
Proceedings of the
International Geometry Center
Vol. 18, no. 1 (2025) pp. 143–158

Fundamental solution for a new class of
non-Archimedean pseudo-differential

equations
A.N.Kochubei, M.V. Serdiuk

Abstract. In this paper we study a new class of pseudo-differential equations
on functions of two p-adic variables. It is proved that the correspondent
Cauchy problem has a unique solution. Some properties of this solution are
studied, in particular, the finite dependence property and an L1-estimate.

Анотація. У роботі вивчається новий клас псевдодиференціальних рів-
нянь на функціях від двох p-адичних змінних. Доведено, що відповідна
задача Коші має єдиний розв’язок. Досліджено деякі властивості цього
розв’язку, зокрема, властивість скінченної залежності та L1-оцінка.

1. INTRODUCTiON
In the analysis of real- and complex-valued functions over a non-Archi-

medean field of p-adic numbers Qp and the spaces Qn
p , a typical linear

operator is the pseudo-differential one,
(Au)(x1, . . . , xn) = F´1[a(ξ1, . . . , ξn)(Fu)(ξ1, . . . , ξn)](x1, . . . , xn),

x1, . . . , xn P Qp, where F is the Fourier transform. Under some conditions
upon the symbol, the Fourier transform can be eliminated, and we get a
representation of A as a hypersingular integral operator.

The example, which has been investigated in the greatest detail, is the
Vladimirov-Taibleson operator Dα,n, for which

a(ξ1, . . . , ξn) = (maxt|ξ1|p, . . . , |ξn|pu)α, α ą 0,

and which can be seen as a kind of an elliptic operator. See [6, 7]; see
also [2, 8] for equations with various related operators, such as analogs of
the nonstationary Schrödinger equation, the Klein-Gordon equation, the
operator with the symbol max

␣|ξ|d1p , |ξ|d2p
(α, and others.
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Note that the maximum signs in the above symbols correspond to the
ultrametric geometry of the non-Archimedean spaces Qn

p . See Section 2 for
the details.

Interesting and non-trivial equations of this theory are not necessarily
formulated directly in terms of the above operators. Thus, p-adic parabolic
equations are those with a real positive time variable and p-adic spatial
variables; this class of equations is important for probabilistic applications.
A kind of p-adic wave equation [4] has the form Dα

t F ´Dα,n
x F = 0.

In this paper, we consider a more general equation

Dα
t u(t, x) ´Dβ,n

x u(t, x) = 0, β = Kα for some K P N.

Using some techniques from [4], especially the idea of a radial time vari-
able (see also [5]), as well as the Lizorkin classes of test functions and
distributions, we prove the existence and uniqueness results for the Cauchy
problem, including the finite dependence property (resembling classical hy-
perbolic equations) and an L1-estimate of the solution.

2. PRELiMiNARiES
2.1. The field of p-adic numbers. Let p be a prime number. The p-adic
norm on the field Q of rational numbers is defined as

|0|p = 0, |x|p = p´γ(x),

where the integer γ(x) is obtained from the decomposition

x = pγ
m

n
, m, n, γ = γ(x) P Z,

and the integers m, n are prime to p. This norm is non-Archimedean
and satisfies the strong triangle inequality |x + y|p ď max (|x|p, |y|p). The
completion of the field Q with respect to the p-adic norm is called the field
of p-adic numbers Qp.

Any p-adic number x ‰ 0 has a unique canonical representation

x = pγ(x0 + x1p+ x2p
2 + . . . ), (2.1)

where γ = γ(x) P Z, xj are integers such that 0 ď xj ď p ´ 1, x0 ą 0,
j = 0, 1, . . . , and |x|p = p´γ .

The fractional part of a p-adic number x P Qp with the canonical repre-
sentation (2.1) is defined as

txup =
#
0, if γ(x) ě 0 or x = 0;

pγ(x0 + x1p+ ¨ ¨ ¨ + x|γ|´1p
|γ´1|), if γ(x) ă 0.

(2.2)
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A function φ : Qp Ñ C is called locally constant if there exists such an
integer ℓ that for any x P Qp

φ(x+ x1) = φ(x), whenever |x1|p ď p´ℓ.

The smallest of such numbers ℓ is called the exponent of local constancy of
the function φ.

We denote by D(Qp) the linear topological space of all locally constant
functions φ : Qp Ñ C with compact supports. The strong conjugate space
D1(Qp) is called the space of Bruhat-Schwartz distributions (see [1]).

2.2. Fourier transform. Let χp(ξx) = exp(2πitξxup), where ξ P Qp, be
an additive character of Qp. The Fourier transform of a test function φ P
D(Qp) is defined as

rφ(ξ) = FxÑξ[φ](ξ) =

ż

Qp

χp(ξx)φ(x)dx, ξ P Qp,

where the integration is with respect to the standard Haar measure dx on
Qp, i.e. the invariant under shifts positive measure dx such that

ş
|x|pď1 = 1.

For n ě 1, the Fourier transform of a test function φ P D(Qn
p ) is defined

as
rφ(ξ) = FxÑξ[φ](ξ) =

ż

Qn
p

χp(ξ ¨ x)φ(x)dx, ξ P Qn
p ,

where

χp(ξ ¨ x) = χp(ξ1x1) ¨ ¨ ¨χp(ξnxn) = exp
(
2πi

nÿ

j=1

tξjxjup
)
,

ξ ¨ x is the scalar product of vectors ξ = (ξ1, . . . , ξn) and x = (x1, . . . , xn),
and the function χp(ξjxj) = exp (2πitξjxjup) for every fixed ξj P Qp is an
additive character of the field Qp, tξjxjup is the fractional part of a number
ξjxj defined by (2.2), j = 1, . . . , n.

The Fourier transform φ ÞÑ rφ is a linear isomorphism from D(Qp) on
D(Qp) and the inversion formula holds

φ(x) =

ż

Qp

χp(´xξ)rφ(ξ)dξ = FξÑx[rφ(´x)] = F´1
ξÑx[rφ](x),

for x P Qp, and φ P D(Qp).
For a distribution f P D1(Qp) its Fourier transform is defined by the

formula
( rf, φ) = (f, rφ), φ P D(Qp),
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and the inversion formula holds
f = F [ rf(´ξ)], f P D1(Qp).

Similarly, for f P D1(Qn
p ),

( rf, φ) = (f, rφ), φ P D(Qn
p ).

We will use the following subspaces of D(Qn
p ),

Ψ(Qn
p ) =

␣
ψ P D(Qn

p ) : ψ(0) = 0
(
,

Φ(Qn
p ) =

"
φ P D(Qn

p ) :

ż

Qn
p

φ(x)dx = 0

*
,

introduced in [1]. The space Φ(Qn
p ) is called the Lizorkin space of test func-

tions of the second kind. The conjugate space Φ1(Qn
p ) is called the Lizorkin

space of distributions of the second kind. The most important property of
these spaces is that the Fourier transform F is a linear isomorphism from
Ψ(Qn

p ) onto Φ(Qn
p ), thus also from Φ1(Qn

p ) onto Ψ1(Qn
p ). At the same time,

F can be considered as a linear isomorphism from Φ(Qn
p ) to Ψ(Qn

p ).

2.3. Operator Dα. On a test function φ P D(Qp), the fractional differen-
tiation operator Dα, α ą 0, is defined as (see [7])

(Dαφ)(x) = F´1
ξÑx

[|ξ|αp (FyÑξ(φ))(ξ)
]
(x). (2.3)

For x = (x1, . . . , xn) P Qn
p , define |x|p = max

1ďjďn
|xj |p. The operator Dα,n

on a function φ P D(Qn
p ) is given by the expression

(Dα,nφ)(x) = F´1
ξÑx

[|ξ|αp (FyÑξ(φ))(ξ)
]
(x).

The operator Dα can also be represented as a hypersingular integral
operator. For a function u P D(Qp),

(Dαu)(x) =
1 ´ pα

1 ´ p´α´1

ż

Qp

|y|´α´1
p [u(x´ y) ´ u(x)] dy. (2.4)

Similarly, if u P D(Qn
p ), then

(Dα,nu)(x) =
1 ´ pα

1 ´ p´α´n

ż

Qn
p

|y|´α´n
p [u(x´ y) ´ u(x)] dy.

Further, we shall use the following integration formulas [7]:
ż

Bn
γ

dnx = pnγ ;

ż

Sn
γ

dx =
(
1 ´ p´n

)
pnγ , (2.5)
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ż

Bn
γ

χp(ξx)dx =

#
pnγ , |ξ|p ď p´γ ;

0, |ξ|p ě p´γ+1.
(2.6)

ż

Sn
γ

χp(ξx)dx =

$
’’&
’’%

pnγ(1 ´ p´n), |ξ|p ď p´γ ;

´pn(γ´1), |ξ|p = p´γ+1;

0, |ξ|p ě p´γ+2.

(2.7)

where we denote by

Bn
γ = tx P Qn

p : |x|p ď pγu, Sn
γ = tx P Qn

p : |x|p = pγu.

3. RADiAL EiGENFUNCTiONS
Let α ą 0, β ą 0. Consider the eigenvalue problem

Dαu = λu, λ = pβN , N P Z, (3.1)

where u : Qp Ñ C is not identically zero.
We also suppose that

β = Kα for some K P N. (3.2)

Proposition 3.1. If the condition (3.2) holds, the equation (3.1) has the
set of solutions in Φ(Qp) of the following form for N P Z:

uN (t) =

$
’’&
’’%

CNp
KN (1 ´ 1

p), |t|p ď p´KN ;

´CNp
KN´1, |t|p = p´KN+1;

0, |t|p ě p´KN+2.

(3.3)

Proof. We apply the Fourier transform with respect to the both sides of
the equation (3.1) and obtain

(|η|αp ´ pβN )(FtÑηu)(η) = 0, @η P Qp. (3.4)

Denote
ru(η) = (FtÑηu)(η), η P Qp.

Then it follows from (3.4) that the equality ru(η) ” 0 will not hold only
if the condition |η|αp = pβN holds, that is |η|p = pKN , where K P N is
such that β = Kα. This condition is satisfied due to the assumption (3.2).
(Note that if (3.2) does not hold, then the equation (3.1) has only a zero
solution.)
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Since u is a radial function with respect to t, it follows that ru is also a
radial function with respect to η (see [3] formula (1.28), p.15). Therefore

ruN (|η|p) =
#
CN , |η| = pKN ;

0, |η| ‰ pKN ,
CN ‰ 0. (3.5)

By the Fourier inversion formula and the well-known integration formula (2.7),
we have

uN (|t|p) = (F´1
ηÑtruN )(t)

=

ż

Qp

χp(´tη)ruN (η)dη

=

ż

SKN

χp(´tη)CNdη

=

$
’’&
’’%

CN (ξ)pKN (1 ´ 1
p), |t|p ď p´KN ;

´CN (ξ)pKN´1, |t|p = p´KN+1;

0, |t|p ě p´KN+2.

(3.6)

It is easy to verify from (3.6) that uN P Φ(Qp) for each N P Z. □

Proposition 3.2. If a radial distribution u P Φ1(Qp) satisfies the equa-
tion (3.1), then it coincides, for some CN P C, with the function (3.3).
Proof. The proof is identical to the one given in [4, Proposition 1]. □

4. CAUCHY PROBLEM
Let α ą 0, β ą 0, n ě 1. We consider the Cauchy problem

Dα
|t|pu(|t|p, x) ´Dβ,n

x u(|t|p, x) = 0, (t, x) P Qp ˆ Qn
p , (4.1)

u(0, x) = u0(x), x P Qn
p , (4.2)

where u : Qp ˆ Qn
p Ñ C is a radial function with respect to t.

Theorem 4.1. Let α ą 0, β ą 0 be such that the condition (3.2) holds.
Suppose that the function u0 is in Φ(Qn

p ). Then the Cauchy problem (4.1)-
(4.2) has a solution u = u(|t|p, x), radial in t, that belongs to the space
Φ(Qp) for each x P Qn

p , and belongs to Φ(Qn
p ) for each t P Qp.

If the condition (3.2) does not hold, then the equation (4.1) has only a
zero solution u(t, x) ” 0, (t, x) P Qp ˆ Qn

p .
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Proof. Suppose that u0 P Φ(Qn
p ). We will look for a solution belonging to

Φ(Qp) and radial in t, for each x P Qn
p , and belonging to Φ(Qn

p ) in x, for
each t P Qp.

Let us consider the Cauchy problem (4.1)-(4.2). Taking the Fourier trans-
form with respect to x on both sides of (4.1) we obtain that

FxÑξD
α
|t|pu(|t|p, ξ) ´ |ξ|βpFxÑξu(|t|p, ξ) = 0, (t, ξ) P Qp ˆ Qn

p . (4.3)

Suppose that the function v(|t|p, ξ), (t, ξ) P Qp ˆ Qn
p , is a solution of

the equation (4.3). Then the function u = F´1
ξÑxv is the solution of (4.1).

Hence we will look for the solution of (4.3).
Denote

û(|t|p, ξ) = FxÑξu(|t|p, ξ), (t, ξ) P Qp ˆ Qp.

Then the equation (4.3) is now equivalent to the following one:

Dα
|t|p û(|t|p, ξ) = |ξ|βp û(|t|p, ξ), (t, ξ) P Qp ˆ Qn

p . (4.4)

The problem (4.4) is the radial eigenfunction problem of the operator
Dα

|t|p . Put |ξ|p = pN , N P Z. Then it follows from Proposition 3.1 that the
solutions of the equation (4.4) have the form

ûN (|t|p, ξ) =

$
’’&
’’%

CN (ξ)pKN (1 ´ 1
p), |t|p ď p´KN ;

´CN (ξ)pKN´1, |t|p = p´KN+1;

0, |t|p ě p´KN+2.

(4.5)

It follows from the initial condition (4.2) that

ûN (0, ξ) = û0(ξ), ξ P Qn
p . (4.6)

By substituting (4.5) into (4.6), we get

ûN (0, ξ) = CN (ξ)pKN
(
1 ´ 1

p

)
= û0(ξ), ξ P Qn

p .

Hence
CN (ξ) = p´KN

(
1 ´ 1

p

)´1
û0(ξ), ξ P Qn

p .

Finally, we obtain the following solution of the equation (4.4):

ûN (|t|p, ξ) =

$
’’&
’’%

û0(ξ), |t|p ď p´KN ;

´ 1
p´1 û0(ξ), |t|p = p´KN+1;

0, |t|p ě p´KN+2,

(t, ξ) P Qp ˆ Qn
p ,

|ξ|p = pN .
(4.7)
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Denote

bN (|t|p, |ξ|p) =

$
’’&
’’%

1, |t|p ď p´KN ;

´ 1
p´1 , |t|p = p´KN+1;

0, |t|p ě p´KN+2,

(t, ξ) P Qp ˆ Qn
p ,

|ξ|p = pN .
(4.8)

or, equivalently,

bN (|t|p, |ξ|p) =

$
’’&
’’%

1, |t|p ď |ξ|´K
p ;

´ 1
p´1 , |t|p = p|ξ|´K

p ;

0, |t|p ě p2|ξ|´K
p ,

(t, ξ) P Qp ˆ Qn
p ,

|ξ|p = pN .
(4.9)

Since we defined the functions puN and bN on each sphere Sn
N , we can

define û and b on the whole space Qn
p :

û(|t|p, ξ)æSn
N
:= bN (|t|p, |ξ|p)û0(ξ), t P Qp, ξ P SN ,

b(|t|p, |ξ|p)æSn
N
:= bN (|t|p, |ξ|p), t P Qp, ξ P SN . (4.10)

Since û0 P Ψ(Qp), û(0) = 0, and it follows from local constancy of û
that it vanishes on some neighbourhood of the origin. It further follows
from (4.10) that û P Ψ(Qp) in ξ, so that u P Φ(Qp) in x. In addition, the
functions u, û belong to D(Qp) uniformly in the sense of support and local
constancy with respect to x. Therefore, the interchanging of operations is
permitted (in particular, the order of applying the Fourier transform FξÑx

and the operator Dα
|t|p in the equation (4.3) can be reversed).

For each t P Qp, the function b(|t|p, ¨) belongs to D(Qn
p ), hence we can

apply the inverse Fourier transform (moreover, in Section 5 the explicit
expression for the function F´1

ξÑxb is found).
Using the inverse Fourier transform, we obtain the following solution of

the equation (4.1):

u(|t|p, x) = (F´1
ξÑxû)(|t|p, x)

=
(
(F´1

ξÑxb) ˚ u0
)
(|t|p, x),

(t, x) P Qp ˆ Qn
p , (4.11)

which belongs to Φ(Qn
p ) with respect to x for each t P Qp and satisfies the

initial condition (4.2).
It is clear from Proposition 3.1 and Proposition 3.2 that if the condi-

tion (3.2) does not hold, then the equation (4.1) has only a zero solution,
and if u0 is not identically zero, then the Cauchy problem (4.1)-(4.2) has
no solutions. □
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5. EXPLiCiT FORMULA FOR THE SOLUTiON
Let us calculate the explicit expression for the function (F´1

ξÑxb). We
have

(F´1
ξÑxb)(|t|p, |x|p) =

ż

Qn
p

χp(´ξ ¨ x)b(|t|p, |ξ|p)dξ

=
8ÿ

j=´8
b(|t|p, pj)

ż

Sn
j

χp(´ξ ¨ x)dξ.
(5.1)

Denoting |x|p = pM and using the formula (2.7), we have

(F´1
ξÑxb)(|t|p, |x|p) =

= (1 ´ p´n)
´Mÿ

j=´8
b(|t|p, pj)pjn ´ b(|t|p, p´M+1)p´Mn

= (1 ´ p´n)
8ÿ

j=0

b(|t|p, p´j´M )p(´j´M)n ´ b(|t|p, p´M+1)p´Mn

= (1 ´ p´n)|x|´n
p

+8ÿ

j=0

p´jnb(|t|p, p´j |x|´1
p ) ´ |x|´n

p b(|t|p, p|x|´1
p ).

(5.2)

Denoting |t|p = pL, |x|p = pM , L,M P Z, (5.2) is now equivalent to

F´1
ξÑxb(p

L, pM ) =

= (1 ´ p´n)p´Mn
+8ÿ

j=0

p´jnb(pL, p´M´j) ´ p´Mnb(pL, p´M+1).

For j ě 0 from (4.8) we have

b(pL, p´M´j) = b´M´j(p
L, p´M´j) =

$
’’&
’’%

1, pL ď pK(M+j);

´ 1
p´1 , pL = pK(M+j)+1;

0, pL ě pK(M+j)+2,

(5.3)

b(pL, p´M+1) = b´M+1(p
L, p´M+1) =

$
’’&
’’%

1, pL ď pK(M´1);

´ 1
p´1 , pL = pK(M´1)+1;

0, pL ě pK(M´1)+2.

(5.4)

Consider the following cases.
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Case 1. |t|p ď |x|Kp , or L
K ď M ðñ L ď KM . Then from (5.3) and (5.4)

we obtain that

F´1
ξÑxb(p

L, pM ) = (1 ´ p´n)p´nM
+8ÿ

j=0

p´jn ´ p´nMb(pL, p´M+1).

Case 1.a) |t|p ď p´K |x|Kp , or L ď K(M ´ 1). Then

F´1
ξÑxb(p

L, pM ) = (1 ´ p´n)p´nM
+8ÿ

j=0

p´jn ´ p´nM

= (1 ´ p´n)p´nM 1

1 ´ p´n
´ p´nM

= 0.

(5.5)

Case 1.b) |t|p = p´K+1|x|Kp , or L = K(M ´ 1) + 1. Then

F´1
ξÑxb(p

L, pM ) = p´nM ´ p´nM
(

´ 1

p´ 1

)

=
p´nM+1

p´ 1

=
p

p´ 1
|x|´n

p .

Case 1.c) |t|p ě p´K+2|x|Kp , or L ě K(M ´ 1) + 2. Then

F´1
ξÑxb(p

L, pM ) = p´nM = |x|´n
p .

Case 2. |t|p = p|x|Kp , or L´1
K ´ M = 0 ðñ L = KM + 1. Then from (5.3)

and (5.4) we have

F´1
ξÑxb(p

L, pM ) = (1 ´ p´n)p´nM
+8ÿ

j=1

p´jn + (1 ´ p´n)p´nM
(

´ 1

p´ 1

)

= (1 ´ p´n)p´nM p´n

1 ´ p´n
´ (1 ´ p´n)p´nM

p´ 1

= p´nM p´n+1 ´ 1

p´ 1
.

Case 3. |t|p ě p2|x|Kp , or L´2
K ´M ě 0 ðñ L ě KM + 2.

Case 3.a) L´1
K ´M is an integer. Then

F´1
ξÑxb(p

L, pM ) = (1 ´ p´n)p´nM
+8ÿ

j=[ L
K

´M ]

p´jn
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+ (1 ´ p´n)p´nMp´n(L´1
K

´M)
(

´ 1

p´ 1

)

= p´n[ L
K
] ´ 1 ´ p´n

p´ 1
p´nL´1

K .

Case 3.b) L´1
K ´M is not an integer. Then

F´1
ξÑxb(p

L, pM ) = p´n[ L
K
].

6. FiNiTE DOMAiN OF DEPENDENCE
Proposition 6.1. Suppose that the initial function u0 satisfies condition
u0(t, x) = 0 outside some ball Bn

N , N P Z. Then the solution u of the
problem (4.1)-(4.2) satisfies u(|t|p, x) = 0 for x P Qn

pzBn
N , and for all

|t|p ă pL for some L P Z.
Proof. From (4.11) we have

u(|t|p, x) =
(
(F´1

ξÑxb) ˚ u0
)
(|t|p, x)

=

ż

Qn
p

(F´1
ξÑxb)(|t|p, |x´ y|p)u0(y)dy

=

ż

Bn
N

(F´1
ξÑxb)(|t|p, |x´ y|p)u0(y)dy.

Suppose that |x|p ą pN . Then for y P Bn
N by the triangle inequality (which

is an equality in this case since |x|p ‰ |y|p) we have
|x´ y|p = max(|x|p, |y|p) = |x|p.

Then p´K |x|Kp ą p´KpNK . If we choose L = NK ´ K, then for all t,
|t|p ď pL, we have

|t|p ď pL = pNK´K = p´K |x|Kp .
Recalling the explicit formula for the function F´1

ξÑxb, it follows from (5.5)
that for such x and t

(F´1
ξÑxb)(|t|p, |x´ y|p) = 0,

when y P Bn
N . Hence u(|t|p, x) = 0. □

7. GENERALiZED SOLUTiONS AND UNiQUENESS
We will need the following property of the operator Dα,n of a distribution

that corresponds to the bounded locally constant function, proved in [4].
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Lemma 7.1 ([4, Lemma 1]). If u is a bounded locally constant function on
Qn

p , then the distribution Dα,nu P Φ(Qn
p ) coincides with the function

(Dα,nu)(x) =
1 ´ pα

1 ´ p´α´n

ż

Qp

|y|´α´n
p [u(x´ y) ´ u(x)] dy. (7.1)

We consider the problem (4.1)-(4.2) in the class of generalized functions,
radial in t.

Denote by Φ1(Qp,Φ
1(Qn

p )) the set of distributions over the test function
space Φ(Qp), with values in Φ1(Qn

p ).

Theorem 7.2. Let u P Φ1(Qp,Φ
1(Qn

p )) be a generalized solution of the
equation (4.1), that is

@xu, Dα
t φ1y, φ2

D
=
@xu, φ1y, Dβ,n

x φ2

D

for any φ1 P Φ(Qp), φ2 P Φ(Qn
p ). If u is radial in t, then u P D(Qp,Φ

1(Qn
p )).

If, in addition, u(0, x) = 0, then u(t, x) ” 0.
Proof. Denote by pu(t, ¨) the Fourier transform of u in the variable x. For
any ψ P Ψ(Qn

p ) we have

Dα
|t|pxpu(t, ¨), ψy = xξ|βppu(t, ξ), ψ(ξ)y.

If suppψ Ă SN , N P N, then

Dα
|t|pxpu(t, ¨), ψy = pβNxpu(t, ¨), ψ(¨)y.

By Proposition 3.2, the function xpu(t, ¨), ψy has the form (3.3) for some
c P C. If ψ P Ψ(Qn

p ), then ψ is a sum of a finite number of functions
supported on spheres Sn

N . Taking, in particular, ψ = pφ, φ P Φ(Qn
p ), we find

that xu(t, ¨), φy belongs to D(Qp) in the variable t, for any φ P Φ(Qn
p ).

If u(0, ¨) = 0, then also pu(0, ¨) = 0. If ψ P Ψ(Qn
p ), suppψ Ă Sn

N , then
xpu(t, ¨), ψy has the form (2.7), and the assumption pu(0, ¨) = 0 implies the
equality c = 0, hence xpu(t, ¨), ψy = 0, and pu(t, ¨) = 0 (since ψ and N are
arbitrary), and u(t, ¨) = 0. □

It follows from Lemma 7.1 that bounded locally constant solutions of (4.1)
are generalized solutions of the class considered in Theorem 7.2. Therefore
the solutions of the Cauchy problems constructed in Theorem 4.1 are unique
in the class of radial in t, bounded locally constant functions.

8. L1-ESTiMATE OF THE SOLUTiON
Denote Q+

p = tt P Qp : |t|p ě 1u.
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Theorem 8.1. Suppose that the conditions of Theorem 4.1 hold. Then the
solution of the problem (4.1)-(4.2), defined in (4.11), satisfies the following
estimate in L1(Qn

p ) in variable x for each t P Q+
p

}u(|t|p, ¨)}L1(Qn
p )

ď p2nγ }u0}L1(Qn
p )
,

where γ ě 2
K is a positive constant.

Proof. For each t P Q+
p we have

››F´1
ξÑx[b(|t|p, |ξ|p)](|t|p, ¨)

››
L1(Qn

p )
=

=

ż

Qn
p

ˇ̌
ˇF´1

ξÑx[b(|t|p, |ξ|p)](|t|p, ¨)
ˇ̌
ˇ dx

=

ż

Qn
p

ˇ̌
ˇ̌
ż

Qn
p

χp(´x ¨ ξ)b(|t|p, |ξ|p)dξ
ˇ̌
ˇ̌ dx

=

ż

Qn
p

ˇ̌
ˇ̌
ż

Bn
γ

χp(´x ¨ ξ)b(|t|p, |ξ|p)dξ +

+

ż

Qn
p zBn

γ

χp(´xξ)b(|t|p, |ξ|p)dξ
ˇ̌
ˇ̌ dx

ď
ż

Qn
p

ˇ̌
ˇ̌
ż

Bn
γ

χp(´x ¨ ξ)b(|t|p, |ξ|p)dξ
ˇ̌
ˇ̌ dx +

+

ż

Qn
p

ˇ̌
ˇ̌

ż

Qn
p zBn

γ

χp(´x ¨ ξ)b(|t|p, |ξ|p)dξ
ˇ̌
ˇ̌ dx,

(8.1)

where γ P Z will be chosen later.
For the integral

ż

Qn
p zBn

γ

χp(´x ¨ ξ)b(|t|p, |ξ|p)dξ we have

ż

Qn
p zBn

γ

χp(´x ¨ ξ)b(|t|p, |ξ|p)dξ =
+8ÿ

N=γ+1

ż

Sn
N

χp(´x ¨ ξ)b(|t|p, |ξ|p)dξ.

It follows from (4.9) that b(|t|p, |ξ|p) = 0, if |ξ|Kp ě p2

|t|p . Suppose that
|t|p = pL, L ě 0, then |t|p ě 1. Thus, if γ ě 2

K , for ξ P Sn
N , N ě γ + 1, we

get
|ξ|p ě pγ+1 = p

2
K
+1 ě p

2
K ,
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whence
|ξ|Kp ě p2 ě p2

|t|p ,
and therefore ż

Sn
N

χp(´x ¨ ξ)b(|t|p, |ξ|p)dξ = 0.

In conclusion, for the chosen γ we have
ż

Qn
p

ˇ̌
ˇ̌
ˇ

ż

Qn
p zBn

γ

χp(´x ¨ ξ)b(|t|p, |ξ|p)dξ
ˇ̌
ˇ̌
ˇ dx = 0.

Now for the first integral in (8.1) we obtain that
ż

Qn
p

ˇ̌
ˇ̌
ż

Bn
γ

χp(´x ¨ ξ)b(|t|p, |ξ|p)dξ
ˇ̌
ˇ̌ dx =

=

ż

Bn
γ

ˇ̌
ˇ̌
ż

Bn
γ

χp(´x ¨ ξ)b(|t|p, |ξ|p)dξ
ˇ̌
ˇ̌ dx+

ż

Qn
p zBn

γ

ˇ̌
ˇ̌
ż

Bn
γ

χp(´x ¨ ξ)b(|t|p, |ξ|p)dξ
ˇ̌
ˇ̌ dx,

whereż

Bn
γ

ˇ̌
ˇ̌
ż

Bn
γ

χp(´x ¨ ξ)b(|t|p, |ξ|p)dξ
ˇ̌
ˇ̌ dx ď

ż

Bn
γ

ż

Bn
γ

|χp(´x ¨ ξ)| ¨ |b(|t|p, |ξ|p)|dξdx

ď
ż

Bn
γ

ż

Bn
γ

dξdx = p2nγ ,

since
|χp(´x ¨ ξ)| = 1

for all x, ξ P Qn
p by definition of the character χp, and

|b(|t|p, |ξ|p)| ď 1

for all (t, ξ) P Q+
p ˆ Qn

p by definition of the function b in (4.9).
Finally, we have from (2.6) that

ż

Bn
γ

χp(´x ¨ ξ)b(|t|p, |ξ|p)dξ ď
ż

Bn
γ

χp(´x ¨ ξ)dξ

=

#
pnγ , |x|p ď p´γ ;

0, |x|p ě p´γ+1,



Fundamental solution 157

and ż

Bn
γ

χp(´x ¨ ξ)b(|t|p, |ξ|p)dξ ě ´ 1

p´ 1

ż

Bn
γ

χp(´x ¨ ξ)dξ

=

#´ 1
p´1p

nγ , |x|p ď p´γ ;

0, |x|p ě p´γ+1.

Since γ ě 2
K is positive, in the outer integral we have

|x|p ě pγ+1 ě p´γ+1,

whence ż

Qn
p zBn

γ

ˇ̌
ˇ̌
ż

Bn
γ

χp(´x ¨ ξ)b(|t|p, |ξ|p)dξ
ˇ̌
ˇ̌ dx = 0.

Finally, combining the estimates for all integrals in (8.1), we obtain
››F´1

ξÑx[b(|t|p, |ξ|p)](|t|p, ¨)
››
L1(Qn

p )
ď p2nγ .

The inequality for convolutions gives us the estimate for the norm of the
solution

}u(|t|p, ¨)}L1(Qn
p )

ď p2nγ }u0}L1(Qn
p )
.

Theorem 8.1 is completed. □
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