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A characteristic property of Sasakian
manifolds

Liana Lotarets

Abstract. We study the case when a unit vector field £ on a Riemannian ma-
nifold (M, g) defines an isometric embedding £: (M, g) — (T1M, G) where
G is the Riemannian g-natural metric. The main goal is to find conditions
under which the submanifold £(M) c (TiM, @) can be totally geodesic. It
is proved that the Reeb vector field of a K-contact metric structure on M
gives rise to totally geodesic £&(M) if and only if the structure is Sasakian.
As a by-product, we find the expression for the second fundamental form of
E&(M) c (T M, G).

Amnorarisi. Mu BUBYAEMO BUIIAJIOK, KOJIM OJMHUYIHE BEKTOPHE 1oJe & Ha pi-
manoBoMy MuOroBumi (M, g) BusHavae isomerpuane Braagenns &: (M, g) —
(T'M, GR), ne G— g-npupoaua Merpuka Pivana. OcHoBua MeTa mOJSTae B
TOMy, 106 3HAHTE YMOBH, 3a sKux miamuorosus £(M) < (Ti M, G) e miakom
reonesnannM. JloBeneno, mo BektopHe mose Piba K-KOHTaAKTHOI METPUIHOL
cTpykTypH Ha M nopospkye minkom reogeswuanunii mimvuorosus &(M) roxi i
TUIBKY TOJIi, KOJIU CTPYKTYPA € CACAKIBCbKOI. 30KPeMa, MU 3HAXOIAUMO BH-
pa3 maa apyroi dysmamentansaol dopmu E(M) < (T1 M, G‘)

1. INTRODUCTION

Let (M, g) be the Riemannian manifold and (71 M, gs) be the unit tan-
gent bundle of M endowed with the Sasaki metric (see [10,11]). It is well
known that the fibers of T7M as submanifolds in (71M,gg) are totally
geodesic ones. The other natural type of submanifolds in (T71M, gg) are
given by (at least locally) unit vector field £ being considered as a map-
ping £&: M — T1 M given by &(x) = (x,&(x)). The submanifold {(M)
(Th M, gs) is transversal to the fibers, and (locally) homeomorphic to the
base manifold but almost never isometric to the base except £ is a parallel
unit vector field. M. T. K. Abbassi and M. Sarih [1,2] defined a family of the
so-called Riemannian g-natural metrics on the unit tangent bundle of the
Riemannian manifold (M, g) which depends on four constants (a, b, ¢, d).
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The Sasaki metric belongs to the family with parameters value (1, 0,0, 0).
D. Perrone showed that a non-parallel unit vector field can define an isomet-
ric embedding of the base manifold into its unit tangent bundle endowed
with a 2-parametric family of Riemannian g-natural metrics (the family
does not include the Sasaki metric). This is the case when the base ma-
nifold is K-contact and the field ¢ is the characteristic vector field of the
Killing-contact structure (the so called, Reeb unit vector field). Namely,

Theorem 1.1 ([8]). Let (M,g,n,&,¢) be a contact metric manifold with
dim M = 2n+1 and let G be a Riemannian g-natural metric on ThM with
c=1—2a. Then &: (M,g) — (T1M,G) is an isometric embedding if and
only if d = a and M is K-contact.

In addition, he proved

Theorem 1.2 ([8]). The Reeb vector field of a K -contact manifold (M, n, g)
defines a harmonic map &: (M,g) - (Th'M,G) for any Riemannian g-na-
tural metric G on T1 M.

In the case of isometric embedding, minimality of embedded manifold
implies harmonicity of embedding, and vice-versa [6]. In particular, the
Theorem above implies that the image of the Reeb vector field from |[8,
Proposition 3.5| is minimal.

A unit vector field £ on the Riemannian manifold (M, g) is called totally
geodesic if the image of (local) embedding £: M — T7 M is a totally geodesic
submanifold of (T1M,G) (see [12,13] for the case of the Sasaki metric). In
this paper we prove the following Theorem which is a natural addition to
D. Perrone’s result.

Theorem 3.1. Let (M,g,n,&,¢) be a (2n + 1)-dimensional K-contact
metric manifold. Let F be the family of Riemannian g-natural metrics on
Ti M defined by the parameters

0<a<l, v’ < a(l —a), c=1-—2a, d=a.

Then the Reeb vector field & for each G € F defines totally geodesic isometric
embedding €: (M, g) — (T1M, G) if and only if M is a Sasakian manifold.

Theorem 3.1 distinguishes Sasakian manifolds among K-contact mani-
folds taking into account the geometry of the unit tangent bundle endowed
with g-natural metrics.

2. PRELIMINARIES

2.1. g-natural metrics on (unit) tangent bundle. Let (M, g) be an
n-dimensional Riemannian manifold with metric g. Denote by g(-,-) the
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scalar product with respect to g. The tangent bundle of a Riemannian
manifold (M, g) is a Riemannian manifold 7'M which is given by

TM = | | TuM ={(z,8) :x € M, { e T, M},
zeM
where T, M denotes the tangent space to M at the point x. The point of
TM is a pair (z,§), where z is a point in M and ¢ is a tangent vector to
M at x.
It is well known that at each point (x,€) € T'M the tangent space
Tz,6yT'M splits into vertical and horizontal parts:

Ty TM = Hp o) TM @V e)T' M.

The vertical part V(, ¢) is tangent to the fiber, while the horizontal part
H(z¢) is transversal to it. Denote by (x',... 2™ €Y. .. &) the natural
induced local coordinate system on T'M. Let also

0

= 81’2 and 8n+i =

Then for X € Tz,6yT'M we have that
X = X0+ X", 1.
If X e T, M, then, denoting by F;k the Christoffel’s symbols of g,
XM= X10; — T8 X 04
belongs to H, ¢)T'M and is called the horizontal lift of X, while
XY = X044

belongs to Vi, oyT'M and is called the vertical lift of X.
The unit tangent bundle T1 M is defined as a hypersurface in T'M given

by ¢.(£,€) = 1, that is
TM ={(z,8) |ze M, {eTM, g2(£,§) =1}
The Riemannian g-natural metric G on T M |2] is defined by

Gloe) (XM Y") = (a1 + 03) (1) g:(X,Y) + (B1 + B5) () 92(X, €)gu (Y, €),

Glag)(X" YY) = 0a(r?)ga(X,Y) + B2(r) g2 (X, €)g:(Y, 6),

Glag (X" YY) = a1 (1) g (X, Y) + B1(r*)g2(X, €)gx (Y. ),
for all tangent vectors X,Y € T, M and (x,§) € T M, where

a;, Bi: [0,40) - R, i=1,2,3,

are smooth functions, and r2 = g, (&, £).
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The Riemannian g-natural metric G on TyM [1] is defined by
Clog (X" V") = (a+ €)an(X.Y) + dg (X, )0 (Y 6),
Glagy(X", V") = bga(X,Y),

¢
m%@Q £)g:(Y, €).

for all tangent vectors X,Y € T, M and (z,§) € Ty M, where the constants
a, b, ¢, d satisfy the following inequalities:

a >0, o :=a(a+c)—b* >0, ¢:=ala+c+d) —b*>0;

Gloe) (XL YY) = agu(X,Y) —

the unit normal at any point of 71 M is given by

¢ _ L (e o) .

the “tangential lift” X*, with respect to G, of a chosen vector X € T, M to
(x,€) € T1M, is defined as the tangential projection of the vertical lift of
X to (z,€) with respect to N, namely

t v v G G
X' =X" =Gl (XY NG o)NG e

o P . (2.2)
= X" =4/ ng(X’ g)N(ac,ﬁ)'

t_ b h
g_a+c+d§' (2:3)

Ifa=1and b=c=d=0, then G is the Sasaki metric.
Let V be the Levi-Civita connection on M. The Nomizu operator
Ag: (M) — &8 < X(M)

for a unit smooth vector field § is defined by A¢X = —Vx¢. It is worth to
remark that A¢X is orthogonal to & and (4 X)" = (A X)".
The tangent map &x: X(M) — TE(M) is defined by

Note that

£ X = X" — (A X)) (2.4)

The rough Hessian and the &-harmonicity tensor (see [13]) are given by
Hesse(X,Y) = 3((VxAe)Y + (Vy Ag) X), (2.5)
Hme(X,Y) = 2(R(§, AeX)Y + R(€, AcY)X), (2.6)

where (VxAg)Y = Vx(A¢Y) — A¢(VxY) and R is the curvature tensor
of the base manifold (M,g). The second fundamental form of the map
¢: (M,g) — (N, h) between Riemannian manifolds is defined as

By(X,Y) = V% (6:Y) = 6(VEY), (2.7)
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where V? is the induced Levi-Civita connection on ¢(M) and VY is the
Levi-Civita connection on M.

2.2. Contact metric manifolds. A differentiable (2n + 1)-dimensional
manifold M carries a (¢, &, n)-structure if it admits a field ¢ of endomor-
phisms of the tangent spaces, a vector field £, and a 1-form 7 satisfying the
following identities:

n(€) =1, ¢* =—I+nQ®¢,
where I denotes the identity transformation. Note that
P€ =0, no¢=0. (2.8)

If the manifold M with a (¢, &, n)-structure admits a Riemannian metric g
such that

9(¢X,0Y) = g(X,Y) = n(X)n(Y),
for any vector fields X, Y, then M is said to have a (¢, &, n, g)-structure,
or an almost contact metric structure, while g is called a compatible metric.

Setting Y = £, an immediate consequence is that 7 is the covariant form of
&, that is

n(X) = g(X, ). (2.9)
Define the following 2-form ® on M by

P(X,Y) =g(X,0Y).

Note that

We will call ® the fundamental 2-form of the almost contact metric struc-
ture (¢,&,m, g). If ® = dn, then an almost contact metric structure (¢, &, 1, g)
is called a contact metric structure, while (M, ¢,&,n, g) is called a contact

metric manifold, & is called Reeb vector field and n uniquely defines & by
the conditions

n(€) =1, dn(&,X) = 0.

The Reeb vector field of a contact manifold plays a fundamental role
in the study of the Riemannian geometry of a contact metric manifold.
More detailed information about the contact metric manifolds and the Reeb
vector fields can be found in [3,14]. Besides, consider several types of almost
contact metric manifolds.

Definition 2.3. A differentiable (2n + 1)-dimensional contact metric ma-
nifold (M, g,n,&, ¢) is called K -contact manifold if £ is Killing vector field.
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Equivalently, (M, g,n,&, ¢) is K-contact if and only if
Lep =0, (2.11)

where L¢¢ is the Lie derivative of ¢ along the vector field . The basic
property of a K-contact manifold is that

Vxé=—¢X. (2.12)
The other important properties of a K-contact manifold are that
n(R(&X)Y) = g(X,Y) —n(X)n(Y), (2.13)
(Vx9)Y = R(§, X)Y, (2.14)
R(§ X)§ = —X +n(X)E. (2.15)

Note that equation (2.13) is a direct consequence of equation (2.15).

Definition 2.4. A contact metric manifold (M, g,n, &, ¢) is called a Sasakian
manifold if

(Vx9)Y = g(X,Y){ —n(Y)X.

Note that any Sasakian manifold is K-contact. An important property
of a Sasakian manifold is that

R(&,X)Y =g(X,Y)§ —n(Y)X.

Definition 2.5. A contact metric manifold (M, g,n, &, ¢) is called a nearly
Sasakian manifold if

(Vx9)Y + (Vyo)X =29(X,Y)§ —n(X)Y —n(Y)X. (2.16)

Note that each Sasakian manifold is nearly Sasakian. From (2.16), we
obtain that

Vx{=—9¢X - HX,
where
HX = ¢(Veo) X. (2.17)
The tensor field H is of type (1,1) and satisfies H =0, no H = 0, and

VeH = Ve = oH = — Leb (2.18)

If H vanishes, then a nearly Sasakian manifold is Sasakian. Note that,
using (2.11), (2.17) and (2.18), we obtain that

Theorem 2.6. Nearly Sasakian manifold is K -contact if and only if it is
Sasakian.
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It is worth to note that in dimension 2n 4+ 1 > 5 it is known that every
nearly Sasakian manifold is Sasakian [5].

More detailed information about the K-contact, Sasakian and nearly
Sasakian manifolds can be found in [3-5,7,9,14].

3. MAIN RESULT

Let (M,g,nm,&,¢) be a K-contact metric manifold, dim M = 2n + 1,
and let G be a Riemannian g-natural metric on T1M with ¢ = 1 — 2a
and d = a. By Theorem 1.1, the Reeb vector field defines an isometric
embedding &: (M, g) — (TyM,G). Under this hypothesis we can prove the
following assertions.

Theorem 3.1. Let (M, g,n,&,¢) be a (2n+1)-dimensional K -contact met-
ric manifold. Let F be the family of Riemannian g-natural metrics on T1 M
defined by the parameters

0<a<l, v’ < a(l —a), c=1-—2a, d=a.

Then the Reeb vector field & for any C;j € F defines a totally geodesic
isometric embedding &: (M, g) — (Th'M,G) if and only if M is a Sasakian
manifold.

The proof is based on the following Lemma.

Lemma 3.2. Let G be Riemannian g-natural metric on the unit tangent
bundle TYM of Riemannian manifold (M, g) defined by four parameters a,
b, ¢ and d. Then for the unit vector field & defining the map

¢: (M, g) — (T1M,G)

the second fundamental form of £(M) < (T1 M, G) has the following expres-
sion

Be(X,Y) = { = LHme(X,Y) - Lpg(X,Y)
+ Y (X,Y) — @A (7(X,Y))

+ e |29 (Hme(X,Y),€) + abg(pe(X,Y), €)

~ bdg(16(X. ¥). ) ~ $(a(X, AcY) + g(¥. AX))]¢}

+ { — Hess¢(X,Y) + %pg(X, Y)— WVE(X, Y)
t

+ YA (1e(X,Y)) + LHme(X, Y)} (3.1)
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where a = a(a + c) — b%, and

pe(X,Y) = 5(R(X,OY + R(Y,£)X), (3:2)
7%(X,Y) = 3(9(X, Y +g(Y,6)X). (3-3)
Proof. Substituting (2.4) in (2.7), we can calculate the second fundamental

form of the map
Be(X,Y) = Ve, x(&Y) = &(VxY).
Note that
E(VxY) = (VxY)! = (A(VxY))' = (VxY)" + (Vy,vE)
and
Veux (6Y) = VY = Vi (AeY )" = Via xp Y + Viaxy (AeY)
=V Y" + Vn(Vy€)' + Vv Y + Vg e (Vré)
Using (2.5), (2.6), (3.2), (3.3) and [1, Proposition 5|, we obtain that
VY = {VXY — L (X,Y) + Mg (X, Y)
+ areraa L(ad +0%)g(pe(X,Y), €)

—d(a+ e+ dale(X, V), &))e}

+{ER(X, Y - “FIR(X, Y )¢ — 2y (X,Y)

+ L [-Pglpe(X,¥), ) + dla + )gle(X, V), )¢}

Van(Vye) = {~ £ R(Vv& )X + $29(X, ) Vy¢

+ gareras a(ad + 02)g(R(X, €)VyE, €)

+dag(X, Ty}
+{VxVré+ 2R(VYE X

— Yg(X,€)Vv€ — L(R(X, OTv€, )¢}
Vigaer V" = {~ S R(VXE O + 89(Y, )Vt

+ Sateran [a(ad +b%)g(R(VXE, €)Y €)

+dag(VxE Y)e}
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+{LRVxEOY — Hg(v,)Vxe
~ Lo(R(VXEOY,0)E}
Viwxer (V€)' =0,
First, calculate the horizontal component
h: VXY —Qpe(X,Y) + Hre(X,Y)

+ areraa (ad +0%)g(pe(X,Y),€) — d(a+ ¢+ d)g(7e(X,Y), €) |
— L R(VyE )X + Lg(X,6)Vyé
+ sareraa [o(ad + 0°)g(R(X, §)VyE, €) + dag(X, Vy€) ¢
— L R(VXEOY + Lg(Y,6)Vxé

+ gareras [a(ad + 0*)g(R(VxE, €)Y, €) + dag(VxE,Y)]¢
— VxY.

Note that
49(R(X,)VyE,€) + 2g(R(VxE,EY,€) =
= 249(R(6, AY) X, ) + 2g(R(E, AcX)Y, €) = ag(Hme(X,Y),€),
9 0(X,E)Vy €+ Lg(Y, ) VxE = — LA (%(X,Y)),
~ LR(VyEOX — £R(VEEY = —L Hme(X,Y).
Thus,
he = CHme(XY) = Lpe(X,Y) + Mre(X,Y) — 9 A (7¢(X,Y))
+ (G (ag(Hme(X,Y),€) + b(pe( X, Y),€)
— Mg (e(X,Y),€) = iy (90X, AeY) + g(V, A X)) ) €.

Calculate the tangential component.

t: ZR(X, &Y - L R(X,v)e - 9 (XY)
+ L[=0%g(pe(X, V), &) + d(a+ 0)g(ve(X,Y), )] + Vx Vye
+ L R(VyE X — $g(X,6)VyE — Lg(R(X,§)VyE, )¢
+ 2 R(VxE,EY — Lg(Y,€)Vxé — 229(R(VxE, €Y, )¢
— Vv, vé.
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Note that
D R(Vy&, &)X + LR(VxE, Y =
= ai’( (a,AsY)X +R(E AX)Y) = LHme(X,Y),

(X OVyE— gV &)Vxé =
M (g(X, g)Agy + g(Y, g)Agx) = YA (v(X,Y)),

~ %a ( (X E)VyE E)E — 2g(R(VxE, E)Y,€)E =
= —529(R(§, AY)X +R(€ AcX)Y,€)€ = —Lg(Hme(X,Y), €)E.
Using the 1dent1ty
R(X,8)Y + R(§,Y)X + R(Y, X)¢ = 0,
we get that
R(X,§)Y = R(X,Y){+ R(Y,§)X
and

PR(X,6)Y — LHAR(X, V)¢

_ (ﬁ _ Mgiﬂ> R(X,Y)E+ ZR(Y,6)X

«

= (& - 1) RXYV)E+ ER(Y,0X
Similarly, using
R(X,Y){+ R(Y,§)X + R(§, X)Y =0,
we obtain that
R(X,Y){ = R(X,§Y — R(Y, )X
and
(£ - 1) R Y)E+ ER(Y, )X
— PR(X,Y)E - JR(X,Y)E+ ER(Y,OX
= GR(X, Y — TR(V.EX — %R(X, Y)é + LR(Y, )X
= 52 (R(X,OY + R(Y,6)X) — §R(X,Y)é
= Lpe(X,Y) ~ JR(X.Y)E.
Finally, using the following relations
VxVy€&=—-Vx(A4Y),
R(X,Y)§ = VxVy{ —VyVx{ —Vo,vE+ Ve, x§
= Vy(AeX) — Vx(AY) + A (VxY) — A(Vy X),
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Vx(4eY) = (VxAe)Y + Ae(VxY),
we get that

(X §Y — “(‘ZC)R(X,Y)& +VxVy{—Vy,v§
— IR(X,Y)E — Vx(AY) + A¢(VxY)
— 3(Vy(AeX) + Vx(AeY) — A(VxY) — Ae(Vy X))
— 2((Vyde)X + (VxA)Y)
— Hess¢(X,Y).

Y
)

)

b e
= *pg(
= 2 pe(

& e

<~ N 8K

X,Y)
X,Y)
X,Y)

= Gre(X,Y)

Thus

b = Hesse(X,Y)+ Zpe(X,Y) = (29 (X,Y)

+ Y A (1e(X,Y) + LHme(X,Y)+
(~Zg(pe(X,),€) + M4 Vg (X, ), €) = Lg(Hme(X,Y),€) ).
Therefore, using (2.3), we obtain (3.1). O

3.3. Proof of the Theorem 3.1. Let (M, g,n,&, ¢) be a K-contact mani-
fold, but not necessarily Sasakian. Using (2.9), (2.12) and (2.14), we have
that

Hess¢(X,Y) = 2(R(&, X)Y + R(€,Y)X),
Hme(X,Y) = 5(R(& 6X)Y + R(€,¢Y) X),
pe(X,Y) = —Hess¢(X,Y),
1%(X,Y) = 5(n(X)Y +n(Y)X).
Then (2.8), (2.10) and (2.13) 1mply that
n(Hme(X,Y)) =
n(Hessg(X,Y)) —Q(X Y) = n(X)n(Y),
n(7(X,Y)) = ( n(Y),
n(6((X,Y))) =

Since ¢ = 1 — 2a and d = a, we can rewrite B as follows:
Be(X,Y) = {2 (Hesse(X,Y) +7(X, V)
a2 a2b h
— 2 (Hme(X,Y) + 6((X,Y))) - “Lg(X, Y )¢}

+ {_@(H&SS&(X, Y) +7(X,Y))
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+ L (p(7e(X,Y)) + Hme(X, Y))}t.
Denote by V the vector filed
V = @ (Hessg(X,Y) +7(X.Y)) = ©(Hme(XkY) + 6(7¢(X, 1))
2Lg(X,Y)E.

Then, the horizontal component of V' is

h
VE = {2 (Hesse(X,Y) +7(X,Y)) = & (Hme(X,Y) + 9(1e(X, 1)} —
— (X, Y)E"
Denote further by W the vector field
W = -9 (Hesse (X, V) +7(X,Y)) + 2(¢(1¢ (X, Y)) + Hme(X,Y)).
Using (2.1), (2.2), ¢ =1 — 2a and d = a, we can rewrite W' as follows:
W= W 4 n(W)(b" — €7). (3.4)

Note that
n(W) = -9 g(xY).

Therefore,
W= -zl (X,y)e"
+ {—@(HéSSg(X, Y) +7(X,Y))
+ 2L (G(e(X, V) + Hme(X, V) + (X, V)e}
Denote
Ae(X,Y) = Hesseg(X,Y) +7¢(X,Y),
Then we can rewrite Bg as follows
ab a? ab h
Be(X,Y) = {#A(X,Y) — pe(X,Y) — 2g(X, V)¢ }
+{ (X, Y) + 2 (X, V) + S (X, Ve
It follows that Be(X,Y') = 0 if and only if
%b)‘f(Xv Y) - %M§(X7 Y) = %bg(X?Y)év

—alma) ) (X V) 4 Lpe(X,Y) = — 202 g (X v)e
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We get the system of linear equations with respect to unknowns A¢(X,Y)
and pe(X,Y). Note that

ab _a? ,
« « _ _a*
det( ai-a)  ab ) =—=#0.

Therefore, due to the Cramer’s rule A¢(X,Y) = g(X,Y)§, pue(X,Y) = 0,
that is

H€$8§(X, Y) + ’YE(Xa Y) = g(Xa Y)g)

Hmg(X,Y) + ¢(1¢(X,Y)) =0

or, more detailed,

{R(f, X)Y +R(EY)X +(X)Y +n(Y)X = 29(X,Y)E,

R(&, ¢ X)Y + R(§, ¢Y) X +1(X)9Y +1(Y)¢X = 0.

Note that, using (2.14), we can rewrite the first equation as
(Vx0)Y + (Vy6)X = 29(X, V)¢ — n(X)Y — 5(Y)X.

This condition is exactly (2.16), that is (M, g,n,&, ¢) is a nearly Sasakian
manifold. Then by Theorem 2.6 it is Sasakian, which completes the proof.
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