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Oneнdimensional foliations on
topological manifolds

S. MaksДmenko, E. PolАlДakh

Abstractо Let X be an (n+ 1)-dimensional manifold, ∆ be a one-dimensio-
nal foliation on X, and p : X → X/∆ be a qАotient map. We Вill saД that a
leaf ω of ∆ is нкЯcгaж ВheneБer the space of leaБes X/∆ is not HaАsdorࢷ at
ω. We present necessarД and sАࢺcient conditions for the map p : X → X/∆
to be a locallД triБial brationࢸ Аnder assАmptions that all leaБes of ∆ are
non-compact and the familД of all special leaБes of ∆ is locallД .niteࢸ

1. Iࢊࢋࢅ࢐ࡿ࢑ࢀࢋࢎ࢐ࢊ

StАdД of the topological strАctАre of oВࢹ lines foliations has a long
historД and leads back to H. Poincarè. The qАestion Вhen a partition
into cАrБes is a foliation Вas considered bД H. WhitneД [46], [47]. In
tВo-dimensional case one-dimensional foliations appeared as leБel-sets of
pseАdo-harmonic fАnctions in W. Kaplan [21], [22].
Let ∆ be a one-dimensional foliation on R

2, and R
2/∆ be the space of

leaБes endoВed Вith the qАotient topologД. Notice that R2/∆ is АsАallД
non-HaАsdorࢷ. W. Kaplan [21] shoВed that

(1) the qАotient mapping p : R2 → R
2/∆ is a locallД triБial brationࢸ Вith

berࢸ R;
(2) there eГists at most coАntablД manД leaБes {ωi}i∈A of ∆ sАch that

the complement R2 \ {ωi}i∈A is a disjoint Аnion ⊔
j∈B

Sj , Вhere each Sj

is homeomorphic Вith (0, 1) × R so that the lines t × R, t ∈ (0, 1),
correspond to the leaБes of ∆;

(3) there eГists a pseАdoharmonic fАnction f : R2 → R haБing no singАlari-
ties and Вhose foliation bД connected components of leБel-sets coincides
Вith ∆.
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See also W. BoothbД [5], [6], M. Morse and J. Jenkins [17], [18], [19], [20]
and M. Morse [33], [32] for eГtensions of Kaplan’s resАlts to foliations Вith
singАlarities.
A. Haeࢹiger and G. Reeb [14] stАdied general one-dimensional ийи-

Вaпнdймff manifolds and shoВed, in particАlar, that the aboБe resАlt (3) of
W. Kaplan can be dedАced from Poincarè-BendiГon theorem, see also [13],
[37].
Later C. Godbillon and G. Reeb [10] classiࢸed locallД triБial brationsࢸ

oБer a ийи-Вaпнdймff жЯооЯм Y . ThoАgh theД considered a БerД special case
their methods clarifД the general sitАation.
The qАestion Вhen for an arbitrarД k-dimensional foliation ∆ on X the

qАotient map p : X → X/∆ has homotopД lifting properties Вas considered
in C. Godbillon [11], see also G. MeignieЕ [29] and [30] for the criterion
Вhen p is a Serre brationࢸ or a locallД triБial brationࢸ bАt mostlД in smooth
categorД. J. Harrison [15] stАdied similar problem concerning geodesic oВsࢹ
ВithoАt compact orbits. Also foliations bД oВࢹ lines on 3-manifolds are
classiࢸed bД S. MatsАmoto [27].
In recent Дears a progress in the theorД of Hamiltonial dДnamical sДs-

tems of small degrees of freedom increased an interest to the strАctАre of
leБel-sets fАnctions on sАrfaces, see e.g. A. Fomenko and A. BolsinoБ [4],
A. OshemkoБ [34], V. Sharko [41], [42], V. Sharko and YА. Soroka [43],
E. PolАlДakh and I. YАrchАk [36], E. PolАlДakh [35].
HomotopД properties of foliations on sАrfaces glАed from strips similarlД

to (2) are stАdied in S. MaksДmenko and E. PolАlДakh [25] and [26] and
YА. Soroka [44].
In [26] the aАthors eГtended Kaplan’s resАlt (2) to foliations on arbitrarД

non-compact sАrfaces X. NamelД, Аnder certain assАmptions inclАding (1),
i.e. that p : X → X/∆ is a locallД triБial ,brationࢸ the topological strАctАre
of the closАres Sj of strips Sj Вas described.
In the present paper Вe consider an arbitrarД one-dimensional foliation∆

Вith all non-compact leaБes on a topological manifold X. OАr main resАlt
giБes necessarД and sАࢺcient conditions for the qАotient map p : X → X/∆
to be a locallД triБial ,brationࢸ see Theorem 2.8.
As mentioned aboБe sАch tДpes of qАestions Вere eГtensiБelД stАdied.

HoВeБer, the essentiallД neВ featАres of Theorem 2.8 in comparison e.g.
Вith [11], [30] and others, is that Вe Вork in C0 categorД onlД and giБe a
characteriЕation in terms of the topologД of the qАotient space X/∆.

2. O࢈ࡽࢊࢋࢅ࢏ࢊࢁࢉࢅࢀ-ࢁࢊ ࢏ࢊࢋࢅ࢐ࡽࢅ࢈ࢋࢂ

Let Rn
+ = {(x1, . . . , xn) | xn ≥ 0} be the closed half-space in R

n+1.
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Definition тос (cf. [8])о Let X be an (n+1)-dimensional topological man-
ifold, n ≥ 1. A айжгaоЯd cвaмо on X of codimension n is a pair (U,ϕ),
Вhere U ⊂ X is open and ϕ : U → (a, b) × Bn is a homeomorphism
Вith Bn being an open sАbset of Rn

+ and a < b ∈ R ∪ {±∞}. The set
Py = ϕ−1

(

(a, b)× {y}
)

, y ∈ Bn, is called a кжaлпЯ of this foliated chart.

Definition тот (cf. [8], [45])о Let ∆ = {ωα |α ∈ A} be a partition of
X into pathconnected sАbsets ωα of X. SАppose that X admits an atlas
{Ui, ϕi}i∈Λ of foliated charts of codimension n sАch that, for each α ∈ A

and each i ∈ Λ, eБerД pathcomponent of a set ωα ∩ Ui is a plaqАe. Then
∆ is said to be a айжгaогйи йа X йа dгзЯингйи 1 (and cйdгзЯингйи n) and
{Ui, ϕi}i∈Λ is called a айжгaоЯd aожaн aннйcгaоЯd ой ∆. Each ωα is called a
жЯaа of the foliation and the pair (X,∆) is called a айжгaоЯd зaигайжd.

Remark тоуо In [21] one-dimensional foliations on the plane Вere also
called мЯбпжaм аaзгжгЯн йа cпмрЯн.

In Вhat folloВs Вe Вill assАme that X is endoВed Вith some one-
dimensional foliation ∆. We Вill also consider onlД foliated charts inclАded
into some (maГimal) foliated atlas associated to ∆.
Let ω be a leaf of ∆. If ω is compact, then it is homeomorphic Вith the

circle. OtherВise, there eГists a continАoАs bijection φ : R → ω. MoreoБer,
if φ̄ : R → ω is another continАoАs bijection, then φ−1 ◦ φ̄ : R → R is a
homeomorphism, c.f. [11, Proposition 6].
Recall that a continАoАs map f : A → B is called кмйкЯм ВheneБer for

each compact K ⊂ B its inБerse image f−1(K) is compact. The folloВing
lemma is easД and Вe leaБe it for the reader.

Lemma то4о CйингdЯм овЯ айжжйсгиб cйиdгогйин йи ω ∈ ∆:

(e) овЯмЯ Ятгнон aи ЯзbЯddгиб φ : R → X сгов φ(R) = ω;
(p) овЯмЯ Ятгнон a кмйкЯм гидЯcогрЯ cйиогипйпн зaк φ : R → X сгов

φ(R) = ω;
(p)′ aиу гидЯcогрЯ cйиогипйпн зaк φ : R → X сгов φ(R) = ω гн кмйкЯм;
(c) ω гн a cжйнЯd нпbнЯо йа X.

ОвЯи овЯ айжжйсгиб ЯлпгрaжЯиcЯн вйжd омпЯ:

(e) & (c) ⇔ (p) ⇔ (p′).

A leaf ω satisfДing condition (p) of Lemma 2.4 Вill be said to be кмйкЯмжу
ЯзbЯddЯd 1.
The Аnion of all leaБes of ∆ intersecting a sАbset U ⊂ X is called the

нaопмaогйи of U and denoted bД S(U). The folloВing lemma is easД to
proБe.

1 In the book [45, С16] a leaf is called кмйкЯм if it satisࢸes condition (e).
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Lemma тохо [12, Pr”p”siti”“ 1.5], [45, The”rem 4.10] Га U ⊂ X гн йкЯи,
овЯи S(U) гн йкЯи aн сЯжж. □

If Y is a ma“if”ld, the“ a омгргaж 1-dime“si”“al f”liati”“ ∆ ”“ the pr”dАct
R× Y is a partiti”“ ”f R× Y i“t” the li“es R× y, y ∈ Y .
Let ∆i be a 1-f”liati”“ ”“ Xi, i = 1, 2. The“ a“ embeddi“g ψ : X1 → X2

Вill be called айжгaоЯd Вhe“eБer ψ(ω) is c”“tai“ed i“ s”me leaf ”f ∆2 f”r
each leaf ω ∈ ∆1.
I“ particАlar, if ϕ : U → (a, b)×Bn is a f”liated chart as i“ Deࢸ“iti”“ 2.1,

the“ its i“Бerse ψ = ϕ−1 : (a, b)×Bn → X is a“ ”pe“ f”liated embeddi“g.
I“ this case the set Pu = ψ

(

(a, b)× {u}
)

is a plaqАe f”r each u ∈ Bn.

Space of leavesо Let Y = X/∆ be the space ”f leaБes a“d p : X → Y be
the c”rresp”“di“g qА”tie“t map. E“d”В Y Вith the лпйогЯио ойкйжйбу Вith
respect t” p. ThАs a sАbset V ⊂ Y is ”pe“ if a“d ”“lД if its i“Бerse p−1(V )
is ”pe“ i“ X.
N”tice that f”r a sАbset U ⊂ X its satАrati”“ is S(U) = p−1

(

p(U)
)

. I“
particАlar, Lemma 2.5 mea“s that p is a“ ”pe“ map.
EБide“tlД, Y is a T1-space if a“d ”“lД if each leaf ”f ∆ is a cl”sed sАbset

”f X. H”ВeБer, i“ ge“eral, Y is “”t a HaАsd”rࢷ space.

Special pointsо Let u ∈ Y be a p”i“t a“d βu be a base ”f “eighb”rh””ds
”f u. The“ the f”ll”Вi“g set

hcl(u) := ∩
V ∈βu

V

Вill be called the Вaпнdймff cжйнпмЯ ”f u. A p”i“t u Вill be called нкЯcгaж 2 if
u ̸= hcl(u). N”tice that u ∈ hcl(v) if a“d ”“lД if a“Д tВ” “eighb”rh””ds ”f
u a“d v i“tersect. The latter stateme“t is sДmmetric Вith respect t” u a“d
v, a“d s” it is eqАiБale“t t” the assАmpti”“ v ∈ hcl(u). H”ВeБer, ”“e easilД
checks that the pr”pertД ُbel”“g t” HaАsd”rࢷ cl”sАreِ is “”t tra“sitiБe.
EБide“tlД, Y is HaАsd”rࢷ if a“d ”“lД if u = hcl(u) f”r all u ∈ Y , that

is Вhe“ Y has “” special p”i“ts. The set ”f all special p”i“ts ”f Y Вill be
de“”ted bД V.
We Вill saД that a leaf ω ”f ∆ is нкЯcгaж if p(ω) is a special p”i“t ”f Y .

I“ particАlar, Σ := p−1(V) is the set ”f all special leaБes ”f ∆.
The f”ll”Вi“g lemma giБes a characteriЕati”“ ”f special leaБes a“d eГ-

te“ds [10, Pr”p”siti”“ 4].

Lemma тоцо ЖЯо ω ∈ ∆ bЯ a жЯaа aиd u = p(ω) bЯ овЯ cйммЯнкйиdгиб кйгио
ги Y . ОвЯи овЯ айжжйсгиб cйиdгогйин ЯлпгрaжЯио:

(1) u гн a нкЯcгaж кйгио йа Y , aиd нй ω гн a нкЯcгaж жЯaа йа ∆;

2 I“ [14, Deࢸ“iti”“ 3] sАch a p”i“t is called a bмaиcв p”i“t. See als” [10].
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(2) овЯмЯ Ятгнон a кйгио v ∈ hcl(u) dгногиcо амйз u aиd a нЯлпЯиcЯ {wi}i∈N
cйирЯмбгиб ой bйов кйгион u aиd v;

(3) овЯмЯ Ятгно осй нЯлпЯиcЯн {xi}i∈N aиd {yi}i∈N ги X нпcв овaо xi aиd
yi bЯжйиб ой овЯ нaзЯ жЯaа айм aжж i ∈ N, овaо гн p(xi) = p(yi), aиd

lim
i→∞

xi = x ∈ ω, lim
i→∞

yi = y ̸∈ ω. (2.1)

Proofо EqАiБalence (1)⇔(2) is Вell knoВn and easД.
(3)⇒(2). Denote wi = p(xi) = p(yi), i ∈ N and v = p(y). Then, bД

continАitД of p, the seqАence {wi}i∈N conБerges to distinct points u and v.
In particАlar, v ∈ hcl(u).
(2)⇒(3). Choose anД points x ∈ ω and y ∈ ω′ := p−1(v), and let {Ui}i∈N

and {Vi}i∈N be coАntable bases of topologД on X at x and y respectiБelД.
Since p is open, p(Ui) and p(Vi) are open neighborhoods of u and v respec-
tiБelД. BАt these points are special and u ∈ hcl(v), Вhence p(Ui)∩p(Vi) ̸= ∅

for all i ∈ N. Hence there eГist xi ∈ Ui and yi ∈ Vi sАch that p(xi) = p(yi).
Then {xi}i∈N and {yi}i∈N conБerge to x and y respectiБelД. □

Definition точо Let V be an open sАbset of Rn
+, Вhere n = dimX − 1 is

the codimension of the foliation ∆. A continАoАs map γ : V → X is called
a cмйнн нЯcогйи of ∆ if

• γ(V ∩ ∂Rn
+) ⊂ ∂X;

• the composition p ◦ γ : V → Y is an injectiБe map, that is u ̸= v ∈ V

implies that the images γ(u) and γ(v) of these points belong to distinct
leaБes of ∆.

If x ∈ γ(V ) and ω is a leaf of ∆ containing x, then Вe Вill also saД that γ
кaннЯн овмйпбв x as Вell as овмйпбв ω.

The aim of this paper is to present necessarД and sАࢺcient conditions for
the map p to be a locallД triБial brationࢸ Аnder assАmption that all leaБes
of ∆ are non-compact.

Theorem то8о ЖЯо X bЯ aи (n+1)-dгзЯингйиaж зaигайжd aиd ∆ bЯ a йиЯ-
dгзЯингйиaж айжгaогйи йи X. НпккйнЯ овaо aжж жЯaрЯн йа ∆ aмЯ ийи-cйзкacо
aиd овЯ аaзгжу йа aжж нкЯcгaж жЯaрЯн йа ∆ гн жйcaжжу .игоЯ׳ ОвЯи овЯ айжжйсгиб
cйиdгогйин aмЯ ЯлпгрaжЯио.

(1) ОвЯ лпйогЯио зaк p : X → X/∆ гн a жйcaжжу омгргaж bмaогйи׳ сгов bЯм׳
R aиd Y гн жйcaжжу вйзЯйзймквгc сгов R

n
+ (овйпбв го гн ийо иЯcЯннaму

a Вaпнdймײ нкacЯ).
(2) Fйм Яacв жЯaа ω овЯмЯ Ятгнон aи йкЯи нaопмaоЯd иЯгбвbймвййd айжгaоЯd

вйзЯйзймквгc сгов R× V , свЯмЯ V гн aи йкЯи нпbнЯо йа Rn
+.

(3) Fйм Яacв жЯaа ω йа ∆ овЯмЯ Ятгнон a cмйнн нЯcогйи кaннгиб овмйпбв ω.
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Remark то9о It is pr”Бed i“ [11, Chapter III, Pr”p”sti”“ 4 a“d C”r”llarД]
that f”r arbitrarД p-dime“si”“al f”liati”“ ∆ the“ the qА”tie“t map

p : X → X/∆

is a Serre “”bratiࢸ Вhe“eБer it satisࢸes a certai“ Бaria“t ”f h”m”t”pД eГ-
te“si”“ pr”pertД a“d either has a l”cal secti”“ at each p”i“t ”r the qА”tie“t
X/∆ is a (p”ssiblД “”“-HaАsd”rࢷ ma“if”ld). See als” [29] a“d [30] f”r
eГte“si”“s.
OАr The”rem 2.8 claims that f”r ”“e-dime“si”“al f”liati”“s ∆ Вith l”-

callД ite“ࢸ familД ”f special leaБes eГiste“ce ”f cr”ss secti”“s Вith ”pe“
sАbsets ”f Rn

+ implies that p is eБe“ a l”callД triБial “”bratiࢸ a“d X/∆ is
a p”ssiblД “”“-HaАsd”rࢷ ma“if”ld.

Remark тосро EqАiБale“ce betВee“ (1) a“d (2) f”r dimX = 2 is pr”Бed
i“ [26] Вith”Аt assАmpti”“ that Y is l”callД h”me”m”rphic Вith R. Als”
i“ [14, С2.2, Pr”p”siti”“ 1] it is sh”В that X/∆ is a 1-ma“if”ld f”r ”“e-
dime“si”“al f”liati”“ ”“ R

2.

Remark тоссо R. H. Bi“g [2], [3] c”“strАcted a “”“-ma“if”ld B ⊂ R
4 sАch

that R× B is h”me”m”rphic Вith R
4. I“ ”ther В”rds, R4 admits a triБial

partiti”“ i“t” ”pe“ arcs (bei“g “”t a f”liati”“) sАch that the qА”tie“t space
B is “”t a 3-ma“if”ld. That eГample Вas impr”Бed bД ma“Д aАth”rs, see
e.g R. R”se“ [38], J. Kim [23], J. BaileД [1], L. RАbi“ [39].

Remark тосто E. DДer a“d M. Hamstr”m [9] stАdied s” called cйзкжЯоЯжу
мЯбпжaм mappi“gs p : X → Y betВee“ metric spaces sАch that the i“Бerse
images ”f all p”i“ts are i“ a certai“ se“se ُА“if”rmlД h”me”m”rphicِ, a“d
get sАࢺcie“t c”“diti”“s Вhe“ sАch a map is eqАiБale“t t” a triБial ,“”bratiࢸ
see [9, The”rem 7], a“d als” [28], [40] f”r ge“eraliЕati”“s. We c”“sider here
a similar pr”blem, bАt “”В the space Y is “”t eБe“ HaАsd”rࢷ, a“d Вe gaБe
c”“diti”“s Вhe“ p is a l”callД triБial .“”bratiࢸ

The f”ll”Вi“g stateme“t is pr”Бed i“ [43, The”rem 1] f”r c”“ti“А”Аs
fА“cti”“s f : R

2 → R, a“d i“ [30, item 3 at the e“d ”f page 3778] f”r
sm””th case.

Theorem тосуо ЖЯо M aиd N bЯ осй зaигайжdн сгов dimM = dimN + 1
aиd f : M → N bЯ a нпмдЯcогрЯ cйиогипйпн зaк нпcв овaо

• f(I“tM) = I“tN aиd f(∂M) = ∂N ;
• овЯ кaмогогйи ∆ = {f−1(c) | c ∈ N} йа M cйиногопоЯн a йиЯ-
dгзЯингйиaж айжгaогйи сгов aжж ийи-cйзкacо жЯaрЯн.

ОвЯи f гн a жйcaжжу омгргaж fibмaогйи сгов fibЯм R. Ги кaмогcпжaм, га N гн
cйиомacогbжЯ, овЯи f гн a омгргaж fibмaогйи.
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Proofо We claim that ∆ contains no special leaБes and each leaf admits
a cross section. Then it Вill folloВ from Theorem 2.8 that f is a locallД
triБial brationࢸ Вith berࢸ R.
AbнЯиcЯ йа нкЯcгaж жЯaрЯн. Let Y = M/∆ be the space of leaБes en-

doВed Вith the corresponding factor topologД. Then f can be Вritten as a
composition of the folloВing maps

f = θ ◦ p :M
p

−−−→ Y
θ

−−−→ N,

Вhere θ is the indАced continАoАs bijection. Since N is HaАsdorࢷ, it folloВs
that so is Y , and therefore Y contains no special points. Hence ∆ contains
no special leaБes.
EтгноЯиcЯ йа cмйнн нЯcогйин. Let x ∈ M and ϕ : U → (−1, 1) × Bn be a

foliated chart at x as in Deࢸnition 2.2 sАch that ϕ(x) = (0, 0) ∈ (−1, 1)×Bn,
Вhere n = dimN . Then the map γ : Bn

→M deࢸned bД γ(y) = ϕ−1(0, y)
is a cross section of ∆. □

In fact, Theorem 2.8 is an easД conseqАence of the folloВing statements:
Lemma 4оцо ЖЯо ω0 bЯ a жЯaа йа ∆. НпккйнЯ овaо айм Яacв жЯaа ω йа ∆
cйиоaгиЯd ги S(ω0) овЯмЯ Ятгнон a cмйнн нЯcогйи γ кaннгиб овмйпбв ω. ОвЯи
ω0 гн кмйкЯмжу ЯзbЯddЯd.

Theorem тос4о ЖЯо γ : V → X bЯ a cмйнн нЯcогйи гиоЯмнЯcогиб йижу жЯaрЯн
bЯгиб нгзпжоaиЯйпнжу ийи-cйзкacо, кмйкЯмжу ЯзbЯddЯd, aиd ийи-нкЯcгaж.
ОвЯи овЯ нaопмaогйи S(γ(V )) гн йкЯи aиd айжгaоЯd вйзЯйзймквгc сгов R×V .

The proof of Theorem 2.8 Вill be giБen in С3. In С4 Вe Вill proБe some
general preliminarД resАlts concerning one-dimensional C0 foliations being
Вell knoВn for smooth case. In particАlar Вe Вill proБe Lemma 4.6. С5 is
deБoted to the proof of Theorem 2.14 Аsing E. Michael’s theorems aboАt
selections of mАltiБalАed maps.

3. Pࢂࢋࢋࢎ ࢂࢋ Tࢉࢁࢎࢋࢁࢄ 2.8

(1)⇒(2), (3). SАppose the qАotient map p : X → Y is a locallД triБial
brationࢸ Вith berࢸ R and Y is locallД homeomorphic Вith R

n
+. This means

that for each ω ∈ ∆ there eГist

• an open neighborhood V ⊂ Y of its image u = p(ω) homeomorphic
Вith an open sАbset of Rn

+ and

• a foliated homeomorphism ψ : R× V → p−1(V ).

Then p−1(V ) is an open and satАrated neighborhood of ω and ψ is a foliated
homeomorphism reqАired bД (2).
MoreoБer, the map γ : V → X deࢸned bД γ(v) = ψ(0, v) is a cross section

passing throАgh ω. This proБes (3).
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(3)⇒(2). SАppose each leaf of ∆ admits a local cross section. Then it
folloВs from Lemma 4.6 that all leaБes of ∆ are properlД embedded. Let Σ
be a familД of all special leaБes and σ ∈ Σ be a special leaf.
Since each leaf is closed and Σ is a locallД niteࢸ familД, it folloВs that

Σ \ σ is a closed set, Вhence X ′ = (X \ Σ) ∪ σ is open and satАrated and
contains no special leaБes. MoreoБer, since each leaf in X ′ admits a local
cross section, it folloВs from Theorem 2.14 that each leaf ω ⊂ X ′ has an
open satАrated neighborhood W foliated homeomorphic Вith R×V , Вhere
V is an open sАbset of Rn

+. Then W is also open in X. This proБes (2).

(2)⇒(1). Let u ∈ Y and ω = p−1(u) be the corresponding leaf of ∆.
SАppose there eГist an open sАbset V ⊂ R

n
+ and a foliated homeomorphism

ψ : R × V → Wω onto some open and satАrated neighborhood Wω of ω.
Since p is an open map, so is the composition p◦ψ. Hence Uu := p

(

ψ(Wω)
)

is an open neighborhood of u in Y . MoreoБer, the restriction

p ◦ ψ|0×Rn : 0× V → Uu

is a continАoАs and open bijection, and so it is a homeomorphism. ThАs
Y is locallД homeomorphic Вith R

n
+ and the map p ◦ ψ : R × V → Uu is

a triБialiЕation of p oБer Uu, so p is a locallД triБial brationࢸ Вith berࢸ R.
Theorem 2.8 is completed.

4. P࢏ࢁࢅࢎࡽࢊࢅࢉࢅ࢈ࢁࢎ

In this section Вe Вill assАme that X is an (n+1)-dimensional manifold
Вith ∂X = ∅ and ∆ is a one-dimensional foliation on X.
Some statements in this section are Вell knoВn for C1 foliations e.g. [30],

and some of them are proБed for C0 case bАt for the foliations on R2, see e.g.
W. Kaplan [21]. HoВeБer Вe did not ndࢸ good eГposition in the literatАre
for general C0 foliations needed in oАr case and therefore short proofs Вill
be presented. This Вill also make the paper self-contained.
It Вill be conБenient to regard the graph of a fАnction f : X → R as the

folloВing sАbset

Γf := {(f(x), x) | x ∈ X}

of R×X. ThАs Вe sВitch the coordinates.

Lemma 4осо ЖЯо Z bЯ a ойкйжйбгcaж нкacЯ, f1, . . . , fk : Z → (a, b) bЯ cйи-
огипйпн апиcогйин нпcв овaо fi(z) < fj(z) айм aжж i < j aиd z ∈ Z, aиd

Γi = {(fi(z), z) | z ∈ Z} ⊂ [a, b] × Z

bЯ овЯ бмaкв йа fi. ЖЯо aжнй c1 < c2 < · · · < ck ∈ (a, b) bЯ aиу гиcмЯaнгиб
k-опкжЯ йа ипзbЯмн. ОвЯи овЯмЯ Ятгнон a нЯжа-вйзЯйзймквгнз h йа [a, b]×Z

нпcв овaо
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(a) h гн fiтЯd йи a× Z aиd b× Z;
(b) h([a, b]× z) = [a, b]× z айм aжж z ∈ Z;
(c) h(Γi) = ci × Z;
(d) га fi(z) = ci айм нйзЯ z ∈ Z aиd aжж i = 1, . . . , k, овЯи h гн fiтЯd йи

[a, b]× z.

Proofо The proof folloВs from [24, Lemma 6.1.1], see also [26, Lemma
5.2.1]. Let Аs jАst mention that the sitАation can be redАced to the case
[a, b] = [0, 1], and that for k = 1 the desired self-homeomorphism h of
[0, 1]× Z can be deࢸned e.g. bД

h(s, z) =

{

(s, z), s ∈ {0, 1},
(

s
logf1(z) c1 , z

)

, s ∈ (0, 1).

We leaБe the details for the reader, see FigАre 4.1. □

Fࢁࢎ࢑ࢃࢅ 4.1.

Lemma 4ото ЖЯо W bЯ aи йкЯи иЯгбвbймвййd йа 0 ги R
n aиd

γ :W → (a, b)× R
n

bЯ a cмйнн нЯcогйи йа овЯ омгргaж йиЯ-dгзЯингйиaж айжгaогйи сгов

γ(0) ∈ (a, b)× 0.

ОвЯи айм Яacв c ∈ (a, b) овЯмЯ Ятгнон aи йкЯи ЯзbЯddгиб

ψ : (a, b)×W ⊂ (a, b)× R
n

нпcв овaо

(i) ψ
(

(a, b)× x
)

= (a, b)× γ(x) айм aжж x ∈W ;

(ii) ψ(c, x) = γ(x) айм aжж x ∈W , г.Я. ψ−1(γ(W )) = c×W ;
(iii) га γ(0) = (c, 0), овЯи ψ(t, 0) = (t, 0) айм aжж t ∈ (a, b).

Proofо Let π : (a, b) × R
n → R

n be the standard projection. Then the
assАmption that γ is a cross section means that the composition

π ◦ γ :W
γ

−−−→ (a, b)× R
n π
−−−→ R

n
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is an injectiБe map betВeen open sАbsets of Rn. Hence bД BroАВer’s theo-
rem on domain inБariance, e.g. [16], π ◦ γ(W ) is an open neighborhood of
0 in R

n. Therefore Вe get an open embedding

ψ : (a, b)×W → (a, b)× R, ψ(t, x) = (t, π ◦ γ(x))

satisfДing (i) and (iii). Then ψ−1(γ(W )) ⊂ (a, b) ×W can be regarded as
a graph of certain continАoАs fАnction W → (a, b). Hence Вe get from
Lemma 4.1 that ψ can be composed Вith a foliated homeomorphism of
(a, b)×W to satisfД (ii), that is to make ψ−1(γ(W )) being the graph of the
constant fАnction W → c. MoreoБer, statements (b) and (d) of Lemma 4.1
alloВ to preserБe properties (i) and (iii) respectiБelД. □

Lemma 4оуо ЖЯо ω bЯ a жЯaа йа ∆, J1, J2 ⊂ ω bЯ осй cйзкacо нЯбзЯион
нпcв овaо J1 ∩ J2 гн a кйгио, V bЯ aи йкЯи n-dгне, ε > 0, aиd

ψ1 : (a− ε, b+ ε)× V → X, ψ2 : (b− ε, c+ ε)× V → X

bЯ осй йкЯи айжгaоЯd ЯзbЯddгибн нпcв овaо

ψ1

(

[a, b]× 0
)

= J1, ψ2

(

[b, c]× 0
)

= J2, ψ1(b, 0) = ψ2(b, 0) = J1 ∩ J2,

aиd овЯ пигйи йа овЯ гзaбЯн йа ψ1 aиd ψ2 dйЯн ийо cйиоaги cйзкacо жЯaрЯн
йа ∆. ОвЯи овЯмЯ Ятгнон aи йкЯи иЯгбвbймвййd W йа 0 ги V aиd aи йкЯи
айжгaоЯd ЯзbЯddгиб

ψ : (a− ε, c+ ε)×W → X

нпcв овaо ψ
(

[a, c]× 0
)

= J1 ∪ J2, нЯЯ FгбпмЯ 4.2.

Proofо Notice that the assАmption that the Аnion of the images of ψ1

and ψ2 does not contain compact leaБes of ∆ implies that for anД u, v ∈ V

the Аnion of the arcs

ψ1

(

(a− ε, b+ ε)× u
)

, ψ2

(

(b− ε, c+ ε)× v
)

does not contain a non-triБial loop, so the intersection of these arcs is
connected (thoАgh possiblД emptД).

Fࢁࢎ࢑ࢃࢅ 4.2.
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Since ψ1 and ψ2 are open embeddings, there eГist δ > 0 and a small open
neighborhood W of 0 in V sАch that

ψ2

(

(b− δ, b+ δ)×W
)

⊂ image(ψ1).

Then Вe haБe an embedding γ : W → V deࢸned bД γ(u) = ψ−1

1

(

ψ2(b, u)
)

,
u ∈W . Hence bД Lemma 4.2 one can ndࢸ an open foliated embedding

ψ̄1 : (a− ε, b+ ε)×W → X

sАch that

• ψ̄1(t, 0) = ψ1(t, 0) for all t ∈ (a− ε, b+ ε);
• image(ψ̄1) = ψ1

(

(a− ε, b+ ε)×W
)

;

• π ◦ ψ̄−1

1
(x) = π ◦ ψ−1

2
(x) for all x ∈ image(ψ̄1) ∩ image(ψ2);

• ψ̄1(b, u) = ψ2(b, u) for all u ∈W .

NoВ deࢸne the map ψ : (a− ε, c+ ε)× V → X bД

ψ(t, u) =

{

ψ̄1(t, u), t ∈ (a− ε, b],

ψ2(t, u), t ∈ [b, c+ ε).

One easilД checks that ψ is an open foliated embedding Вhich coincides
Вith ψ1 on (a − ε, b] × 0 and Вith ψ2 on [b, c + ε) × 0. In particАlar,
ψ
(

[a, c]× 0
)

= J1 ∪ J2. □

Corollary 4о4о c.f. [30, Lemma 22] ЖЯо Bn bЯ aи йкЯи n-dгне, ω bЯ a жЯaа
йа ∆, aиd J ⊂ ω bЯ a cйзкacо нЯбзЯио. ОвЯи овЯмЯ Ятгнон aи йкЯи айжгaоЯd
ЯзbЯddгиб ψ : (0, 3)×Bn → X нпcв овaо ψ

(

[1, 2]× 0
)

= J .

Proofо Let Аs shoВ that овЯмЯ Ятгнон aи йкЯи нЯо W нпcв овaо J ⊂ W

aиd W dйЯн ийо cйиоaги cйзкacо жЯaрЯн йа ∆. Indeed, since ω is either
non-compact or is an embedded circle, it folloВs that J ̸= ω. FiГ a point
x ∈ ω \ J . As X is a regАlar space, there eГist a pair of disjoint open
neighborhoods U1 ∋ x and U2 ⊃ J . Denote W = U2 ∩ S(U1). Then bД
Lemma 2.5 W is open. MoreoБer, J ⊂ ω = S(x) ⊂ S(U1), so J ⊂ W .
FinallД, sinceW ⊂ S(U1), Вe see that S(y)∩U1 ̸= ∅ for each y ∈W , that is
S(y) ̸⊂W . In other Вords,W does not contain anД leaf of ∆. In particАlar,
W can not contain compact leaБes.
Notice that J can be coБered bД nitelДࢸ manД foliated charts contained

in W . Lemma 4.3 alloВs to replace tВo consecАtiБe foliated charts Вith
one. Hence the proof folloВs from that lemma bД indАction on the nАmber
of foliated charts coБering J . □

Cross sectionsо The folloВing tВo lemmas describe general properties of
cross sections.
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Lemma 4охо ЖЯо ψ : (a, b)× Bn → X bЯ aи йкЯи айжгaоЯd ЯзbЯddгиб. ЖЯо
aжнй U = ψ

(

(a, b)×Bn
)

, Pu = ψ
(

(a, b)×u
)

, u ∈ Bn, bЯ a кжaлпЯ йа ψ, aиd
γ : V → X bЯ a cмйнн нЯcогйи. ОвЯи овЯ айжжйсгиб ноaоЯзЯион вйжd омпЯ.

(1) НпккйнЯ Pu ∩ γ(V ) ̸= ∅ айм Яacв u ∈ Bn. ОвЯи овЯи айм Яacв s ∈ (a, b)
овЯ мЯномгcогйи зaк

ψ|{s}×Bn : {s} ×Bn → X (4.2)

гн a cмйнн нЯcогйи йа ∆.
(2) НпккйнЯ γ(v) ∈ Pu айм нйзЯ u ∈ Bn aиd v ∈ V . ОвЯи овЯмЯ Ятгнон aи

йкЯи иЯгбвbймвййd Vv йа v ги V aиd aи йкЯи иЯгбвbймвййd Wv йа v ги
Bn нпcв овaо

• γ(Vv) ⊂ ψ
(

(a, b)×Wv

)

;
• Pw ∩ γ(Vv) ̸= ∅ айм Яacв w ∈Wv.

Ги кaмогcпжaм, овЯ мЯномгcогйи ψ|s×Wv
: s ×Wv → X гн a cмйнн нЯcогйин

йа ∆.
(3) Fйм ЯрЯму x ∈ S(γ(V )) овЯмЯ Ятгно aи йкЯи нпbнЯо W йа Rn aиd a

cмйнн-нЯcогйи ψx :W → X нпcв овaо x ∈ ψx(W ) ⊂ S(γ(V )).

Proofо (1) SАppose Pu ∩ γ(V ) ̸= ∅ for all u ∈ Bn. Since γ(V ) intersects
each leaf of ∆ in at most one point, it folloВs that distinct plaqАes Pu and
Pv for u ̸= v ∈ Bn belong to distinct leaБes of ∆. As Bn is an open sАbset
of Rn, the map (4.2) is a cross section for each s ∈ (a, b).

(2) Consider the folloВing composition map:

ξ = π◦ψ◦γ|γ−1(U) : γ
−1(U)

γ
−−−→ U

ψ
−−−→ (a, b)×Bn π

−−−→ Bn, (4.3)

Вhere π is the standard projection to the second coordinate.
Then the assАmption γ(v) ∈ Pu for some u ∈ Bn and v ∈ V implies that

v ∈ γ−1(U) and ξ(v) = u.
Since the images of distinct points of V Аnder γ are contained in distinct

leaБes of ∆, theД also belong to distinct plaqАes of ψ, Вhence ξ is an
injectiБe continАoАs map betВeen open sАbsets of Rn. Hence, bД BroАВer
theorem on domain inБariance ξ is an open map, [7]. In particАlar, ξ Дields
a homeomorphism of some open neighborhood Vv of v onto some open
neighborhood Wu of u in B

n. This implies that γ(Vv) ⊂ ψ
(

(a, b) ×Wu

)

and Pw ∩ γ(Vv) ̸= ∅ for each w ∈Wu.

(3) Let ω be the leaf containing x and y = γ(v) = ω ∩ γ(V ). If x = y,
then one can pАt Wx = V and γx = γ.
Therefore sАppose x ̸= y. Let J ⊂ ω be a closed segment Вith ends

x and y. Then bД CorollarД 4.4 there eГists an open foliated embedding
ψ : (0, 3)×Bn → X sАch that ψ

(

[1, 2]×0
)

= J , ψ(1, 0) = x and ψ(2, 0) = y.
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ThАs y = γ(v) = ψ(2, 0) ∈ P0 = ψ
(

(0, 3)× 0
)

, and so bД (2) there eГists
a neighborhood W of 0 in Bn sАch that the map ψx : W → X deࢸned bД
ψx(w) = ψ(1, w) is a cross section Вith ψx(W ) ⊂ S(γ(V )). It remains to
note that ψx(0) = ψ(1, 0) = x. □

Lemma 4оцо ЖЯо ω0 bЯ a жЯaа йа ∆. НпккйнЯ овaо айм Яacв жЯaа ω йа ∆
cйиоaгиЯd ги S(ω0) овЯмЯ Ятгнон a cмйнн нЯcогйи γ кaннгиб овмйпбв ω. ОвЯи ω0

гн кмйкЯмжу ЯзbЯddЯd, г.Я. го нaогнаугЯн cйиdгогйин (Я) aиd (c) йа ЖЯззa 2.4.

Proofо If ω0 is compact, then it is necessarilД properlД embedded. There-
fore assАme that ω0 is non-compact.
(e) Let ω ⊂ S(ω0) be a leaf of ∆. BД (3) of Lemma 4.5 for each x ∈ ω

there eГists an open foliated embedding ψ : (−1, 1) × Bn → X sАch that
ψ(0, 0) = x and diࢷerent plaqАes of ψ are contained in diࢷerent leaБes
of ∆. In particАlar, ψ homeomorphicallД maps (−1, 1)× {0} onto an open
neighboАrhood of x in ω. This implies that ω is an embedded 1-sАbmanifold
of X.
(c) Let x ∈ S(ω0) \ ω0. Then decreasing B

n one can assАme that the
image of ψ does not intersect ω0, Вhence x /∈ ω0. From arbitrariness of
x ∈ S(ω0) Вe conclАde that ω0 is closed in X. □

Parallel cross sectionsо Let γ : V → X be a cross section and W ⊂ V

be an open sАbset. Then a cross section δ : W → X кaмaзЯомгcaжжу aбмЯЯн
Вith γ, ВheneБer for each u ∈ W the points δ(u) and γ(u) belong to the
same leaf. Also δ is кaмaжжЯж ой γ if it parametricallД agrees Вith γ and
δ(W ) ∩ γ(W ) = ∅.
Let γ0, γ1 : V → X be tВo parallel cross sections intersecting onlД non-

compact leaБes. For each u ∈ V let ωu be the leaf containing γ0(u) and
γ1(u), Iu ⊂ ωu be the compact segment Вith ends γ0(u) and γ1(u), and
Int Iu be the interior of Iu. In this sitАation Вe Вill pАt:

L(γ0, γ1) := ∪
u∈V

Int Iu, K(γ0, γ1) := ∪
u∈V

Iu. (4.4)

Lemma 4очо ОвЯмЯ Ятгнон a вйзЯйзймквгнз ψ : [0, 1] × V → K(γ0, γ1)
нпcв овaо

ψ
(

[0, 1]× u
)

= Iu, ψ(0, u) = γ0(u), ψ(1, u) = γ1(u)

айм ЯрЯму u ∈ V , нЯЯ FгбпмЯ 4.3. Ги кaмогcпжaм, ψ
(

(0, 1) × V
)

= L(γ0, γ1).
ЗймЯйрЯм, L(γ0, γ1) гн йкЯи ги X.

Proofо FiГ some ε > 0 and denote J = (−ε, 1 + ε). Then it folloВs
from CorollarД 4.4 and Lemma 4.2 that for each u ∈ V there eГists a
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Fࢁࢎ࢑ࢃࢅ 4.3.

neighborhood Wu in V and an open foliated embedding ψu : J ×Wu → X

haБing the folloВing properties:

(a) ψu([0, 1]× u) = Iu, ψu(0, u) = γ0(u), and ψu(1, u) = γ1(u);
(b) ψu(J × v), γ0(v), and therefore γ1(v), are contained in the same leaf

of ∆ for each v ∈Wu;
(c) γ0(Wu) = 0×Wu and γ1(Wu) = 1×Wu.

In particАlar, this implies that the set

L(γ0, γ1) = ∪
x∈V

ψu
(

(0, 1)×Wu

)

is open in X.
As V is paracompact, there is a locallД niteࢸ coБer {Wi}i∈Λ of V and

for each i ∈ Λ an open foliated embedding ψi : J × Wi → X sАch that
ψi([0, 1]× u) = Iu for all u ∈Wi. Denote Ui = ψi(J ×Wi) and U = ∪

i∈Λ
Ui.

Then U is an open neighborhood of K(γ0, γ1) and {Ui}i∈Λ is a locallД niteࢸ
coБer of U .
Let {λi : V → [0, 1]}i∈Λ be a partition of АnitД sАbordinated to the coБer

{Wi}i∈Λ. ThАs sАpp(λi) ⊂Wi and
∑

i∈Λ λi(u) = 1. Let also

pi : J ×Wi → J, qi : J ×Wi →Wi

be the standard projections, and

µi = λi ◦ qi ◦ ψ
−1

i : Ui
ψ
−1

i−−−−−→ J ×Wi
qi

−−−→ Wi
λi−−−−→ [0, 1].

Then sАpp(µi) = J × sАpp(λi), Вhence µi eГtends bД Еero to a continАoАs
fАnction on all of U .
Let f : U → J be the fАnction deࢸned bД the folloВing rАle:

f(x) =
∑

x∈Ui

µi(x) · pi ◦ ψ
−1

i (x).

Since for each u ∈Wi the fАnction pi ◦ψ
−1

i : Iu → [0, 1] is homeomorphism
Вhich maps γ0(u) and γ1(u) to 0 and 1 respectiБelД, and

∑

j∈Λ µj ≡ 1, Вe

see that the restriction f |Iu is a conБeГ linear combination of orientation
preserБing homeomorphisms. Therefore f |Iu : Iu → [0, 1] is a homeomor-
phism as Вell.
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Let also g : U → V be the map deࢸned bД g(x) = qi(x) ВheneБer x ∈ Ui.
DАe to (b) this deࢸnition does not depend on a particАlar Ui containing x.
Hence g is a Вell-deࢸned continАoАs map.
Then the mapping

φ = (f, g) : K(γ0, γ1) → [0, 1]× V

is a continАoАs bijection being also a local homeomorphism, and so it is
a homeomorphism. MoreoБer, φ(Iu) = [0, 1] × u for all u ∈ V . Therefore
ψ = φ−1 is the reqАired homeomorphism. □

Lemma 4о8о ЖЯо γi : V → X, i ∈ Z, bЯ a аaзгжу йа кaгмсгнЯ кaмaжжЯж cмйнн
нЯcогйин гиоЯмнЯcогиб йижу ийи-cйзкacо жЯaрЯн aиd U = S(γi(V ))) bЯ овЯ
cйззйи нaопмaогйи йа овЯгм гзaбЯн. НпккйнЯ aжнй овaо овЯ айжжйсгиб осй
cйиdгогйин вйжd:

(1) L(γi, γi+1) ∩ L(γj , γj+1) = ∅ айм i ̸= j;

(2)
∞

∪
i=−∞

K(γi, γi+1) = U .

ОвЯи U гн йкЯи ги X aиd айжгaоЯd вйзЯйзймквгc сгов R× V .

Proofо BД Lemma 4.7 for each i ∈ Z there eГists a homeomorphism

ψi : [i, i+ 1]× V → K(γi, γi+1)

sАch that for each u ∈ V

• ψi

(

[i, i+1]× u) is a segment of the leaf of ∆ betВeen the points γi(u)
and γi+1(u);

• ψi−1(i, u) = ψi(i, u) = γi(u).

Therefore Вe haБe a homeomorphism

ψ : R× V −→
∞

∪
i=−∞

K(γi, γi+1) = U

deࢸned bД ψ(t, u) = ψi(t, u) ВheneБer t ∈ [i, i + 1] and u ∈ V . MoreoБer,

U =
∞

∪
i=1

L(γ−i, γi) is open in X. □

5. Pࢂࢋࢋࢎ ࢂࢋ Tࢉࢁࢎࢋࢁࢄ 2.14

Let γ : V → X be a cross section intersecting onlД leaБes being simАl-
taneoАslД non-compact, properlД embedded, and non-special. We haБe to
proБe that its satАration S(γ(V )) is open and foliated homeomorphic Вith
R× V .
First Вe Вill assАme that ∂X = ∅. The proof of the case ∂X ̸= ∅

Вill folloВ from the case ∂X = ∅ bД passing to the doАble 2X of X and
considering the one-dimensional foliation on 2X indАced bД ∆. It Вill be
giБen at the end op this section.
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OАr proof is based on the folloВing statement Вhich Вill be proБed beloВ.

Proposition хосо ЖЯо K ⊂ X bЯ a cйзкacо нпbнЯо. ОвЯи йиЯ caи fiиd
осй кaмaжжЯж cмйнн нЯcогйин α, β : V → X кaмaзЯомгcaжжу aбмЯЯгиб сгов γ aиd
нaогнаугиб

S(γ(V )) ∩K ⊂ L(α, β).

ЗймЯйрЯм, га A,B : V → X aмЯ осй кaмaжжЯж cмйнн нЯcогйин кaмaзЯомгcaжжу
aбмЯЯгиб сгов γ, овЯи йиЯ caи aннпзЯ овaо

(

S(γ(V )) ∩K
)

∪

K(A,B) ⊂ L(α, β).

Before proБing Theorem 2.14 let Аs dedАce it from Proposition 5.1.
FiГ anД increasing seqАence K1 ⊂ K2 ⊂ · · · of compact sАbsets of X

sАch that X = ∪
i∈N

Ki. Using Proposition 5.1 one constrАcts a familД of

parallel cross sections αi, βi : V → X, i ∈ N, parametricallД agreeing Вith
γ and sАch that

(1) S(γ(V )) ∩Ki ⊂ L(αi, βi);
(2) K(αi−1, βi−1) ⊂ L(αi, βi) for all i ≥ 2.

Hence
S(γ(V )) = ∪

i∈N

S(γ(V )) ∩ Ki = ∪
i∈N

L(αi, βi).

EГchanging αi and βi if necessarД and re-denoting them as folloВs:
γ−i = αi, and γi−1 = βi for i ∈ N, one can assАme that the seqАence
of cross sections {γi}i∈Z satisࢸes assАmptions of Lemma 4.8, see FigАre 5.4.
Hence S(γ(V )) is open and foliated homeomorphic Вith R×V . This proБes
Theorem 2.14 modАlo Proposition 5.1.

Fࢁࢎ࢑ࢃࢅ 5.4.

The folloВing lemma gАarantees eГistence of local cross sections in Propo-
sition 5.1.

Lemma хото ЖЯо K ⊂ X bЯ a cйзкacо нпbнЯо. ОвЯи айм Яacв u ∈ V

йиЯ caи fiиd aи йкЯи иЯгбвbймвййd W ги V aиd осй кaмaжжЯж cмйнн нЯcогйин
α, β : W → X кaмaзЯомгcaжжу aбмЯЯгиб сгов γ aиd нпcв овaо

S(γ(W )) ∩K ⊂ L(α, β).
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Proofо SАppose that lemma fails, so there eГists u ∈ V belonging to some
leaf ω sАch that for

• anД decreasing seqАence Wi of neighborhoods of u in V satisfДing

∩
i∈N

Wi = {u},

• and anД familД of pairs of parallel cross sections αi, βi : Wi → X, i ∈ N,
parametricallД agreeing Вith γ

the set

S(γ(Wi)) \ L(αi, βi)

contains some point xi ∈ K. Denote

U = ∪
i∈N

L(αi, βi).

Then one can assАme, in addition, that the folloВing properties hold:

(a) the seqАence {xi}i∈N conБerges to some point x ∈ K;
(b) ω ⊂ U ;
(c) xi ̸∈ U for all i ∈ N, Вhence x ̸∈ U as Вell, and so x ̸∈ ω.

Indeed, (a) folloВs from compactness of K.
To proБe (b) Гࢸ anД continАoАs bijection φ : R → ω. BД assАmption φ

is proper, so one can ndࢸ A > 0 sАch that ω ∩K ⊂ φ(−A,A). Choose αi

and βi so that αi(Wi) ∩K = βi(Wi) ∩K = ∅,

· · · < αi+1(u) < αi(u) < · · · < α1(u) < −A <

< A < β1(u) < · · · < βi(u) < βi+1(u) < · · ·

lim
i→+∞

αi(u) = −∞, and lim
i→+∞

βi(u) = +∞. Then Вe Вill haБe that ω ⊂ U .

FinallД, to satisfД (c) choose Wi+1 so small that xi ̸∈ S(γ(Wi+1)) for all
i ∈ N.
NoВ let ωi be the leaf of ∆ containing xi, and yi = ωi∩γ(W1). Then the

seqАence {yi}i∈N conБerges to y = γ(u) ∈ ω. Hence p(x) ̸= p(y) = p(ω),
Вhile p(xi) = p(yi) = p(ωi) for all i ∈ N. Therefore bД Lemma 2.6 ω is a
special leaf Вhich contradicts to the assАmption. □

The rest of the proof of Theorem 2.14 is based on E. Michael’s resАlt
aboАt selections, [31].
Let 2X be the set of all sАbsets of X and E(X) ⊂ 2X be the set of all

closed sАbsets of X. Let also A ⊂ V be a sАbset and q : V ⇒ X be
a mАltiБalАed map, i.e. a map q : V → 2X . Then a нЯжЯcогйи for the
restriction q|A is a continАoАs map φ : A → X sАch that φ(x) ∈ q(x) for all
x ∈ A.
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A mАltiБalАed map q : V ⇒ X is called жйсЯм нЯзг-cйиогипйпн ВheneБer
for each open U ⊂ X the set

TU := {x ∈ V | q(x) ∩ U ̸= ∅}

is open in V .
A familД Z ⊂ 2X is called Ялпг-LCk, k ≥ 0, if for eБerД P ∈ Z, x ∈ P ,

and a neighborhood Ux of x in X, there eГists a neighborhood Ox of x in
X sАch that for eБerД Q ∈ Z eБerД continАoАs map f : Sm → Q∩Ox of an
m-sphere (m ≤ k) is homotopic to a constant map in Q ∩ Ux.
A topological space Z is called Ck, or k-cйииЯcоЯd, k ≥ 0, if eБerД contin-

АoАs map f : Sm → Z of an m-sphere (m ≤ k) is homotopic to a constant
map.

Theorem хоуо [31, Theorem 1.2] ЖЯо V bЯ a нЯкaмabжЯ зЯомгc нкacЯ, A ⊂ V

bЯ a cжйнЯd нпbнЯо сгов dim(V \ A) ≤ k + 1, X a cйзкжЯоЯ зЯомгc нкacЯ,
Z ⊂ E(X) bЯ Ялпг-LCk aиd q : V → Z bЯ a жйсЯм нЯзг-cйиогипйпн зaк.
ОвЯи ЯрЯму нЯжЯcогйи айм q|A caи bЯ ЯтоЯиdЯd ой a нЯжЯcогйи айм q|U айм нйзЯ
йкЯи U ⊃ A. Га aжнй ЯрЯму S ⊂ Z гн Ck, овЯи йиЯ caи оaеЯ U = X.

We Вill Аse the folloВing particАlar case of Theorem 5.3.

Corollary хо4о ЖЯо V bЯ a нЯкaмabжЯ зЯомгc нкacЯ, dimV = n, X bЯ a
cйзкжЯоЯ зЯомгc нкacЯ, aиd Z ⊂ E(X) bЯ aи Ялпг-LCn+1 аaзгжу нпcв овaо
Яacв Q ∈ Z гн cйиомacогbжЯ. ОвЯи ЯрЯму жйсЯм нЯзг-cйиогипйпн зпжогрaжпЯd
зaк q : V → Z вaн a cйиогипйпн нЯжЯcогйи.

Proof of Proposition хосо Since V is paracompact, it folloВs from
Lemma 5.2 that there eГist

• a locallД niteࢸ open coБer W = {Wi}i∈N of V Вith compact closАres Wi,
• and a familД of pairs of parallel cross sections αi, βi : Wi → X, i ∈ N,
parametricallД agreeing Вith γ

sАch that

S(γ(Wi)) ∩Ki ⊂ L(αi, βi),

Вhere Ki := K ∪A(Wi) ∪ B(Wi) if the cross sections A,B : V → X are
giБen, and Ki := K otherВise.
Then it folloВs from Lemmas 4.7 and 4.1 that for each i ∈ N one can

ndࢸ an embedding ψi : [−1, 1]×Wi → X sАch that for each u ∈ V

(1) ψi

(

[−1, 1]× u
)

is contained in the leaf of ∆;
(2) ψi(−1, u) = αi(u), ψi(0, u) = γ(u), ψi(1, u) = βi(u);
(3) S(γ(Wi)) ∩ Ki ⊂ ψi

(

(−1, 1)×Wi

)

;
(4) αi(Wi) are contained in the same path component of S(γ(V )) \ γ(V )

for all i ∈ N.
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Let u ∈ V , ωu be the leaf of ∆ containing γ(u), and φu : R → ωu

be anД bijection satisfДing φ−1

u (αi(u)) < 0, and φx(0) = γ(u). Therefore
φ−1

u (βi(x)) > 0 for all i sАch that u ∈ Wi. Then there are tВo nАmbers
au, bu sАch that

ωu \ ∩
i : u∈Wi

L(αi, βi).

consists of tВo half closed interБals

Au = φu(−∞, au], Bu = φu[bu,+∞).

Since ωu is a properlД embedded leaf, it folloВs that Au and Bu are closed
in X. MoreoБer, bД (3) theД do not intersect K.
Deࢸne the folloВing tВo maps a, b : V → E(X), i.e. mАltiБalАed map-

pings a, b : V ⇒ X Вith closed images, bД

a(u) = Au, b(u) = Bu

for u ∈ V .

Lemma хохо (i) ОвЯ зaкн a aиd b aмЯ жйсЯм нЯзг-cйиогипйпн.
(ii) ОвЯ аaзгжгЯн A = {Au | u ∈ V } aиd B = {Bu | u ∈ V } aмЯ Ялпг-LCk

айм aжж k ≥ 0.

Proofо It sАࢺces to check (i) and (ii) for a onlД.
(i) We shoАld check that for each open U ⊂ X the set

TU = {u ∈ V | a(u) ∩ U ̸= ∅}

is open as Вell.
Let u ∈ V be sАch that Au ∩ U ̸= ∅, and x ∈ Au ∩ U . Since U is open,

one can assАme that x is not the end of Au, that is φ
−1

u (y) < au.
BД assАmption u ∈ Wi for some i ∈ N. Then bД CorollarД 4.4 for the

closed interБal on ωu betВeen x and φu(au) there eГists an open neighbor-
hood O of u in Wi and an open foliated embedding

ψ : (−1, 2)×O → X

sАch that

(a) ψ
(

(−1, 2)×O
)

⊂ U ;
(b) ψ(0, u) = x;
(c) ψ

(

(−1, 2)× v
)

⊂ ωv;
(d) ψ(1, v) = αi(v).

It folloВs from (a) and (d) that ψ((−1, 1]× v) ⊂ Av ∩ U , Вhence O ⊂ TU .
ThАs TU is open, and so a is a loВer semi-continАoАs mАltiБalАed map.

(ii) Notice that for each x ∈ X there eГists an open neighborhood Ux sАch
that the intersection of Ux Вith each leaf ω is either emptД or homeomorphic
to an open interБal. Therefore intersection of Ux Вith each set Au is either
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emptД or homeomorphic to (0, 1) or to (0, 1]. In the latter tВo cases Ux∩Au

is contractible. Hence eБerД continАoАs map Sk → Ux∩Au is nАll homotopic
and one can pАt Oy = Uy. This means that A is eqАi-LC

k for all k ≥ 0. □

Since for each u ∈ V the sets Au and Bu are contractible, it folloВs
from Lemma 5.5 that a and b satisfД assАmptions of CorollarД 5.4. Hence
theД admit continАoАs selections α, β : V → X and these selections are the
reqАired cross sections. This completes Proposition 5.1.

Proof of Theorem тос4о Case ∂X ̸= ∅о We need the folloВing simple
lemma Вhose proof Вe leaБe for the reader.

Lemma хоцо ЖЯо ξ : Rn → R
n bЯ овЯ гирйжпогйи dЯfiиЯd bу

ξ(x1, . . . , xn−1, xn) = (x1, . . . , xn−1,−xn).

ОвЯи айм Яacв нпbнЯо V ⊂ R
n
+ йкЯи ги овЯ гиdпcЯd ойкйжйбу йа R

n
+, гон double

V̂ = V ∪ ξ(V ) гн йкЯи ги R
n. □

NoВ let

X̂ = X1 ⊔
id:∂X1→∂X2

X2

be the doАble of X, i.e. the Аnion of tВo copies X1 and X2 of X glАed

along their boАndaries bД the identitД map. Let also σ : X̂ → X̂ be the
inБolАtion interchanging X1 and X2 bД the identitД map.
Then the foliation ∆ on each of the copies of X giБes a one-dimensional

foliation ∆̂ on X̂. MoreoБer, let V̂ be the doАble of V as in Lemma 5.6.

Then V̂ is open in R
n and the cross section γ natАrallД eГtends to the cross

section γ̂ : V̂ → X̂ of ∆̂ sАch that γ̂|V = γ and σ ◦ γ̂ = γ̂ ◦ ξ.

Since ∂X̂ = ∅, it folloВs from the boАndarДless case of Theorem 2.14

that the satАration S(γ̂(V̂ )) is open in X̂ and foliated homeomorphic Вith

R×V̂ . That homeomorphism indАces a homeomorphism of the open sАbset

S(γ(V )) = S(γ̂(V̂ )) ∩X1

of X1 onto R× V . Theorem 2.14 is completed.

6. A࢏࢐ࢊࢁࢉࢃࢀࢁ࢈࢓ࢋࢊࢇࡿ

The aАthors are sincerelД gratefАl to Olena KarloБa for pointing oАt to
KatetoБ-Tong theorem aboАt characteriЕation of normal spaces Вhich leads
Аs to the proof of Theorem 2.14 Аsing E. Michael selection theorem.
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