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On exponential asymptotics of one class
of homeomorphisms at a point of the
complex plane

Mariia Stefanchuk

Abstract. The presented paper investigates the exponential asymptotics at
a point of the complex plane of the ring Q-homeomorphisms with respect to
p-modulus for p > 2. Examples showing sharpness of the obtained results
have been constructed.

Amnoramniga. JlocmiizKeHO €KCIIOHEHIAJBHY ACUMITOTHKY y TOYIN KOMILIE-
KCHOI IJIOIIMHU KJIBIIEBUX (Q-roMeoMOpdi3MiB BiIHOCHO p-MOIyJIst Ipu p > 2.
Ilo6ymoBaHO TPUKJIAIN, IO MOKA3YIOTHh TOYHICTH OTPUMAHUX PE3yJIbTATIB.

1. INTRODUCTION

Let I' be a family of curves v in the complex plane C. The Borel function
p: C —[0,00] is called admissible for ', written p € adm T, if

| p1az1 =1
Y

for every (locally rectified) curve v € T.
Let p € (1,00). Then by the following quantity:

M) = inf [ () dod
C

is called the p-modulus of the family I'.

For arbitrary sets E, F, and G in C, we denote by A(E, F; G) the family
of all curves v: [a,b] — C connecting F and F'in G, i.e. y(a) € E, v(b) € F
and v(t) € G for a <t < b.
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Let zp € C. Then we put

A(zo,m1,7m2) ={2€C:r; <|z— 20| <ra},
Si = S(z0,1i) ={z€C:|z—2|=mri}, i=12.

The following statement provides the formula for calculating p-modulus
of a family of curves which connect circles in every ring of the complex
plane C as p > 2, see, e.g., [4, Eq. (2)].

Proposition 1.1. Let zy € C and A(S1,S2;A) be the family of all curves
connecting the circles S1 = S(zp,r1) and Sy = S(z0,72) in the ring
A = A(zg,71,72). Then for p > 2 the following itentity holds:

p—2 p—1 p—2 p—2\ 1-p
M, (A(S1, S2;A)) = 2w (pl) (7"5 P 1) : (1.1)

Let D be a domain in the complex plane C and @Q: D — [0,%0] be a
Lebesgue measurable function. We say that the homeomorphism f: D — C
is a ring Q-homeomorphism with respect to p-modulus at the point zy € D
if the following inequality

M, (A(fS1, £S0: FA)) f@ P(|z — =) dedy

holds for any ring A = A(zp,71,72), 0 < 11 < 19 < dy, dy = dist(z0,0D),
and every measurable function n: (ry,r2) — [0, 00] such that

Jm Sy a—

T1

We will assume that

%o—fQW4
ZO,T

is the mean integral value of the function Q(z) over the circle S(zp,r).

Then following statement is a criterion for a homeomorphism to belong
to the class of ring -homeomorphisms with respect to p-modulus as p > 1
on the complex plane C, see [30, Theorem 2.3] for n = 2.

Proposition 1.2. Let D be a domain in the complexr plane C, zg € D
a point, and QQ: D — [0,00] a Lebesgue measurable function such that
the mean integral value q,,(r) is finite for a.e. (almost every) r € (0,dp),
where dy = dist(zg,0D). A homeomorphism f: D — C is a ring Q-
homeomorphism with respect to p-modulus as p > 1 at the point 2y if and
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only if
27

ro p-1
S dr

1 L
r1rP=Tgl™ (r)

for any r1, ro such that 0 < ry <19 < dp.

M, (A(fS1, fS2; fA)) <

Ring @-homeomorphisms in the space R™ for p = n were studied in [21—
23,27,28], for 1 < p < nin [5-7,9,29-32|, and for p > n in [17,18,33-35]. For
p > 2 ring Q-homeomorphisms on the complex plane considered in [25,47].
More general mapping classes were studied in [1-3,10-13,36,43,44].

The present paper investigates the exponential asymptotics at a point of
the complex plane of ring (-homeomorphisms with respect to p-modulus,
p > 2. As a consequence, an analogue of the famous Ikoma—Schwarz
Lemma, [15,16], has been obtained, see Theorem 3.1 and Corollaries 3.2,
3.3 and 3.5 below. The results of this work can be used to study extremal
and asymptotic properties of solutions of nonlinear Beltrami equations,
see [8,14,19,26,37-42,46|.

Below is some information about condensers and p-capacities of con-
densers. A pair &€ = (A,C), where A < C is an open set and C is an
nonempty compact set contained in A, is called a condenser, see [20]. A
condenser € is called a ring condenser if R = A\C' is a ring domain, i.e.
R is a domain whose complement C\fR consist of exactly two components.
A condenser £ = (A,C) is said to lie in a domain D if A < D. It is
obvious that if f: D — C is a homeomorphism and £ = (4,C) is a con-
denser in D, then (f(A), f(C)) is also a condenser in f(D). We will also
put £(€) = (f(A), /(C)).

Let £ = (A, C) be a condenser. We denote by Cp(A) a set of continuous
functions u: A — R with compact support. Let also Wy(E) = Wy(A, C) be
a family of non-negative functions u: A — R such that

1) u € CO(A),

2) u(z,y) =1 for (z,y) € C,

3) u belongs to the class ACL.
As p = 1 the quantity

cap, & = cap,(4,C) = ue)i/{/l()f;S) |VulP dedy ,
A

o () + ()

is called p-capacity of a condenser £.

where
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It is known that for p > 1
cap, & = M,(A(04,0C; A\C)), (1.2)

see [45, Theorem 1].
In what follows, |E| denotes a Lebesgue measure of a set E in C.
The following formula gives the lower estimate of p-capacity of a con-
denser on the complex plane C as p > 2 (see, e.g. [24, Inequality (8.7)]):
2

v (p—2\"! _p=2_ p2 \1-p
cap, & = cap,(4,C) = 2n2 <p—1> (]AP@*U — ]C|2(P*1)> . (1.3)

2. ESTIMATE OF A DISK IMAGE AREA

In this section, the lower estimate of the exponential type of a disk image
area for ring ()-homeomorphisms with respect to p-modulus as p > 2 is
obtained.

We put

B (zp,7) ={z€C:|z— 2| <}, B, ={2€C:|z| <1},
B.={2€C:|z| <r}, B={zeC:|z| <1}.
Lemma 2.1. Let D be a domain in the complex plane C and zy € D be
a point. Let also f: D — C be a ring Q-homeomorphism with respect
to p-modulus at the point zo, p > 2, and for some numbers ro € (0,dp),

do = dist(z0,0D), k = k(z0) > 0, and o > 0 the following condition

e
t

0 (t) < KPP 3¢ (2.1)

is fulfilled for a.e. t € (0,r9). Then for anyri, ro such that 0 <ry <re <
the following estimate holds

—2
|£(B(z0,72))| 20 >

—_ P2 _ 1 ___« __a
> |f(Bleo, )70 0 + Ay 710! (7T — e T )

—2
where A\, = SRy (p—2).
Proof. Consider the condenser £ = (A,C) in D, where
A={z€e C:|z— 2z <ra}, C={z¢€C:|z— 2| <mr},

0<r; <ry<rg, roe€ (0,dp), and dy = dist(zp, D). Since the mapping f
is a homeomorphism, the pair f(£) = (f(A4), f(C)) is a ring condenser in
C and from equality (1.2) the following relationship holds

cap,(f(4), f(C)) =M, (A (0f(A), 0f(C); F(A\C))).
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Whence and from estimate (1.3) we have the following inequality:

cap,,(f(4), f(C)) =

_9\P! —2 —2 \1-p (2.2)
>2rt (B22) (1) - oyt
On the other hand, Proposition 1.2 implies the estimate
2w
cap, (f(A), f(C)) < (2.3)

— )
T2 p 1
S dt
1 711
r1tP=T gl (t)

where ¢, (t) = 55§ Q(2)|dz|. Combining inequalities (2.2) and (2.3),

S(zo,t)

we obtain
» 1 T2 1-p

=2 (p—2\" —p dt

w2t (222) (an - o) e ([

P r1 1'LE(1210071 (t)

Then, using condition (2.1), we get the following inequality:

p—2 -2 p-l -2 \1-
w7 (E23) (i - ey

N

A

_ a _ «a 1-p
< /iOép_l(p - 1)—(p—1) (e (r—Dr2 — ¢ (P*l)Tl) .

After elementary transformations in the last estimate, we arrive at the final
result

£(A) 7D >

p—2 p—2 1 _ a _ @
> |f(C)|2(P*1) + 26-1) (p — 2);-; =1L (e >-Dra — ¢ (p71)7'1) ,
where A = B(zp,72), C = B(20,71). Lemma 2.1 is proved. O

Putting in Lemma 2.1 D = B and 25 = 0, we arrive to the following
statement.

Corollary 2.2. Let f: B — C be a ring Q-homeomorphism with respect to
p-modulus at the point zg = 0, and p > 2. Suppose that for some numbers
ro € (0,1), K > 0 and o > 0 the condition

G (t) < kP36t
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is satisfied for a.e. t € (0,r9). Then for anyry, ro such that0 < ry < ro <
the following estimate holds:

p—2 - p—2 1 _ a _ e
(B > |f(Br) [0 4 A, 7107t (7T — e T ),
—2
where \p = 730D (p—2).

Theorem 2.3. Let D be a domain in the complex plane C and zy € D.
Assume that f: D — C is a ring Q-homeomorphism with respect to p-
modulus at the point zy, p > 2, and for some numbers ro € (0,dp), dy =
dist(z0,0D), k = k(20) > 0 and a > 0 the condition

o
t

0 (1) < kP3¢

is fulfilled for a.e. t € (0,70). Then for any r € (0,7¢) the following estimate
holds:

2(p—1) 2 _2(p-1) 2a

|f(B(z0,7))| =7(p—2) 72 Kk p2a »2 e -2r, (2.4)

Proof. Putting in Lemma 2.1r =candry =7r,0 <e <r <1, ro € (0,dy),
do = dist(zg, 0D), we arrive at the inequality

—2 - —2 @ o4
(B0, )| H0 > |f(Bla0,2)| 70 + Api 710~} (7507 — ¢ 50

__1 1 ___a __a
2)\1)’{ =Ty (e (r-Dr — ¢ (P*1)€>7

where )\, = 7r2<z;7*21>(p —2).

Passing to the limit as € — 0 and performing elementary transformations
in the last inequality, we obtain the desired estimate (2.4). Theorem 2.3 is
proved. O

Corollary 2.4. Let f: B — C be a ring Q-homeomorphism with respect to
p-modulus at the point zo = 0, p > 2, and for some numbers rg € (0,1),
k>0 and a > 0 the following condition

4:o(t) < R3¢

is fulfilled for a.e. t € (0,7rq). Then for any r € (0,rg) the following relation
holds:

2(p—1) 2 _2(p—1) 2

|f(By)|=m(p—2) 72 k P20 2 e =27, (2.5)

Remark 2.5. The estimate (2.5) is exact and is achieved on the following
mapping fi: B — C,

koe GoF 2 1
filz) = oe @ EL < |z <1, (2.6)
0, z =0,
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where kg = (p — 2)%/{—507%_;, k >0, a > 0. Evidently, f; is a home-
omorphism which maps the disk B, to the disk B, where 7 = kg efﬁ,
re (0,1).

It is easy to see that for any r € (0, 1)

2(p—1) 2 _2(p—1) 2a

lf(Br)| = |Bs| =7(p—2) 72 k p2c¢ »=2 e -2,

Let us show that the mapping f; is a ring -homeomorphism with respect
to p-modulus at the point zg = 0 as p > 2 with the function

Q(2) = k|23l

Indeed, it is obvious that g, (t) = xt*~3e%. Consider the ring A(0, 1, 72),
0 < r < rg < 1. Then the homeomorphism f; trémsforms the ring
A(0,r1,72) into the ring A(0,71,72), where 7; = kge ®»=2ri =1, 2.

Denote by I' the family of all curves connecting the circles S(0,71) and
S(0,79) in the ring A(0,r1,72). By Proposition 1.1, p-modulus of the family
of curves f1(T") is calculated by the formula

1 __a __a_ N\1-p
M () = 2~ 1Dt (¢~ — ¢~
The last equality can be rewritten in the following form

M, (£1(I) = el

1>
T2 p 1
S dt
N
r1 tP=T gl (1)

where g, (t) is the mean integral value of the function Q(z) over the circle

S(0,t) = {2 € C: |2| =t}

o
t,

and is determined by the formula q.,(t) = xt?P~3e
Therefore, according to Proposition 1.2, the homeomorphism f; is a ring
@-homeomorphism with respect to p-modulus at the point zg = 0 with the

; _ 203 12|
function Q(z) = k|z|Pel:l.

3. EXPONENTIAL ASYMPTOTICS AT A POINT

In this section, the exponential asymptotics in terms of upper limits of
ring Q-homeomorphisms with respect to p-modulus at the point zg as p > 2
is investigated. These results are analogues of the famous Tkoma—Schwarz
Lemma, [15,16].

Theorem 3.1. Let D be a domain in the complex plane C and zo € D. Let
also f: D — C is a ring Q-homeomorphism with respect to p-modulus at
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the point zo, p > 2, and for some numbers ro € (0,dp), dy = dist(zp, D),
k = K(z9) > 0 and a > 0 the following condition
%

Gz (t) < K 12P=3¢

is fulfilled for a.e. t € (0,79). Then the following asymptotic estimate holds

p—1 1 p—1

limsup | £(2) — f(20)| €701 > (p—2)p2k" 7207 2.

z—20
Proof. By Theorem 2.3 we have the estimate

2p—=1) 2 _2(p—1) 20

|f(B(z0,7))| = m(p—2) 72 Kk p2a »2 e G-r (3.1)

for any r € (0,79).
Put L¢(z0,7) = | max |f(z) — f(zo)|- Since the mapping f is a homeo-

z—zo|=r
morphism, we get the following inequality:

mL3(20,7) = | f(B(20,7))].

From the last estimate and (3.1) it follows that

p—1 1 p—1

Li(z0,7) = (p—2)p—2K p2 o e Goor

for any r € (0,7¢).
Multiplying the last inequality by e®=2r and passing to the upper limit
as r — 0, we obtain the following estimate:

limsup |f(z) — f(zo)yem _

z—20
. o p=l 1 _p=1
= limsup L¢(z0,7) @27 > (p—2)r2k r2a r2.
r—0
Theorem 3.1 is completed. O

Corollary 3.2. Let D be a domain in the complexr plane C, zyg € D,
f: D — C be a ring Q-homeomorphism with respect to p-modulus at the
point zp, p > 2, and for some numbers ro € (0,dp), dy = dist(zg, D),
k=#k(z0) >0 and a >0

Q2) < K|z — 29| P35l (3.2)

for a.e. z € B(zg,710). Then

p=l _ 1 p=1

limsup | £(2) — f(20)] eTF=0 > (p— 252k 730 55 (3.3)

z—20
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Proof. Indeed, using condition (3.2), we have

1 _a a
4=0(t) = 55 f Q(2)|dz] < i3t
S(Zo,t)

for a.e. t € (0,r9). Applying further Theorem 3.1 we get (3.3). O

Corollary 3.3. Let f: B — C be a ring Q-homeomorphism with respect to
p-modulus at the point zg = 0 as p > 2 satisfying f(0) = 0. Suppose that
for some numbers ro € (0,1), K > 0 and a > 0 the following condition

4o (t) < R EP 5

is fulfilled for a.e. t € (0,79). Then

—1 1 p—1

lim sup |f(z)|e<P*a2>|Z| > (p— 2)5f2mfﬁofpf2. (3.4)
z—0
Remark 3.4. The estimate (3.4) is exact and is achieved on the ring
@-homeomorphism f;: B — C given by formula (2.6) with respect to p-
modulus at the point zgp = 0 as p > 2 with the function Q(z) = k|z|?P~3el-I.
Namely, it is easy to see that ¢, (t) = k£t 3%, t € (0,1), and

p—1 1 p—1

hH(l] |f1(z)|e(P*%)\Z| = (p — 2)1) 2k P2 P2,
Z—>

Corollary 3.5. Let f: B — C be a ring Q-homeomorphism with respect to
p-modulus at the point zg = 0 as p > 2 satisfying f(0) = 0. Suppose that
for some numbers ro € (0,1), K >0 and a > 0

o

Q(2) < k|23

for a.e. z € By,. Then

. —a p=l 1 _p-l
limsup |f(2)|e®2F > (p—2)p—2Kk P2 »2.
z—0

Proposition 3.6. Let o > 0, p > 2. Then there exists a ring QQ-homeo-
morphism f: B — C with respect to p-modulus at the point zg = 0 such that

f(0) =0 and ]f(z)|e@+’>\zl — 0 as z — 0. Furthermore,
t=Cr=3)e=T g, (t) > 0

ast — 0.

Proof. Let @« > 0, p> 2, k>0 and [ > 1. Consider the mapping

__la
Falz) = ke ®=2] é, 0< |z <1,
0, z=0.
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Note that the homeomorphism fs maps the disk B, to the disk B, where
la
r=K e_(P—Q)T’ re (O, 1)

Similarly to Remark 2.5, it can be shown that the mapping fs is a ring
(Q-homeomorphism with respect to p-modulus at the point zo = 0 as p > 2
with the function

lo

Qz) = l0|z|2p_3e\z\ ,

where Iy = (p — 2)P~ 1k~ =2 ==V ==D_ Whence ¢.,(t) = lo £2r=3¢ %
It is obvious that

a (1-1)a
limt~ P 3e T g, (t) = lplime ¢ = .
150 € ax(t) 055
On the other hand, it is easy to see that
o (1-Da
lim | f2(2)]e =2 = g lim e =212 = (. O
z—0 z—0

The following statement gives sufficient conditions for nonexistence of
ring (Q-homeomorphisms with respect to p-modulus at a point of the com-
plex plane as p > 2.

Proposition 3.7. Let D be a domain in the complex plane C, zg € D. Let
for some numbers o € (0,dy), dy = dist(zp,0D), k = k(29) > 0, a > 0 and
p > 2 the condition

4o (t) < R8P 5e

be fulfilled for a.e. t € (0,79). Then there is no ring Q-homeomorphism
f: D — C with respect to p-modulus at the point zy with the asymptotic
condition
limsup |f(z) — f(20)]| e @ ?==] = 0. (3.5)
zZ—20
Proof. Assume that there exists a ring ()-homeomorphism f: D — C with
respect to p-modulus at the point zy for which

0z (t) < K 1237

for a.e. t € (0,7r9) and the asymptotic condition (3.5) is fulfilled. Then, by
Theorem 3.1, we have the estimate

o N T |
limsup [f(z) — f(20)] €@ 2T=20] > (p — 2)%5 2 2 > 0,

Z2—20

which contradicts the asymptotic condition (3.5). O
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