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The Lie bracket structure of the string
homology on a formal space

Oteng Maphane

Abstract. In this paper, we consider the Chas–Sullivan loop space homology
H˚(XS1

) of a formal elliptic 2-stage Postnikov tower X. We show that the
center of the graded Lie algebra sH˚(XS1

;Q) on a minimal Sullivan model
of X is non-trivial.

Анотація. В роботі розглядаються гомології простору петель Часа-Сал-
лівана H˚(XS1

) формальної еліптичної 2-ступеневої башти Постнікова
X. Показано, що центр градуйованої алгебри Лі sH˚(XS1

;Q) на міні-
мальній моделі Саллівана простору X є нетривіальним.

1. INTRODUCTiON
A differential graded algebra is of the form A = ‘iě0A

i, where Ai is
a vector space over a commutative ring k, equipped with an associative
multiplication

Ai bAj Ñ Ai+j , xb y ÞÑ xy,

and a differential d : An Ñ An+1 such that
d(xy) = (dx)y + (´1)|p|x(dy)

for all x P Ap, y P Aq, and d2 = 0. It is said to be connected if H0(A) – Q
(for k = Q) and commutative if xy = (´1)|p||q|yx.

If V = ‘iě1V
i, then ^V denotes the free commutative graded algebra

defined by ^V = T (V )/I, where T (V ) is the tensor algebra on V and I is
the ideal generated by

v b u´ (´1)|v||u|ub v,

with v, u P V . A Sullivan algebra is a commutative differential graded
algebra (cdga for short) of the form (^V, d), where V =

Ť
kě0 V (k) and
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V (0) Ă V (1) . . . such that dV (0) = 0 and dV (k) Ă ^V (k ´ 1). It is called
minimal if dV Ă ^ě2V .

If (A, d) is a cdga of which the cohomology is connected and finite dimen-
sional in each degree, then there always exists a quasi-isomorphism from a
Sullivan algebra (^V, d) to (A, d). To each simply connected space, Sulli-
van associates a cdga APL(X) of rational polynomial differential forms on
X that uniquely determines the rational homotopy type of X. A minimal
Sullivan model of X is a minimal Sullivan model of APL(X) [2].

We now describe the notion of Hochschild cohomology. The Hochschild
cohomology of a differential graded algebra was introduced by Paul G.
Hochschild in 1945 [13]. The Hochschild cohomology ring of a differential
graded algebra A is a Gerstenhaber algebra, that is, it has both a cup prod-
uct and a graded Lie bracket, which was first discovered by Gerstenhaber
in [12].

An important problem then is to describe the algebraic structure of the
Hochschild cohomology HH˚(A;A) of an associative algebra A as a graded
vector space, as a ring, and as a graded Lie algebra. As a result, many math-
ematicians have investigated the Hochschild cohomology ring HH˚(A;A)
for various types of algebras (see for instance [14]). In particular, the struc-
ture of the Hochschild cohomology ring of a Sullivan algebra (^V, d) has
been studied extensively in literature (see for instance, [4, 7, 9–11, 15]). In
fact, Hochschild cohomology of a Sullivan algebra corresponds to the free
loop space homology H˚(XS1

), where XS1
= map(S1, X) is the space of

free loops on a closed oriented manifold X of dimension m as Gerstenhaber
algebra (see for instance, [1, 4, 6–10]).

A space X and its model (^V, d) are called elliptic if and only if V and
H˚(^V, d) are both finite dimensional. Topologically, this means that both
π˚(X) b Q and H˚(X;Q) are finite-dimensional Q-vector spaces [2, §32].
For instance homogeneous spaces are elliptic.

An elliptic space X is an n-stage Postnikov tower if its minimal Sullivan
model is given by

(^V, d) = (^(V0 ‘ ¨ ¨ ¨ ‘ Vn´1), d),

where dVi Ă ^(V0 ‘ ¨ ¨ ¨ ‘ Vi´1). Every homogeneous space is an elliptic
2-stage Postnikov towers and admits a minimal Sullivan model of the form

(^V, d) = (^(V0 ‘ V1), d),

where V is finite dimensional and dV0 = 0, dV1 Ď ^V0. Denote by
xv1, v2, . . . , vny the vector space generated by a finite basis tviu of V and

V even
0 = Qxp1, . . . , pqy = P, V odd

0 = Qxw1, . . . , wry =W,

V odd
1 = Qxy1, . . . , ypy = Y,
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so that
(^(V0 ‘ V1), d)

–Ñ (^(P ‘ Y ), d) b (^W, 0),
and dP = 0, dY Ď ^P .

A simply connected space B is called formal (see [5]) if there is a quasi-
isomorphism (^W,d) Ñ H˚(^W,d), where (^W,d) is the minimal Sullivan
model of B. Examples of formal spaces include spheres, projective spaces,
homogeneous spaces G/H where G and H have equal rank.

Now, if the elliptic 2-stage Postnikov tower X is a formal, then p = q,
and we have

H˚(^V, d) = ^(p1, . . . , pp)

(α1, . . . , αp)
b ^(wi, . . . , wr),

where (α1, . . . , αp) is a regular sequence in ^P . Hence, X as a formal
elliptic 2-stage Postnikov tower admits a minimal Sullivan model of the
form

(^V, d) = (^(P ‘ Y ), d) b (^W, 0),
where dP = 0, dyk = αk. If A is a cochain algebra, then (sA)n = An+1.
It is known in literature (see [10, Theorem 13]) that, if X is a simply
connected homogeneous space of which π˚(X) b Q is finite dimensional,
then the graded Lie algebra sH˚(XS1

;Q) is not nilpotent. However, we
could not find to the best of our knowledge any reference in literature
that gives a complete description of the Lie bracket structure of the string
homology on a space. In this note, we give an explicit description of the
partial computation of the Lie bracket structure of the string homology on
a formal elliptic 2-stage Postnikov tower. Our main result reads as follows.

Theorem 1.1. If X is a formal elliptic 2-stage Postnikov tower, then the
center of sH˚(XS1

;Q) is non-trivial.

2. HOCHSCHiLD COHOMOLOGY
Let (A, d) be an augmented differential graded cochain algebra over a

field k of characteristic zero and Ā = ker(ε : A Ñ k). We define here the
Hochschild cohomology through the bar construction of (A, d). If (P, d) is
a right differential graded A-module and (N, d) a left graded differential
A-module, the definition of the two sided (normalized) bar construction on
(A, d) is as follows (see for instance [3, 4]). It is the complex

(B(P ;A;N), D) = (‘kBk(P ;A;N), D)

with
Bk(P ;A;N) = P b T k(sĀ) bN, k ě 1.
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A generic element p[a1|a2| . . . |ak]n in Bk(P ;A;N) has (upper) degree
|p| + |n| + řk

i=1(|sai|). If k = 0, then
p[ ]n = pb 1 b n P P b T 0(sĀ) bN.

The differential D decomposes into two terms D = d0 + d1 as follows,
d0 : Bk(P ;A;N) Ñ Bk(P ;A;N), with

d0(p[a1|a2| . . . |ak]n) = d(p)[a1|a2| . . . |ak]n

´
kÿ

i=1

(´1)ϵip[a1|a2| . . . |d(ai)| . . . |ak]n

+ (´1)ϵk+1p[a1|a2| . . . |ak]d(n),
and d1 : Bk(P ;A;N) Ñ Bk´1(P ;A;N), is given by

d1(p[a1|a2| . . . |ak]n) = (´1)|p|pa1[a2| . . . |ak]n

+
kÿ

i=2

(´1)ϵip[a1|a2| . . . |ai´1ai| . . . |ak]n

´ (´1)ϵkp[a1|a2| . . . |ak´1]akn,

where ϵi = |p| + ř
jăi(saj).

There is a canonical projection φ : B(A;A;A) Ñ A defined by φ([ ]) = 1
and φ([a1| . . . |ak]) = 0 if k ą 0 which provides a semi-free resolution of A
as an Ae-module [3]. Thus, HH˚(A;A) is the homology of the normalized
Hochschild cochain complex
(C˚(A;A), D) = HomAe(B(A;A;A), A) – (Hom(T k(sĀ), A), D0 +D1).

The differential D0 +D1 is defined as follows [4]:

(D0f)([a1|a2| . . . |ak]) = d(f([a1|a2| . . . |ak])) +
kÿ

i=1

(´1)ϵ̄(i)f([a1|a2| . . . |ak])

and
(D1f)([a1|a2| . . . |ak]) = ´(´1)|sa1||f |a1f([a2| . . . |ak])

+ (´1)ϵ̄(k)f([a1| . . . |ak´1])ak

+
kÿ

i=2

(´1)ϵ̄(i)f([a1| . . . |ai´1ai| . . . |ak]),

where
ϵ̄(i) = |f | + |sa1| + . . . |sai´1|.

As T k(sĀ) is a graded coalgebra, the complex C˚(A;A) is endowed with
a cup product, making it a differential graded algebra. Further, there is a
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Lie bracket structure on C˚(A;A), giving a Gerstenhaber algebra structure
(see [12]). The Lie bracket is defined by the formula

tf b gu = f ¯̋g ´ (´1)|f ||g|g¯̋f,

where
f ¯̋g[a1| . . . |ak]) =

ÿ

0ďiďjďk
(´1)ϵ(i)f([a1| . . . |ai)|g([ai+1| . . . |aj ])|aj+1| . . . |ak]),

and ϵ(i) = |g|(|sa1| . . . |sai|).

3. HOCHSCHiLD COHOMOLOGY OF A SULLiVAN ALGEBRA
To compute the Hochschild cohomology of the minimal Sullivan algebra

(^V, d), one considers a relative Sullivan model of the multiplication

m : (^V b ^V, d1
) Ñ (^V, d),

where d1
= db1+1bd, and the model is given by the following commutative

diagram
(^V b ^V, d1

)
))

i

))SSS
SSSS

SSSS
SSSS

m // (^V, d)

(^V b ^V b ^sV, d),
φ–
OO

where (sV )n = V n+1 and the differential D is defined by
d(sv) = v b 1 b 1 ´ 1 b v b 1 + α, α P ^V b ^V b ^+sV,

and i is the canonical inclusion [2, §15].

Proposition 3.1. [2] φ is a semi-free resolution of (^V, d) as a ^V b ^V
differential module.

Therefore, the Hochschild cohomology HH˚(^V ;^V ) is given by
HH˚(^V ;^V ) – H˚(Hom^V b^V (^V b ^V b ^sV,^V ), D1).

Moreover, (Hom^V b^V (^V b ^V b ^sV,^V ), D1) is isomorphic to
(Hom^V (^V b ^sV,^V ), D)

where (^V b ^sV, d̄) is the Sullivan algebra such that
d̄v = dv and d̄(sv) = ´S(dv),

while S is the unique derivation of ^V b ^sV defined by
S(v) = sv and S(sv) = 0.
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Proposition 3.2. With the above notation, we have an isomorphism
HH˚(^V ;^V ) – H˚(Hom^V (^V b ^sV,^V ), D).

If (^V, d) is the minimal Sullivan model of X, then (^V b ^sV, d̄) is a
Sullivan model of the free loop space XS1 (see [2, §15]).

Let (A, d) be a differential graded algebra. A derivation θ of A of degree
k is a linear mapping θ : An Ñ An´k such that

θ(ab) = θ(a)b+ (´1)k|a|aθ(b).
Denote by derkA the vector space of all derivation of degree k and put

derA = ‘kderkA. The Lie bracket induces a graded Lie algebra structure on
derA. On the other hand, (derA, δ) is a differential graded Lie algebra [16]
with the differential δ defined in the usual way by

δθ = [d, θ] = d ˝ θ ´ (´1)kθ ˝ d.
Furthermore, derA is a differential graded A-module via the action

(aθ)(x) = aθ(x).

With the grading convention A´n = An, if θ1 P derkA and a P Ai, then
aθ1 P derk´iA. That is, derA is a graded A-module which satisfies the
relation

[d, aθ] = (da)θ + (´1)|a|a[d, θ].
Let θ1, θ2 P derA and a P A. Then

[θ1, aθ2] = θ1(a)θ2 + (´1)|a||θ1|a[θ1, θ2] (see [10]). (3.1)
Let A = (^V, d) be a Sullivan algebra, where V is spanned by tv1 . . . , vku.

Then
derA – Ab V ˚,

where V ˚ is the graded dual of V [10].
Consider θi = (vi, 1), the unique derivation of ^V defined by θi(vj) = δij .

Then the graded ^V -module der ^ V is spanned by tθ1, . . . , θku.
Further, if A is a minimal Sullivan algebra, where V is finite dimensional,

then the Hochschild cohomology HH˚(A;A) can be computed in terms of
derivations of A. This is another method to compute the H˚(XS1

;Q) of a
simply connected space X for which π˚(X) b Q is finite dimensional [10].

4. THE MAiN RESULT
The quaternionic Grassmannian Gk,n(H) of k-dimensional vector sub-

spaces of Hn is a homogeneous space as
Gk,n(H) – Sp(n)/(Sp(k) ˆ Sp(n´ k)) for 1 ď k ă n,

where Sp(n) is the symplectic group.
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Below we compute the free loop space homology for some homogeneous
spaces. Recall that, if X is homogeneous space, then it is an elliptic 2-stage
Postnikov tower and its minimal Sullivan model is given by

(A, d) = (^(b1, . . . , bn, a1, . . . , am), d),

where dbi = 0 and dai P ^(b1, . . . , bn) (see [5]). Thus, in order to compute
the loop space homology of X we consider a complex of the form

(Ab ^(z1, . . . , zm, u1, . . . , un), d)

where zj = s´1aj̊ , ui = s´1bi̊ , dzj = 0 and dui =
ř Bfj

Bbi zj with fj = dbj .
Further, if A is a minimal Sullivan model of a simply connected compact

oriented m-manifold X such that π˚(X) b Q is finite dimensional, then
there is a filtration on Ab ^(z1, . . . , zm, u1, . . . , un) which yields a spectral
sequence of Gerstenhaber algebras for which

E1 = H˚(A) b ^(z1, . . . , zm, u1, . . . , un)

and which converges to
H˚(Ab ^(z1, . . . , zm, u1, . . . , un), d) – H˚(XS1

;Q) (see [10]).
In particular, if X = G/K is a homogeneous space of which G and K have
an equal rank, then

H˚(XS1
;Q) – H˚(H˚(A) b ^(Z0 ‘ Z1), d),

where dZ0 = 0 and dZ1 Ă H+ b Z0 (see [10]).
Example 4.1. [5, 10] Let X = CP (n) of which the minimal model is
A = (^(b2, a2n+1), d), db2 = 0, da2n+1 = bn+1

2 . Thus,
H˚(CP (n),Q) – H˚((^b2)/(bn+1

2 ) b ^(z1, z2n), d),

dz2n = 0, dz1 = (n+ 1)bn2z2n,

while homology classes are
tbjzk2n, biz1, biz1zk2n, k ě 0, 0 ď j ď n´ 1, 1 ď i ď nu.

Example 4.2. We consider the Sullivan minimal model of
X = Sp(5)/(Sp(2) ˆ Sp(3))

which is given by
A = (^(b4, b8, a15, a19), d),

where dbi = 0, and
da15 = 2b8b

2
4 + b44 ´ b28, da19 = 2b8b

3
4 + b28b4.

Consider the ideal
I =

(
2b8b

2
4 + b44 ´ b28, 2b8b

3
4 + b28b4

)
.
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It follows that,H˚(^V, d) = ^(b4, b8)/I. Hence, there is a quasi-isomorphism
f : (^(b4, b8, a15, a19), d)

–Ñ H˚(^V, d).
Thus, Sp(5)/(Sp(2) ˆ Sp(3)) is formal. The rational cohomology is given
by classes of

#
1, b4, b

2
4, b8, b

3
4, b4b8, b8b

2
4, b

4
4, [2b8b

2
4 + b44] = [b28],

[b54] = [´2b34b8] = [b28b4], [b
6
4] = [b24b

2
8] = [b38]

+

Thus, to compute the loop space homology of X = Sp(5)/(Sp(2) ˆ Sp(3))
we consider a complex of the form

(Ab ^(z14, z18, u3, u7), d),

where dzi = 0, and
du3 = (4b4b8 + 4b34)z14 + (6b8b

2
4 + b28)z18,

du7 = (2b24 ´ 2b8)z14 + (2b34 + 2b4b8)z18.

In some lower degrees, the loop space homology is given by classes of
$
’’’’’’’&
’’’’’’’%

1, z14, z18, b4, b
2
4, b8, b

3
4, b4b8, b8b

2
4, b

4
4, [2b8b

2
4 + b44] = [b28],

b4z14, b
2
4z14, b8z14, b

3
4z14, b4b8z14, b8b

2
4z14, b

4
4z14,

[b54] = [´2b34b8] = [b28b4], [b
6
4] = [b24b

2
8] = [b38], b

2
8z14, b

5
4z14, b

6
4z14,

b4z18, b
2
4z18, b8z18, b

3
4z18, b4b8z18, b8b

2
4z18, b

4
4z18, b

2
8z18, b

5
4z18, b

6
4z18,

(4b4b8 + 4b34)z14, (6b8b
2
4 + b28)z18, (2b

2
4 ´ 2b8)z14, (2b

3
4 + 2b4b8)z18

,
///////.
///////-

Definition 4.3. Let L be a Lie algebra. The center Z(L) is defined by
Z(L) = tx P L : [x, y] = 0,@y P Lu.

In [10, Theorem 13], it is shown that, if X is a simply connected homoge-
neous space such that π˚(X)bQ is finite dimensional, then the graded Lie
algebra sH˚(XS1

;Q) is not nilpotent. In addition, we establish our main
result.

Theorem 4.4. If X is a formal elliptic 2-stage Postnikov tower, then the
center of sH˚(XS1

;Q) is non-trivial.
Proof. Recall that a formal elliptic 2-stage Postnikov tower admits a mini-
mal Sullivan model of the form

A = (^V, d) = (^(P ‘ Y ), d) b (^W, 0),
where dP = 0, dyk = αk.

Further, there is filtration (see [10]) on (A b ^s´1V ˚, d) which yields a
spectral sequence of Gerstenhaber algebras for which E1 = H˚(A) b ^Z,
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where Z = Z0 ‘ Z1, and Z0 = s´1V1̊ , Z1 = s´1V0̊ . Let L = s´1derA.
Given a P ^0

AL = A, θ1, θ2 P derA, and for x, β P L, and using

[θ1, aθ2] = θ1(a)θ2 + (´1)|a||θ1|a[θ1, θ2] (4.1)
we have

tx, au = ´(´1)|a|(sx)(a). (4.2)
Hence,

tx, aβu = tx, auβ + (´1)|a|(|x|+1)atx, βu, (see [10]). (4.3)
Moreover ^AL and (A b ^(Z0 ‘ Z1), d) are isomorphic as differential

Gerstenhaber algebras. It is sufficient to check that ^Z0 is abelian in
(H˚(A) b ^Z, d). It follows from equation (4.2), that for all zi, zj P Z0 we
have

tzi, zju = ´(´1)|zi|s(zi)(zj) = 0.

Furthermore, using (4.3), for all ai ‰ 0 P H˚(A),
vi ‰ 0 P H˚(Ab ^(Z0 ‘ Z1)) and zi P Z0

one gets
taizi, viu = aitzi, viu + (´1)|ai|(|vi|+1)zitai, viu

= 0, as tvi, ziu = tai, viu = 0, using (4.2).
Also, using (4.2), if xi ‰ 0 is a cocycle in H˚(A) b ^+(Z0 ‘ Z1), then
tZ0, xiu = 0. Hence ^Z0 is abelian. Thus, the algebra ^Z0 is in the center
of sH˚(XS1

;Q). □
Remark 4.5. The formality condition on X is necessary for ^Z0 to be in
the center of sH˚(XS1

;Q). We consider the minimal Sullivan model of the
non-formal homogeneous space X = Sp(6)/SU(6) which is given by

A = (^(x6, x10, b15, b19, b23), d),

dxi = 0, db15 = x6x10, db19 = x210, db23 = x46.

The rational cohomology is given by classes of
#
1, x6, x10, x

2
6, x

3
6, x6b19 ´ x10b15, x

2
6b19 ´ x6x10b15,

x36b15 ´ x10b23, x
3
6b19 ´ x26x10b15, x

4
6b19 ´ x36x10b15

+

The loop space homology of X = Sp(6)/SU(6) is computed from the com-
plex

(Ab ^(z14, z18, z22, b5, b9), d),

dzi = 0, db5 = x10z14 + 4x36z22, db9 = x6z14 + 2x10z18,
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which is isomorphic to (A b (Z0 ‘ Z1), d), where dZ0 = 0, dZ1 Ď A b Z0.
It contains H˚(X) b ^(z14, z18, z22)/I where I is the ideal generated by
tdb5, db9u. In some lower degrees, the loop space homology is given by
classes of$

’’’’’’’’’’&
’’’’’’’’’’%

1, z14, z18, z22, x6, x10, x
2
6, x

3
6, x6b19 ´ x10b15,

x26b19 ´ x6x10b15, x
3
6b15 ´ x10b23, x

3
6b19 ´ x26x10b15,

x46b19 ´ x36x10b15, x6z14, x6z18, x6z22, x10z14, x10z18, x10z22,

x26z14, x
2
6z18, x

2
6z22, x

3
6z14, x

3
6z18, x

3
6z22, x10z14, 4x

3
6z22,

x6z14, 2x10z18, x6b5 ´ (z14b15 + 4z22b23),

x10b5 ´ (z14b19 + 4x26z22b15), x10b9 ´ (z14b15 + 2z18b19)

,
//////////.
//////////-

Then for zi P Z0, xi ‰ 0 P H˚(A b ^(Z0 ‘ Z1), d). The non-zero brackets
for k ě 1 include

tz14, (x6b19 ´ x10b15)z
k
i u = x10z

k
i , tz14, (x36b15 ´ x10b23)z

k
i u = ´x36zki ,

tz18, (x6b19 ´ x10b15)z
k
i u = ´x6zki , tz18, (x26b19 ´ x6x10b15)z

k
i u = ´x26zki ,

tz18, (x36b19 ´ x26x10b15)z
k
i u = ´x36zki , tz22, (x36b15 ´ x10b23)z

k
i u = x10z

k
i .

Hence, ^Z0 is not in the center of (H˚(Ab ^(Z0 ‘ Z1)), d).
Definition 4.6. Let L be a Lie algebra. Set L(0) := L and, for k ě 1,
define the k-th derived algebra of L as

L(k) := [L(k´1), L(k´1)].

Then L is called solvable if L(k) = 0 for some k.

Proposition 4.7. Let
L =

(^(w1, . . . , wr) b ^(z1, . . . , zr), d = 0
) Ď (H˚(A) b ^Z, d),

where |wi| is odd, and zi = s´1wi̊ . Then L is solvable.
Proof. Let a, b P L. Then we have

ta, bu =
ÿ

i

(´1)|a| B2

BwiBzi (ab).

Hence, if
a P ^k(w1, . . . , wr)b^(z1, . . . , zr) and b P ^l(w1, . . . , wr)b^(z1, . . . , zr),

with k + l ď r. Then, ta, bu Ď ^k+l´1(w1, . . . , wr) b ^(z1, . . . , zr) and so
L(1) = tL,Lu Ď ^ďr´1(w1, . . . , wr) b ^(z1, . . . , zr),

L(2) = tL(1), L(1)u Ď ^ďr´2(w1, . . . , wr) b ^(z1, . . . , zr),
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L(3) = tL(2), L(2)u Ď ^ďr´3(w1, . . . , wr) b ^(z1, . . . , zr).

Continuing this process yields L(r) = tL(r´1), L(r´1)u Ď ^(z1, . . . , zr),
which implies that L(r+1) = tL(r), L(r)u = 0, and L is solvable. □

In conclusion, we have the following result.

Corollary 4.8. If X is a formal elliptic 2-stage Postnikov tower, then
(1) sH˚(XS1

;Q) is not nilpotent,
(2) the center of sH˚(XS1

;Q) is non-trivial.
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