given by
Sumin(hi, his1) = dhs — t@+H17%Ph, ) for i =0,...,p—2,
Swin (hp—1, ho) = ¢hp_1 — t0=0P=Pp,

Using (5.2) and (5.3), he analyzed the coefficients of S-processes and con-
cluded that the number of independent coefficients in h;’s such that

A(O) = <1/(h0), RN 7/(hpfl)>F
is given by

p—1
S #flai, ai + A} (5.4)

Hence, each A-subset H(A) of Jx,, = Hilb“(X, 0) is an affine cell of dimen-
sion (5.4). When 7 > ¢, we see that min A > ¢, and so
(—minA + F) N [ai7ai + Q] = [ai’ai + Q]a

on, making (1.2) equal to (5.4).
Once the decomposition (1.1) is shown to be an affine cell decomposition,
it follows that Euler number of Jx , equals the number of A-subsets in (1.1).
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Moreover, these A-subsets form a CW complex. So the Betti numbers
follow from standard (co-)homology theory (see [5] for details). O

Proofs of Theorem 1.1, Corollary 1.3 and Theorem 1.4. Piontkowski’s me-
thod applies directly to our general case without modification. We note one
remark about the difference between the dimensions (1.2) and (5.4) of A-
subsets. Let I € Z(A) c Z,, and set d = min A. Consider the generators
th; (i =0,...,p— 1) of I, which can be written as

th; = th + Z Ai ptbitF (5.5)
bik¢A
k=0
where b; :=a;+d and (i =0,...,p—1). Every ideal in I(A) has generators
of the same form as (5.5). The numbers of coefficients in (5.1) and (5.5)
are same, since the sets N\A©) and {n € N\A : n > d} are in one-to-one
correspondence.

Piontkowski’s idea was to count the number of independent coefficients
in (5.1) (equivalently, in (5.5)). This count gives the dimension of H(A)
as an affine space. If r < ¢, then (5.5) may contain some terms whose
orders are not in I'. We claim that the coefficients of such terms are not
independent. Setting

A={Bi¢T:Bi>q}={br,.., s},
we may assume that ¢ is of form 7 + X5 4 citP. The set {tP, ¢} is a

standard basis of R in ordinary sense. Reducing t?h; by {t?, $}, the final
reduction of t%h; must be 0, since teh; € R.
This implies that, for each term )\i,ktbi‘*'k with b; + k ¢ I, there exists

polynomial f; p(x1,...,2,) in Clzy,..., 2] such that A\; = fir(c1,...,cs)
(i.e. the coefficient \;  is determined by ¢, and hence are not independent).
This fact explains the difference between (1.2) and (5.4). O

6. EXAMPLES

The punctual Hilbert schemes of curve singularity of type Ag; (i.e., the
curve singularity with R = C[t?,t?*1]) was studied in [9]. For this sin-
gularity, we have I' = (2,2l + 1), 6 = [, and ¢ = 2l. Let e(Hilb"(X,0))
denote the Euler number of Hilb"(X,0). Let also [-] denote the greatest
integer function, where for a real number a, the value [a] is the largest in-
teger satisfying [a] < a. The following example is obtained from the results
in [9]:

Example 6.1. Let (X, 0) be the Ag;-singularity. The Euler numbers of the
punctual Hilbert schemes Hilb"(X, 0) are given in the following table:
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r | 0<r<20-1 r=2
e(Hilb" (X, 0)) | [r/2] +1 I+1
The Betti numbers of Hilb"(X, 0) are as follows:

hag(Hilb" (X, 0)) = h?¢(Hilb"(X,0)) =1 (de{0,1,...,[r/2]})

The punctual Hilbert schemes of curve singularities of type Eg and FEjg
(i.e. the curve singularities with R = C[t3,¢*] and R = C[t3,¢°] respec-
tively) were studied in [8]. For the Es-singularity, the fundamental invari-
ants are I' = (3,4), 6 = 3 and ¢ = 6. On the other hand, we have I' = (3,5),
9 =4 and ¢ = 8. The following examples are derived from the results in [8|:

Example 6.2. Let (X, 0) be the Eg-singularity. The Euler numbers of the
punctual Hilbert schemes Hilb" (X, 0) are given in the following table:

r 01 2 345 r>6
Hilb"(X,0)) |1 1 2 3 4 4 5
e(

The Betti numbers of Hilb" (X ,0) are also given in the following tables:

r h() hg h4 h@ r ho h2 h4 h6
0] 1 0] 1

1)1 111

211 1 211 1

31 1 1 311 1 1
411 1 2 412 1 1
511 1 2 512 1 1
61 1 2 1 6|1 2 1 1

Example 6.3. Let (X, 0) be the Eg-singularity. The Euler numbers of the
punctual Hilbert schemes Hilb" (X, 0) are given in the following table:

r 001 2 345067 r=8
e(Hib"(X,0)[1 1 2 3 45 6 6 7

The Betti numbers of Hilb" (X, 0) are also given in the following tables:

7. REMARKS ON THE RESULTS SIMILAR TO THEOREM 1.1

In this section, we discuss the results of Pfister and Steenbrink in [4].
Here we consider a monomial curve singularity (X, o).

Definition 7.1 ([4], Definition 8). We call a curve singularity (X, o) with
R =C[t™,--- ,t] for some positive integers ay,...,a, a monomial curve
singularity.

Without loss of generality, we assume that ged(aq,...,a,) = 1 in Defi-
nition 7.1. Additionally, we focus on special semigroups defined as follows:



194 M. Watari

ho ha hs he hs Y h? ht B8 BB

||| UY = W[ N = O[3
) B R Rl R ) e e
e L e e e

DO DN | DN DN —

N DN DN —

O || UY x| W N =D 3
N DN = DN = = = =
NN [N~~~

N[ | DN | ==

) Bl e

Definition 7.2 (|4, Definition 9]). A semigroup I' is called monomial if
0el, #(N\I') < oo, and any reduced, irreducible curve singularity with T’
is a monomial curve singularity.

The monomial semigroups were completely determined in [4].
Theorem 7.3 ([4, Theorem 10]). A monomial semigroup is monomial if
and only if it is one of the following three types:

{imi=0,1,...,s} U[sm+b,0) withl <b<m, s=>1,
{0bumm+r—1um+r+1,0) with2<r<m-—1,
{0,m} U [m+2,2m] U [2m + 2,0) with m >3

Example 7.4. Semigroups (2,2l + 1) with [ > 1, (3,4), and (3,5) are all
monomial semigroups that can be realized as plane curve singularities.

For a I-semimodule A, let S be the set of minimal generators of A,
Set " =S5 n 0,25 — 1]. For each v € 5, define

g = [y 41,20 — 1\A®).

Theorem 7.5 ([4, Theorem 11|). Let (X,0) be a curve singularity with a
monomial semigroup. For I € I,., there exist uniquely determined u, ; € C
such that, as R-submodule, @, (I) is generated by

gy =17+ Z wy jt?, (v e ).
jeJy

Corollary 7.6 (|4, Corollary of Theorem 11|). For a curve singularity
(X, 0) with a monomial semigroup, a A-subset H(A) of Hilb"(X,0) is an
affine space of dimension Z%S, #Jy.
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Remark 7.7. Theorem 1.1 is stated in terms of A(®), whereas Theorem 7.5
and Corollary 7.6 are expressed using A(®),

However, Theorem 7.5 and Corollary 7.6 do not hold in general. Suppose
that Theorem 7.5 and Corollary 7.6 do hold for the Fg-singularity. Recall
that R = C[[t3,t*], T = (3,4) and § = 3 for this singularity. Consider a
I'-semimodule A = (4,6, 7)r. It is easy to verify that A € Moda(I"). So its
d-normalization is given by

A = 24 A=(2,4,5)r.

Let I be an element of Z(A). It follows from Theorem 7.5 that yo(I) is
generated by gy = t? + U273t3, g4 = t* and g5 = t° as R-submodule. By
Corollary 7.6, we also have dim H(A) = 1. However, we see that

I(A) = {(t47t63t7)}a

which means H(A) consist of a single point. Therefore, dim H(A) = 0.
Moreover, it is obvious that oo((t%,2%,¢7)) is generated by t2, t*, and t°.
These contradict the assumption.
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