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Schwartz-Green’s families for quantum
mechanics

David Carfi

Abstract. This paper is devoted to the concept of Green families associated
with a linear continuous endomorphism defined on the space of tempered
distributions S;,. Our concept of Green family is an operative and rigorous
version (counterpart) of some formal type of Green function used in Theoret-
ical Physics, Quantum Mechanics, Quantum Chemistry and Engineering and
sometime also in Mathematical Physics to solve some kind of Linear Differen-
tial Equations. The relationships between our method and the approach by
fundamental solutions is immediately showed, to solve inhomogeneous linear
equations.

Amnoranis. Crarra npucBsdyena nouarrio cimeii ['pina, acouiftoBanux 3 Jii-
HIAHUM HEIIEPEPBHUM €HJIOMOP(dI3MOM IPOCTOPY y3arajJbHeHNX DYHKIIH 110-
BimbHOTrO pocry ). 3ampornonosana KoHentia cim’i ['pina € omepaTopHoro
Ta CTPOTrOI0 BEpCi€io TmeBHOro GhopMasibHOTO Tuiy (yHKIl ['pina, mo BIKO-
PHMCTOBYETBHCA B TeOpeTHUHiN Di3uIli, KBAHTOBI MexaHili, KBaHTOBi# Ximil
Ta iHKeHepil, 1 iHo/l TaKoXK y MareMaTudHiil (pisurii /Ui po3B’a3yBaHHS Jie-
AKUX JHHIHEX gudepeHniagbHnX piBHAHL. B poboTi Takoxk mokasaHo B3a-
€MO3B’SI30K MiK JAHUM METOJOM Ta METOJOM MOOYIOBU (DYHIAMEHTAIHHIIX
PO3B’s3KiB HEOIHOPIIHUX JIHIHHUX PIBHAHD.

1. INTRODUCTION: THE ROLE OF SCHWARTZ LINEAR ALGEBRA IN
QUANTUM MECHANICS

The classic Hilbert space methods cannot be used for the definition and
resolution of the free relativistic Schrodinger equation because the very
fundamental solutions of this equation cannot be framed in a Hilbert or
Banach space context. We can justify the necessity to use distribution
theory, for many reasons. If we lock down ourselves in separable Hilbert
space theory, we cannot hope to solve satisfactorily (from a physical point
of view) the relativistic Schrodinger equation for free particles. The simple
reason is that the very main (and generating) solutions of the relativistic
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Schrodinger equation for free particles cannot be considered as elements of
a separable Hilbert Space.

First of all, if we desire to consider the standard L? product, we immedi-
ately observe that the de Broglie waves do not belong to the space of square
integrable functions.

Moreover, the set of all harmonic waves is a continuous set (not a discrete
one) and, if we select its “naturally orthonormal” subfamily (generating the
unitary Minkowsky-Fourier transform as integral kernel), we are getting
again a continuous family that should be orthogonal by right, from a phy-
sical perspective, but cannot be as such in any separable Hilbert space (even
different from L?). We cannot find continuous orthonormal families in a
separable Hilbert space, but only discrete orthonormal systems! Further-
more, even forcing the matter and considering a Hilbert space generated
by all those “unitary orthogonal waves”, we would obtain a non-separable
Hilbert space, that would complicate enormously the matter, from a func-
tional calculus point of view, because we have no reasonable or natural
spectral theory for non-separable Hilbert spaces. We are not saying, here,
that we have not to use nonseparable Hilbert spaces in Quantum mechan-
ics, but we see that they do not help in the formulation and resolution of
the relativistic Schrédinger equation

Analogous problems we would risk to face if we lock down ourselves
in separable Normed Space theory: it is very hard to keep, in a unique
functional theory, a reasonable and convenient separable norm with a good
spectral theory and the presence of the continuous family of de Broglie
waves. That is a general problem, in quantum mechanics and quantum field
theory: when we consider harmonic waves and related differential equations
(or operatorial equations), theoretical phisicists, actually, do not use Hilbert
Space theory - and we know it - we use, instead, smooth function theory,
differentiable function theory, we work, essentially, with calculus techniques
and distribution theory. Then, we have another general problem of Hilbert
space theory in QM: even when we solve the classic Dirac free equation,
the manipulations and resolutions proceed, essentially, in a differentiable
theory context; indeed, the basis solutions of the free Dirac equation are
bispinors constructed by harmonic waves and then, automatically, we work
out of the Hilbert space theory. Moreover, when we work out of the Hilbert
space theory, we work also out of the spectral theory on Hilbert spaces.

Consequently, we cannot expect to find a correct and unambiguous de-
finition of the square root of an operator by Hilbert space techniques, if
the domain of such operator should contain the de Broglie waves, because
in this case we are playing outside of any separable Hilbert space. It’s
not a case (and do not surprise at all) that Dirac equation was solved
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by smooth calculus and finite algebraic methods, rather than infinite di-
mensional Hilbert space techniques. In order to define the square-roots of
differential operators, in quantum mechanical context (where we need to
manage harmonic waves, eigenstates of position operator, continuous spec-
tra, and so on...), we need a spectral theory constructed elsewhere, not
in Hilbert spaces. In some way, quantum mechanics needs to coordinate
and put together two apparently incompatible aspects: the state space of
a quantum system can be generated (simultaneously) by discrete and con-
tinuous bases, at the same time: the position and momentum basis (|z)),
(|p)) are continuous, while the Hermite function basis is discrete.

Very often we read “let’s solve the harmonic oscillator problem in the
position basis”, or "let’s solve the harmonic oscillator problem in the mo-
mentum basis”, which are continuous basis (in some Radon-Pettis-Schwartz
sense to be correctly defined) only to see, after a while, that the harmonic
oscillator is solved by the discrete Hermite function basis of L? (it would
be better to say of the Schwartz function Space S)

How the position basis and momentum basis (that completely stay out
of L?) can generate the same state space generated by the L? Hermite
function basis? In what sense a continuous family of vectors can generate
a functional space? The position eigenstates are not even functions, they
are measures.

In what space are we moving? The state space is separable or not?
What is its Hilbert dimension, Xy or 8;? How a separable Hilbert (or
Banach) space could contain “non-normalizable” vectors and continuous
orthogonal families of non-normalizable vectors that, from a physical point
of view, represent simply the certainty to observe a specific result? In
tempered distribution spaces, we know that the Hermite function family is
a discrete basis in a rightful algebraic-topological sense, it is a total family,
it is also a basis in a generalized Hilbert sense (with respect to the tempered
distribution topology)

Moreover, position and momentum basis live in &’ and generate S’ in
the Schwartz linear algebraic sense S’ as a separable topological vector
space, it is wonderfully generated by discrete and continuous basis, in two
different rigorous and operative meanings and, by the way, exactly the
meaning used practically by quantum physicists, in a more heuristic way.
In addition to that, in the distribution approach, any quantum mechanics
observable is a continuous and everywhere defined operator, while in the
Hilbert space approach we almost surely face discontinuous (unbounded)
operators and very strange, unnatural domains, even for the most simple
observables (position, momentum, ladder operators, number operator and
so on and so forth).
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Consequently, in Hilbert spaces, we face any kind of difficulties, even to
add or multiply two straightforward operators such as a derivative operator
and the position operator — which show different domains — that without,
and well before, coming to ask “what the principal square root of a discon-
tinuous, non-everywhere defined, not-properly hermitian, densely defined
(or perhaps closable) operator is”. What our new Schwartz linear Algebra
theory clarifies compared to previous methods?

The new theory clarifies definitely where we are working, in quantum
theories and quantum field theory, especially in relativistic quantum me-
chanics. We clarify that the state spaces of quantum objects are not Hilbert
spaces (if we exclude the finite dimensional spaces that, anyway, are sub-
spaces of the tempered distribution space S’), but powers of tempered
distribution spaces. Fortunately, tempered distribution spaces contain a
lot of good inner product spaces, useful in the evaluation of probabilities
and expectation values for quantum mechanics. By those inner products,
we finally understand the possible way to “normalize” properly the eigen-
vectors of the position and momentum operators (eigenstates that should
be normalizable because of their straightforward physical meaning: they
simply represent certainty). First of all, we solve the problem of evolution
in the tempered distribution space. Then, when necessary, we go to find
the right inner product subspace of tempered distribution space, in which
calculate probabilities and expectation values.

2. BACKGROUND AND LITERATURE REVIEW

The general intent of our study is to start from Laurent Schwartz distri-
bution spaces, based also on the Minkowski space-time, following the spirit
of Linear Algebra and Geometry, and offer precise meanings and rigorous
support to many calculus methods of Quantum Mechanics.

2.1. The role of Schwartz Distribution Theory. The mathematical
pre-context of our analysis is, so, the Laurent Schwartz distribution theory
— in particular, that based on the Minkowski space-time. For distribution
theory, we refer to Schwartz (|26-31]), Barros-Neto ([1]), Dieudonné (|20,
21]), Bourbaki ([3-5]), Horvath ([23]), Kesavan ([24]), Boccara ([2]), Lang
([25]), Treves ([33]), Yosida ([34]) and Zeidler (|35])

Our approach not only provides a rigorous and efficient justification for
the use of many quantum mechanics mathematical tools substantially as
they usually show up in the physical practice, but — by a “correct” formu-
lation of the calculus methods in terms of contemporary mathematics — it
helps to reach a deeper comprehension of the physical structures studied in
Quantum Mechanics.
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2.2. Schwartz Linear Algebra and physical Hilbert space. Distri-
bution Theory allows us to provide an efficient and deep calculus method
for Quantum Mechanics, inspired by the renowned Dirac Calculus ([22]).
Specifically, we move inside the realm of Schwartz Linear Algebra, which
helps us to reach a deeper comprehension of the physical structures studied
in Quantum Mechanics

In particular, in Schwartz Linear Algebra, we consider a new definition
of state spaces for quantum systems. These structures are often identi-
fied with separable Hilbert spaces, leading immediately to the so-called
“non-normalizable” states — which revealed fundamental in the develop-
ment of the quantum mechanics. Indeed, those particular states should be
normalizable, but with respect other convenient scalar products, orthogo-
nal to the initial one. Some researchers in theoretical quantum mechanics
already understand that the state space of a Quantum system should be a
larger structure than Hilbert spaces, sometimes they call it “physical Hilbert
space” ([32]), without introducing a clear definition. We have already shown
in the past ([6-19]) that “physical Hilbert spaces” can smoothly be identified
with distribution spaces on suitable Euclidean spaces or Minkovski spaces,
depending on the nature of the quantum system considered. Such distribu-
tion spaces should be endowed with some algebraic-topological structures
such as: continuous operations of superposition; extended Dirac products;
partial inner products; etc

2.3. Extended Dirac products and associated non-separable Hil-
bert structures. In particular, the extended Dirac product allows us to
introduce new usual scalar products upon some distinguished subspaces of
distribution spaces, endowing those subspaces with non-separable Hilbert
structures, which clarify definitely the role of the so-called non-normalizable
states. For example, the singular Dirac distributions and the celebrated de
Broglie waves become elements of those new non-separable Hilbert spaces
and, consequently, they acquire the status of normalizable states, as it seems
completely natural because of the physical usual probability interpretation
of such states.

2.4. Continuous superpositions. The new operation of continuous su-
perposition revealed the right tool which allows us to build — in a mathemat-
ically rigorous way — the extended Linear Algebra of Dirac, in distribution
spaces, using the Schwartz natural topological-linear structures of those
spaces.

More precisely, we saw that the natural algebraic-topological structure of
those spaces allows to define an extension of the finite linear combination,
when the sets indexing the families of vectors are continuous sets, even in
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the case in which the systems of coefficients show a continuous-infinity of
terms different from zero. Now, it appears utterly clear how our appro-
ach to distribution theory and QM induces a renewed geometrical vision
of the functional analysis developments of the two theories themselves: we
realize the existence of continuous bases of distributions and corresponding
coordinate systems, continuous matrices of continuous operators, tangent
and cotangent spaces of infinite dimensional manifolds, modeled upon dis-
tribution spaces, endowed with suitable and comfortable continuous bases,
leading to a infinite dimensional differential geometry theory much closer
to the finite dimensional one

3. SEMI-CLASSIC DEFINITION OF GREEN’S FUNCTION

3.1. Green’s functions. In this section we give a definition of a Green’s
function of a linear continuous operator that stays between the classic one
(definition which very often in the applications is far from being a rigorous
one) and our new definition of $Green’s family of a linear endomorphism
on the space S),.

Definition 3.2 (Semi-classic definition of Green’s function). Let O be an
open subset of the Euclidean space R™ and let L: D'(0) — D’(O) be a linear
operator, acting on the space of distributions over the open subset O. Any
function G: O? — K (where K is the real line or the complex plane), such
that the section G(-, s) is Lebesgue measurable and locally summable, for
every point s of the open subset O, is said to be the Green’s function of the
linear operator L if it satisfies the following equality

L(G(:, 5)]) = s,

for any point s of the open subset O, where §, is the Dirac delta distri-
bution of D’'(O) centered at the point s and the distribution [G(,s)] is
the regular distribution canonically associated with the locally summable
function G(-, s).

Remark 3.3 (Fundamental solutions at a point). Let O be an open subset
of the n-dimensional Euclidean space R™ and let L: D'(O) — D'(O) be a
linear operator. When the equality L(u) = 5 is satisfied for some point s
of O and some distribution u in D’(0), we say that the distribution w is
a fundamental solution of the operator L at the point s. So, in the condi-
tions of the above definition, we can say that the function G is a Green’s
function for L if the (distribution associated with the) section G(-,s) is a
fundamental solution of L at the point s, for every point s of the open
subset O.
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3.4. Motivations for Green’s families. We are going to introduce the
Green’s families because the requirement that the “object” G, such that
L(Gs) = 05, must be a function is too strict in order to give to the concept
itself reasonable manageability and effectiveness in the applications. A way
to extend the classic definition can be to consider the Green’s function G
as a distribution on the product O x O, but this choice gives some problem
to the definition itself, since we could no longer consider the parameter s
as a “true” parameter

Classically, the definition property of a Green’s function can be exploited
to solve differential equations of the form

L(u) = a,

where a is a given regular distribution on the open set O. To solve such
equations we need to find a Green’s family and in general, an operator L
does not need to have a Green’s function. On the other hand, if L has a
Green’s function it can have many Green’s functions.

In this paper:

e we shall define the concepts of ®Green’s family and ¥Green’s family;

e we show how to solve a linear equation (not necessarily a linear dif-
ferential one) via superpositions; more precisely, a linear equation
L(.) = a, where L is an endomorphism of &/, admitting an $Green’s
family;

e we study the existence of Green’s families;

e we shall study the special case of linear operators commuting with the
translations.

4. GREEN’S FAMILIES IN S/,

In this section we introduce the main concept of the paper. Let us start
with the classic definition of fundamental solution in our context.

Definition 4.1 (Fundamental solution for a linear operator). Let L be a
linear endomorphism on the space of tempered distributions S/,. When the
equality L(u) = s is verified for some point s and some distribution w,
we say that the tempered distribution u is a fundamental solution of the
operator L at the point s.

Now we can define Green’s families for linear operators.

Definition 4.2 (Green’s families of tempered distributions). Let L be a
linear endomorphism on the space of tempered distributions S;,. Any family
G = (Gg)sern of tempered distributions is said to be the Green’s family of
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the linear operator L if it satisfies the equality
L(Gs) = 0s,

for any point s of the space R", where ds is the Dirac distribution cen-
tered at the point s. In other terms, a family G = (Gg)sern of tempered
distributions is said to be a Green’s family of the linear operator L if the
distribution G is a fundamental solution for the linear operator L at the
point s, for every index p of the family.

Note that our definition is not bounded to linear differential operators.
The Green’s family of an endomorphism L of S), is the (ordered) family
of fundamental solutions, at each point p in R™, of the operator L.

Theorem 4.3 (On the existence of Green’s families). Let L be a linear
endomorphism on the space of tempered distributions S),. We have that

e if L is a surjective endomorphism on the space S),, then L admits a
Green’s family;

e if L is a strict (topological) endomorphism on the space S),, then L
admits an Green family if and only if L is surjective.

Proof. The first assertion is evident, since L is surjective, every element of
the Dirac basis must have at least an anti-image. For the second one it is
enough to prove that the existence of a Green family implies the surjectiv-
ity. Indeed, by the Dieudonné-Schwartz theorem, the image of L must be
closed and, by definition of Green family, it must contain the Dirac basis;
consequently (since the Dirac basis is dense in S/,) the image must coincide
with the entire S),. O

5. SGREEN’S FAMILIES

The ®Linear Algebra is necessary for the next development, in particular
a family of class € (or simply, a smooth family) is a family of tempered
distributions that is of class C® when viewed as a vector valued function
from its index set, which is a Euclidean m-dimensional space, to the space
of tempered distributions S/, under consideration. Indeed, the families in
Schwartz Linear Algebra are mappings from R™ to S, so it makes perfect
sense to ask for differentiability properties, even more than in the case
of a generic vector valued functions valued into general topological vector
spaces, because of the good topological properties exhibited by the space
S . More specifically, the explicit definition of smooth family, with respect
to the weak™ topology of tempered distribution spaces, is that, for every
test function ¢, the application of the family v to the test function phi
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should be a smooth function from R to K (R or C). The application of v
to ¢ being simply defined pointwisely, as the weak-star topology requires.

In a perfectly analogous way, a family of tempered distribution, defined
upon the m-dimensional Euclidean space R™, is defined of class S (Schwartz
class) if the application of the family v to any test function ¢ (defined on
R™ ) gives back another Schwartz test function v(¢) (this time defined on
R™). This means that v(¢) should be smooth and rapidly decreasing at
infinity with all its derivatives.

These two properties allow us to define superpositions { av, of v under a
distribution coefficient a (compactly supported or tempered), by means of
the simple formula:

for every test function ¢.
Now, we can give our main definition.

Definition 5.1 (SGreen’s families). Let L: S/, — S/ be a linear operator
acting on the space of tempered distributions. An © Green’s family (respec-
tively, an ¥ Green’s family) of the linear operator L is a Green’s family of
the operator L which is of Schwartz class S (respectively of smooth class

Sometimes we will call by © Green operators the ®linear operators with
an ®Green family.

Theorem 5.2 (Surjectivity of the Green operators). Let L be a continu-
ous endomorphism on the space S!, admitting an © Green family, that is an
S Green operator. Then

(i) the operator L is surjective;
(ii) any S Green family of the operator L is © linearly independent.

Proof. (i) Indeed, if L admits a Green family G then L(G) = §. Now, for
every u in the space S, we have

L(qu) - fuL(G) - Juézu,

R” R” R”
so that any w is the image of some distribution (namely the superposition
u.G).

(i) Let G be any Green family of the operator L. The image of the
family G is an Sbasis, which is necessarily Slinearly independent, conse-
quently the family G is Slinearly independent too, because the image of an
Slinearly dependent family by an Slinear operator is “linearly dependent
too. O
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6. APPLICATION TO LINEAR EQUATIONS

In this section we study the linear equation
E:L(:)=a

associated with a linear continuous endomorphism L, on the topological
vector space (S))s, and with a tempered distribution a belonging to that
space. Observe that the set of all solutions of the equation F is simply the
reciprocal image

L™ (a),
but this is far from explain us how to determine this set of solutions or even
one particular solution of the equation E. We will show that,
e if G is an SGreen’s family of the operator L, then we can find explicitly

a distribution w, that is a solution of the linear equation E. Namely, this
particular solution will be the superposition

JCLG,

]Rn
i.e. the superposition of the family G with respect to the coefficient dis-
tribution a.
Indeed the above result follows immediately by the theorem on €Green

operators of the preceding section and by its proof, but we state and prove
again in the more explicit way

Theorem 6.1 (Solution of a linear equation). Let L: S), — S, be a con-
tinuous endomorphism on the space of tempered distributions S,,. Assume
also that there exists an © Green’s family G = (Gs)sern of the operator L.
Then, for every tempered distribution a in S}, a (particular) solution u of
the equation

E:L(:)=a

can be determined by the following superposition

u = JaG.

Rn

Moreover, the datum a is the coordinate system of the particular solution u
in the Slinearly independent family G.

Proof. A verification that the superposition faG is a solution of the above

Rn
equation is straightforward. Indeed, applying ®linearity of the operator L,
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we have
L(faG) = faL(G) = Jaé =aq,
Rn Rn Rn
as we desired. O

Remark 6.2. Note that any solution u of the above equation E verifies

the relation
L(u) = L(JaG).
Rn

Indeed, since G is an $Green’s family for the operator L, then we have
L(G) =9,

from the very definition of Green’s family. By superposition, from the
preceding equality, we obtain that

JaLi©) = [as=a

R™ R”
Thus, if u is distribution such that L(u) = a, we have

L(u) = f aL(G).
e

Since the operator L is a linear continuous operator, we can use its Slinearity,

obtaining
L(u) = L(JQG).

]Rn
In the condition of the above theorem the particular solution u© = a.G is
said to be the Green solution of the equation E with respect to the Green
family G.
Note that the ®linear hull of the family G is exactly the set of all Green
solutions obtainable from the family G

7. INTERPRETATION OF THE SOLUTION

Consider the linear continuous equation L(-) = a. To find a particular
solution of F, we can proceed by steps:

(i) we expand the datum a in the Dirac basis ¢, obtaining the same equa-
tion in a slightly different form

L() = [ as

R
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(ii) then (if possible) we find a solution G, of the linear equation
E.: L(-) = g,

for every index z in R™ (this is possible, for instance, when L is sur-
jective);

(iii) choice the system G = (Gg)zern of particular solutions in such a way
that it should be an Sfamily (this is possible, for instance, when the
operator L is surjective and an Shomomorphism);

(iv) at last, make the superposition

| ac

Rn
of the ®system G of particular solutions by the weight system a.

Thus, we can obtain a solution u of the equation L(-) = a through the
information provided by an $Green’s family G for the operator L and the
source term a. This process results from the Slinearity of the operator L

If the operator L is injective the solution is unique.

Let us formalize a first existence result.

Theorem 7.1 (on the existence of an ®Green’s family). Let L: S/, — S/ be
a surjective continuous endomorphism on the space of tempered distributions
S! and let assume the operator is an Shomomorphism. Then, there exists
an S Green’s family G of the operator L.

Proof. Since L is surjective its image contains the Dirac family. Since L
is a weak Shomomorphism and the Dirac family is an ®family, there is an
Sfamily G whose image is the Dirac family, and this implies that G is an
SGreen family of the operator L. O

8. CHARACTERIZATION OF GREEN’S FAMILIES

The problem now lies in finding an $Green’s family G for an operator L,
that is an ®family G satisfying the equality

L(G) = 6.

Not every linear and continuous operator L admits an ®Green’s family,
as we shall see later. More precisely, in this section, we shall obtain a
characterization of those Slinear operators admitting an ®Green’s family

The key observation to determine the existence of Green’s family is the
following one:

e an Green’s family determines a continuous right inverse of the ope-
rator L and vice versa.
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Theorem 8.1. Let G be an S Green’s family (necessarily of class S) of a
linear continuous operator L € L(S),). Then,

(i) the superposition operator of the family G is a continuous right inverse
of L. In other terms, we have
Lo té = (')3’ 5

n

or equivalently

Lo J(w G) = ()s;-
R
(ii) Vice versa, if R: S), — S}, is a (not necessarily linear nor continuous)
right inverse of a linear operator L then the family G = R(J) is a
Green’s family of the operator L.
(iii) Moreover, let R be an S operator (not necessarily linear nor continuous)

which is a right inverse of a linear operator L, then the image family
G = R(6) is an S Green’s family of the operator L.

Proof. (i) For every a in S}, we have

Loj(.,G)(a) _ L(faG) _ faL(G) _ faézcu

R™ Rn Rn R"
as we claimed.
(ii) Vice versa, if R is a right inverse of the operator L we have

L(R((sp)) = 5}07

for every index p of the Dirac family, and this means exactly (by the very
definition of Green’s family) that the family R(J) is a Green’s family of the
operator L.

(iii) Moreover, if R is an ®operator, the image R(§) of the Dirac Sfamily
§ is an Sfamily too. O

9. EXISTENCE OF GREEN’S FAMILIES

In this section we solve the problem of existence of ®Green’s family for a
linear and continuous endomorphism on the space S/,. We start with some
elementary considerations.

Proposition 9.1. Let L be a bijective endomorphism of the space S),. Then
the reciprocal image L=1(8) is the unique Green’s family of L.

Theorem 9.2. Let L be a continuous and bijective endomorphism of S,,.
Then the inverse image L~1(5) is (not only the unique Green’s family of
the operator L but also) an © Green’s family of the operator L.
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Proof. By the Banach theorem on the inverse of a continuous operator
among dual of Fréchet spaces, the inverse operator L' is linear and con-
tinuous too and so the inverse image L~'(d) is an Sfamily. O

From the characterization of the preceding section, using the following
theorem, we can deduce the conclusive existence theorem for ©Green’s fam-
ily of an operator.

Theorem 9.3. Let E and F' be two topological vector spaces and let L be
a continuous linear map from E into F'. Then, there exists a continuous
linear map R from F into E such that L o R is the identity map Ig from
F into itself if and only if the linear operator L is a surjective topological
homomorphism and the kernel ker (L) of the operator L has a topological
supplement in E. Precisely, if there exists a continuous right inverse R of
the surjection L, a topological supplement of the kernel of the operator L is
the image of R.

Theorem 9.4 (Characterization of the existence of ®Green’s family). A
continuous endomorphism L on the space S!, has an © Green family if and
only if it is a surjective topological homomorphism and its kernel ker (L)
has a topological supplement in S),.

Corollary 9.5 (Characterization of the existence of Green’s family). Let
L be a continuous endomorphism L on the space S),. The following asser-
tions are equivalent:

the operator L is a linear surjective S homomorphism on the space S ;
the operator L has an © Green family;

the operator L is a surjective topological homomorphism and its kernel
ker(L) has a topological supplement in S ;

there exists a continuous linear right inverse of L.

10. TRANSLATION INVARIANCE AND CONVOLUTIONS

Theorem 10.1. Let the linear operator L: S), — S, be translation invari-
ant (in the physical sense), i.e., L commutes with any translations operator
Tp, which means that

TpL(u) = L(Tpu)a
for any p in R™. Then,

(i) if the operator L admits a fundamental solution, a Green’s family
there exists and can be constructed by that solution (by translations),
furthermore this Green family is of class £;

(ii) of the operator L admits a Green’s family, a Gren’s family can be
generated by only one distribution (by translations);
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(iii) if the operator L admits a fundamental solution in the space O, an
S Green’s family there exists and it can be constructed by that funda-
mental solution (by translations).

In any of the above cases the superposition operators of the Green’s families
are convolution operators.

Proof. (i) Let the operator L commute with translations and assume g € S,
be a fundamental solution of the operator L at 0, that is L(g) = dy. We
put G, = 7,9, for each p, so that

L(Gp> = L(Tpg) = TPL(g) = 7'péO = 51)7

hence G is a Green’s family of the operator L. We already have noted that
this family is a smooth family, so we can consider its superposition operator

J(vG) : 51/1 - Swlw
]Rn

we have

JQG = Ja(Tpg)peRn =ax*g,
R» R™

for every distribution a in &), so that

Je.@1= ey <
R
as we claimed.
(ii) follows immediately by (i), indeed, if L has a Green family then it
has a fundamental solution.
(iii) the proof is exactly as for (i), noting that, if the fundamental solution
g is in the space O (n), then the family (7,9)pern is a family of class S.
Moreover in this case the superposition operator of the Green family is
defined on the entire space S),. t

10.2. Example: the Laplacian. We know that the smooth function

1
—— R3S SR
a7

defined on the Euclidean 3-dimensional R? minus the origin is a locally
summable function. Moreover, for any test function ¢ in S}, we have

p <— 4:”? ”> — 4(0),
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where p is the Lebesgue-Radon measure on R3. The above equality can be
immediately reread as
1
Az - |

is a fundamental solution of the Laplacian operator V at 0. The Laplacian
V commutes with any translation, so we can write

v [Md_(i)] 5,

for every point x of the Euclidean space R®, where (clearly) d denotes the
Fuclidean distance of the 3-space. Thus we have found a smooth Green’s
family of the Laplacian V and the distribution defined by the superposition

()

is a solution of the Laplace equation
V() =p,

for any distribution p with compact support

11. SGREEN’S FAMILIES RELATIVE TO SBASES
In this section we introduce a generalization of Green’s family

Definition 11.1 (Green’s families with respect to a basis). Let L: S;, — S,
be a linear operator, acting on the space of tempered distributions and let
v be an Sbasis of the space S/,. Any family G = (Gy)sern of tempered
distributions is said to be the Green’s family of the linear operator L with
respect to the S basis v if it satisfy the following equality

L(Gy) = vs,
for any point s of the space R™.

Definition 11.2 (SGreen’s families). Let L: S/, — S be a linear operator,
acting on the space of tempered distributions. An ©Green’s family of L with
respect to a basis is a Green’s family for L with respect to that basis of
class S.
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Theorem 11.3 (Solution of a linear equation). Let L: S/, — S), be a linear
continuous operator acting on the space of tempered distributions S), and
let assume there exists an © Green’s family G = (G)sern for the operator L
with respect to an Sbasis v. Then, for every tempered distribution a in S,
a solution of the equation

E:L(:)=a

can be determined by the following superposition

u=[(@.c.

RTL

where (a), is the unique coefficient distribution such that (a),.v = a.

Proof. To see that the superposition J(a)UG is a solution is straightforward.

R”

Indeed, applying Slinearity of the operator L, we have

£ [(@.6) = [@.L(@) = [(@w =a,

R™ R™ R™

as we desired. O
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