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Split curvature

V. Kiosak, O. Latysh, V. Kuz‘mich

Abstract. We consider spaces with a special kind of Riemannian tensor.
It is proved that they are semisymmetric spaces. These spaces are divided
into three types and we investigate nontrivial geodesic mappings for each
type. In particular, it is proved that if these spaces admit nontrivial geodesic
mappings, then they have a constant scalar curvature.

Amnorargisi. Posrsgmaorses mpocTopu 3i creriaJbHuM BAJIOM TeH30pa PiMa-
na. JloBeserHo, 110 BOHU € MiBCUMETPUYHUMHA ITpocTOopaMu. Bkasaui mpoctopu
pO3/iJieHi Ha TpU THIH 1 JIJIsT KOXKHOI'O 3 IIUX THUIIB B poOOTI BUBUEHI HETPHU-
BlasbHI Teofie3nvHi BimoOpaskeHHsT. 30KpeMa, JTOBEJEHO, IO SIKINO BKa3aHi
MPOCTOPH JOTYCKAIOTh HETPUBIAIBHI T€0Ie3MTHI BiOOparKeHHs, TO BOHIA Ma-
IOTh CTAJIy CKAJIIPHY KPUBUHY.

The study of generalized spaces often requires modeling that preserves
certain properties of the object being modeled. When studying dynamic
processes, it is crucial to preserve the trajectories of motion, namely, ge-
odesic lines. This, in turn, leads to the need of investigation of geodesic
mappings of generalized spaces.

Today the theory of geodesic mappings is a well developed area of math-
ematical research, yet the study of geodesic mappings remains an topical
area as far as new possibilities for studying and special classes of spaces
appear.

The specialization of investigated spaces follows from internal needs aris-
ing in the process of developing the theory of geodesic mappings itself and
the needs of its application in the relativity theory and mechanics.

In this paper, we consider geodesic mappings of special pseudo-Rieman-
nian spaces, namely, spaces of split curvature. We study them locally, in a
tensor form, in the class of sufficiently differentiable functions.

Keywords: Riemannian tensor, geodesic mappings, scalar curvature, semisymmetric
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1. SPACES OF SPLIT CURVATURE

Let V,(n > 2) be a pseudo-Riemannian space with a metric tensor g;;,
F?J(x) be its Christoffel symbols, and thjk be the Riemannian tensor such
that

Rl = 0jT () + T ()T, () — 0T () — T (2)Thg (@)

The curvature tensor Rj;j is defined by the formula
Rhijk = ganBRi
If the curvature tensor of a pseudo-Riemannian space V,,, different from
the space of constant curvature, is represented as follows:
Rpijk = ShiSjr, (1.1)

where Sy; is some skew-symmetric tensor, then the space V, is said to be
a space of split curvature.

A pseudo-Riemannian space V,, is said to be semisymmetric if its Rie-
mannian tensor satisfies the following conditions

Here, a comma “,” denotes the sign of the covariant derivative in V,,, and
brackets [ | denote the alternation, [20,22].
Given the Ricci identity, the equation (1.2) can be rewritten as
Raije Ryt + Bhajk Rilm + Bhiak Rji + Rhijo Ry = 0. (1.3)

By substituting the conditions from (1.3) into the equation (1.1), we see
that the following theorem holds:

Theorem 1.1. Spaces of split curvature are semisymmetric spaces.

Using Ricci tensor, which is calculated as
Rij = R%

ijos
one can define Ricci semisymmetric spaces in which
Rijfim) = 0.

As a consequence of Theorem 1.1 we have the following:

Corollary 1.2. Spaces of split curvature belong to the Ricci-semisymmetric
spaces.

Multiplying equation (1.1) by the tensor ¢"*, being inverse of the metric
tensor, and wrapping the resulting equation by the indices h and k, we
obtain that

Rij = ¢*”S0iS;5.
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Multiply further (1.1) by ¢"*S,; and wrapping by the index h, we get
Sar Ry, = —RuiSjk.
Since Ricci tensor is symmetric, we have the following alternatives
Sa Ry — Sailt, =0 or SR + Sia Ry, = 0,

that is Sil,[jk] =0.

Note that if A;; is a tensor in the space V,, such that A;; # cg;; and
Ajjim) = 0, then such spaces are called A-semisymmetric. Hence, following
statement holds.

Theorem 1.3. Each space of split curvature is S-semisymmetric, i.e. its
tensor S satisfies the identity Sy i = 0.

2. TYPES OF SPLIT CURVATURE SPACES

Since the result of looping over the covariant indices of the Riemannian
tensor is identically zero, we obtain from (1.1) the following equality

ShiSjk + SnjSki + SprSij = 0. (2.1)

1, 2 1,2
Choose non-zero vectors and 7%, 7% such that S,5 7 7¥ = 1. Dividing (2.1)
1, 2
by 77- 7%, and rolling up by indices j, k, we obtain

Shi = anb; — a;by,

1 2
where a; = Sjo, T¢, b; = Sijo T are non-zero vectors.

Then the equation (1.1) will be written as follows:
Rpijk = (anbi — a;bp)(a;br — axby), (2:2)
Rij = anb®a;bj + and®ajb; — bob%a;a; — aqa®b;b;, (2.3)
where a' = aqg®, b* = bog® and g% are elements of the matrix inverse to

the metric g;;.
The scalar curvature R satisfies the following equation

R = Rapg™® = 2(anb®agh® — ana®bsh?). (2.4)
Rewrite (2.2) as follows
Rhijk = ahbiajbk - ahakbibj — aibhajbk + aibhakbj. (2.5)

Multiplying (2.5) by the vector a,, and cycling it up by indices m, k and [
we obtain:

amRijr + apRijim + a1 Rijmp, = 0. (2.6)
Doing the same procedure for the vector b, we also get:

by Rijkr + bk Rijim + 0 Rijmi, = 0. (2.7)
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Pseudo-Riemannian spaces in which there exists a vector field a,, satis-
fying conditions (2.6) are called weakly recurrent, [6,7]. Thus the following
theorem holds:

Theorem 2.1. Each space of split curvature is weakly recurrent.

Consider further spaces of split curvature for which the vectors a; and b;
are not isotropic. We will prove the following theorem:

Theorem 2.2. If vectors a; and b; are not isotropic in the space of split
curvature, then the following condition holds:

R
§Rijkl = Ry;Ryj — Rij Ry (2.8)
Proof. 1t follows from (2.6) that
aaR?kl = alek - akRﬂ. (29)

Multiplying (2.6) by the vector a™ and wrapping by the index m we obtain:
a0 0” Rijiy 4+ a® Ragjiar + a® Rogijag = 0. (2.10)

Substituting further (2.9) into (2.10) we get:
aa0“Rijiy = ara; Ry — apa;Ryj + aja; Ry; — ajaj Ry;. (2.11)

Performing ismilar operations for the vector b™ we obtain that

bob Rijiy = bbj Ry — bpbi Ryj + bibi Ryj — bib; Ry (2.12)
Multiply (2.6) by the vector ™ and fold
aabaRijkl = akblei — aka-le + albiRkj — albijl-. (2.13)

From equation (2.7) we obtain
aabaRijkl = bkalei — bkaile + blaiRkj — blaiji.

Let us perform the following transformations. Taking into account (2.11),
(2.12), (2.13), multiply equation (2.10) by bgb?, aga®, agh®, agh®. This will
give the following identities:

aaaabﬁbﬂszkl = akajbﬁbﬁRli — akaibgbBle+

+ alaibﬁbﬁRkj - alajbgbﬁRki (2.14)
agaﬂbabaRijkl = bkbjagaﬁRli — bkbiagaBle—i-
+ blbiagaﬁRkj — blbjagafBRki. (2.15)

aab®aph’ Rijn = apbjagh® Ry — apbiagh® Ryj+
+ albiagbﬁRkj — albjaBbBRki. (2.16)
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aab®agh® Riji = brajagh’® Ry — braiagh® Ryj+
+ biajagh® Ryj — biajagh® Ry;. (2.17)
Further, adding equations (2.16) and (2.17), and subtracting (2.14) and
(2.15) from the resulting sum, we get
Rijri(aab®agh® + anb®agh’® — aqa®bsb’? — agalbab®) =
= Rli(akbjagbﬂ + bkajagbﬁ — akajbﬁbﬁ — bkbjagaﬂ)—i-
+ Ryj(araibgh® + bpbiaga® — apbagh® — brazagh®)+
+ Ry;(arbiagh® + biaagh® — aja;bgh’® — bibaga’)+
+ Rki(alajb/gbﬁ + blbjaga'g — albjagbﬁ — blaja[gbﬂ). (2.18)
Taking into account equations (2.4), (2.5) and the reducing similar terms,

we will see that the equation (2.18) will be reduced to (2.8). Theorem is
completed. O

Note that is theorem is also valid in the case when vectors a; and b; are
orthogonal. Moreover, if at least one of the vectors a; or b; is non-isotropic,
then the scalar curvature R is non-zero.

The formulas (2.2), (2.3) and (2.4) allow us to divide the set of pseudo-
Riemannian spaces of split curvature into the following three non-overlap-
ping classes:

(A) aqa® # 0; bab™ # 0;

(B) aqa® # 0; bad* = 0;
(C) aqa® = byb* = 0.

For spaces of type (B), the Ricci tensor satisfies the condition

Rij = —aaaabibj, R=0. (2.19)
Given (2.19), the equation (2.5) can be expressed as
1
Rpijr, = (@aa®) (apaxRij — anajRi, + aajRye — a;apRp;).  (2.20)

The third (C) type includes Ricci flat spaces, i.e. the spaces in which
R;; = 0. (2.21)
Thus, the following theorem holds:

Theorem 2.3. Pseudo-Riemannian spaces Vi, of split curvature can be di-
vided into three classes, in which conditions (2.2) are satisfied, namely (2.8)

holds for type (A), (2.20) for type (B), and (2.21) for type (C).
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3. EQUIDISTANT SPACES

A pseudo-Riemannian space V,, with a metric tensor g;; is called equidis-
tant if there exists a vector field ¥; # 0 satisfying the following itentity:

Yij = T9ijs (3.1)
where 7 is some invariant. It is also called the equidistant space of the main
class if T # 0, and of special class if T = 0.

A vector field satisfying equations (3.1) was called a circular field by
K. Yano [2,23]. Following N. S. Sinyukov [22]|, will call it an equidistant
vector field.

The integrability conditions for the basic equations (3.1) can be formu-
lated as follows:

Vo R, = 9ij Tk — GikTj- (3.2)
These conditions imply that
1

n—1

Yo R,

T =

here th = gahRai.
From the integrability conditions (3.1), it is also easy to see that

Tk = By, (3.3)

where B is some invariant.
Given (3.3), one can rewrite (3.2) as follows:

VYo R, = B(gi0k — giktds)- (3.4)
Thus
YaRE = (n—1)By;. (3.5)
Now we consider equidistant spaces of split curvature.
Multiply (3.4) by ay, and cycle it up by the indices j, k and m. Since

conditions (2.6) and (2.7) hold for the spaces of split curvature, we obtain
the following expression for the vector a,:

B(amgij vk + ajgikthm + argim¥; — amginhs — axgijtbm — ajgimib) = 0.
Folding the latter, we get that
B(am¥r — arm) = 0,
Similar identity holds for the vector b:
B(bmr — bkibm) = 0.

If B # 0, then we get a contradiction of the requirement that V,, is a non-flat
pseudo-Riemannian space. This implies that following theorem:
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Theorem 3.1. In equidistant pseudo-Riemannian spaces of split curvature,
the invariant B s zero.

Thus if B =0, (3.4) and (3.5) reduce to the following identities:

YRSy = Yo RE = 0, (3.6)

while equation (3.3) becomes 7 = 0. Taking into account (3.6), (2.6) and
(2.7), we see that the vectors v, a;, b; are mutually orthogonal, i.e.

baa® =0, bab® = 0. (3.7)
Differentiating (3.7), we see that
Ta; + Yaa = 0, 7b; + o b =0

In next section we will consider geodesic mappings.

4. GEODESIC MAPPINGS OF PSEUDO-RIEMANNIAN SPACES

Definition 4.1. A bijection between the points of pseudo-Riemannian
spaces V,, with metric tensor g;; and V,, with metric tensor g;; is cal_led
a geodesic mapping if every geodesic line V,, turns into a geodesic line V,.

Two pseudo-Riemannian spaces V,, and V,, are said to be in a geodesic
correspondence or belong to the same geodesic class if there exists a geodesic
mapping between them.

The deformation tensor of Christoffel symbols under geodesic mappings
is given by
where @; is some gradient vector, by a necessity, and the brackets (ij)
denote symmetrization by indices ¢ and j.

This condition is necessary and sufficient for the existence of a geodesic
mappings between two pseudo-Riemannian spaces V,, and V,.

It follows from the definition of the deformation tensor that:

In other words, taking into account the covariant constancy of a metric
tensor, we get

Gij-k = 20k9ij + Pigjk + i Jik- (4.2)

Equations (4.1) and (4.2) are equivalent, and they are the necessary and

sufficient conditions for the pseudo-Riemannian space V;, and V,, to be in a

geodesic correspondence.
Note that for a geodesic mapping the following equations hold:

Rz]k Rzgk + 902]5]@ (szééla
Rij = Rij + (n — 1)pyj,
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where i = @i, j — @ip;.

A geodesic mapping distinct from homothety is called nontrivial.

A pseudo-Riemannian space V,, admits a nontrivial geodesic mapping if
and only if there exists a solution of the following system of differential
equations with respect to the tensor a;; = aj; # cg;; and the vector \; =
A # 0:

Qij e = NiGjk + AjGik- (4.3)
This system is said to be the linear form of the basic equations.

Integrability conditions for these equations are given by the following

identities:

ai RSy + aaj Rijy = Migjk + MNijik — Akigijt — AkjGit- (4.4)
Note that (4.4) imply that
nAij = Hgij + aai RS — aagR%;”, (4.5)

where p = )\a,ggaﬁ and Rhijk = R?jaga k. Hence

(n— )i =2(n + DAaRE + anp(2R% 7 — R ). (4.6)
The solutions (4.2) and (4.3) are related as follows:

a;j = ewgaﬁgmgﬁj, Ai = —6’2('9@0‘59&1@,8-

The system of equations (4.3), (4.5) and (4.6) gives a possibility to an-
swer the fundamental question: whether a given pseudo-Riemannian space
V,, admits a geodesic mapping to the pseudo-Riemannian space V,,. The
question boils down to studying the conditions for the integration of these
equations and their differential extensions.

Consider a geodesic mappings of spaces of split curvature. It is well
known, that they belong to the class of semisymmetric pseudo-Riemannian
spaces. Semi-symmetric pseudo-Riemannian spaces admit geodesic map-
pings only if they are equidistant, and the condition (3.1) is satisfied by the
vector \; from the linear form of the basic equations, namely:

Aijj = [Gij pi=0.
Now, integrability conditions will be written as follows:
iRy + aa; Rijy = 0, (4.7)
AaRi, = 0.

Multiplying the equation (4.7) by the vector a!, wrapping it by the index
[, and taking into account the condition (2.9), we obtain

aaiaaRjk — angaj + aajaaRik — aoéjR?ai =0. (48)
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Symmetrizing further the latter identity by the indices i, k and taking to
account that an; RS = aq; R, we get that

J
aqi0” Rjj, — aqra®Rj; — aqjRya; + aaj R ap = 0.
Let us rename the indices j and k
0i0" Rjg — a0ja® Ry — aok RS a; + aarRi'aj = 0. (4.9)
Adding equations (4.9) and (4.8) we obtain that
aaia* Ry, — aqrR5a; = 0.
Wrapping this identity by indices j and k we get that

Aia® zgai, (4.10)

where 7 = a8 R, — R. This finally gives the following equation holds for
the vector b;:

3
Gaib™ =Tb;.

Thus we proved the following theorem:

Theorem 4.2. The vectors a; and b; are the eigenvectors of the tensor

. . . . 3
matriz with the same invariant 7.

By differentiating (4.10) we obtain

3 3
Aiaj + aaia?; :7}ai+ Ta; ;. (4.11)
Multiplying (4.11) by vector a’ and wrapping it up by index i yields
3
Tjaaa“ =0.
Similar identity holds for the vector b':
2 bab® = 0.
J
It followss that if at least one of the vectors a; or b; is non-isotropic, then
3
7. = 0.
1

Corollary 4.3. For nontrivial geodesic mappings of spaces of split curva-
ture of type (A) and (B), the vectors a; and b; are eigenvectors of the tensor

. . 3
matriz a;; with the same constant 7.

Theorem 4.2 allows to calculate the value of 5 after substituting the
conditions (2.3) and (2.4)

?=aPRos— R=(7—1)R.
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If, in addition, R # 1, then
R

3 J—
=51
Now, taking into account Corollary 4.3, we see that R ; = 0, so we arrived
at the following theorem

Theorem 4.4. Every space of split curvature admitting nontrivial geodesic
mappings is a spaces of constant scalar curvature.

Thus, for a space of type (B) and (C) the scalar curvature is always zero,
and for a space of type (A) the scalar curvature is constant (by necessary
condition) if that space admits nontrivial geodesic mappings.

5. CONCLUSION

The spaces of split curvature are divided into three types (A), (B) and (C).
If they admit nontrivial geodesic mappings, they are equidistant spaces.

Pseudo-Riemannian spaces of type (A) are internally characterized by
the objects defined by a metric tensor. If they admit nontrivial geodesic
mappings, then their scalar curvature is constant.

Spaces of type (B) are almost Einstein spaces. Geodesic mappings of
such spaces were studied in [5,11,13-15,17] and those results agree with
the results of the present paper.

Spaces of type (C) are Einstein spaces. Geodesic mappings of Ein-
stein spaces were studied in [3,8,9,21,24]. In particular, it is known that
four-dimensional Einstein spaces distict from spaces of constant curvature
do not allow nontrivial geodesic mappings. Therefore, there are no four-
dimensional spaces of type (C) that admit nontrivial geodesic mappings.
On the other hand, there are pseudo-Riemannian spaces admitting nontriv-
ial geodesic mappings to spaces of type (C) for n > 4, which admit ¢(Ric)
vector fields.

The geometric properties of such pseudo-Riemannian spaces were studied
in [4,7,12,16,18]. The spaces of split curvature [1,10,19] include pseudo-
Riemannian spaces admitting (n — 2) equivariant vector fields and having
maximum mobility with respect to nontrivial geodesic mappings.
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