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The Lie bracket structure of the string
homology on a formal space

Oteng Maphane

Abstract. In this paper, we consider the Chas—Sullivan loop space homology
1
H.(X*") of a formal elliptic 2-stage Postnikov tower X. We show that the

center of the graded Lie algebra sH (XS1 ;Q) on a minimal Sullivan model
of X is non-trivial.

Amnorarig. B pobori posrismaioTbest romostorii mpoctopy merests Jaca-Casr-
1
aiBana Hy (X o ) dopmanbroi eninTuanol 2-crynenesol Gamru Ilocrrikosa
. . 1 . .
X. Hokazano, mo neurp rpamyiosanol amrebpu JIi sHy(X® ; Q) ma mini-
Mauibhill Mozesi CasutiBana mpoctopy X € HEeTPUBIAJIbHUM.

1. INTRODUCTION

A differential graded algebra is of the form A = @;>¢A*’, where A° is
a vector space over a commutative ring k, equipped with an associative
multiplication
AZ®AJ—>AZ+], T®yY— Ty,
and a differential d: A — A"*! such that

d(zy) = (da)y + (~1)Pz(dy)
for all z € AP, y € A4, and d? = 0. It is said to be connected if H°(A) =~ Q
(for k = Q) and commutative if zy = (—1)Pllalyz.
If V= @1V’ then AV denotes the free commutative graded algebra
defined by AV =T(V)/I, where T(V) is the tensor algebra on V and I is
the ideal generated by

vRU — (—1)|”||“|u®v,

with v,u € V. A Sullivan algebra is a commutative differential graded
algebra (cdga for short) of the form (AV,d), where V' = ;5 V (k) and
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V(0) c V(1)... such that dV(0) = 0 and dV (k) € AV (k —1). It is called
minimal if dV < AZ2V.

If (A, d) is a cdga of which the cohomology is connected and finite dimen-
sional in each degree, then there always exists a quasi-isomorphism from a
Sullivan algebra (AV,d) to (A,d). To each simply connected space, Sulli-
van associates a cdga Apr(X) of rational polynomial differential forms on
X that uniquely determines the rational homotopy type of X. A minimal
Sullivan model of X is a minimal Sullivan model of Apr(X) [2].

We now describe the notion of Hochschild cohomology. The Hochschild
cohomology of a differential graded algebra was introduced by Paul G.
Hochschild in 1945 [13]. The Hochschild cohomology ring of a differential
graded algebra A is a Gerstenhaber algebra, that is, it has both a cup prod-
uct and a graded Lie bracket, which was first discovered by Gerstenhaber
in [12].

An important problem then is to describe the algebraic structure of the
Hochschild cohomology HH*(A; A) of an associative algebra A as a graded
vector space, as a ring, and as a graded Lie algebra. As a result, many math-
ematicians have investigated the Hochschild cohomology ring HH™*(A; A)
for various types of algebras (see for instance [14]). In particular, the struc-
ture of the Hochschild cohomology ring of a Sullivan algebra (AV,d) has
been studied extensively in literature (see for instance, [4,7,9-11,15]). In
fact, Hochschild cohomology of a Sullivan algebra corresponds to the free
loop space homology H., (XSl), where X5' = map(S!, X) is the space of
free loops on a closed oriented manifold X of dimension m as Gerstenhaber
algebra (see for instance, [1,4,6-10]).

A space X and its model (AV,d) are called elliptic if and only if V' and
H*(AV,d) are both finite dimensional. Topologically, this means that both
7+(X) ® Q and H*(X;Q) are finite-dimensional Q-vector spaces [2, §32].
For instance homogeneous spaces are elliptic.

An elliptic space X is an n-stage Postnikov tower if its minimal Sullivan
model is given by

(AV.d) = (A(Vo @+ @ Vn—1),d),

where dV; ¢ A(Vo @ --- @ V;_1). Every homogeneous space is an elliptic
2-stage Postnikov towers and admits a minimal Sullivan model of the form

(AV,d) = (A(Vo® V1), d),

where V is finite dimensional and dVy, = 0, dV; < AVy. Denote by
{v1,v2,...,v,) the vector space generated by a finite basis {v;} of V' and

Vbeven:(2<pl7'”7pq>:P7 %Odd:(@<w17...,'wr>:m
Vlodd - Q<Z/17 L 7yp> = Y’
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so that

e

(A(Vo@V1),d)

and dP =0, dY € AP.

A simply connected space B is called formal (see [5]) if there is a quasi-
isomorphism (AW, d) — H*(AW,d), where (AW, d) is the minimal Sullivan
model of B. Examples of formal spaces include spheres, projective spaces,
homogeneous spaces G/H where G and H have equal rank.

Now, if the elliptic 2-stage Postnikov tower X is a formal, then p = ¢,
and we have

(A(POY),d) ® (AW, 0),

/\(plv o 7pp)
(o,...,0p)
where (ou,...,0p) is a regular sequence in AP. Hence, X as a formal

elliptic 2-stage Postnikov tower admits a minimal Sullivan model of the
form

H*(AV,d) = ® Awg, ..., wr),

(AV,d) = (A(POY),d) ® (AW,0),

where dP = 0, dyp = ay. If A is a cochain algebra, then (sA)" = A"t
It is known in literature (see [10, Theorem 13|) that, if X is a simply
connected homogeneous space of which 7(X) ® Q is finite dimensional,
then the graded Lie algebra sH, (X SI;Q) is not nilpotent. However, we
could not find to the best of our knowledge any reference in literature
that gives a complete description of the Lie bracket structure of the string
homology on a space. In this note, we give an explicit description of the
partial computation of the Lie bracket structure of the string homology on
a formal elliptic 2-stage Postnikov tower. Our main result reads as follows.

Theorem 1.1. If X is a formal elliptic 2-stage Postnikov tower, then the
center of sH.(X5";: Q) is non-trivial.

2. HOCHSCHILD COHOMOLOGY

Let (A,d) be an augmented differential graded cochain algebra over a
field k of characteristic zero and A = ker(e: A — k). We define here the
Hochschild cohomology through the bar construction of (A,d). If (P,d) is
a right differential graded A-module and (N,d) a left graded differential
A-module, the definition of the two sided (normalized) bar construction on
(A,d) is as follows (see for instance [3,4]). It is the complex

(B(P;A;N),D) = (@xBr(P; A; N), D)

with
Bi(P;A;N)=PQ®T"(sA)®N, k > 1.
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A generic element plajlaz]...|ag]n in Bg(P;A; N) has (upper) degree
Ipl + Inl + 3 (|sas). If k = 0, then

plln=p®1@ne PRT’(sA)®N.

The differential D decomposes into two terms D = dy + d; as follows,
do: Bg(P; A; N) — Bi(P; A; N), with

do(plai|az] ... lagn) = d(p)[ai]as| ... |ax]n

k
2 iplay|ag]. .. |d(a;)] ... |ag]n

+ (—1)5’““ [a1]as] ... [ax]d(n),
and dy: Bg(P; A; N) — Bi_1(P; A; N), is given by

di(plai]az]...lagln) = (-1 )|p|pa1[a2| - Jag]n
+Z al\agl ]ai_lai]... ]ak]n

- (—1) plailaz|. .. |ag—1]akn,

where ¢; = |p| + Zj<i(saj).

There is a canonical projection ¢: B(A4; A; A) — A defined by ¢([]) =1
and ¢([a1]...|ag]) = 0 if & > 0 which provides a semi-free resolution of A
as an A°-module [3]. Thus, HH*(A; A) is the homology of the normalized
Hochschild cochain complex

(C*(A; A), D) = Hom e (B(A; A; A), A) = (Hom(T*(sA), A), Dy + Dy).

The differential Do + D; is defined as follows [4]:

k
(Dof)(larlas| .. - lax)) = d(f([ar]ag] .. |ax])) + Y (=1)C f([ar]ag] . . . |ax])
=1
and
(D1f)([ar]ag] - . |ax)) = (=)W lay f([as] ... |ax])
+ (1) f([ar] .. . |ar—1])a
k
+ 3 (DD f(lar] - Jaizraq] - - Jag]),
=2
where

€(@) = |f| +|sa1| + ... |sai-1]-
As T*(sA) is a graded coalgebra, the complex C*(A; A) is endowed with
a cup product, making it a differential graded algebra. Further, there is a
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Lie bracket structure on C*(A4; A), giving a Gerstenhaber algebra structure
(see [12]). The Lie bracket is defined by the formula

{(f®g} = fog — (1) l9lgar,

where

foglarl. ) = 35 (=D f(la] - |ai)lg([aial - - [aj])]ajsa] - - |ar]),
o<i<j<k

and €(i) = |g|(|sa1] ... |sa;]).

3. HOCHSCHILD COHOMOLOGY OF A SULLIVAN ALGEBRA

To compute the Hochschild cohomology of the minimal Sullivan algebra
(AV,d), one considers a relative Sullivan model of the multiplication

m: (AV @ AV,d) — (AV,d),

where d = d®1+1®d, and the model is given by the following commutative
diagram

AV @AV, d) —" (AV,d)
T e
(AV R AV ® AsV,d),
where (sV)" = V™! and the differential D is defined by
d(sv) =111 -1®vel+a, aeAVRAV® ATV,

and i is the canonical inclusion [2, §15].

Proposition 3.1. [2]| ¢ is a semi-free resolution of (AV,d) as a AV AV
differential module.

Therefore, the Hochschild cohomology HH™*(AV; AV) is given by
HH*(AV; AV) = Hy(Hom ,ygav (AV @ AV @ AsV, AV), D).
Moreover, (Hom,ygav (AV ® AV ® AsV, AV), D) is isomorphic to
(Hom v (AV ® AsV, AV), D)
where (AV ® AsV,d) is the Sullivan algebra such that
dv=dv and d(sv) = —S(dv),
while S is the unique derivation of AV ® AsV defined by
S(v) =sv and S(sv)=0.
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Proposition 3.2. With the above notation, we have an isomorphism
HH*(AV; AV) = Hy(Hom v (AV ® AsV, AV), D).

If (AV,d) is the minimal Sullivan model of X, then (AV ® AsV,d) is a
Sullivan model of the free loop space X' (see [2, §15]).
Let (A, d) be a differential graded algebra. A derivation 6 of A of degree
k is a linear mapping §: A® — A"~* such that
0(ab) = 0(a)b+ (—1)*19lao(b).

Denote by derpA the vector space of all derivation of degree k and put
derA = @pderp A. The Lie bracket induces a graded Lie algebra structure on
derA. On the other hand, (der4,¢) is a differential graded Lie algebra [16]
with the differential § defined in the usual way by

60 =[d,0)=dof— (—1)*0od.
Furthermore, derA is a differential graded A-module via the action

(af)(x) = ab(x).
With the grading convention A_,, = A", if §; € deryA and a € A’ then
af1 € derp_;A. That is, derA is a graded A-module which satisfies the
relation
[d, al] = (da)f + (—1)%a[d, 6)].
Let 61,605 € derA and a € A. Then
(01, afa] = 01(a)0y + (—1)\2101a]g; 05]  (see [10]). (3.1)

Let A = (AV,d) be a Sullivan algebra, where V' is spanned by {v; ..., vx}.

Then
derd ~ AQ V™,
where V* is the graded dual of V' [10].

Consider 6; = (v;, 1), the unique derivation of AV defined by 0;(v;) = d;;.
Then the graded AV-module der A V' is spanned by {61,...,0x}.

Further, if A is a minimal Sullivan algebra, where V' is finite dimensional,
then the Hochschild cohomology HH™*(A; A) can be computed in terms of
derivations of A. This is another method to compute the H, (X5 ; Q) of a
simply connected space X for which 7 (X) ® Q is finite dimensional [10].

4. THE MAIN RESULT

The quaternionic Grassmannian Gy, (H) of k-dimensional vector sub-
spaces of H” is a homogeneous space as

Grn(H) = Sp(n)/(Sp(k) x Sp(n — k)) for 1<k <n,
where Sp(n) is the symplectic group.
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Below we compute the free loop space homology for some homogeneous
spaces. Recall that, if X is homogeneous space, then it is an elliptic 2-stage
Postnikov tower and its minimal Sullivan model is given by

(A7d) = (A(blv'”abnvalv'” 7am)ad)7

where db; = 0 and da; € A(b1,...,by) (see [5]). Thus, in order to compute
the loop space homology of X we consider a complex of the form

(AR A(Z1y -y Zmy ULy - -y Up), d)
where z; = s_la;-‘, u; = s71b¥, dzj = 0 and du; = Y, %zj with f; = db;.
Further, if A is a minimal Sullivan model of a simply connected compact
oriented m-manifold X such that 7.(X) ® Q is finite dimensional, then

there is a filtration on A® A(21, ..., Zm, U1, ..., u,) which yields a spectral
sequence of Gerstenhaber algebras for which

E'=H*(A)Q A(21,. ., Zm, U, - - -, Up)
and which converges to
Ho(A® A(215- - 2yt - - n), d) = Hy(X55Q)  (see [10]).

In particular, if X = G/K is a homogeneous space of which G and K have
an equal rank, then

Ho (X% Q) = Ho(H*(A) ® A (Z0® Z1).d),
where dZy = 0 and dZ; < H™ ® Zy (see [10]).
Example 4.1. [5,10] Let X = CP(n) of which the minimal model is
A = (A(bg,agns1),d), dby = 0, dag, 11 = by, Thus,
H.(CP(n),Q) = Hy((Ab2)/(057) ® A(21,220), ),
dzan =0, dz1 = (n+ 1)by2,
while homology classes are
{bjzgn,bizl,bizlzécn, k=0, 0<j<n-—1, 1<i<n}.
Example 4.2. We consider the Sullivan minimal model of
X =85p(5)/(Sp(2) x Sp(3))
which is given by
A - (/\(b4a bg, ais, a19)7 d)a
where db; = 0, and
days = 2bgb3 + b} — b2, dayg = 2bgb3 + b3by.
Consider the ideal
I = (2bgb; + by — b3, 2bsb + b3bs).
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It follows that, H*(AV,d) = A(bg, bg)/I. Hence, there is a quasi-isomorphism
[ (A(bs,bs,a15,a19),d) 5 H*(AV,d).

Thus, Sp(5)/(Sp(2) x Sp(3)) is formal. The rational cohomology is given
by classes of

17 b47 bzglv b87 biv b4bBa b8b4217 biv [QbSb?l + bjﬂ = [bg]v
[b3] = [—2b3bs] = [b3ba], [b] = [b3b3] = (bS]

Thus, to compute the loop space homology of X = Sp(5)/(Sp(2) x Sp(3))
we consider a complex of the form

(A® A (214, 218, u3, u7), d),

where dz; = 0, and

dug = (4bybg + 4b3) 214 + (6bgb3 + b2) 218,

duy = (2b% — 2bg)z14 + (2b3 + 2bsbg)z15.
In some lower degrees, the loop space homology is given by classes of
1, 214, 218, ba, b3, bs, b3, babs, bsb3, b1, [2bsb] + bi] = [b3], )

baz14,b3214, bs 214, by 214, Dabs 214, bsbi 214, b1 214,
< [03] = [-2bbs] = [bba], [b3] = [b705] = [b8], D214, 3210, D21, ¢
baz1s, bjz1s, bsz1s, b 218, babsz1s, bsbiz1s, biz1s, byz1s, bz1s, b 21s,
(4bsbs + 4b})z14, (6bsb] + b3) 218, (207 — 2bs) 214, (2b] + 2bsbs) 215
Definition 4.3. Let L be a Lie algebra. The center Z(L) is defined by
Z(L)={xeL:[z,y] =0,Vye L}.

In [10, Theorem 13], it is shown that, if X is a simply connected homoge-
neous space such that 7,(X)®Q is finite dimensional, then the graded Lie
algebra sH, (X SI;Q) is not nilpotent. In addition, we establish our main
result.

Theorem 4.4. If X is a formal elliptic 2-stage Postnikov tower, then the
center of sH.(X5";Q) is non-trivial.

Proof. Recall that a formal elliptic 2-stage Postnikov tower admits a mini-
mal Sullivan model of the form

A= (AV,d)=(ANP@Y),d) @ (AW,0),
where dP = 0, dyr = «ay.

Further, there is filtration (see [10]) on (A ® As™1V* d) which yields a
spectral sequence of Gerstenhaber algebras for which E! = H*(A) ® AZ,
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where Z = Zy @ Z1, and Zy = s V¥, Z1 = s7 V. Let L = s~ lderA.
Given a € A%L = A, 01,05 € derA, and for z, 5 € L, and using
(61, afla] = 61(a)bs + (1)1 1a[6, 6] (4.1)
we have
{z,a} = =(=1)1"(sz)(a). (4.2)
Hence,
{x,a8} = {x,a}f + (1) =HDa e 8}, (see [10]). (4.3)

Moreover A gL and (A ® A(Zy @ Z1),d) are isomorphic as differential
Gerstenhaber algebras. It is sufficient to check that AZy is abelian in
(H*(A)® AZ,d). It follows from equation (4.2), that for all z;, z; € Zy we
have

{zinzj} = —=(=1)Fls(z0) (5) = 0.
Furthermore, using (4.3), for all a; # 0 € H*(A),
v; #0€ H (AR A(Zo® Z1)) and z € Z
one gets
{a;zi,vi} = ai{zi,vi} + (—1)'“”(|”i‘+1)zi{ai,vi}
=0, as{vi,zi}={a;,vi} =0, using (4.2).

Also, using (4.2), if z; # 0 is a cocycle in H*(A) ® AT (Zy ® Z1), then
{Zy,x;} = 0. Hence AZj is abelian. Thus, the algebra A Zj is in the center
of sH(X5"; Q). O

Remark 4.5. The formality condition on X is necessary for A Zy to be in
the center of sH,(X5"; Q). We consider the minimal Sullivan model of the
non-formal homogeneous space X = Sp(6)/SU(6) which is given by

A = (A(w6, 710, b15, b1g, b23), d),
dr; =0, dbis = zer10, dbrg =17, dbas = g.
The rational cohomology is given by classes of
1, g, v10, T3, T, Tb1g — T10b15, Tgb1o — TeT10b15,
x3b1s — T10be3, Tabig — TEx10b15, 2gb10 — TaT10b15

The loop space homology of X = Sp(6)/SU(6) is computed from the com-
plex

(A® A(z14, 218, 222, b5, bg), d),

3
dz; = 0,dbs = x10214 + 425222, dbg = Te214 + 2710218,
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which is isomorphic to (A® (Zo @ Z1),d), where dZy = 0, dZ1 € A® Z.
It contains H*(X) ® A(z14, 218, 222)/I where I is the ideal generated by
{dbs,dby}. In some lower degrees, the loop space homology is given by

classes of

( A

1, 214, 218, 222, T6, T10, Tg, Tg, Teb19 — T10b15,
xgbig — T6T10b15, Teb1s — T10baz, Teb1g — TET10b15,
2gb1g — TaT10b15, T6214, T6218, T6222, T10214, T10218, 10222,
TE214, T218, Tg222, To214, Ta218, Ta222, T10214, 4Tg200,

6214, 2210218, Tebs — (214b15 + 4292b23),

x10bs — (21419 + 428 200b15), T10bg — (21415 + 2218b19)

Then for z; € Zy, z; # 0€ H*(A® A(Zy @ Z1),d). The non-zero brackets
for k > 1 include

{214, (webro — z10b15) 25} = w1027, {214, (x3b15 — 210b23)2F} = —16ng
{218, (Tebro — z10b15)2F} = —w62F, {218, (23b1g — 2ew10b15) 2} = —wd2F,
{218, (23b19 — x8x10b15)2F} = —ad2F, {299, (2315 — T10b23) 28} = w102

Hence, AZj is not in the center of (H*(A® A(Zo @ Z1)),d).

Definition 4.6. Let L be a Lie algebra. Set L(®) := L and, for k > 1
define the k-th derived algebra of L as

LK) — [L(kfl),L(kfl)].
Then L is called solvable if L) = 0 for some k.

Proposition 4.7. Let
L= (A(w1,...,w)®A(21,...,2),d=0) S (H(A) @ rZ,d),

where |w;| is odd, and z; = s~w¥. Then L is solvable.

Proof. Let a,b e L. Then we have

2
(0:0) = S5 G
Hence, if
ae Afwr, .. w)@A(21,...,2) and be Al(wy, ..., w)QA(21,. .., 2),
with k +1 <r. Then, {a,b} € AF""Y(wy,...,w) ® A(21,...,2) and so

={L, L} € AS" Hwy,...,w) ® A(21,. .., 2),
D = (LW LWy € A 2wy, .. wn) @ Az, 20),s
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L) =L@ L@} ¢ A3 (wy, . w) @ Az, .., 20).

Continuing this process yields L") = {LO~D LD} < A(z,...,2),
which implies that LU+ = {L(") L} =0, and L is solvable. O

In conclusion, we have the following result.

Corollary 4.8. If X is a formal elliptic 2-stage Postnikov tower, then
(1) sH.(X5";Q) is not nilpotent,
(2) the center of sH(X5"; Q) is non-trivial.
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