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Fundamental solution for a new class of
non-Archimedean pseudo-differential
equations

A.N. Kochubei, M. V. Serdiuk

Abstract. In this paper we study a new class of pseudo-differential equations
on functions of two p-adic variables. It is proved that the correspondent
Cauchy problem has a unique solution. Some properties of this solution are
studied, in particular, the finite dependence property and an L!-estimate.

AmHoTamnis. ¥ poboTi BUBYAETHCS HOBUI KJIAC [ICEBIO/IUMDEPEHIaIbHAX PiB-
HsIHb Ha (PYHKINSX BiJl TBOX p-aauvyHUX 3MiHHUX. /loBeneno, mo BiamosimHa
3agada Komri mae equauii po3s’a30k. JlocizkeHo reski BJIaCTHBOCTI IIbOTO
PO3B’SI3KY, 30KpeMa, BIACTHBICTD cKimdennol 3aexkuocti Ta Ll-ominka.

1. INTRODUCTION

In the analysis of real- and complex-valued functions over a non-Archi-
medean field of p-adic numbers Q, and the spaces Qj, a typical linear
operator is the pseudo-differential one,

(Au)(z1, ..., 2n) = F Hal(ly, ..., &) (Fu)(&r, ..., &)](21, ..., x0),

Z1,...,Tn € Qp, where F is the Fourier transform. Under some conditions
upon the symbol, the Fourier transform can be eliminated, and we get a
representation of A as a hypersingular integral operator.

The example, which has been investigated in the greatest detail, is the
Vladimirov-Taibleson operator D%, for which

a(&r, ..., &) = (max{|&ilp, ..., [&nlp})®, a>0,

and which can be seen as a kind of an elliptic operator. See [6,7]; see
also [2, 8] for equations with various related operators, such as analogs of
the nonstationary Schrédinger equation, the Klein-Gordon equation, the
operator with the symbol max {|¢|¢!, \ﬂg?}a, and others.
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Note that the maximum signs in the above symbols correspond to the
ultrametric geometry of the non-Archimedean spaces Q). See Section 2 for
the details.

Interesting and non-trivial equations of this theory are not necessarily
formulated directly in terms of the above operators. Thus, p-adic parabolic
equations are those with a real positive time variable and p-adic spatial
variables; this class of equations is important for probabilistic applications.
A kind of p-adic wave equation [4] has the form D}F — D" F = 0.

In this paper, we consider a more general equation

D&u(t, ) — D2™u(t,z) =0, B = Ka for some K € N,

Using some techniques from [4], especially the idea of a radial time vari-
able (see also [5]), as well as the Lizorkin classes of test functions and
distributions, we prove the existence and uniqueness results for the Cauchy
problem, including the finite dependence property (resembling classical hy-
perbolic equations) and an L!-estimate of the solution.

2. PRELIMINARIES

2.1. The field of p-adic numbers. Let p be a prime number. The p-adic
norm on the field Q of rational numbers is defined as

0 =0, fal, =p7,
where the integer (z) is obtained from the decomposition
m
JU:p’ng m,na’Y:’Y(fﬂ)EZa

and the integers m, n are prime to p. This norm is non-Archimedean
and satisfies the strong triangle inequality |z + y|, < max (|z|p, ly|p). The
completion of the field Q with respect to the p-adic norm is called the field
of p-adic numbers Q,,.

Any p-adic number z # 0 has a unique canonical representation

x=1p"(xo + 1P+ T2p> +...), (2.1)

where v = ~(z) € Z, z; are integers such that 0 < z; < p—1, 9 > 0,
j=0,1,..., and |z|[, =p7".

The fractional part of a p-adic number x € Q, with the canonical repre-
sentation (2.1) is defined as

0, if y(x) =0 or x = 0;
{‘T}p - ~ |7,1| . (22)
pY(wo +a1p+ -+, p7 ), i y(z) <0
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A function ¢: Q, — C is called locally constant if there exists such an
integer ¢ that for any z € Q,

o(z +2') = p(z), whenever |z/|, <p~*

The smallest of such numbers £ is called the exponent of local constancy of
the function .

We denote by D(Q,) the linear topological space of all locally constant
functions ¢: Q, — C with compact supports. The strong conjugate space
D'(Qp) is called the space of Bruhat-Schwartz distributions (see [1]).

2.2. Fourier transform. Let x,({x) = exp(2mi{{x},), where £ € Q,, be
an additive character of Q,. The Fourier transform of a test function ¢ €
D(Qp) is defined as

3(6) = Fooliol(€) = f ol€x)p(@)dz, €€Q,
Qp

where the integration is with respect to the standard Haar measure dz on
Qp, i.e. the invariant under shifts positive measure dx such that Slrl <« =1L

For n > 1, the Fourier transform of a test function ¢ € D(Qj) is defined

as
5 = Faelel(©) = [ (€ D)p(a)dn, €T,
where v
Xl€- ) = xpl€171) - xp(Euta) = exp (21 i (&3)y)-
£ -z is the scalar product of vectors € = (€1, .. ., &) a;d 2= (21, .., 20),

and the function x,(&;z;) = exp (2mi{{;x;},) for every fixed &; € Q, is an
additive character of the field Q,, {{;x;}, is the fractional part of a number
§jxj defined by (2.2), j=1,...,n

The Fourier transform ¢ +— @ is a linear isomorphism from D(Q,) on
D(Qp) and the inversion formula holds

o(z) = j No(—2E)BE)E = Feald(—)] = Fo L, [2](w),
Qp

for x € Qp, and ¢ € D(Qy).
For a distribution f € D'(Q,) its Fourier transform is defined by the
formula

(o) = (£,8), ¢eD(@),
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and the inversion formula holds

F=FIf(-0)], feD(Qy).
Similarly, for f € D'(Qp),

(f.o) = (£.9), »eD@Q).
We will use the following subspaces of D(Q”)

U(Qp) = {v e D(Qp) : ¥(0) =0},
®(Q}) = {p e D(@}) j ola)ds =0,

n
D

introduced in [1]. The space ®(Q}) is called the Lizorkin space of test func-
tions of the second kind. The conjugate space ®'(Q}) is called the Lizorkin
space of distributions of the second kind. The most important property of
these spaces is that the Fourier transform F is a linear isomorphism from
¥(Qp) onto ®(Qp), thus also from &'(Qy) onto ¥ (Qp). At the same time,

F can be considered as a linear isomorphism from ®(Qjp) to ¥(Qy).

2.3. Operator D®. On a test function ¢ € D(Q,), the fractional differen-
tiation operator D%, a > 0, is defined as (see [7])

(DY) (x) = Fe, [IElp (Fyme (@) ()] (). (2.3)
For x = (z1,...,7,) € Qp, define |z, = max |z;|,. The operator D*"
1<j<n
on a function ¢ € D(Q}) is given by the expression

(D*"p)(x) = F,[I€lp (Fy—e(0)(©)] ().

The operator D can also be represented as a hypersingular integral
operator. For a function u € D(Q)),

a 1- pa —a—

(D%u)(x) = T ol J lyl, @ fu(z — y) — u(x)] dy. (2.4)
Qp

Similarly, if u € D(Qy), then

(DY) (z) = 11_;_79;_71 f yl, " [u(z — y) — u()] dy.
o

Further, we shall use the following integration formulas [7]:

By
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P, <p™;
| noleayda = pEP (2.6)
07 |€|p > p L .
By
P11 —p™), &l <p™;
pr(ﬁx)dm =< —pr=h, &l =p 7t (2.7)
st 0, &lp = p T2

where we denote by

Bl ={ecQ): el <p), ST ={eeQ): |z, =p).

3. RADIAL EIGENFUNCTIONS
Let a > 0, 8 > 0. Consider the eigenvalue problem
D% = u, MA=p’N, Nez, (3.1)

where u: Q, — C is not identically zero.
We also suppose that

8 = Ka for some K € N. (3.2)

Proposition 3.1. If the condition (3.2) holds, the equation (3.1) has the
set of solutions in ®(Qp) of the following form for N € Z:

CnpN(1 = 1), Jt], < p B
un(t) = 4 —Cnp"N—1, |tlp = p~ KN (3.3)
0’ ‘t‘p > prN+2.

Proof. We apply the Fourier transform with respect to the both sides of
the equation (3.1) and obtain

(’77‘? - p’BN)(}—tanu)(n) =0, VneQ,. (3.4)
Denote

77(77) = (‘Ftﬁnu)(n)v ne Qp-

Then it follows from (3.4) that the equality @(n) = 0 will not hold only
if the condition |n|% = p"V holds, that is [n], = p~, where K € N is
such that = Ka. This condition is satisfied due to the assumption (3.2).
(Note that if (3.2) does not hold, then the equation (3.1) has only a zero
solution.)
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Since u is a radial function with respect to ¢, it follows that u is also a
radial function with respect to n (see [3] formula (1.28), p.15). Therefore

0 ol v pN Cy # 0. (3.5)

un(Inlp) = {

By the Fourier inversion formula and the well-known integration formula (2.7),
we have

un ([t]p) = (F LN (1)

- j o —tn)iin (n)dn

Qp
= fxp(—tn)CNdn (3.6)
SkN
On(EP" N1 =)ty <p™™N;
=4 -CnE©p"N71 [ty =p EVHY
0, [t]p = p~ KN,
It is easy to verify from (3.6) that uy € ®(Q,) for each N € Z. O

Proposition 3.2. If a radial distribution u € ®'(Qy) satisfies the equa-
tion (3.1), then it coincides, for some Cn € C, with the function (3.3).

Proof. The proof is identical to the one given in [4, Proposition 1]. O

4. CAUCHY PROBLEM

Let a >0, 8> 0, n > 1. We consider the Cauchy problem

Dﬁ‘pu(]t]p,x) - Df’”u(\t\p,x) =0, (tz)eQyxQp, (4.1)

u(0,7) = ug(z), ze€Qp,
where u : Q) x Q) — C is a radial function with respect to .

Theorem 4.1. Let a > 0, § > 0 be such that the condition (3.2) holds.
Suppose that the function ug is in ®(Qy). Then the Cauchy problem (4.1)-
(4.2) has a solution v = u(|t|,,z), radial in t, that belongs to the space
®(Qy) for each x € Qp, and belongs to ®(Qy) for each t € Q.

If the condition (3.2) does not hold, then the equation (4.1) has only a
zero solution u(t,r) =0, (t,z) € Qp x Qp.
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Proof. Suppose that up € ®(Q}). We will look for a solution belonging to
®(Qp) and radial in ¢, for each z € Q}, and belonging to ®(Qj) in =, for
each t € Q).

Let us consider the Cauchy problem (4.1)-(4.2). Taking the Fourier trans-
form with respect to x on both sides of (4.1) we obtain that

Suppose that the function v(|t],, ), (t,€) € Qp x Qp, is a solution of
the equation (4.3). Then the function u = F;_! v is the solution of (4.1).

ow
Hence we will look for the solution of (4.3).
Denote

a(‘ﬂp?ﬁ) = fl‘-’fuﬂt‘p?g)? (t>§) € @p X Qp-

Then the equation (4.3) is now equivalent to the following one:
Dy al[tlp, &) = lElpa(ltlp: €),  (t,€) € Qp x Q. (4.4)

The problem (4.4) is the radial eigenfunction problem of the operator
Dﬁ|p' Put [£], = pV, N € Z. Then it follows from Proposition 3.1 that the

solutions of the equation (4.4) have the form

Cn(©PN (A= 1), |t < p~EN;

an(tlp,§) = { —COn()p"™ N, tlp = p~FNTY (4.5)
0’ |t|p > p—KN+2'

It follows from the initial condition (4.2) that
an(0,8) = o(§), &€Qy. (4.6)
By substituting (4.5) into (4.6), we get
an(0,€) = Ca(©p™ N (1 = 1) = o(€), € Q).

Hence
—1.

Cn(€) =p "N(1—1) a0(§), €€Qp.
Finally, we obtain the following solution of the equation (4.4):

ao(8), |ty < p~HV;

an(|tlp, §) = _p%lﬂo(g)’ It], = p~ KN+,

05 |t|p > p_KN+27

(&) € Qp x Qp,

4.7
|€|p = pN- ( )
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Denote
bM< e,
_ 9 p P

bN(|t|pa |£|p): _1%7 |t|p:p KN+1; "f‘ :pN (4'8)

07 |t‘p 2 prN+2, .
or, equivalently,

Lo gk

ot [l) = { —o2 I =0l N T (49)

N P> p p—1° ||P p|€|p 3 |§‘ —pN .

p=D".

07 |t|p >p2|§‘p_K7

Since we defined the functions uy and by on each sphere Sy, we can
define @ and b on the whole space Qj:

a(‘ﬂpag) rS}\L] = bN(|t‘p7 |£|p)ﬂ0(€)a te Qpag € SNa

4.10
b(lthys [€l) T sn, = b ([t €],).  tEQpEe Sy (4.10)

Since up € V(Qp), u(0) = 0, and it follows from local constancy of «
that it vanishes on some neighbourhood of the origin. It further follows
from (4.10) that @ € ¥(Q,) in £, so that u € $(Qp) in x. In addition, the
functions u, @ belong to D(Q),) uniformly in the sense of support and local
constancy with respect to x. Therefore, the interchanging of operations is
permitted (in particular, the order of applying the Fourier transform F¢_,,
and the operator Dy, in the equation (4.3) can be reversed).

For each t € Qp, the function b(|t[,-) belongs to D(Qy), hence we can
apply the inverse Fourier transform (moreover, in Section 5 the explicit
expression for the function ]:g_l) b is found).

Using the inverse Fourier transform, we obtain the following solution of
the equation (4.1):

(Feoa@)([tlp, )

((Fe2,b) # uo) ([tlp, ),

which belongs to ®(Q}) with respect to x for each t € Q, and satisfies the
initial condition (4.2).

It is clear from Proposition 3.1 and Proposition 3.2 that if the condi-
tion (3.2) does not hold, then the equation (4.1) has only a zero solution,
and if ug is not identically zero, then the Cauchy problem (4.1)-(4.2) has
no solutions. O

u(|t|P7x) =

(t,x) e Qp x Qp, (4.11)
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5. EXPLICIT FORMULA FOR THE SOLUTION

Let us calculate the explicit expression for the function (ngxb) We
have

(FL0) (s o) = f Xpl(—€ - 2)b([tlp [€) e

Q

() f yo(— - 2)dE.

j:—OO n
Sj

(5.1)

Denoting |z, = p™ and using the formula (2.7), we have
(Fa0)(tlp, 2lp) =

—-M
= (1 _pin) 2 b(‘t‘p’pj)pjn - b(’t‘p’piMJrl)piMn

j=—0

© , . (5.2)
=1 =p ) Y b(|tlp,p MM — p([t], pm M) M
=0

+o0

=1 =p ")l D o0ty p |2l ) =l ([t plal, ).
=0

Denoting [t|, = p%, |z|, = pM, L, M € Z, (5.2) is now equivalent to

F bt pM) =

Ea
+w . .
= (L—p =M Y p It p~ M) = pM(ph pm M.
j=0

For j = 0 from (4.8) we have
( 1, L K(M+j);

bp" o M) = by (" p M) =1 L, pb = pKMEDHL (5.3)

b(p", M) = boara (P MY = { =5y, ph = pR DT (54)

Consider the following cases.
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Case 1. |t[, < |z|K, or # < M < L < KM. Then from (5.3) and (5.4)
we obtain that

Fo 1 b( ) (1_p n nMEP an( 7p—M+1)_

§—ow

Case l.a) |t], < p_K|w|£(, or L < K(M —1). Then

+0
F i b"pM) = (1 —pp ™M Y p It —p M
1 (5.5)
—(1=—p™ —nM _ —nM
(L =p™")p™"" o P
= 0.
Case 1.b) [t|, = p K+ z|K or L = K(M —1)+ 1. Then
P p
1
1 L M —nM —nM
]:g_u;b( )=p —-Pp <_pf1)
_ p—nM+1
p—1
p _
Case 1.c) |t|, = p ®*?|z|[f, or L > K(M — 1) + 2. Then
Fl b pM) = p7 M = Jaf "
Case 2. |t|, = plz|K, or £ — M =0 <= L = KM + 1. Then from (5.3)
and (5.4) we have
1 _ ), —nM —jn oY, M [
Felb" M) = (1 —p™)p Zp +(1—-p")p ( p—l)
B B pfn 1—p— pan
:(1_pn)pnM - _( )
1—pm p—1
p—1
Case 3. \t\p/p \a:]p,or%—M 0= L>KM +2.
Case 3.a) =1 — M is an integer. Then
+
J—_~ b = (1— —n\, —nM —jn
ab" M) =1 —=p)p o

j=lg—M]
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+ (1= pmmp MR M) (—L>
p—1
= p_n[%} — 1 _p_np_n%_

p—1
Case 3.b) L2 — M is not an integer. Then

Fol bt pM) = pIxl,

-

6. FINITE DOMAIN OF DEPENDENCE

Proposition 6.1. Suppose that the initial function ug satisfies condition
uo(t,z) = 0 outside some ball BY,, N € Z. Then the solution u of the
problem (4.1)-(4.2) satisfies u(|t|,,x) = 0 for x € Qp\BYy, and for all
It|, < p" for some L € Z.

Proof. From (4.11) we have
u(|tlp, ) = ((Fe24b) *uo) ([t )

= [FEL 0t = sl uo(o)dy
%

_ f (FeLob) (s |2 — ylp)uo(y)dy.
By

Suppose that |z|, > p". Then for y € BY by the triangle inequality (which
is an equality in this case since |z, # |y|,) we have

|z = ylp = max(|zlp, [ylp) = |2lp.

Then p’K]:r\ff > p KpNE_ If we choose L = NK — K, then for all ¢,
It|, < p%, we have

tl, < pb = pNETE = pKa| [

Recalling the explicit formula for the function F; ! b, it follows from (5.5)
that for such = and ¢

(FoL )ty lo = yly) = 0,
when y € BY;,. Hence u(|t|,,z) = 0. O

7. GENERALIZED SOLUTIONS AND UNIQUENESS

We will need the following property of the operator D“™ of a distribution
that corresponds to the bounded locally constant function, proved in [4].
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Lemma 7.1 (|4, Lemma 1]). If u is a bounded locally constant function on
", then the distribution D"u € ®(Qy) coincides with the function

(D) = o [y e =) —ula)ldy. (1)
Qv

We consider the problem (4.1)-(4.2) in the class of generalized functions,
radial in ¢.

Denote by ®'(Qy, ®'(Q})) the set of distributions over the test function
space ®(Qy), with values in ®'(Qy).

Theorem 7.2. Let u € ®'(Q,, ®'(Qp)) be a generalized solution of the
equation (4.1), that is

<<’LL, D?901>a 902> = <<’LL, 901>7 Df,n(p2>

for any 1 € ®(Qp), w2 € ®(Q}). Ifu is radial int, then u € D(Qy, ®'(Q})).
If, in addition, u(0,z) = 0, then u(t,xz) = 0.

Proof. Denote by u(t,) the Fourier transform of w in the variable z. For
any ¢ € ¥(Qy) we have

Dﬁ|p<a(t7 ')7 ¢> = <§’£ﬁ’(t7 5)7 w(£)>
If suppy < Sy, N € N, then

Dfy, €t ), &) = pN Gt ), v ().

By Proposition 3.2, the function (u(t,-), 1) has the form (3.3) for some
ce C. If ¢ e ¥(Qp), then ¢ is a sum of a finite number of functions
supported on spheres Sy;. Taking, in particular, ¢ = @, ¢ € ®(Q}), we find
that (u(t,-), ¢) belongs to D(Q,) in the variable ¢, for any ¢ € ®(Q}).

If u(0,-) = 0, then also u(0,-) = 0. If ¢ € ¥(Qy), suppy = Sy, then
(u(t,-), ) has the form (2.7), and the assumption %(0,-) = 0 implies the
equality ¢ = 0, hence (u(t,-), ¥) = 0, and u(t,-) = 0 (since ¢ and N are
arbitrary), and u(¢,-) = 0. O

It follows from Lemma 7.1 that bounded locally constant solutions of (4.1)
are generalized solutions of the class considered in Theorem 7.2. Therefore
the solutions of the Cauchy problems constructed in Theorem 4.1 are unique
in the class of radial in ¢, bounded locally constant functions.

8. L1-ESTIMATE OF THE SOLUTION

Denote Qf = {t e Q, : [t], = 1}.
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Theorem 8.1. Suppose that the conditions of Theorem 4.1 hold. Then the
solution of the problem (4.1)-(4.2), defined in (4.11), satisfies the following
estimate in L' (Q)) in variable x for each t € Q;f

lulltl, M@y < P ol gy -
(Qp) ( P)

where v = % 18 a positive constant.

Proof. For each t € Q; we have
| b0l )t M 1 0y =

:fﬁ;mwmmmmMW“

N j f’“’(—fﬁ -E)b(|tlp, [€]p)dE | dz

Qy Qz
:j foawammmmuwa+ (8.1)
% By +fmvﬁwwmmm@

agiBy
<J‘f@@wf%WMHM%

Qp B%
+f’ jhmﬂwamm@muws
Qp Qp\Bn»

dzx

dr +

dx,

where v € Z will be chosen later.
For the integral fxp(—x -&)b([t]p, |€]p)dE we have
Qx\By
+o0

jXp(xf)b(ltlpaSIp)dﬁ: > JXp(x'g)b(|t|p’|§|p)d§~

N=v+1
Qp\Br TSy

It follows from (4.9) that b([t],, [¢],) = 0, if [¢]X > £=. Suppose that

|t|, = p*, L >0, then |t|, > 1. Thus, if y > 2, for € S}, N > v+ 1, we
get,

2 2
€], = p T = pr Tl > px,
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whence

|£|1[)( = p2 = IR
[tlp

and therefore

| xol=a el e =
5

In conclusion, for the chosen v we have

J

Q@

[ otz (el el | o =0,

Qp\By

Now for the first integral in (8.1) we obtain that

| \ [ a0t el

@TL Bn

J‘JXP =z - &)b([tlp, |€lp)dE

dx+ \ j Xol =2 - )b([tlp [€1n)E | d

Qp\Bn Bn
where
[ | [t it elde | do < | [ 1ot Ol bl ], ) dei
B’ryL B'ryL B'rLBn
< J fdﬁdx = p*
Bn Bn
since
|Xp(_37 : f)’ =1

for all z,£ € Q) by definition of the character x,, and

[b([lp: 1€1p)| < 1

for all (¢,£) € QF x Qp by definition of the function b in (4.9).
Finally, we have from (2.6) that

f Xo(= - E)b([tlps |€],)dE < f o~z - €)de
By By

"l <p7
0, ’x‘p = p77+17
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and

1
Xl - bl I ) > ——= f o~ - €)de

1
B B
™ el <7
07 |x‘p 2 p—’7+1

Since v = % is positive, in the outer integral we have

’x‘p > p'Y"'l > p_’Y"rl’

whence

f HXP(—xf)b(!t!prM% dx = 0.

Q\By By

Finally, combining the estimates for all integrals in (8.1), we obtain

H g_ix[b(‘t‘pa |§’p)](‘t‘p> ')HL1(Q;;) < anW/'

The inequality for convolutions gives us the estimate for the norm of the

solution
2
lu([t]p, ')”Ll(Q}}) <p™ HUOHLl(Qg) :
Theorem 8.1 is completed. O
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