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On curve based ruled affine submanifolds
Olena Shugailo

Abstract. In this paper we consider affine ruled submanifolds of arbitrary
dimension and codimension in the classical sense, i.e. curve based ones. For
such a submanifold we define the natural parameterization and the natural
transversal distribution. We calculate all the affine characteristics for such
an affine immersion. We find conditions on the base curve and the directions
of the rectilinear generators such that the induced connection is flat and the
natural transversal distribution is equiaffine.

Amnotamnis. B pobori posrismarorsea adimmi siniiaari miagMHOrOBHIM 10-
BiIbHOI BUMIPHOCTI i KOBUMIpHOCTI B KJIACHIHOMY CeHCi, TOOTO moOymoBa-
Hi Hay, KpuBoo. O6paHO HATYPAJIBHY [apaMeTPU3AIIo Ta TPAHCBEPCAIbHII
po3mozi, 3HaiiaeHo Bei adinHl XapaKTepUCTUKY JJIs TAKOro adiHHOrO 3a-
HypeHHs. JHaNeHO YMOBH Ha 06a30By KPUBY Ta HANPSMKN IIPSMOJIHIAHEX
TBipHEX, 11100 iHyKOBaHAa 3B’s3HICTH OysIa IIACKO0. 3'sCOBAHO B IKOMY BH-
naJIKy obpaHuil TpaHCBePCAJIBbHUIT PO3MO/L € eKBiadiHHIM.

1. INTRODUCTION

When we study affine submanifolds with given properties of affine fun-
damental form, connection, or Weingarten mapping. It often turns out
that representatives of such submanifolds are linear submanifolds. So they
deserve a detailed research.

Let us remind the definition of an affine immersion. Let (M™, V) be an
affine n-dimensional manifold with affine connection V and (R™"*™ D) be
the standard (arithmetic) affine space with flat connection D. According
to K. Nomizu and T. Sasaki [4], the immersion f: (M", V) — (R D)
is said to be affine if along f there exists a m-dimensional transversal
differentiable distribution @: z € M"™ — @, such that for all x € M"™ and
for all smooth tangent vector fields X, Y on M"™ we have the following
decomposition

Dy, x)[+«(Y) = f«(VxY) +h(X, Y), h(X, Y)eQ. (1.1)
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The symmetric bilinear map
X, Y): T(M") x T(M") - Q

is called the affine fundamental form.

If we have an immersion f: M™ — (R"*™ D) without any prescribed
connection, then the choice of a transversal distribution () defines a torsion-
free induced affine connection V from (1.1).

For a chosen transversal frame &1, ...&,, we have the affine analogues of
Gauss and Weingarten decompositions

Dy, x)f+(Y) = f«(VxY) + (X, Y)&a,
Dy, (x)€a = —f+(SaX) + 75(X)&p.

The Weingarten mapping Sy : Qz x T,(M™) — T, (M™) is defined [6] as
follows: (&, X) — S¢X at every point x € M".
The induced volume element 8 on M™ is defined by the formula:

O(X1,.... Xpn) = fo(X1)y ooy [u(X0), &1y oy &l

The transversal distribution @ with transversal frame {{1,...,&,} is
called equiaffine, if Vx0 = 0 for all X € T,(M"), x € M". It is known
that this condition is equivalent to the following one:

(X)) + 13 (X) 4+ +7(X) =0.

With an equiaffine transversal distribution ) we have an equiaffine struc-
ture (V,6) on M".

It is obvious that the transversal distribution for an affine immersion
can be chosen in a more than one way. The connection between the affine
characteristics of the affine immersion for different transversal distributions
can be found in [7].

In particular, it is known that the rank (the pointwise codimension) and
the kernel of the affine fundamental form do not depend on the choice of
transversal distribution.

Affine immersions with flat connections have been studied by many au-
thors [2-4,6,7,10] and others. Complete affine hypersurfaces with flat
connections in standard affine R"*! have been studied by K. Nomizu and
U. Pinkall [3]. They classified immersions as:

(i) a hyperplane (h = 0);
(ii) a graph (S =0);
(iii) an affine cylinder with (n — 1)-dimensional rulings (h # 0, S # 0).

In case of higher codimension (f: M™ — R™*™) we have some similar
results [7]:

e if h = 0 then f is a totally geodesic immersion and f(M") is an n-
dimensional affine subspace or its part;
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o if § =0 then f is affinely equivalent to the graph immersion of some
smooth map F': M™ — R™,

Case of S # 0 and h # 0 is much more complicated. In particular, if a
manifold M™ is complete and dimkerh = p = const # 0, then f(M") is
a p-ruled affine submanifold [7]. In this case we mean a generalized ruled
affine submanifold with p rectilinear generators and (n — p)-dimensional
base.

A (n — 2)-ruled submanifolds have been classified in [9] with respect to
theirs two-dimensional base. With the additional requirements on the affine
fundamental form, the ruled submanifold is necessarily a cylinder [6,8,9].

In the present paper we study affine (n — 1)-ruled submanifolds of arbi-
trary codimension with a nondegenerate curve as the base. For such a sub-
manifold we define the natural parametrization and the natural transversal
distribution. Then we find all its affine characteristics (Lemma 3.1). We see
that corresponding to directions of rectilinear generators coordinate tangent
vectors belong to ker S and ker R. Also we have the following estimations
(Corollary 3.2):

dimker S = n — 1, dimker R = n — 1, dimkerh <n — 1.

They mean that the image of the Weingarten mapping is not greater than 1.
However, if the condition S = 0 defines an affine immersion of a graph [7],
then the condition dimim S = 1 does not define a ruled submanifold. In
the case of codimension 2 the classification of immersions with flat connec-
tions and one-dimensional Weingarten mapping has been obtained in [10].
Such an immersion can be a peculiar mix of a graph and a (n — 1)-ruled
submanifold.

Finally, we find conditions on the base curve and the directions of the
rectilinear generators under which the induced connection is flat and the
natural transversal distribution is equiaffine.

In the paper, by affine completeness we will mean the completeness of
the induced connection [5]. Therefore, an affine manifold (M", V) is called
complete if every V-geodesic extends infinitely with respect to its affine
parameter. In case a complete ruled affine submanifold is not a graph and
its codimension is greater than 1, we obtain its parameterization (Theo-
rem 3.3). It is known that a complete ruled affine hypersurface with flat
connection is a cylinder [3].

2. PRELIMINARIES

Let us remand equaffine curve theory in R [1]. We consider a smooth
curve p(t) = {p'(t), p2(t),. .., p"(t)}, where p;(t) are smooth functions of t
defined on a certain interval G.
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We say that the curve is nondegenerate if

/ =/

|ﬁt,pt,...,ﬁ§k)| #0 forall ted.
It is clear that a nondegenerate curve p(t) admits a parameter o such that

PPy, P = 1.

Parameter o is called an affine arclength parameter. It is unique up to a
constant summand and is defined by

N P _(k) | ez
Oy = |pt7pt" <o Py |k<k+1)'

Differentiating the identity (|gL, oL, ... ,ﬁgk)| = 1)/, we obtain that

1Ly pEY plEHD | = 0.

The latter identity implies the following decomposition

Pyt = —ki(0)ply — - — kxa(0)ps Y, (2.1)
where k1(0),...,kx—1(0) are called affine curvatures of the curve.

We will define the natural parameterization of a ruled affine submanifold
in R"™ by the position vector

rlul u?, L u™) = put) + ) ula(ut), (2.2)
=2

where
) = (M), ..., " (), 0,... 0)
1

is a nondegenerate curve in R™*! with an affine arclength parameter u',
and

a;(u') = (af (u'),...,a" (u"),0,...,1,...0), (i=2n),

7 »

are directions of rectilinear generators. Here 1 stands at the (i + m)-th
coordinate place of a;.
We define the natural transversal frame as follows

&= ﬁ”(ul)7 §2 = ﬁ///(u1)7 R Em = ptm ) (ul) (23)

Say that a natural parametrization (2.2) of a ruled submanifold is reg-
ular if it is regular with respect to the corresponding natural transversal
frame (2.3), that is the following condition

det("ﬂla"'af%7§17"'a§m) 3‘&0 (24)

holds for all parameters u’.
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3. MAIN RESULTS

We deal with the natural parameterization (2.2) of a ruled affine sub-
manifold in R™"*™. Denote by {e1, e, ..., e,} the corresponding coordinate
tangent frame. Here the vector e; corresponds to the first tangent vec-
tor, i.e. to 7, while vectors e; (i = 2,n) correspond to the directions of
rectilinear generators, i.e. to a; = 7.

Lemma 3.1. An affine immersion of a complete ruled submanifold with
the natural parameterization (2.2) and the natural transversal frame (2.3)
has the following affine characteristics:

— the induced affine connection

n
Velel = —k‘l Z ui/\;ﬂ’ﬂel,
=2
Vejel =0, Vejekzoa Jk=2mn

— the curvature tensor
R(ek, el)ej = R(Ej, 6k)61 = R(ek, ei)ej = O,
R(elv 6]')61 = kl(ul))\gn—i_l(ul)el: Z.>j> k= 27”

— the components of the affine fundamental form

hi =14k Z w' NPT 4 Z — koAt
1,j=2

n
s __ i, yvs+1ym+1
Wiy =k Y uld AT

)
+ Z F O — kAT s =2 m -1,
hll — kl Z U ug)\m+1)\m+1 + Z + (A;ﬂ+1)/) ’
1,j=2

My =M bl =0, I=Tm, i,j=2n;
— the shape operators

S1=0,l=1,m—-1, Spule;)=0,7=2,n, Spyler)= kl(ul)el;

— the transversal connection forms

Ble) =0, a,f=T,m—1, B#a+1, 2F(e)=1,
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h(er) = ki (u' ZuA‘” — kg1, B=Lm—1;
=2

M(er) = ki(u Z u AL Tg(ej) =0 Va,8, j=2,n.

Here kl‘(u )ye.., kp_1(ul) are affine curvatures of the base curve. The func-
tions X (u') are obtained from the decompositions

aj(u') = A (uh)p'(wh) + AP (h)p" (uh) 4+ AP ()Y (). (3.1)

Proof. For the natural parameterization (2.2) we have

=7 +Zu P = ai(u),

=l 7// 1= // =1 1 =l N ..
=0 ( —I—Zu ),  mi=au), T5=0,14,7=2mn.

Due to (3.1), the vectors g (ul), 7”(ul),..., s D (u!) form a basis of
the space to which the curve p(u') and the vectors a.(u') belong.
In order to write out the Gauss decomposition we find the relationship
between p(u!) and 7:
n m+1

=g+ Yy A = (1 —I—Zu)\ )0 +Z ZAS“gs,
=2 s=1
(1+ i W) P =7 - Z ul Z Astle,.
1=2 =2 s=1

n .

It is easy to see that the determinant (2.4) is equal to 1 + >, u’Al up to a
=2

sign. Therefore, the natural parameterization is regular if

(1 + Zn] uiA}) £0. (3.2)
=2

But let us temporarily omit this requirement and get results in general case.
Since u! is an affine arclength parameter of the curve p(u'), we have that

m+2 Z kl ’

where k1(u'), ..., ky(u') are the affine curvatures of the curve p(u').
Then the Gauss decomposition for 77 ; can be written as follows:

T =a; = /\Jlﬁl + )\gﬁ” 4t A;ﬂ-ﬁ-lﬁ(m—i—l)



On ruled affine submanifolds

209

1 n m m
-—— (ri -2 Af“ss) + 2 X
s=1

L+ > wiA! =2 s=1
i=2
n .
N . )\jﬂ TR <>\?+1)\Z1 B )\Jl)\f+1>
= 771] ’F’l —|— Z =2 n gS‘
L+ X uid! s=1 1+ > wiA!
=2 1=2

Thus, we have the following affine components:

Iy = L0 Ty =0, k=2n
14+ > uwiAl
=2
n
+1 i (\sT1y1 _ \1ys+l
X Y (AL - Al
s __ 1=2
lj - n ]
1+ > wiA!
i=2
From decomposition (3.1) we obtain that
m+1
a (u' 7+ Z AU 4+ 3T (A0 4 A plm )
=2

7+ 2 (/\l + (A ) S(I+1) _ At i ky o)
=1
m—1
— (A = kA + Y ()\ + (AL klﬂ/\;"“)fﬁ
=1

+ (A" + (A &

Then the Gauss decomposition for 7, is given by

77/1/1 _ ,5” + Z ul //
=&+ 2 )\mH)P

+ i 'LLZ Z ()\l )\l—i—l lirlA;n—i—l) 51
=2 =1

—l—ZuZ (A7 + AP &
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i (L) = Ry A v m
=+ = , (fﬁ—ZuiZAf+1gs>+
1+ Z uZ/\ll =2  s=1
1=2

n

+ Z U Z ()\z )\l+1 I€1+1)\§n+1) ¢
=2 =
+Z ut (A + (Y €

Thus, we have the following affine components:

ut (A = kA
F%l = n ) ’
1+ > uiA

i=2

Since 7, = 0 for j,k = 2,n, we have the following affine connection:

Itss

=0, k=2n.

Vejek =0, j,k=2,n,
n .
)\1 Z u' (()\Zl)/ — kl)\:-nJrl)
¢ e1, Ve er = =2 m el,
14+ > uiA]
i=2

and the Weingarten decompositions:

0 - .
ai’lfll :p(l+2)( ) €l+1? l:]-am_lv
;iz:(j, s=1,m, k=2,n,
aém ~(m+2) <
aur =P == L
m—1
= ( Z Z )‘S—Hfs) - Z ks—i—lgs-
1+ Z uz)\l s=1

1=2
Therefore, the corresponding shape operators and transversal connection
forms can be written as follows:

S =0, I=1,m-—1; Sm(e;) =0, j=2n,
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k
Sm(er) = ——2——e,
1+ > wiA!
=2
Tg(e]):()a VOK,B, .7:2777‘7
i) =0, a,f=Tm—1, B+a+l,
Tg+1(61) =1,
ki U -
T(er) = ———— D u' X — kg, f=Tm -1,
L+ > wiAli=2
1=2
ky LI
T(er) = ———— Y utAl
14 Y uwiA] =2
1=2

Note, that in general case the transversal distribution is not equiaffine.
Finally, we obtain the curvature tensor:

R(ek,el)ej = V¢, Ve €j — Ve, Ve

AL
—v%<n760—v4m
1+ > uiA!

i=2
AL AL by
= i k Ser — n] . nk e1 =0,
1+ 3 winl L+ X ulhy 1+ 3 uid]
i=2 v =2 =2

R(€j7el€)el = vejvekel - vekvejel
AL Al
:v%(nkeg—v%<nzeqza
1+ > wiAl L+ X uiA!
=2 1=2
R(elaej)el = velvejel - vejvelel
>t (M) = kAT
=2

AL
() (B
1+Zui)\i1 1+Zui)\z1
i=2 i=2

€1
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oy (1+ St ) -4 (F )

= el—|—

B
(1 + Z uz)\ll>
i—2

AP Y ut () = kAT

+ =2 " P] €1—
<1 + 2] ul)\11>
=2

(()\]1.)’ - kl)\;’”l) (1 s wg)

1=2
(1 + > ub\%)
=2
At (AD =R A ) A Y wl (W) = kAT
i=2 =2
+ " ) €] — n 5 €1
(1 + 3 uz)\zl) (1 + 2] uz)\21>
1=2 1=2

k1 <)\§”+1 + Eg ut (AT — A}A;ﬂ“))
= — 61.

- )
<1 + > uz)&)
i=2

It is easy to see that with obtained induced connection V the curves
ul = ¢, vt = bis + d;, ¢;,bi,d; € R, i = 2,n are V-geodesic with their
affine parameter s. If the induced connection is complete, parameters u’
(i = 2,n) run from —o0 to 0. Therefore, the regularity condition (3.2)
fulfilled for any u® (i = 2,n), which is true only if A =0, i =2, n. Now we
substitute the necessary completeness condition into all the obtained affine
characteristics and get the ones formulated in the lemma. (I

Corollary 3.2. An affine immersion of a ruled submanifold with the na-
tural parameterization (2.2) and the natural transversal frame (2.3) has the
following properties:

dimker S > n —1, dimker R > n — 1, dimkerh <n — 1.

Furthermore, coordinate tangent vectors ea, . .., e, correspond to directions
of rectilinear generators,

span(es, ..., e,) < ker S, span(es, ..., e,) < ker R,

and span(es, ..., e,) 2 ker h.
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As we can see, the curvature tensor is zero in the following two cases:

(a) the affine curvature k1(u') of the base curve is zero;

(b) for any values of the parameters u',u?, ..., u", the following system

is fulfilled:

n
AT ST (APTIN — MATT) =0, =27,
=2

it is possible only in the case of )\;”H(ul) =0,7=2,nin (3.1). We see that
condition for flat connection is the same for a complete and an incomplete
submanifold.

Obviously, that in both cases we have that >./*, 7/ = 0. Hence the
natural transversal distribution is equiaffine when the induced connection
is flat.

Theorem 3.3. Let f: (M™, V) — R""™ m > 1, be an affine immersion
with flat connection V, satisfying dimim S = 1 and such that f(M™) is
a complete (n — 1)-ruled submanifold. If there exist its regular natural
parameterization, then it takes the following form

rlul, . um) = pul) + > ul ) J)\f(ul)p(s) (ul)du', (3.3)
=2 s=2

where p(u') is a nondegenerate curve in R™Y with an affine arclength
parameter u', and /\f(ul) are certain smooth functions.

Proof. If we choose the natural parameterization (2.2) for a (n — 1)-ruled
submanifold, then according to Lemma 3.1 the curvature tensor will be zero
in the following two cases:

(1) the affine curvature ki (ul) of the base curve is zero;
(2) )\;-n"'l(ul) =0 for j =2,nin (3.1).

In the first case (k1 (u') = 0) the shape operators are zero, therefore such
an immersion affinely equivalent to a graph immersion of some smooth
map [7]. We have one more proof of this statement. In case ki (ul) =0 we
get from (2.1) that the parameterization of the base curve is

plut) = (ub, p?(uh), ..., p" T (uh),0,...0).

This means that we have an affine immersion of a graph in (2.2).

The condition dimim S = 1 implies k;(u') # 0, whence we have the
second case ()\;-”H(ul) =0 for j =2,nin (3.1)). Let us consider it in more
detail. Note that the tangent vectors are:

’Fg:ai(ul)? i:2,7’L,
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7= (1 + i A}(ul)ui)ﬁ’(ul) n an ut i AL () ().
=2 =2 s=1

The immersion is regular and complete only if )\} =0, i =2,n. We have
the following decomposition for vector a;:

aj(u') = Y X (WHpW ), ') =) f)\f(ul)ﬂ(s)(ul)dul~
s=2 5=2

Thus
rlaty ) = plat) Yt Y [ !
=2 s5=2

is a regular natural parameterization of a complete (n — 1)-ruled submani-

fold in R,
In this case the natural transversal distribution is equiaffine. O

Using the previous results we get the following corollary.

Corollary 3.4. An affine immersion (3.3) with the natural transversal
distribution has the following general affine characteristics:

— the induced affine connection is flat:
IV =0 Vijk

— the components of the affine fundamental form:

T+ Y wf(A2) A3 ... A2
=2
hl = )\% 0O ... 0 ’
A2 0 ... 0
ul (8 + (AFTH) At L st
=2
s — At 0 . 0| s=2m=1,
Ast 0 ... 0
wA™ 0 ... 0
=2
B — 0 0 ... 0 ;
0 0 0
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— the shape operators:

S =0, 1=1T,m—1; Sple;) =0, j=2,n, Spler)=ki(u')er;

— the transversal connection forms:
() =0 Yo, 8, j=2m;
Th(en) =0, af=Tm—1, B#a+l,

a+1( ): ,

Thie1) = ki(u') Z u N — kg (ut), B=Tm—1
=2

T(e1) =0

4. EXAMPLES
Example 4.1. A incomplete affine ruled surface in R3.
Consider the following surface in R? with the position vector:
7(u,v) = (e“ + %veQu, %6_“ - %uv, v) )
It is a ruled surface with the base curve p(u) = ( , 26 -, 0) Since

p(u) = (e, —%67“,0) , p'(u) = (e, 26 0,

it is easy to see that u is the affine arclength parameter for p(u). From the
equality
P (u) = (e, —3e7",0) = p'(u)
we obtain that the affine curvature ia k = —1 (the curve is the hyperbola
xy =1/2).
The natural transversal vector is & = p”(u).
The direction of rectilinear ruling is a(u) = (%GQU, —%u, 1). Furthermore,

EL,(U) = (62u7 _%7 0) = euﬁ,(u),

whence M (u) = e%, A\?(u) = 0. Since M\ (u) = e, the surface is incomplete,
and since A2(u) = 0, the induced connection is flat. This surface is an
incomplete ruled one and it is not a cylinder. We know that complete
affine hypersurface with flat connection can be only a subspace, or a graph,
or a cylinder [3].

Example 4.2. A complete 2-ruled 3-dimensional affine submanifold in R>.

We will construct a complete ruled affine submanifold with 3-dimensional
base curve and two rulings. The base curve is p(t) = (e, 3¢ 73, Te). We
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check that ¢ is affine arclength parameter and find affine curvatures k1, ko.
Evidently,

— t 1 -3t 1,2t I __ t 3 _—3t 2t 1 __ t 9 —3t 2t
pt_(e7_ﬁe ,56 )7 pt_(evﬁe , € )7 Py _(6?_T0€ 726 )

It is easy to see that |p/, 0", p"| = 1, i. e. t is affine arclength parameter
for the curve. From the equality
p(E) = (¢, 3he™ 4e™) = —6p(t) + 77" (1)

we obtain affine curvatures k1 = 6, ko = —7.
In parameterization (3.3) we put p(u!) = (e“l, %e‘Sul, %62“1,0,0) and,

1 1 .
for example, A3(ul) = %, M(u!) = e™%. Then we get the following
parameterization:

1 1

el %EZU ul

1 —3ul 3 —2u! _ 3 !
(01 3 1 2 20€ 1 3 40 1
r(ujuju): 162u +u %e3u +u el
0 1 0
0 0 1

The natural equiaffine transversal frame is

_ 1 _ a1 1
§1 :P”: (eu 7%8 su 7€2u 7070)7

_ 1 _ 1 2 1
52 :p/l/: (eu ’_%e 3u ,26 u 7070)‘

This affine immersion has flat induced connection, one-dimensional Wein-
garten mapping, and components of affine fundamental form

1+ u26“1 - u36*“1 et e uZet + ude 0 0
ht = et o o0 |, h= 0 0 0
e~ 0 0 0 00

In this case we have that dimkerh = 1, ker h = span(e * ey — " e3).
Tangent vectors ez, e3 correspond to directions of rectilinear rulings as(u!),
az(u') of the submanifold.
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