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Regularities of the theory of
quasi-geodesic mappings of special
parabolic spaces

Irina Kurbatova, Nadiia Konovenko, Margaret Pistruil

Abstract. We study quasi-geodesic mappings (QGM) of generalized recur-
rent-parabolic spaces f: (Va, gij, FI') = (Vn, Gis, FI'). QGM can be of two
types: general and canonical. This article examines the QG M of the general
type. Earlier, we considered the fundamental questions of the theory of
QGM of generalized-recurrent-parabolic spaces. We proved theorems that
allow for any generalized-recurrent-parabolic space (Vy, gij, Flh) to either find
all spaces (Vn, Gij, Fih) on which V,, admits QGM of the general form, or
prove that there are no such spaces.

In this article, we constructed a I'-transformation that makes it possible
to obtain from a pair of generalized-recurrent-parabolic spaces that are in
a quasi-geodesic mapping, an infinite sequence of pairs of other generalized-
recurrent-parabolic spaces, which are also in a quasi-geodesic mapping.

Awnotaris. B po6ori gociimkeorsest KBasi-reoge3udni sinobpakenns (KI'B)
y3arajabHEeHO-PEKYPEHTHO-TIapabOTITHIX TTPOCTOPIB

f : (Vn7gi.77F’ih) - (Vn7gl]7F'Lh)

KI'B MoxxyTh OyTu JBOX THIB: 3araJbHOrO BHILy i KaHOHiuHi. ¥ miit crarTi
nociiekyorbes KI'B ocroBHoro tumy. Paninte My posrisHyin yHIaMeH-
TajbHi muranasg Teopil KI'B ysarajpHeHO-peKkypeHTHO-apaboiTHuX Mpo-
cropiB. Mu moBesm Teopemmu, siki JO3BOMAIOTH i OyIb-AKOTO y3arajbHe-
HO-DEKypenTHO-mapadosiunoro mpoctopy (Vi, gij, FI') abo 3maiitu Bci Taxi
mpocropu (V o, §ij, FI'), na axi V, nonyckae KI'B 3arambroro sumy, abo mo-
BECTH, 1[0 TAKUX IIPOCTOPIB HEMAE.

B nawiit crarti Mmu mobymysamu [-nieperBopeHHs, sike ma€ 3MOTY i3 mapu
y3arajabHeHO-PEKYPEHTHO-TTAPAOOIIIHIX TPOCTOPIB, IO 3HAXOIATHCS B KBa-
3i-Te0JIe3MIHOMY Bi0OpaskeHHi, OTPUMATH HECKIHYEHHY IOCJIiIOBHICTD I1ap
IHIUX y3araabHEHO-PEKYPEHTHO-TIapabOITHIX ITPOCTOPIB, SIKi TAKOXK 3HAXO-
JATHCA B KBa3i-T€0I€3MTHOMY BiTOOpasKeHHi.
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1. INTRODUCTION

1.1.  This article is devoted to the study of diffeomorphisms of pseudo-
Riemannian spaces that belong to the intersection of classes of quasi-geodesic
mappings (QGM) [5,12-14,16,17,21,25] with the reciprocity condition and
almost-geodesic mappings of the second type [2,3,11,20,28-30]. We mean
that QGM

f: (VTM Gij, th) - (Vna gl]) Eh)
satisfies the reciprocity condition if the inverse mapping f~! is also QGM.

The fundamental equations of such a mapping f in a common coordinate
system (z') with respect to the mapping f has the form [16]

—h

Ty (z) = T(@) + ¥ (2)8f + d(2) FJy (), (1.1)

Fl(z) = F} (=),
giaF}q = _gjozFiaa giozF]q - _gjaFiaa (1'2)

h h

Fiigy = aFy, 1.3)
F'Fe =edl,  e=0,+1, (1.4)
where i, h,j,... = 1,2,...,n, F?j, f?j are the Christoffel symbols of V,,,

V., respectively; v;(x), ¢i(x), ¢;(x) are certain covectors; F/*(z) is affinor;
brackets (i, 7) denote the symmetrization with respect to the corresponding
indices; comma «,» is a sign of the covariant derivative in respect to the
connection of V.

If in (1.1) ¢; = 0 and ¥; # 0, then the quasi-geodesic mapping is called
a geodesic mapping, [8-10,28]. In the case ¢; # 0 and 1); = 0, the quasi-
geodesic mapping is called canonical, [13-15,24]. Also, if in (1.1) ¢; = 0
and ¥; = 0, the QG M is called trivial.

Equation (1.1) characterizes F-planar mappings which started to study
J. Mike§ and N. S. Sinyukov [19]. These results were specified in [7].

An affinor structure satisfying condition (1.4) is called [20]:

o ellipticif e = —1,

e hyperbolic if e = +1,

e m-parabolic when e = 0, rank F' =m (2m < n),
e parabolic when e = 0, rank ' =m (2m = n).

1.2.  We call an affinor structure F* that satisfies conditions (1.3) a generalized-
recurrent structure (of elliptic, hyperbolic, or parabolic type) [16].
If in (1.3) ¢; = 0, the affinor F* defines a K -structure, [1,12,29).
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In [17], a recurrent-parabolic structure was introduced, which is deter-
mined by the conditions:

FFY =0, giaFf = —gjaFY, Fl' = qF!.

i3

The articles [15,17,24] are devoted to some issues that concern quasi-
geodesic mappings of recurrent-parabolic spaces.

The K-structure and the recurrent-parabolic structure are the special
cases of a generalized-recurrent structure.

In the context of types of recurrences and methods for extracting special
spaces with structure, the papers [6,26] are of interest.

In [16,25] the properties of a generalized-recurrent structure of parabolic
type were studied.

We call the vector ¢; in (1.3) the generalized recurrence vector of the
structure Fl-h, and in the case Flh] = q]'.Fih, it will be called the recurrence
vector. Note that under the condition that g; is gradient, the affinor

oq()

oxt '
defines a K-structure in the generalized-recurrent space (V4,, gi, Fih), and a
Kahlerian structure in the recurrent-parabolic space. Shortly, in this case
Vi, 9ij, Fih) is a parabolic Kéhler space, see [18,20]. The studied mappings
are holomorphically projective mappings between parabolic Kahler spaces.

These problems were considered in [4,18,22,23| and also in the dissertation
by Shiha [27].

El' = ¢ 9F!,  where ¢ =

]

1.3. Let us define an operation of contraction with an affinor, which is
called conjugation with respect to the corresponding indices and is denoted
as follows

o ... B
791~~~jk71ajk+1~~~jrﬂ - ]}1--~jk71ijk+1~-jr’

I Jk—10Tk41--dr le---jk—lﬁjk‘-‘rl---jr
(0% N

1.4. 1In [16] it was proved that the image of a generalized-recurrent space
under QGM is also a generalized-recurrent space, that is

h ~ ph ~
Fo;) = 4G5y and G = qi — i + ¢5,
where <<£> is a sign of a covariant derivative in respect to the connec-
tion of V,,. In other words, the affinor Fl-h in the space V,, also defines
a generalized-recurrent structure.
Under the condition §; = ¢; we say that QGM preserves the generalized

recurrence vector. In this case, the vectors ¥; and ¢; in the basic QGM
equations (1.1) are related as follows:

v = ¢; (1.5)
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and ; is locally a gradient:

_ ) _ 1.l
YIS o V) = 2 ) Byl

In this paper, we consider quasi-geodesic mappings which preserve the
corresponding generalized recurrence vectors.

The investigation is carried out in tensor form, locally, in the class of
real sufficiently smooth functions.

2. INVARIANT TRANSFORMATION OF
GENERALIZED-RECURRENT-PARABOLIC SPACES THAT ARE IN A
QUASI-GEODESIC MAPPING

2.1. Assume that a generalized-recurrent-parabolic space (V;,, gij, Fih) ad-

mits a QGM onto (V ., gij, F).
Since gij, = 0 in Vo the equation (1.1) can be written in an equivalent
form

Gijk = 2053ij + GGk + 03Gik + GiF i + 6 Fik, (2.1)
Ek = giaF]?- '

Here «|» is a sign of the covariant derivative in respect to the connection
of V.
Let us introduce the nondegenerate tensor

1 _

9ij = 62w9aﬁgaigﬁj- (2.2)
Since Ging™" = 5211, we have that

gia,kgah = _giag,oléch'

Therefore, it follows from (2.1) and (2.2) that

1 1 1 1 1
Gijk = —i9jk — &9k — ¢iFjk — & Fik, (2.3)
where
1
¢i = €2w¢'y§7agaiv (24)
Fik’ = giaF]?

1
It is easy to check that in view of (1.2) and (1.5), ¢; is gradient and

1
9ij5

1 1



260 I. Kurbatova, N. Konovenko, M. Pistruil

2.2.  Consider a pseudo-Riemannian space X}n in which the tensor éij is its
metric tensor.

Let us rewrite the left side of (2.3) via the definition of the covariant
derivative in V,:

1
09 1 o 1 rw L 1 1 1
3ok = 9ol ki + 9ail's; = Gigin — &59in — Gilii — &Lk

1
Calculate now the first kind Christoffel symbols of V,, using the obtained
equality:

1 1 1 1 1
Lijk = 9oLy — ¢59i5 — ¢iFrj — ¢ Fri-

Contraction this equation with éhk = e_wgaggak ¢°" over indice k gives us:
1 1 1 1 1 1
U} =Tl — 659" gij — 6:F3;9" — ¢;F 9", (2.5)
1 1
where F;‘j are the second kind Christoffel symbols of the space V.

2.3. Consider the following tensor:

B} = 5" ga, (2.6)
and its inverse tensor

Bzh = e g, (2.7)

In accordance with equalities (1.2), (1.5), (2.2) and (2.4) the following
relations hold true:

1 ~ ~
Fh = FIBY = FBE, (2.8)
1 h 1 «
FhFe =, (2.9)
1

1 - 1
659" = Yag™ =", Fgig"’ = F{Bl = F.

Now (2.5) can be rewritten as follows:
1 11 11
thj = F%hj —"gij — QbiF;'L - ¢szh‘ (2.10)

1
2.4. Consider further a pseudo- Riemannian space V,, with a metric tensor

1
9ij = e gi;. (2.11)
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It is known that this dependence determines the conformal mapping of
1

V,, onto V,, so the following equality will hold for Christoffel symbols [28]:

1
Tl = Tl = ¥ gij + i8] + 1507
Substituting (2.10) into the latter equality, we get that
1 1 1 1 11 11
T} = Tf + 0i0) + ;00 + & F + 6, FF, (2.12)

1
where ; = ;.
1 L
Relations (2.12) mean that between V,, and V,, there is a QGM corres-
1
ponding to the affinor F?

From the definition of tensors B, Bl and equalities (1.2), (1.5), (2.2),
(2.4) and (2.11), we get that
1 N 1 W L1
! : o 1 : « L . « L 1 [¢7
giaFj = _gjaFi ) giaFj = _gjaFi :

2.5.  Consider the following tensor

1 1L
Fij = gia 7.

. " 1 1 1
Taking into account the definition of g;; and F;L we get that F;; = Fj;.
Let us find the relationship between the covariant derivatives of the ten-

1 1
sor Fj; in the spaces V,, and V;, taking into account (2.10) and (2.13):

1
1 OF.. 1 1 11

i1k = ax;‘fj — Fo;I%; — Fial';
OF. 1 1

- 872] — FoTy — Fiargj

O (2.14)

11
= Fijr + Foj <¢agm‘ + ¢y + ¢kF;'l> +
N L1
+ Fiq <¢ gkj + @i Fy + ¢5ij> = Fijk-
Here «1» is a sign of the covariant derivative in respect to the connection

1
of V.
Note that (1.3) are equivalent to the following relations:

Eiigy = Figidw)-
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Hence, it follows from (2.14) that
1 1
Figiwy = Figjar)-
1
Contraction this equation with ¢ over the index i gives us the following
identity:
! h 1 h
Flag = agFr- (2.15)

Obtained relations indicate that if the space V;, is generalized-recurrent with

1 1
respect to the affinor Fih, then V,, will be the same with respect to F i’
So, we have come to the conclusion that the mapping

T Lo,
fl(Vnagzijz)_)(Vnagzjan)

is characterized by the following conditions:

L 1 1 1 11 11
1 1 o 1 1 o 1 1 o 1 1 o
giaFj = _gjaFi ’ giaFj = _gjaFi )
FhEe—0
« 7 ?
1 11 1, 1
V; = O I, Fliey = 4Gk
This indicates that fi is a quasi-geodesic mapping of generalized-recur-
1

1o 1 111
rent-parabolic spaces (V,, 9ijs ?), (Vn, Gijs F f) which preserves the gene-

ralized recurrence vector ¢;. Thus, we have proved the following;:

Theorem 2.6. If there is a non-trivial QGM of generalized-recurrent-
parabolic spaces f: (Vn, gij, FI') — (V,Gij, F'), which corresponds to the
affinor Fih and the vector ¢;, then it generates another non-trivial QGM

of other generalized-recurrent-parabolic spaces

fi: (angijv Fi) — (Vn)gija Fy),
1 1
which corresponds to the affinor F;‘ and the vector ¢; and preserves the
. I S .
generalized recurrence vector q;. The tensors g;;, Gi;, Gis F? are given by

the formulas (2.2), (2.11), (2.4) and (2.8).

The found law, represented by formulas (2.2), (2.11), (2.4) and (2.8),
transfers a pair of generalized-recurrent-parabolic spaces

(angiquz‘h) and (angij’ﬂh)’
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that are in the QGM, into a new pair of generalized-recurrent-parabolic
spaces

1

1o 1, 11,
(VnagijaFi) and (VnagijaFi>a
connected by the same mapping. Similarly to how this is done in the theory
of geodesic mappings of Riemannian spaces [28] we call this law an invariant
transformation (U-transformation) of generalized-recurrent-parabolic spaces
that are in the QGM and denote it by

B 11 11
I'(9,9,0,F) = (9,9, F).
Here by (g, g, ¢, F') we denote the set of tensors that provide the QGM f,

11 1
and by (é,g, ¢, F') the set of tensors that provide the QGM f;.
In view of (2.14), as a consequence of Theorem 2.6 we obtain the following
result:

Corollary 2.7. If there exists a non-trivial QGM of recurrent-parabolic
(in particular parabolic Kdhler) spaces

£ Vo, gij. FY) = (Vi 36, FY),
which corresponds to the affinor Fih and the vector ¢;, then it generates an-
other non-trivial QGM of other recurrent-parabolic (in particular parabolic
Kadhler) spaces

1oq 1, = 1 1,
fl: (angzjan) - (Vn,gzjan)?
1 1

which corresponds to the affinor Ff and the vector ¢; and preserves the

. I .
generalized recurrence vector q;. The tensors g;;, Gi;, Gis F? are given by

the formulas (2.2), (2.11), (2.4) and (2.8).

3. PROPERTIES OF THE ['-TRANSFORMATION OF
GENERALIZED-RECURRENT-PARABOLIC SPACES THAT ARE IN A
QUASI-GEODESIC MAPPING

1
3.1. In view of (2.6) and (2.7) the metric tensors éij and g;; of the spaces

1 1 1 1
V, and V,,, vector ¢;, and afinor F ? which were obtained from the metric

tensors g;; and g;; of the spaces V,, and Vo, vector ¢; and Fih as a result
of the I'-transformation, can be written in the form

1 1
9ij = B 9ay 9ij = €Y gij, (3.1)

1 1 ~
6; = da BT, Fh— FhBe.
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1
Since, according to Theorem 2.6, the space V, admits a QGM onto
1 L 1
V., corresponding to the affinor Fih and the vector ¢,, then there exists a
I'-transformation

1111 922 2
I'(9,9.¢,F) = (9,9, ¢, F).

As a result of this transformation we will obtain the space (XQ/n, Z,Z.j, 1%’ ") that

admits a QGM onto (%n, gij, % f), corresponding to the affinor F%ih and the

vector éi, where

2 bl 2 1
9ij = B?Qaja 9ij = 62¢gij, (3.2)
2 11 o, 1,1
¢ = 9B, Fl = Fh B, (3.3)
By analogy with (2.6) and (2.7), we denote here
1 1 !L 1
B’]Ll = 62¢§ha.éai7 B? = 672#}5}“19011"

Comparing these relations with (2.6), (2.7) and (3.1), we come to the
conclusion that

1 1
Bl = gt g, = (e 6" (B gga) = BI.
1
In exactly the same way we also get that Bzh = Bz-h. Thus, we get the
following

Theorem 3.2. The tensors Bih and its inverse Bih, which are defined by
formulas (2.6) and (2.7), are invariant with respect to the I'-transformation.

3.3. Taking into account Theorem 3.2, equations (3.2), (3.3) can be rewrit-
ten as follows:

éij = Biﬁngaja éz’j = esz‘agaj,
& = 6 B3 B, B — R BBl
It is easy to see that the I‘(f}, ?7, ng, 127 )-transformation leads us to the set
(5.5, F)
.gij = Bngngaj, %ij = ewangaj,

3 3 ~ o~ o~
¢; = ¢a BB B}, F!'=F!'B3BYB].
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Denoting the s-th degree of the I'-transformation by I'*, we get that
s _ s S s S
r (gag7¢7F):(gaga¢aF)a

s (S)Q s 21,[;(8_51)

9ij = Bi'9aj, gij =€ Bi gaj- (3.4)
s (s) s (‘i)

¢i = da BT, F} = F! B¢, (3.5)

(5), . N ©, N
where B} is the s-th degree of the afinor B;' and B} = ¢;".

3.4. Naturally, the question arises whether the sequence of spaces (3.4)
will close, that is, is there a number s for which

re <gag7¢7F) = (g7g7¢7F>

In this case:

.éij = Gij
Hence, taking into account (3.4), we obtain that:
(s)
h h
Therefore,
(s) (5) 3
Bl =1, 1B =1, B =1.

In accordance with (2.7), taking into account the properties of the de-
terminant, we get that:

B = e2enldl g
gl
Taking logarithm of the last equality and differentiating the result with
respect to x*, we find that

2(n —1)(n + 2)1; = 0.

Hence, v¥; = 0 and QG M 1is a canonical. Since we considered QGM of
the main type (¢; # 0), we come to the conclusion that the sequence of
spaces (3.4) is not closed.

Thus, the following theorem holds:

Theorem 3.5. Suppose there exists a non-trivial QGM of generalized-
recurrent-parabolic spaces f: (Vi,gij, F") — (Vn,Gij, F'), which corre-
sponds to the affinor Fih and the vector ¢;. Then it generates an infinite



266 I. Kurbatova, N. Konovenko, M. Pistruil

sequence of non-trivial QG M of other generalized-recurrent-parabolic spaces

1
1 1 1 fl 1 1

(Vnugz'ij?) - (VnagijaF?)a
l

2 9 2,04 2 2 2,

(Vn)gij7Fi)_)(Vnagij7Fi)7
l

l
S s S S S s s
l

S S
which correspond to the affinor FZL and the vector ¢; and also preserve the
S S

. s S .
generalized recurrence vector q;. The tensors g;;, G;j, $i, F?, are given by

the formulas (3.4) and (3.5).

Such invariant transformation was constructed in 1961 by N. S. Sinyukov
for the geodesic mapping of Riemannian spaces [28]. In the present arti-
cle, for the first time, it was possible to generalize this result of N. S.
Sinyukov for another classes of mappings. In particular, holomorphic-
projective mappings of parabolic-Kéhlerian spaces are a special case of the
QGM of generalized-recurrent-parabolic spaces. Therefore, the results ob-
tained in this article can be successfully applied to holomorphic-projective
mappings of parabolic-K&hlerian spaces, which were studied in detail in the
papers [4,18,22,23] and also in the dissertation by M. Shiha [27].

4. AFFINOR STRUCTURES GENERATED BY THE ['-TRANSFORMATION

Assume that a generalized-recurrent-parabolic space (V,,, gij, Fih) admits

a QG M onto (Vn,gij,Fih).
Consider the following transformation

1111
F(g7g’¢7F):(g777¢7F)’

1 _
Let us investigate certain properties of the structure F i’ in V,, and V,,.
Notice that due to (1.2), (2.7), (2.8) and (2.9) the following obvious
relations hold:

! h ! «
FhEe =, (4.1)
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1 1 1 1
giaF? = *gjaF?a giaF? = *gjaF?- (4'2)

Taking into account (2.9), (2.10) and (2.13) the relationship between

1 1
the covariant derivatives of the tensor F ? in the spaces V,, and V,, can be
represented in the following form:

1 a 11, 11
lek’_a +FF _Fa ki
1 la h 1 lh 1 lh
= Fip = F (" 9ok + 0uFo + 0 F}) (4.3)

1h 11 1
+F0¢(¢ gk1+¢sz+¢kFa)

1 _
= Fl — e 209" Fy, — wiFQ.
From this equality it follows that

1 1 1
FZ‘,k) = F?ilk) + T/J(iFZ)- (4.4)

In accordance with (2.15), if the space (Vn,gw,F ), admitting a QGM
onto (V,, Gij Fih), is a generalized-recurrent-parabolic (in particular, K&h-
lerian, K-space or recurrent-parabolic), then as a result of the I'-trans-
formation we obtain a pair of spaces connected by QGM and beign also
generalized-recurrent-parabolic (Kéhlerian, K-space or recurrent-parabo-
lic).

According to (4.3) and (4.4) we conclude that if F* defines a generalized-
recurrent-parabolic structure in the space (V4,, gsj, F, ), that is, the following
condition

h _ h
iy = a6y

1
is satisfied, then F f in V,, also defines a generalized-recurrent-parabolic
structure with another generalized recurrence vector
1 h _ h ~
F(z‘,k) = q(iFk;)7 gi = ¢ + ;. (45)

Further, if Fih defines a recurrent-parabolic structure in (V,, gsj, F, ) that
is, the condition

h h
Fij = at;

1
holds, then F' f in V,, defines a generalized-recurrent-parabolic structure
being not recurrent-parabolic with a generalized recurrence vector ¢; =

qi + ;.
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Finally, if Fih defines a parabolic K-structure (in particular, parabolic
Kahlerian) in V},, that is, the condition F; (}; ;=0 (th] = 0) is satisfied, then
L 1
F'" = e=¥F in V,, defines a parabolic K-structure, which is not Kihlerian:

1
Fli =0 (4.6)

Taking into account (4.1), (4.2), (4.5) and (4.6) we get the following
result:

Theorem 4.1. Suppose there exists a non-trivial QGM of generalized-
recurrent-parabolic (in particular, recurrent-parabolic) spaces

f: (anglijzh) - (VnagijaFih)a

which corresponds to the affinor Fl-h and the vector ¢;. Then the tensor
1
Fh in V,,, given by formulas (2.7) and (2.8), defines another generalized-

recurrent-parabolic structure that is not recurrent-parabolic.

Theorem 4.2. Suppose there exists a non-trivial QGM of parabolic K-

spaces (in particular, parabolic Kihlerian) f: (Vi, gij, ) = (Vi gz, ),
which corresponds to the affinor Fih and the vector ¢;. Then the tensor

L 1
Fl=eVF}
in V,, defines another parabolic K -structure that is not Kdahlerian.

Note that in (V,, gij, F') the equalities (4.1) and (4.2) are satisfied and
the equalities similar to (4.5) and (4.6) are not satisfied. This means that

1
the parabolic affinor structure F’ i’ in V,, does not satisfy the required diffe-
rential conditions.

5. CONCLUSION

In this article, we constructed a I'-transformation allowed to obtain from
a pair of generalized-recurrent-parabolic spaces that are in a quasi-geodesic
mapping, an infinite sequence of pairs of other generalized-recurrent-parabolic
spaces, which are also in quasi-geodesic mappings. The found law, repre-
sented by formulas (2.2), (2.11), (2.4) and (2.8), transfers a pair of generalized-
recurrent-parabolic spaces (V,, gij, FM and (V,, Gijs FM), that are in the
QGM, into a new pair of generalized-recurrent-parabolic spaces

1 1 1 1

n 11
(Vn,gij,F?) and (Vn,gl-j,F?),
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connected by the same mapping. Similarly to the theory of geodesic map-
pings of Riemannian spaces [28|, we call this law an invariant transforma-
tion (I-transformation) of generalized-recurrent-parabolic spaces that are
in the QGM and denote it by

1111
F(g7g’¢7F):(g7g7¢7F)‘

Moreover, if there is a non-trivial QG M of generalized-recurrent-parabolic
(recurrent-parabolic or parabolic Kéhlerian) spaces

f (angij7Fih) - (Vmgij’Fih)a

which corresponds to the affinor Fih and the vector ¢;, then it generates
an infinite sequence of non-trivial QGM of other generalized-recurrent-
parabolic (recurrent-parabolic or parabolic Kéhlerian) spaces

s s S s s

fs X7 =
(Vm;z'ij?) - (Vnagija F?),

S S
which correspond to the affinor F ? and the vector ¢; and also preserve the
generalized recurrence vector ¢;. That is, the equality

re (g7g7¢7F> = (97§7¢7F)

is not satisfied for any value of s.

REFERENCES

[1] D. Beklemishev. Differential geometry of spaces with almost complex structure. In
Geometry 1963, Ttogi Nauki, pages 165-212. Akad. Nauk SSSR Inst. Nau¢n. Informacii,
Moscow, 1965. (in Russian).

[2] V. Berezovskii and J. Mikesh. Almost geodesic mappings of spaces with affine con-
nection. J. Math. Sci. (N.Y.), 207(3):389-409, 2015. Translated from Itogi Nauki
Tekh. Ser. Sovrem. Mat. Prilozh. Temat. Obz. Vol. 126, Geometry, 2013. doi:
10.1007/s10958-015-2378-5.

[3] V. Berezovskii, J. Mikesh, G. Khuda, and E. Chepurnaya. Canonical almost geodesic
mappings that preserve the projective curvature tensor. Izv. Vyssh. Uchebn. Zaved.
Mat., 6:3-8, 2017. doi:10.3103/s1066369x17060019.

[4] H. Chuda, J. Mikesh, P. Pegka, and M. Shiha. On holomorphically projective mappings
of equidistant parabolic Kéhler spaces. In Geometry, integrability and quantization,
volume 19 of Geom. Integrability Quantization, pages 115-121. Bulgar. Acad. Sci.,
Sofia, 2018.

[5] D. Doikov and V. Kiosak. On the Schwarzschild model for gravitating objects of the
universe. AIP Conference Proceedings, 2302:040001, 2020.

[6] I. Hinterleitner and V. Kiosak. Special Einstein’s equations on Kahler manifolds. Arch.
Math. (Brno), 46(5):333-337, 2010. doi:10.5817/am2012-5-333.

[7] L. Hinterleitner, J. Mikesh, and P. Peska. Fundamental equations of F-planar mappings.
Lobachevskii J. Math., 38(4):653-659, 2017. doi:10.1134/51995080217040096.



270 I. Kurbatova, N. Konovenko, M. Pistruil

[8] V. Kiosak, A. Savchenko, and A. Kamienieva. Geodesic mappings of compact quasi-
Einstein spaces with constant scalar curvature. AIP Conference Proceedings 2302, page
040002, 2020.

[9] V. Kiosak, A. Savchenko, and S. Khniunin. On the typology of quasi-Einstein spaces.
AIP Conference Proceedings 2302, page 040003, 2020.

[10] V. Kiosak, A. Savchenko, and O. Latysh. Geodesic mappings of compact quasi-Einstein
spaces, II. Proc. Int. Geom. Cent., 14(1):80-91, 2021. doi:10.15673/tmgc.v14i1.
1936.

[11] V. Kiosak, A. Savchenko, and T. Shevchenko. Holomorphically projective mappings of
special Kéhler manifolds. AIP Conference Proceedings, 2025(080004), 2018.

[12] 1. Kurbatova. Quasi-geodesic mappings of Riemannian spaces. Ph.D. thesis, Odesa
Mechnikov National University, 1980. Supervisor N. S. Sinyukov (in Russian).

[13] L. Kurbatova. Canonical quasi-geodesic mappings of Kéhler spaces. Proc. Intern. Geom.
Center, 7(1):53-64, 2014. (in Russian).

[14] I. Kurbatova. On laws of canonical quasi-geodesic mappings of parabolically Kéahler
spaces. Proc. Intern. Geom. Center, 7(2):26-35, 2014. (in Russian).

[15] I. Kurbatova and D. Lozienko. On canonical quasigeodesic mappings of recurrent
parabolic spaces. Proc. Int. Geom. Cent., 10(3-4):44-57, 2017.

[16] I. Kurbatova and M. Pistruil. Quasigeodesic mappings of special pseudo-Riemannian
spaces. Proc. Int. Geom. Cent., 13(3):18-32, 2020. doi:10.15673/tmgc.v13i3.1770.

[17] 1. Kurbatova and O. Sisyuk. Quasi-geodesic mappings of recurrent parabolically spaces.
Proc. Intern. Geom. Center, 8(1):74-83, 2014. (in Russian).

[18] J. Mikesh. Holomorphically projective mappings and their generalizations. J. Math.
Sci. (New York), 89(3):1334-1353, 1998. Geometry, 3. doi:10.1007/BF02414875.

[19] J. Mikesh and N. S. Sinyukov. Quasiplanar mappings of spaces with affine connection.
Izv. Vyssh. Uchebn. Zaved. Mat., (1):55-61, 1983.

[20] J. Mikesh, A. Vanzurova, and 1. Hinterleitner. Differential Geometry of Special Map-
pings. Palacky Univ. Press, Olomouc, Czech Republic, second edition, 2019. doi:
10.5507/prf.19.24455365.

[21] A. Z. Petrov. Modeling of the paths of test particles in gravitation theory. Gravitacija
i Teor. Otnositelnosti, (6):7-21, 1969.

[22] M. Petrovi¢ and P. Peska. Equitorsion holomorphically projective mappings of gene-
ralized m-parabolic Kdhler manifolds. Filomat, 33(4):1047-1052, 2019. doi:10.2298/
£i11904047p.

[23] P. Peska, J. Mikesh, H. Chud4, and M. Shiha. On holomorphically projective mappings
of parabolic K&hler manifolds. Miskolc Math. Notes, 17(2):1011-1019, 2016. doi:10.
18514/MMN.2017.1893.

[24] M. Pistruil and I Kurbatova. Canonical quasi-geodesic mappings of special pseudo-
Riemannian spaces. Proc. Int. Geom. Cent., 15(3-4):163-176, 2022.

[25] M. Pistruil, I. Kurbatova, and N. Konovenko. Fundamental theorems of quasi-geodesic
mappings of generalized-recurrent-parabolic spaces. Proc. Int. Geom. Cent., 16(3-
4):2177230, 2023. doi:10.15673/pigc.v16i3.2576.

[26] A. Savchenko, N. Vashpanova, and N. Vasylieva. Generalized ¢(Ric)-vector fields in
special pseudo-Riemannian spaces. Proc. Int. Geom. Cent., 14(4):231-242, 2021. doi:
10.15673/tmgc.v14i4.2155.

[27] M. Shiha. Geodesic and holomorphically projective mappings of parabolically Kihlerian
spaces. Ph.D. thesis, Odesa Mechnikov National University, 1992. Supervisor J. Mikes
(in Russian).



Regularities of the theory of quasi-geodesic mappings 271

[28] N. Sinjukov. Geodezicheskie otobrazheniya rimanovykh prostranstv. “Nauka’”, Moscow,
1979.

[29] N. Sinyukov. Almost geodesic mappings of affinely connected and Riemannian spaces.
In Problems in geometry, Vol. 13, Itogi Nauki i Tekhniki, pages 3—26, 199. Akad. Nauk
SSSR, Vsesoyuz. Inst. Nauchn. i Tekhn. Inform., Moscow, 1982.

[30] M. Stankovié, M. Zlatanovié, and N. Vesié. Basic equations of G-almost geodesic map-
pings of the second type, which have the property of reciprocity. Czechoslovak Math.
J., 65(140)(3):787-799, 2015. doi:10.1007/s10587-015-0208-z.

Received: April 18, 2024, accepted: December 1, 2024.

Irina Kurbatova

DEPARTMENT OF ALGEBRA, GEOMETRY AND DIFFERENTIAL EQUATIONS
ODESA NATIONAL UNIVERSITY

ODESA, UKRAINE

Email: irina.kurbatova27@gmail.com

ORCID: 0000-0003-0215-6060

Nadiia Konovenko

DEPARTMENT OF PHYSICAL AND MATHEMATICAL SCIENCES
ODESA NATIONAL UNIVERSITY OF TECHNOLOGIES

ODESA, UKRAINE

Email: ngkonovenko@gmail.com

ORCID: 0000-0002-8631-0688

Margaret Pistruil

ODESA NATIONAL UNIVERSITY

ODESA, UKRAINE

Email: margaret.pistruil@gmail.com
ORCID: 0000-0009-5435-8503



