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Applications of Interpolation theory to
the regularity of some quasilinear PDEs

Irshaad Ahmed, Alberto Fiorenza, Maria Rosaria Formica,
Amiran Gogatishvili, Abdallah El Hamidi

Abstract. We present some regularity results on the gradient of the weak or
entropic-renormalized solution u to the homogeneous Dirichlet problem for
the quasilinear equations of the form

—div (|VulP°Vu) + V(z;u) = f,

where €2 is a bounded smooth domain of R™, V' is a nonlinear potential and
f belongs to non-standard spaces like Lorentz-Zygmund spaces.

The results, which have been exposed by the third author in a talk pre-
sented in AGMA 2024, the International Scientific Online Conference «Al-
gebraic and geometric methods of analysis», May 27-30, 2024, Ukraine, con-
stitute only a part of results proved in detail in a paper coauthored with
I. Ahmed, A.Fiorenza, A.Gogatishvili, A.ElHamidi and J.-M. Rakotoson
(12)).

Moreover, we collect some well-known and new results of the identication
of some interpolation spaces and we enrich some contents with details.

Amnotanis. B pobori HaBemeHO OMIsif NESAKUX PE3YJILTATIB [IPO I'PAJIEHTH
CIa0KUX ab0 €HTPOMYHO PEHOPMATI30BAHUX PO3B’SA3KIB U OTHOPIIHOI MpO-
6emu [ipixse kBasinrinitHux piBHAHD BUIY

—div (|VulP*Vu) + V(z;u) = f,

ne  — me obMmerkena oOsacTb 3 rmagkon Mexero B R™, V — meminmiitamit
MOTeHTa, a f — HAJeXKWUTh [0 HECTAHAAPTHUX MpocTopiB Tumy Jlopenma-
BarmyHa.

Pesynbraru npejicrapiieni TpeTiMm aBTOPOM B JOIMOBIJII HA Mi>KHAPO/IHI Ha~
YKOBi#i ortaiin kondepentii « Anrebpaiudi Ta reOMeTPUIHI METOIU AHAIZY»
(27-30 Tpasua 2024, YKpaina) CKJIAIAIOTh JIMIIE YACTHHY PE3YJIbTATIB JI0Be-
neHux B cuinbHiit crarTi I. Ahmed, A. Fiorenza, A. Gogatishvili, A. El Hamidi
and J.-M. Rakotoson ([2]).

B poboti Takoxk mpencrtaBieno mesiki m006pe Bimomi Ta HOBI pe3ysibTaTH
IIPO PO3Ii3HABAHHS TEBHUX 1HTEPIOJSIIMHUX ITPOCTOPIB.
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1. INTRODUCTION

Let © be a bounded smooth domain of R™, n > 2. We study the regu-
larity on the gradient of the solutions to the quasilinear Dirichlet problem

—Apu+V(z;u) = f in Q, u=0 on 09, (1.1)

where Apu = div (|Vu|P~2Vu) is the p-Laplacian operator, 1 < p < oo,
V:Q xR — R is a Carathéodory function such that
(H1) the mapping x € Q — V(x;0) is in L*(Q) for every o € R;

(H2) the mapping 0 € R — V(z;0) is continuous and non decreasing for
almost every x € Q and V(z;0) = 0.

The datum f of the equation will be assumed in non-standard spaces, such
as Lorentz-Zygmund spaces or GI' spaces.

Most of our regularity results are based on applications of results on non-
linear interpolation of a-Ho6lderian mappings between interpolation spaces
with logarithm functors, which extend some results proved in [56, 57| by
Luc Tartar, who first gave interpolation results on nonlinear Hélderian map-
pings (which include Lipschitz mappings) and applied them to PDEs. Other
results concerning interpolation of Lipschitz operators and other applica-
tions of Interpolation theory, also in PDEs, were given in [14,41,42,44].

In Section 2 we define the spaces involved and recall some properties. In
Section 3 we define the interpolation spaces with logarithm function and we
identify some interpolation spaces between couples of Lebesgue or Lorentz
spaces, recovering spaces as Lorentz—Zygmund spaces or GI'-spaces. In
Section 4 we give results concerning interpolation of Hélderian mappings
to couple of spaces with a logarithm function and in Section 5 we study the
action of these mappings on those couples. Finally in Sections 6, 7 and 8
we provide applications of these results to regularity on the gradient of the
weak or entropic-renormalized solution u to quasilinear Dirichlet problem
(1.1). We also show that the mapping 7: T f = Vu is locally or globally
a-Holderian under suitable values of a and appropriate assumptions on V.
We will exibit only some proofs to give an idea of the tools involved.

2. DEFINITIONS OF SOME FUNCTIONAL SPACES

Let Q be a bounded open set of R™ with Lebesgue measure [()|.

Here and in the sequel, if A; and Ay are two quantities depending on
some parameters, we write A; < Ao if there exists ¢ > 0 independent of
the parameters such that A; < cAsz, and A; ~ As if and only if A1 < A,
and A2 § A1.

Moreover sometimes, to simplicity the notations, for a function space X
on ) we will only write X instead of X (2).
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Definition 2.1 (Decreasing rearrangement). For a measurable function
f: Q> R, for any t = 0, the distribution function of f is

Di(t) =|{ze: |f(z) =t}

)

and the decreasing rearrangement of f is defined by
f«(s) =inf{t : Dg(t) < s}, Vse(0,[Q]),

(with the convention inf ¢ = +0).
The mazimal function f.s of f is defined by

Fanls) = UO Fu(t) dt.

Definition 2.2 (Lorentz spaces, e.g.[7]). Let 1 <p<+0w and 1<¢g<+o0.
The Lorentz space LP1(2) is defined as the set of all measurable functions
f on Q for which the quantity

|/

is finite, where || - | 4(0,j)) is the norm in the Lebesgue space L.
For 1 < p < 40, the following equivalence holds,

1.1
pg = [ flzra) = [t? 4 £l Lao, 1))

1
91 dt\“
. (J (65 Fun (£)]1 t) if1<q<+oo,
[fllpa = t7" % fes (@) Laojany = 4 \J0
sup t7 fux(t) if ¢ = +o0
0<t<|Q]

up to multiplicative constants.
In particular,
LPP(Q) = LP(Q).

The inclusions among Lorentz spaces are given by

LP(Q) < LP"(Q), ifl<p<+4oo, 1<qg<r<+o;

LP(Q) < L™%(Q), ifl<r<p<+4ow, 1<gq,s<+00.
In particular, for 1 < ¢ < p <7 < +00, we have

L"(Q) < LPQ) < LP(Q) < LP"(Q) < LPP(Q) < LYQ).

Definition 2.3 (Lorentz-Zygmund spaces, e.g. [7]). Assume now, for sim-
plicity, |2 = 1, 0 < p,q < 40, A € R. The Lorentz-Zygmund space
LP4(log L) () consists of all Lebesgue measurable functions f on Q such
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that

1
(j [t%(l—logt) f*()}th> , if0<qg<+w
Hf”LP’q(logL))\(Q) = 0 t

sup 17 (1 — log ) fu (1), if g = +o0
O<t<1

is finite.
These spaces reduce to the Lorentz spaces for A = 0 and to the Zygmund
spaces for p =¢q, 0 < p < +o0:
LP4(log L)°(Q) = LP9(Q), 0<p,q<+40, (A=0)
LPP(log L)MNQ) = LP(log L) (), 0<p<+4w, (A\eR).
When p = 1 and A = 1 the Zygmund space L'(log L)}(Q2) is also denoted
simply by L(log L)(€2).
Inclusion relations. (see [6, pp.31-33|) For 0 < p < 4+, 0 < ¢,s < 4o,
A, A € R, let
o IP(log )M < L™*(log L)*?, 0 < r < p < 40
o LP4(log L)™  LP*(log L)*?, whenever
either g < s, A\ = Ao or ¢ > s, )\1+%>)\2+%7

o L®(log L)M < L®*(log L), 0 < ¢ < s < 0, A\| + % =X +1
In particular, for 0 < ¢ < p < r < o and for any € > 0, as a consequence of
the previous results, the following chain of inclusions holds (see [49, p.192]:

L”(logL)%_%+€ c P9 <= [P < Lp’q(logL)%_%_E’

1_1_
rop

Lp’r(logL)%_%ﬁ c P ¢ IP" < LP(logL)

All the previous inclusions are the sharpest possible in the sense that we
can nowhere permit that e = 0.

Definition 2.4 (Grand and small Lebesgue spaces, see [16,25,26,36] and
references therein). Suppose || = 1. Let 1 < p < o0 and a > 0. The grand
Lebesgue space LP)*(€2) is the set of all measurable functions such that the
norm N
P M Gl RO

is finite. For o = 1 this space was defined by C.Sbordone and T.Iwaniec
in [38] and it is denoted by LP)! = LP).

The small Lebesgue space L(p/’o‘(Q), where p/ = p%l, was introduced
by A.Fiorenza in [24] as the associate space to the grand Lebesgue space
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LP)2(€Q), that is | - HL@/,a(Q) = |- | p,a is the smallest functional defined on
the measurable functions such that a kind of Holder type inequality holds:

| 1@ 9@ d < 1oyl oy

We have therefore (LP)®) = L®'®  The equivalence with the following
quasi-norms hold (see [16,28]):

1
HfHLp),a( ~ sup 1—]ogt ffp p

1 L dt
9100 c )_fu—logt Jf* yo)” %

The space L®! is denoted by L.

These spaces and their generalizations have an important role in appli-
cations to PDEs, in Calculus of Variations, and also in Probability and
Statistics (see, e.g. [31-33| and references therein).

Definition 2.5 (Generalized Gamma spaces with double weights, [3,26]).
Suppose |2] = 1. Let also w;, wa be two weights on (0,1), m € [1,+0o0],
1 < p < +00. Assume further that the following conditions hold:

(cl) 3k >0 : wa(2t) < Kwa(t), Vte (0,1/2);

¢
(c2) f wa(o)do € LE (0, 1:w1).
0
The the generalized Gamma space
GT'(p, m; wi, w2)(€2) = GI'(p, m; w1, w)

with double weights is the set of all measurable functions f: 2 — R such
that

(Lt 2 (0)wa (o) da); e L™(0,1;wy),

endowed with the quasi-norm

e = | [ wio([ sopatorir) ] "

with the usual change when m = 0.
If wy =1 we denote GI'(p, m; w1, 1) = GT'(p, m; wy).

In [1] we defined the GT'(p, m;wy,wy) spaces with a slight modification.

The scale of GI'(p, m;w;,wy) spaces is very general and covers many
well-known scales of spaces. In next examples we collect some particular
cases.
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Examples.
1) If w is an integrable weight on (0,1), then GT'(p,m;w) = LP (see
[29, Remark 1, p.798]).

2) Let 1 < p,q < oo, w; be an integrable weight on (0,1), and let
wa(t) = t» ' Then
GTI'(q, m;wy,wy) = LP1.
In fact, the conditions (c1) and (c2) are satisfied. The first is obvious, while
the second derives from

1 t o, " T 1
f wy (t) (J or ! da) dt ~ J trw () dt < f wy (t) dt < 0.
0 0 0 0

Now, if f e LY we have
: NP L
ot = || wi@)(| fie)o3 ™" do) " at
0 0
1

<l ([ o)) ™ < e

since w; is integrable on (0,1). Therefore f € GI'(q, m; w1, w2).
For the reverse inclusion GI'(g, m; w1, w2) < LP4 see [3, Proposition 2.1].

3) If m =p, w(t) =t~1(1 —logt)??2, and 6 > %, we have

GT(p,p; ¢~ (1 — logt)??~%) = LP(log L)’ "7,
(see |26, Proposition 6.2]), which can be written also in this form
GT(p,p;t~ (1 —logt)” 1) = LP(log L)’,
(see [19, Lemma 3.5]).

6
4) GD(p, 1t~ (1 —logt)¥" ') = LY, p/ = -2 (see [27, p. 813]).

5) Supposemzl,p>1,7”6’611%,'y>—1,'y—{—§—i—1>07

0=p(v+5+1), w(t)=t"(1-logt), wa(t)=(1-1logt)’,
then
GT(p, 1;wy, we) = L@,
(see [3, Corollary 2.7, p. 10]).
6) If m,pe[l,0),~v,8eR, v>—1,
v+ B +1<0, wi(t) =t (1 —logt)’, wa(t) = (1 —logt)?,
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then

=3

! womin [ dt
Vet = || 0= 1007* 75 ([ pioyac) " %

(see [3, Lemma 2.4, p. 9]).
Here we collect some properties of inclusion among the spaces defined
above:

LP ¢ [P ¢ [P < [P < LP®(logL) ®, (see[28, p. 669]),

Bo_ 0 _0
UL o |JLrlog D)= < L9(Q) < LP(logL)7— < LP(Q),
e>0 B>1 (see |25, p. 26]),

I’ ¢ LP(logL)™ < I < [ LP(logL)™ < ()L,
a>1 O<e<p—1

(see [25, p.24]).

3. INTERPOLATION SPACES WITH LOGARITHM FUNCTION

3.1. Preliminaries. Let (Xo,| - [o) and (X1, - 1) be two normed spaces
continuously embedded in the same Hausdorff topological vector space, that
is, (X0, X1) is a compatible couple.

For f e Xo+ X1, and t > 0 the Peetre K -functional is defined by

K(F0=K(f.6:X0.X0) = inf ([folx, +21f1]x,).

where the infimum extends over all decompositions f = fy + f1 of f with
fQ € Xp and f1 e Xi.

For 0 <6 <1,1<q<+o, and a € R, the logarithmic interpolation
space (Xo, X1)6,q:a is the set of all functions f € X + X such that

_p—1
[flo.gi0 = [t 7 (1 = 1og ) K (f, )] La(0,1) < o©-

For the limiting cases it only makes sense to consider § = 0 and o > —1/¢q
orf=1land a < —1/gorf=1,g=0o0 and a = 0.

We refer, for example, to [8,20,35].

The spaces (Xo, X1)0,g:a and (Xo, X1)1,4:o produce spaces which are “very
close” to X and to X7 respectively.

If X1 ¢ Xp and o = 0, the space (X, X1)g,4;0 reduces to the classical
real interpolation space (Xo, X1)g 4 defined by J. Peetre.

We recall some properties (see [8, p.46]).

(1) (X07X1)97q = (X1>X0)1—9,q
(2) (X(),Xl)&q c (X(),Xl)g,r if 1<qg<r<+o0.
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(3) If X1 C X() and (9() < 91, then (X07X1)91,q C (XO;XI)HO,q-

Theorem 3.2 (Associate space of an interpolation space). Let Xo, X1 be
two Banach function spaces, such that X1 ¢ Xg. Let also 1 < q¢ < 400,
aeR, and 0 <0 < 1. Then

[(XOa X1)9,q;a], = (Xiv X(l))lfH,q/;fou

where X; is the associate space of X;, i =0, 1.

+3=1,

Q=

1
q

3.3. Identifications of some interpolation spaces. Here we collect
some well known and new results concerning the interpolation spaces bet-
ween Lebesgue, Lorentz, Lorentz-Zygmund, small Lebesgue and GI' spaces.

Let 0 < 0 <1, 1 < g < 400. We have (see, e.g. [8, Theorem 5.2.1,
Theorem 5.3.1], [58, Theorem 2, p.134], [7, Theorem 1.9, p.300])

Lq:(LpO7Lp1)9,qv ].<p0 <p1<@7 é:lp;oe_i_pil
In particular,
Lq:(Ll,Lw)l_lq, l<g<w
q7
L= (LP, L")y, l<p<g<w, f=1-L
For 1 <pp<p1 <,1<q,q <0, %zlp;o‘ﬂ-pil,
Lp’q — (Lpo’ Lpl)aq — (Lp0=q0’ Lplv(h)e,q; (31)
if po = p1 = p,
q — ) ) 3 — —0 [
L9 = (LP%, [P0, with 1 =120+ & (3.2)

Theorem 3.4 (Interpolation with logarithm function between Lorentz
spaces, [2, p. 908-909]). Let 1 < pp <p; <0, 1 < qo,q1 <0, 1 < ¢ < o,
a € R. Let also either

e 0<f<landaceR, or

e =0 anda}—%, or

e =1 anda<—%.

Then the following identifications hold.
(1) Case 0 <0 <1 and a € R. Then

1710, 0 7 .
H,][‘H(Lpoytlo7 LP1»q1)G7q;a o~ <J |:t po p1 f*(t)(]_ — logt)a:| tt> ,

0
which implies

(Lposto | pprary, o= LPo9(log L)%, i % + p%' (3.3)

d Po p
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As particular cases, for 1 <r <p<m <o, 1< q<o, and a € R,
we have

s _ ) __1-6 0
LP9(log L) = (L™, L™ pger 3 =50+ 2, (3.4)
LP9(log L) = (L', L™)g gar 0 =m0/ (1 - %) . oml =m0 (3.5)

LP9(log L) = (L, L%g o = (L', L) g grar 0 =1— (3.6)

1
(2) Limiting case 0 =0, with a = —= and 1 < gy < o0
q

1
“f”(LPovqo, LP1:a1 ) wia ~ (f [<
. 0

which yields

1
q

. 1 q
10 _ a dt
f 5% 1f§°(s)ds> ’ (1 —logt)o‘] t> ,
0

(LPoto, Loy, o = GT(qo, ¢; w1, w2), (3.7)

0 _

where w(t) = t71(1 — logt)™, wo(t) = tro 1, te(0,1).

As particular case, for 1 <p < o0, pg =qo =1, and p1 = g1 = p, we
have that

(L', LP)o go = GT(1, q; w1). (3.8)
If1<qo=po<p1 <0, 1<q <o,
q:l, Oé>—17 O[O:p6(0[+1)7 Pio—i_%:l’
we have the small Lebesque spaces (see also [4, Theorem 4.5]):
(LPo, [PV ) g = L(pmao(Q), (3.9)
since
L/t 50 01 dt
W, gy, = [ ([ eas)™ @ -tog0h ™ &
. 0o \Jo

= HfHL(Po’ao(Q)‘

In the case q = 1, p1 = q1, and py = qo, we recover (see [26,
Propositions 4.1 and 4.2, p. 437])

(LP, LYo, 15 -1 = LPo(Q), 1< py<p <0
0
1
(3) Limiting case 8 =0, with o = —— and qo = oo
q
1
q

1 S a dt
HfH(Lp(%w’ Lpl’ql)o,q;a = (j (eSS Supspo f*(5)> (]‘ - logt)aq t>

0 O<s<t
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Therefore, we have

(LPo, LT )g g0 = GT (00, g3 w1, w2), (3.10)
a
where wi(t) = t71(1 — logt)®, wo(t) = tro, t € (0,1).
(4) Limiting case 0 = 1, with a < —% and 1 < q1 < 0.

1
1 1 ‘Ll_l a1 o dt q
HfH(Lpo,qo, Lrian), o= L f sv1 o f9(s)ds (1 —logt) q? .
& t

If, in particular, g = p1 < 0, a = J + ﬁ with v > —1, 8 € R,

q P
o —|—,6’i +1 <0, so that « < —1/q, then we have
b1

1
! ! o @ dt)’
£z, Lmy, ., = ( fo ( f fi’l(s)ds> (1~ logt) " =

and, from [3, Lemma 2.4, p. 9],
(LPoto IPY) o = GL(p1, @5 wi, w2). (3.11)
with w (t) = t71(1 — logt)?, wa(t) = (1 —logt)s.

1
(5) Limiting case § = 1, with o < —= and q; = +00:
q

fl (ess sup sh1 f*(s)>q (1-— logt)o‘qit) ! .

0 O<s<t

. e, = (

Therefore we have

(LPo90 | [PV0), 1 = GT (00, g3 wy, ws), (3.12)
1
where wy(t) = t71(1 —logt)®, wy(t) = tP1, t e (0,1).

The following result can be found in [35, Lemma 5.5, p. 100], in the
more general setting of the Lorentz-Karamata spaces, of which the Lorentz-
Zygmund spaces are a special case.

Theorem 3.5 (Interpolation with logarithm function between Lorentz-Zyg-
mund spaces). Let 1 < py < p1 < +0, 1 < qo,q1 < 0, 1 < ¢ < o,
0<0<1, apg,a1,a € R. Then

(LPo (log L), LP*4 (log L)™), = LP*(log L)* (3.13)

0,q;c

gp L 10 4, 0 — (1 —
with o~ = =+ % and ag = (1 — 0)ag + o + a.
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In particular, for ag = a1 =0, we recover (3.3) in case (1):
(LP(MIO’ Lphql)e,q;a — LPG,Q(log L)Oé' (3.14)

Proof. In [35], for Q < R™ bounded with |Q2| = 1, the Lorentz-Karamata
spaces are defined through

11
1112y 0000 = 187 20(8) fi(8) ] Lago,1) (3.15)
where b(t) is a slowly varying function on (0, 1). It has been proved that
(Lpo.qo:b0> Lp1,q1;b1)9,q;b = “po.asb) (3.16)
where
1 _ 1-6 0
TR
and
,, 1_1
by (1) = b5 (1) b (t) b <tpo P1 ZOEED , forall te(0,1).
1
Choosing

bo(t) = (1 —log#)*®,  bi(t) = (1 —logt)*,  b(t) = (1 —logt)?,
we have that
Lpg.qo:bo (2) = LP % (log L)*°(€2),
Lpy qriby () = LPV % (log L)™ ().
Therefore, the left hand side of (3.16) becomes

(LPO,QO (10g L)Oéo7 LP1a1 (log L)al)ﬁ,q;a .

Now, to identify the space L , we determine bj:

pevq;bj
. 11
bj(t) =(1- logt)"‘o(l_eHo‘lg[l —log(tro P1(1 —logt)*0—1)]*.
It is easy to see that
1

SR
1 —log(tro 71 (1 —logt)®~1) 1 1

lim = -,
t—0+ 1 —logt Po D1
since
1 1
t—0+ 1—logt po D1
lim (a0 —an)log(1 —logt) 0
t—0+ 1—logt '
Therefore

by (t) ~ (1 —logt)20U=0+e10(1 _Jog ) = (1 — logt)0(1=OFarf+a,
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hence
pogblt = LPo4(log L)ao(1—0)+a19+a = LPo9(log L), 0

In the limiting case pg = p1 and qg = q1, the following description of inter-
polation spaces between Lorentz—Zygmund spaces is given in [1, Eq. (7.2),
p. 21], where GT spaces are defined in slightly different way, but that here
we rewrite according our notations.

Let 0 <p,q,r<ow, 0<f<1, a,0€R, a < B. Let also

wi(t) =t 1 —Int)" B0 (t) = 1P (1 —Int)*, 0 <t < 1.

Then
(Lp’q(logL)a,Lp’q(logL)B> = GI'(q,7; w1, w).

0,r
4. INTERPOLATION OF HOLDERIAN MAPPINGS
Let 0 < <1 and X,Y two normed spaces. A mapping
T:X->Y
is globally a-Hélderian, with Holder constant c, if
d¢>0 : [[Ta—=Tblly <cla—0|%, Va,beX.
In the sequel we will consider four normed spaces X; < Xg, Y7 < Yy and
T:X;—-Y;, 1=0,1,

a nonlinear mapping satisfying, for 0 < a < 1 and 8 > 0, the following
conditions:

(1) |Ta—=Tbllyv, < f(lalxo, [blx,)la—bl%,, Va,be Xo,
(2) [Talv, < g(lalx,)lal,, Yae Xi,
where ¢ is a continuous increasing function on Ry, f is continuous on Ri
and increasing for any o € R,.
We put
G(o) = max{g(20); f(0,20)}, oeR;. (4.1)
In the next theorems we extend some Tartar’s results contained in [56,57].
Theorem 4.1. Let A€ R and 0 < o < 1. Let also X1 < Xy, Y1 < Yy be
normed spaces and assume that X1 is dense in Xo. If
T: X, —Y;, is globally a-Hoélderian, i = 0,1,
then, for 0 < 0 <1 and 1 < p < 400,
T: (Xo, X1)opix — (Y0,Y1)g.2.0q 15 a-Hdilderian,

ie. |Ta—Tb

6,20 S C la — b“gﬂp;)\’ Va,b & (Xo, X1)op-
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Theorem 4.2. Let Ae R, 0 < a <1 and 8 > 0, with a < 8. Let also
X1 < Xo, Y1 € Yy be normed spaces and

T:Xi_)Yia i:0717
a mapping satisfying the assumptions (1) and (2). Then, for 0 <0 <1 and
1<p<+om,

T maps (Xo,Xl)gJ,;)\ mnto (Y()a}/l)@%,g;)\a

and

ITalos,23a < [(1+ llalx,”) Gllalx,)] al§pn-

fe3
B b
5. ESTIMATES OF THE K-FUNCTIONAL RELATED TO THE MAPPING 7T

Here we study the action of the nonlinear mappings 7 on the K-functi-

onal, defined in Section 3 (see |2, Section 2.1].

Theorem 5.1. Let0 <a <1, 8>0. Let also X1 < Xy, Y1 C Yy, be four
normed spaces and

T:Xi_)}/iv i:0717
be a nonlinear mapping satisfying the assumptions (1) and (2) from Sec-

tion 4 and G be the function defined in (4.1). Then, Va e Xy, Yt >0, we
have

K(Ta,t",Yo, Y1) = K(Ta,t") < G(a]x,) ([K (a, )] + [K(a, 1)]*).
Moreover, if 5 = «, then
K (Ta,t") < G(la] x,) (1 + lal 3, *) K (a, 1))
As a particular case we have the following consequences.
Corollary 5.2. Let 0 < a <1, [ > 0. Let also X1 ¢ Xy, Y1 € Yy,

be four normed spaces. Assume that the mapping T : Xo — Yy is globally
a-Hélderian with constant My, i.e.

|Ta="Tbly, < Mofa—0[%,,  Va,be Xo,

and T maps X1 into Y1, in the sense that there exist M1 > 0 and 8 > 0
such that

| Taly, < Mi]aly,.
Then

K(Ta,t’) < max(Mo; M1) ([K (a, 1))’ + [K(a,1)]*),  Vae X, Vt>0.
Moreover, if B = «, then

K(Ta,t?) < max(Mo; M) (1+ a5, *) [K (a, )],
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Corollary 5.3. Let0 < a < 1. Let also X1 < Xg, Y1 € Yy, be four normed
spaces. Assume that the mapping

T:X;,-Y, i=0,1,
is globally a-Hélderian with constant M;, for i = 0,1, i.e.
ITa—Thlly, < M;|la—b|%,, Va,beX;.
Then, for all a € Xg, be X1, and t > 0, we have
K(Ta—Thb,t%) < 2max(Moy; My) [K(a — b,t)]*.

Furthermore, if X1 is dense in Xy, then the above inequality holds also for
all b e Xy.

6. APPLICATIONS TO THE REGULARITY OF THE SOLUTION OF A
p-LAPLACIAN EQUATION

The Marcinkiewicz interpolation theorems for linear operators acting on
Lebesgue spaces turned out to be a powerful tool for studying regularity
of solutions for linear PDEs in LP-spaces. The K-method introduced by
J. Peetre (|46,48]) allowed to extend the study of regularity of solutions of
linear equations on spaces different from LP-spaces. The main difficulty
to apply Peetre’s definition is the identification of the interpolation spaces
between two normed spaces embedded in a same topological space. In [3,
25-27] we did such a study with applications to linear PDEs using non-
standard spaces as grand or small Lebesgue spaces and GI'-spaces.

In [57] L. Tartar gave interpolation results on nonlinear Holderian map-
pings (which include Lipschitz mappings) with applications to semi-linear
PDEs.

Other results concerning interpolation of Lipschitz operators and other
applications of Interpolation theory, also in PDEs, can be found, e.g. in [14,
41-44,47].

6.1. The quasilinear p-Laplacian equation. In the sequel we will con-
sider €2 a bounded smooth domain of R”, n > 2, 1 < p < 400, %—i—% =1.

Recall that WHP(Q) is the classical Sobolev space of all real-valued func-
tions f € LP(£2) whose first-order weak (or distributional) partial derivatives
on  belong to LP(2), normed by

1flwre) = 1flze) + IV Fllzr o)

The space WO1 P(Q) denotes the closure of C§°(Q2) in W1P(Q); rougly speak-
ing VVO1 P(Q) is a subspace of WP () consisting of functions which vanish
on the boundary of . Tts dual is W12 (Q) = (W, P(Q))’.



Applications of Interpolation theory 49

We provide applications of the results described in Sections 3, 4 and 5
to regularity on the gradient of the weak or entropic-renormalized solution
u to the quasilinear equation of the form

—div (|VuP~2Vu) + V(z;u) = f, u=0 on 09, (6.1)

associated to the Dirichlet homogeneous condition on the boundary, where
1 < p < o0, V is a nonlinear potential and f belongs to non-standard spaces
such as Lorentz-Zygmund spaces.

More precisely, we assume that V': 2 xR — R is a Carathéodory function
satisfying:

(H1) the mapping z € Q — V(z;0) is in L*(Q) for every o € R;
(H2) the mapping 0 € R — V(z;0) is continuous and non decreasing for
almost every x € Q and V(z;0) = 0.

The p-laplacian is strong coercive, that is satisfies the following inequality,
which can be found in [17, Lemma 4.10, p.264].
For p > 2, there exists a constant «y, > 0 such that, for all £,¢’ € R",

(’§|p*2§ - ‘€/|p72§/7§ - fl)Rn = ap’é- - 6/’p7 (62)

where the symbol (-, -)gn in the left-hand side denotes the inner product in
R™ and | - | is the associated norm.

The next Proposition follows from Leray—Lions'method for monotone
operators (see [40]) or the usual fixed point theorem of Leray—Schauder’s
type (see [34]).

Proposition 6.2 (Weak solution). Let
fe LY Q) AW (Q), 1<p< 4o, %4—;:1.

Then there exists a unique weak solution of the Dirichlet problem (6.1), i.e.
a unique u € Wol’p(Q) such that

J o(2)V(xz;u)dr + J \Vu|P~2Vu - Vodz = J fedz,
Q Q Q

Ve WyP(Q) n L*(Q).

(6.3)

Remark 6.3. We observe that if p > n, then L'(Q) ¢ W~ (Q). In this
case it is well known that, if the datum f of (6.1) is in L(Q), there is
existence and uniqueness of the weak solution, which is bounded (thanks
to the Sobolev embedding). The existence follows from the classical results

on operators acting between Sobolev spaces in duality (see, e.g. [40, p.107],
[11,15,39]).
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If 1 < p < n then LEV'(Q) ¢ WL'(Q), where p* = als, and also
L@ (Q) ¢ LY(Q). Therefore, if the datum f of (6.1) is in L®*)(Q), we
have f e L'(Q2) n W~ (Q), hence Proposition 6.2 can be applied.

If p = n then L7 (Q) ¢ W7 (Q) for any ¢ € [1,00), where ¢ = q%l.

Therefore, if f € L7 (), for the same above reasons, we can apply Propo-
sition 6.2.

Remark 6.4. In the case p = n and f in L'(Q) the Iwaniec-Sbordone’s
method guarantees existence and uniqueness of the weak solution of (6.1);
see, e.g. [36], where the authors use the Hodge decomposition in a smart
way in a variety of questions (see also [21,45]); see [30] for the particular
case p=n = 2).

For the above Remark, the meaningful case is
p<mn,

even if all our next results remain still true for p > n.
We define a nonlinear mapping

T: LNQ) AW Q) — [LP(Q)]"
f — Tf=Vu.

We intend to extend the mapping 7 over all L' ().

If p < nand f is only in L!(£2), the formulation by equation (6.3) cannot
ensure the uniqueness of the solution.

This case attracted the interest of several researchers, who tried to find a
satisfying notion of solution in order to get both existence and uniqueness
of the solution (see, for instance, [5,9,10,12,18,50,52]).

Here we focus our attention to the so-called entropic-renormalized solu-
tions, considered by Jean Michel Rakotoson in [51,52] (see also [5]), which
are defined as follows.

(6.4)

Definition 6.5 (Entropic-renormalized solution). Let Q < R™ be a bound-
ed smooth domain. For all £k > 0, we consider the truncation operator
T.: R — R defined by

Ti(o) = {lk+ o] - [k - ol} /2, (6.5)
and we define Sé’p as the set of all measurable functions v: €2 — R satisfying:
1) tan~1(v) e W' (Q);
2) Vk >0, Ti(v) € WyP();
1
3) sup k™ ? |[VTr(v)] 1r(q) < .
k>0
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A function u defined on €2 is an entropic-renormalized solution of the
Dirichlet problem

~Apu+V(z;u) = f e LNQ), u=0 on ) (6.6)
if
(1) uweSyP(Q), V(-,u) e L'(Q).

(2) Ve Wh(Q), r > n, Vee WyP(Q)nL?(Q) and all B e WH*(R)
with B(0) = 0, B'(¢) = 0 for all ¢ such || = 0¢ > 0, one has:

JQ |Vuyp—2Vu . V(nB(u — (p))dx + jﬂ V(z;u)nB(u — @)dz = o
= JQ fnB(u — ¢)dx.

Remark 6.6. If f € L' (Q) then the formulation (6.7) is equivalent to the
formulation (6.3), i.e. a weak solution is an entropic-renormalized solution
(see [51] or [45] for the case p = n). In [5,9, 12,50, 53| existence and
uniqueness of an entropic-renormalized solution have been proved.

Theorem 6.7. Let f € L'(Q) and V: Q x R — R a Caratheodory function
satisfying the assumptions (H1) and (H2). Then there exists a unique
entropic-renormalized solution of the equation (6.6).

Moreover, let (uj) be a sequence of the solutions of (6.6) with respective
data fj, j € N. If the sequence (f;) converges to f in L'(Q), then the
sequence (Vuj(x)) converges to Vu(x) almost everywhere in Q (up to sub-

sequences still denoted by {u;}). Whenp > 2—21 the solution u € Wol’l(Q).

n

The next Proposition gathers well known results (see [13,14,23,54,55]).
We shall need the following additional growth assumption on V.

(H3) There exist a constant ¢ > 0 and mq € [p — 1,71 ), where

1
(p—l)(l—!—) itp<n
1= n—p

< 4+ if p=n,

m

such that
|V(z,0)| < clo|™, VoeR, ae xel.

Proposition 6.8. Let u be the solution of the Dirichlet problem (6.6), with
fe LV (Q). Let us assume that V satisfies (H1) and (H2).
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o If fe L%P%(Q) and p < n, then uw e L*(Q) and

1
lull o) < el fI70 o - (6.8)
Lpr’p=1(Q)

o If fe LI’P%(Q) and p > n, then uw € L*(Q) and

_1
lull ooy < el 17700 (6.9)
Lhr1(Q)

e If V satisfies also the growth assumption (H3) and f € L™Y(Q), n = 3,
then

my+l-p
|Vl pog) < e(L+ £l )HfHLn " (6.10)
All the constants denoted by ¢ depend only on p, €2, and V.

1
Remark 6.9. We observe that, p > n implies LF' < L1,

. . / . . .
For p > 2 implies L™! < L? since, if p > n, we have p’ < n/ < n; if
2<p<n, then%gpgn, hence p’ < n.

The following Lemma provides estimates for the potential V.

Lemma 6.10. Let u be a weak solution of (6.1):
—Apu+V(zsu)=f, u=0 on Q.
Assume that V' satisfies (H1), (H2), (H3). Let my the number defined in
condition (H3). Let alsoms = ;% (p—1) if 1 <p <n or mg € [nmy,+0)
if p=n
o If ue L*(Q), then

% m1+1 P
[V u)zn < luleo - ful g (6.11)
o If feL™Y(Q), then
my+1-p
1
[V (5u ()HLm S HfHLnl VA T (6.12)

We point out that the proof of (6.10) in Proposition 6.8 is a consequence
of Cianchi-Maz’ya estimate and (6.12) in Lemma 6.10. In fact, if u is a
weak solution of (6.1) for f € L™'(2), then

~Apu=f—V(;u)e L™

By Cianchi-Maz’ya result (see [14, Theorem 4.4]) and our estimate (6.12),
we have

1
IVulre < 1f = V(su)lfah < HfHLnl +[V(5u )IILM
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mi+l-p
1
HfHLnl + HfHLm 11"

mi+1—p

< (1+ 1A ) IAE @)

7. THE HOLDERIAN MAPPINGS FOR THE CASE p = 2

In this Section we apply our previuos results to Holderian mappings in
order to obtain regularity results on the gradient of the solution of the
equation (6.6):

—div (|VulP72Vu) + V(z;u) = fe L', u =0 on 0.

Recall again that, even if the next results remain valid in the case p > n
we will consider only the meaningful case

p<n.

E3 np
For the case p > n, the number p Tp appearing in the case p < n,

should be replaced by any finite number.
Recall also that
R 4 r_ " *\/ np
P=o W= (r*) p———

Theorem 7.1. Let 2 < p <n, f1, fo € L'(Q) and uy,us be the correspon-
ding entropic-renormalized solution of (6.6). Then

1) f |VTk(U1 — UQ)‘p dr < CJ |f1 — fg‘ d.’L‘,
Q Q
(2) u1,uz € Wol’l(Q) and

_1
IV (un = )| ey < €l = ol ey

where n' = 5 and ¢ is a constant depending only on p, Q, V.

As a consequence we have

Corollary 7.2 (of Theorem 7.1). Assume (H1) and (H2) and let u be the
unique entropic-renormalized solution of the Dirichlet problem (6.6). Let T
be the mapping f — T f, with

Tf=Vu.
For 2 < p < n there exists an extension of the mapping

T: () = [0 @)
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which s p ;-Holderian, i.e. there exists c(p,Q) > 0 such that

_1
ITH = Thall o < e, fi = Fol iy,

where n' = 2.
n—1

Remark 7.3. If 2 < p < n then LP(Q) ¢ L ®=1):%(Q), since n’ < p’ and
hence n/(p— 1) <

Theorem 7.4. Assume (H1) and (H2) and let u be the unique entropic-
renormalized solution of the Dirichlet problem (6.6). Let T be the mapping
f=Tf, with

Tf=Vu.
For 2 < p < n the previous mapping in Corollary 7.2 is also p 1-Holderian
from L®") into [LP(Q)]", i.e.
T: LP - [LP(Q)",
which means that there exists ¢, > 0 such that
ITf1 =T falor < cplfi — szL(,,*)/,
where
p/ = 1%17 p* = nLE?p’ (p*)/ = npf£+p'

Proof. The proof is based on the strong coercivity of the p-laplacian and the
Poincaré-Sobolev inequality. In fact, for p > 2, we recall that, from (6.2),
there exists a constant «;, > 0 such that for all £ € R" and ¢’ € R", we have
that

(IeP2e g2 e~ €)= aple =€

Therefore, for two data f; and f in LP (), dropping the non negative
term, we have

o [ 175 = Thlde < [ (190l 29 = Vsl 29, T = 1)) o
=- L(m — ug) - div (\VU1IP_2VU1 — ]Vuz|p_2VuQ)dw
B L [—div (|Vur P>V ) - (ug — ug)+
+ div (|Vue|P~2Vus) - (ug — us)|dx

- fQ (= View)) - (w1 — u) + (—fo + Viw,us)) - (w1 — uz)]da
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- fQ [(f1 = fo) (w1 — ) + (V@ u2) — Vi, wn) - (w1 — )] de
< Lm — fo) (s — up) d,

where in the last inequality we have used the monotonicity of V' with respect
to the second variable, which implies
(V(x,u2) — V(x,u1)) - (ug —u) < 0.

By Poincaré-Sobolev inequality we have

L(fl ) —wp) dx < explfi — Foll o I T — T falis

so that

1

1T 11 =T fall ey < cpll fi = Foll ¥y - O

Theorem 7.5. Assume (H1) and (H2) and let u be the unique entropic-
renormalized solution of the Dirichlet problem (6.6). Let also

2<p<n, rell,+x], 1<k<@®", O=p"(1-3).

(1) If0< 0 <1,iel<k<(p*), then

1
HTfl - TfQHLk*QJfl),T(pfl) < CHf1 - fQHZEIM
for fi, f2 in LF7(Q), with k* = &

n—=k-*

In particular, if f € LF7(Q), then Vu e [LF*P=1re=1(Q)n,
(2) If 0 =0, i.e. k=1, then

1
T:GT(1,r;t™ 1) — GT(0,r(p — 1);¢t 1, t7 D)

L__Hélderian.

p—1

18
(3) If 0 =1, ice. k= (p*)', then
T: GL((p"),r50,w) — GT(p,r(p — 1);v1, w1)
18 ]ﬁ—Hé'lderian, where
v=1t"1(1-1logt)?, w = (1—logt)?, v > —1,
B eR, ’Y+5ﬁ+1<07
v =t (1 —logt)™, wy = (1 —logt)™, v > —1,

B1eR, 71+7B”(5_1) +1<0
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are such that

Proof. Note that
T: LN(Q) — [L¥P )o@
T L0V (9) - [1P(@))"
It is known from (3.1) that, for 0 < 6 < 1,
LF(Q) = (L' L), 0=p*(1-1)

1--Hélderian (by Corollary 7.2)
1-Hélderian (by Theorem 7.4).

since

L=1-0+ 4 = %:1—9+0(1—pi*) - 1-1=24
(

and <0 <1 = 1<k<(px).
Moreover, again from (3.1), we have
LR (=1)r(p-1) ( I (p—1),0 Lp)
' 07T(p71) ’
in fact
L — 9
k*(p—1) — ’(p 1) +
with k* = £ since k < (p*)' = ey <.
It is easy to see that

1-6 0 _ n—1
oo T = non + 9( n(p—n)

_ n—1 + 9 (np—n—np—i—p)

n(p—1) np(p—1)
_ n-1 _ B(n—p) _ TP (1 k)nnpp(n P)
— n(p-1) np(p—1) — np(p—1)

n—=k 1

_ _ 1
ST R el = e
Then, for fi, f in L*"(Q), from Theorem 4.1 with A\ = 0 and a = p%l,

LW < [t p < LV®e-D% we have
T (Ll,L(p*),)em - [(Ln’(p—l)m?Lp)e’r(pil)}n
is also Jﬁ—Hélderian, which implies
T LE7(Q) — [LF - Dre=1) ()

and

ITf1—Tf I fQH(M )
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which yields

ITf1 =T fall pr o-1).r -1 S 1 = fQHLkr

since the bounded functions are dense in L*" ().
For 8 = 0 we have from Theorem 4.1, with A =0 and a = Iﬁ,
and the assertion follows by (3.8) and (3.10), since
(LY, Py, = GD(1,7;t7Y),

’ 1
(L" (=10, Lp> = GT(0,7(p — 1);¢~2, t7D).
0,r(p—1)

For 6§ = 1 we have from Theorem 4.1, with A < —% and o = 1%’ that

1r(p—1); %r

T (LI’L(p*),)l,r;)\ . [(Ln/(p—l),oo’Lp)
and the assertion follows by (3.11), since
(LY, LP)Y) n = GD((p*), 771 (1 — logt)”, (1 — logt)?),

(Ln'(p—l),oo’ Lp) A= GF([), 7ﬁ(p - 1), t_l(l - log t)71’ (1 - lOgt)Bl),
1

Lr(p=1); 5=
where
A=2+ 4y, v>-1, BeR,  y+fgEp+1<0,

so that

A< —=1/r p%—r(p 1)—|—ﬁ1 v > —1,

BieR,  m+pb p1)+1<0

whence ﬁ < —ﬁ, i.e. A < —1/r, with the condition (7.1):

T gy = B with (%) = :

Remark 7.6. In the case k = r € (1,(p*)’) we improve previous known
results, in fact the usual estimate was only obtained in [L™(®~1)(Q)"
(see [13]) and L P—Dr@e=1(Q) c L7 P-1)(Q).

Remark 7.7. If p = TH’ we have p < n and (p*) = npfﬁﬂ) = p. There-

fore, in this particular case, the condition (7.1) is certainly satisfied if v = y;

and = f1(p — 1).
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The identification of interpolation spaces between couples of Lebesgue
or Lorentz spaces, recovering spaces such as Lorentz—Zygmund spaces or
GT' spaces, permits us to obtain precise regularity of the gradient of an
entropic-renormalized solution.

Theorem 7.8. Let 2 < p < n. Assume (H1) and (H2) and let u be the
unique entropic-renormalized solution of the Dirichlet problem (6.6). Let
also T the mapping f — T f, with

Tf=Vu.

1-6
(1) Let 0 <0 <1, 1<g<oo, AeR, pig:n(/(pfi)—i_%’ n' = s, Then

*
T: Li¥(log L)* — [LP9°~Y (log L)7-1]"

is ——-Hélderian, where p* = 12
p—1 ? n—p

(2) Let =0 and A = —=. Then

1

P

T:Gr(1,p;t (1 — logt))‘p) — (Lnl(p*l)’oo(g)’LP(Q))()p(p—l)-i1
9. 7p_

18 pil—Hé'lderian. Moreover, observing that

(Ln’(pfl),oo.Lp)O

)

1
= GT'(o0,p(p — 1);t71(1 — log ), t7e-1),

an equivalent norm of Vu, for o such that % =2 1o given by

“pn/ p’

Hvu”(L"/(P*U’OC(Q),LP(Q))pr(pil);ril ~

1 ’ N 1
~ [J ( sup sﬁ|Vu]*(s)(1—logt)pfl)p(pfl)%] Py
0 O<s<to

(3) Let 0 =1 and X < —%. Then

T (LH(Q), L ()10 — (L7P7D2(Q), LP(Q)),

P(p—1)i21

s ﬁ—Hﬁldem’an and we have

) 1 (( | 1 |w|*<s>pds)’l’ (1- 1ogt>ffl>p(p_l) 7

1
p(p—1)

N
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! ! O\ "t
(®*) _ 2
<c fo ((L fx(s) d5> (1 logt)) .

Proof. Let 0 < 0 < 1. Then
T: LNQ) — [LYP~D2Q)"  is —--Hblderian (by Corollary 7.2),

p—1
T: L (Q) > [LP(Q)" is —1;-Hoélderian (by Theorem 7.4)

p

Since smooth functions are dense in the Lorentz-Zygmund spaces LP4(log L)*,
1 < p,q < o0, it follows that

T: (Ll (Q)a L(p*),(Q))G,q;/\ - (Ln’(p—l),oO(Q)’ Lp(Q))O,ﬂ;/\oz

1
p—1
Moreover, we identify

iIsa= -Holderian.

P* n
(LY(Q), L& (Q))g gir = L7 (log L) = L0 Y(log L)*  (by (3.5)),

(LD L)y 450 = D5 (g L)Y, 0= oty + 5 (by (3.4)).

Then, by Theorem 4.1 with o = p%l, we get that

p* A n
T: Le*=0(log L)* — [Lp"’Q(p_l)(log L)ﬁ} is ﬁ—Hélderian.
In the case § =0, A > —1%, we get from (3.8) that
(LN(©Q), 7 (2))opur = GT(Lps (1~ log)?)
and L") is dense therein. By (3.10),

’ 1
(LD, L) = G (w0, p(p — 1);t71(1 — log ), 176D,

Therefore, by Theorem 4.1, with o = ﬁ, the mapping

*\/

T+ (LM, L7 (@)opn — (E"ETDF5 L)y

is ]ﬁ—Hélderian. Due to the identification of the above interpolation
spaces, we have
1
T: GI(1,p;t (1 — logt)™) — GT (o0, p(p — 1);t 71 (1 — logt)’\p,t”’@*l))

and the assertion follows.
The same argument holds for § = 1. O
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Remark 7.9. Observe that, in the case 0 < 8 < 1, for A = 0, we recover

. . _ p* 1 _ 1 :
the conclusion of Theorem 7.5, in fact k = p,,{’_e and FEp=T) = pg» SO 1N
this case, for ¢ = r, we have
*
Lﬁﬂq(log LY =Lk, LPo:a(P=1)(Jog L)ﬁ = [F D=1

while, for A # 0, we have

A

*
L (log L)* < Lk, [Poa®P=D(log [)5-T < LF*-Dr=1) jf ) > 0,

A
p—

L < Lp’l*‘)%@’q(log Ly, LFe=Dre=1) < ppear—1)(1og [)57T if A < 0,
(see inclusion relations in Section 2).
Remark 7.10. We also observe that, by (3.11),
(L1, L)y o = GT((0*) 91— log 1), (1 — log)™),

(Ln’(p—l),oo, Lp)l,p(p—l);p%l = GF(p,p(p - 1); t_l(l - logt)wa (1 - 10gt>ﬁ2)7

where

A=24+ls >l BieR, m+fighky +1<0,  A<-1,

A=24 B> 1 BeR, m+fp-1)+1<0, A<—1,

-1
P
=2+ (B —PB2)p—1)+ 2 =0
The last condition follows by the equality

Y B _ B2(p—1) : #¥\/ _ _ np
?1 + (p*l)’ - ?2 + p with (p*)" = np—n+p”

To obtain the boundedness of the solution in a more general situation,
stated in next Theorem, we need to assume the growth condition (H3).

Theorem 7.11. Let 2 < p < n. Assume that (H1), (H2), and (H3) hold,
and let u the entropic-renormalized solution of the Dirichlet problem (6.6).
Let also T be the mapping f — T f, with

Tf=Vu,
l<g<+4w, AeR, and 0 <0 < 1.
o Iffe Ln%ﬁ’q(logL))‘, 0<6<1, then
Vue L%’Q(I)—D(logL)P%.
o If fe GT'(1,q;t71(1 —logt)M), then

1
Vu € GT(o0,q(p — 1);t7 (1 — log ), 751,
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Proof. Note that
T: LYQ) — [L7 e D=q))"

il—Hélderian (by Corollary 7.2),
T: L™N(Q) — [LZ(Q)]", is bounded (by (6.10) in Proposition 6.8).
Using Theorem 4.1, that is the fact that

T: (X0, X1)o.g:x = (Y0, Y1)g

o q.
E,a,)\a

is bounded, for § = a = L we have that

p—
T+ (LN, L (Q)g.gx — (L7 07D(Q), L2(0) g g1y, 2,

is bounded.
If 0 < 6 <1, we get from (3.3) and (3.6) respectively, that
(L, L g = L7 log L))

! (p— (p
(L (p 1),OO7LOO)0’q(p_1);ﬁ — [ 10 Y g(p— 1)(log L)

If # = 0, then it follows respectively from (3.7) and (3.10) that

(LH(9), L™ (2))o.gn = GT(1,¢; 71 (1 — log 1)),

’ 1
(L™ (=), 1p) jx, = GT(,q(p - 1);t71 (1 = log ), 71,0

0,q(p—1
Remark 7.12. Recall that, as pointed out at the beginning of Section 7,
all the previous results are also true for p > n, and in this case the symbol
p* must be considered as any finite number. Hence, if in (1) of Theorem 7.8
we assume p = n and choose p* = n’, then comparing the result with the
first one iI/l Theorem 7.11 for p = n, we see that the datum f is in the same

space Lﬁ’q(log L)*, while the gradient of the solution u in Theorem 7.11
belongs to a smaller space, since

L% :q(pfl) (10g L) Til c LPGMZ(P_I) (10g L) pfil

with

Moreover, since

n(p—1 n
(17517];(7!1) Z1g>n

forp>nand 0 < @ < 1, we obtain that Vu € L", r > n. Then, by Sobolev
theorem, the solution u is bounded.
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8. THE HOLDERIAN MAPPINGS FOR THE CASE 1 <p < 2

Some of results for 2 < p < n remain true in the case 1 < p < 2. The
fundamental changes concern the Holder properties than can exist but are
not sharp as for the case p > 2, and the Holder constant appearing depends
on the data.

Theorem 8.1 (Local Lipschitz contraction). Let

np
np+p—n’

l<p<2, n =2, p* = 1B (p*) =

Suppose also that f1, fa € L(p*),(Q) and V satisfy (H1) and (H2). Further,
let u;, i = 1,2, be the weak solution of

—Apu; + V(zyu) = fi, u; =0 on 0N).
Then

IVur|e < CHle [Vusa|r < Clllelzi

L *)
2-p
1V (w1 = w2l < e(IVurler + [Vuale) 11 = fol gpny

Here the constant ¢ depends only on p and Q.

Corollary 8.2 (of Theorem 8.1). Under the same assumptions as in The-
orem 8.1, there exists a constant ¢ depending only on p and Q such that

2—p
IV (ur —uz)|r < (HleU,,*y + Hf2!|L<p*>/> Ifr = foll ey - (B.1)

In particular,
T: L¥) (Q) — [LP(Q)]" s locally Lipschitz.

Theorem 8.3. Let1 < p < 2, r € [1,400] and k be such that (p*) < k < n.
Assume also that (H1), (H2), and (H3) hold. Let u be the entropic-
renormalized solution of the equation

—Apu+ V(z;u) = f, u =0 on 0Q.
Then, the nonlinear mapping T is bounded from L*7(Q) into L7 (Q), with

klz P 0:(7’)/

1 0(p-1)° € (0,1).

Proof. From Corollary 8.2 we have that
T: L(p*)l(ﬂ) — [LP(Q)]" is locally Lipschitz
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and (8.1) holds. By Proposition 6.8 we also have that
T: L™ (Q) — [L®(Q)]" is bounded.

Further, from Theorem 4.2 with A=0,a =1 and § = z% we get that

T maps (Xo, X1)gr.x into (%,Yl)g%,i;)\a,
ie.

T+ (L0 (Q), L™ (), — (L(9), L(D))op1)
is a locally bounded mapping, with 6 € (0,1). Now the assertion follows
from (3.1), since

(L0 (@), L (@))a, = L7(2), E= Gt
(L2(9), L (@)op-1).r = L7 (D), k=t 0

For other results concerning equations with data in Lorentz spaces, see,
e.g. [22,37].

9. CONCLUSION

We conclude by highlighting that in [2] also applications to the anisotropic
equation and variable exponents version of the p-Laplacian are given. We
refer the reader to the paper [2] for the results.

Anisotropic equation.
u=20 on 052,

U Pi=2 oy
Aﬁu__i_zlal‘i ( 8:@)’

P=(pi,---yPn) 1 <p; < +o0, p/ = (p'17 ... ,p/n), p; is the conjugate of p;.

{—Aﬁu—FV(az;u) =f inQ

where
ou
6:@

Variable exponents version of the p-Laplacian.

=Apyu+V(z;u)=f inQ
u=20 on 052,

where A, yu = div (|Vu[P@)=27y,).
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