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Uncountable group of continuous
transformations of unit segment
preserving tails of (),-representation of
numbers

Mykola Pratsiovytyi, Iryna Lysenko, Sofiia Ratushniak

Abstract. We consider two-base QQ2-representation of numbers of segment

[0;1]:
0 k—1
Aoclag..4ocn4.. =T = d1q1—a; + Z Oék(h—ak. 1_[ da;
k=2 =1

which is defined by two bases go € (0;1), g1 = 1 — go and an alphabet
A = {0,1}, (an) € A x A x .... It is a generalization of classic binary
representation (qo = 3).

In the article we prove that the set of all continuous bijections of segment
[0; 1] preserving “tails” of Q2-representation of numbers forms an uncountable
non-abelian group with respect to composition such that it is a subgroup of
the group of continuous transformations preserving frequencies of digits of
Q2-representation of numbers.

Construction of such transformations (bijections) is based on the left and
right shift operators for digits of QQ2-representation of numbers.

Anxoranjis. /IsoocHoBHe (Q2-306paskeHHst unces Biapizka [0;1]:

o0 k—1
Aalag.“anm =T = 01gq1—a; + Z akql—ak H QOL“
k=2 i=1

BU3HAYAETHCA nBoma ocHoBamu qo € (0;1) Ta g1 = 1 — go i andasitom A =
{0,1}, (an) € A x A x .... BoHO € y3arajJbHEHHAM KJIACUIHOTO JIBIKOBOTO
30bpazkeHHs (go = 3).

Y nmaiit pobOTi JTOBOANUTHCS, IO MHOXKWHA BCiX HellepepBHUX GIEKIIii Bi-
piska [0; 1], axi 36epiratoTs «xBoCTHY (Q2-300pazKEHHS TUCEII, BIHOCHO OIe-
pamil «KoMIo3uiis» (CyIeprosullis) yTBOPIOE HE3JIUEHHY HEKOMYTATHUBHY

IpyIy, fKa € MiJArpyIoI0 IPYIH HelepEePBHUX IIEPETBOPEHD, IO 30epiraroTsb
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qacToTn Iudp QQ2-300pazkerns quces. OCHOBOIO KOHCTPYKIIT BKA3aHUX MTepe-
TBOpeHb (BieKTiiii) € omepaTopu JiBOCTOPOHHBOTO Ta MPABOCTOPOHHBOTO 3CY-
BiB mudp Q2-300pazkeHHs IUCE.

1. INTRODUCTION

The set of all continuous transformations of segment [0; 1] (bijections of
[0;1] to itself) consists of continuous strictly monotonic functions f such
that f(0) = 0 and f(1) = 1 or f(0) = 1 and f(1) = 0 including abso-
lutely continuous and singular functions as well as nontrivial mixtures of
absolutely continuous and singular functions, functions with structurally
and metrically fractal graphs, etc. This set forms an infinite non-abelian
group with respect to composition of transformations, which has a number
of interesting uncountable subgroups.

This paper is devoted to one of these subgroups (it depends on parameter
go € (0;1)), and therefore we discuss a continuum set of subgroups.

A two-symbol system of encoding (representation) of real numbers is
a powerful tool for development of many mathematical theories including
number metric theory, theory of continuous locally complicated functions,
theory of singular probability measures, dynamical systems theory, fractal
analysis and fractal geometry [2,8,9].

The classic binary numeral system is the most widely used and not yet
surpassed in applications. There are various generalizations and analogs of
it [8] (e.g. Qa-representation, Markov representation, negabinary represen-
tation, Fibonacci representation, Go-representation, mediant representa-
tion, As-continued fraction representation [5,6], representation of numbers
by Denjoy’s fraction, etc.).

The @Qs-representation of numbers is one of the simplest self-similar gen-
eralizations of binary system. It is defined by positive bases ¢y € (0;1),
q1 = 1 — qo and the traditional binary alphabet A = {0,1}. In this system,
a number is encoded by a sequence (ay) of zeros and ones, i.e., by an ele-
ment of the space L = A x A x ---x A x ... of sequences of elements of
the alphabet.

It is known that for any number z € [0; 1] there exists a sequence (a;,) € L
such that

0 k—1
T = 6061 + Z /Bak H qo; = Adngag...an..J /Bai = Qiq1—qy- (1'1)
k=2 =1

In this case, the symbolic notation Agfaz”an,,, is called the Qo-repre-
sentation of the number z, and a number «,, = a,(z) is called its n-th
digit.
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Most numbers have a unique QQo-representation, and only a countable
set of numbers have two representations:
A% =A@ (1.2)

c1¢2...m—11(0) c1¢2...m—10(1)

for some m. Numbers with representations (1.2) are called Q2-binary, and
those that have a unique representation are called Q2-unary.
Note that 0 = A% and 1 = A% have a unique Q2-representation and

are not Qq-binarylf ¢ is a rational number, then a @Q-binary number is
a rational number, but not every (Qo-unary number is irrational, and all
numbers with periodic QQo-representations are rational.
The rank of a Q2-binary number (1.2) is the positive integer m.
Following [8], representations of numbers

1 = AY? and zy = AY2

Q1Qag...0n... Cc1C2...Cn...

are said to have equal tails whenever there are numbers k and m such that
Qftj = Cmyj for any j € N.
We denote this by

1 = A% ~ A2 = x2.

a1Qag...0n... C1C2...Cn...

It is obvious that the relation “to have equal tails” is an equivalence rela-
tion. The class of all numbers that have equal tails of QQo-representations
(equivalence class with respect to the ~ relation) is called a tail set. Tail
sets with representatives 0 = A% and 1 = A%S are considered equal, since
(Q2-binary points have two representations with different tails. Each tail
set is countable and everywhere dense in the segment [0; 1], and the set of
tail sets is a continuum set. We do not know any meaningful metrizations
of the quotient set [0;1]/~.

If the function (transformation of a unit segment) f has the property
f(x) ~ x for any z € [0; 1], then we say that the function (transformation)
f preserves tails of the Qo-representation. If in addition f is a continuous
transformation of the unit segment, then it is obvious that its inverse trans-
formation must also preserve tails of the (Qo-representation of numbers.

2. SHIFT OPERATORS FOR DIGITS OF (2-REPRESENTATION OF NUMBERS

Remark 2.1. To ensure that the following functions be well defined by the
corresponding equalities, we will use only one of the two representations of
Q2-binary numbers, namely, the one with period (1).

We define the left shift operator w of the digits of the QQo-representation
of numbers by equality:

w(x:AQ2 ):AQz

a1...0n... a2...0n..."°

(2.1)
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Since
Q2 y _ AQ2 _ Q2 y _ AQ2 _
wBon) = A =1 #w(Ag) = Ag =0,
we see that Remark 2.1 is appropriate.
Also, since

6al(x) + Ao (x 5042 + Z Bak(x) 1_[ Qal(z) Bal(ac) + Qal(z)w(w)a

we have that

_ 1 Bal(z) _ qlox lf 0 ST < q0,
w(x) = T — =X w
Ao (z) Aoy (x) T if gp <x<1.

Therefore, the left shift operator is a piecewise-linear function with a single
discontinuity point g = qg, where the function has a jump of magnitude 1.

The n-times left shift operator y = w™(z) of the digits of the Qo-represen-
tation of numbers is defined by the equality:

Wz = AQ? ) =wW (z)) = AL

Q1 Q2...0n0n 41 .. Qp410n42..

It is a piecewise-linear function with 2"~! discontinuity points having the
following analytic expression:

wn(gj‘): 1 €T — Bﬂél —_ BOQ __@’
da19as - - - qa, da19as - - - qa, das - - - 4o, qa,
1 = /Bai(x)

Ao; () 9az(x) - - - Do (z) i—1 Qo;(z) - - - Qan(x) ’

because

xr = Agf Q.. = Bay + Baslar T+ Banday - - - Gan—1 T Gardas - - - Qanwn(x)‘

Lemma 2.2. The equation w™(x) = = has 2" solutions: © = A?oio@ )’
where o € A are any independent digits of the alphabet, and there are no

Q2-binary numbers among the solutions.

Proof. Indeed, if x = Agf._,an_. is the solution to the equation, then accor-
ding to the definition of the operator y = w™(z) we have

a1 = Qpy1l, Q2 =Qpt2, ..., Op = Q2p,
Qp41 = Qopny1 = A1, ..., Q2p = Q3p = Qp.
So, x = A%lm )’ And the fact that Agfl o)’ where oy € A are free

variables, is the root of the equation is obvious.
According to Remark 2.1 the operator w is well defined, namely, its value
is calculated by formula (2.1) from a representation with period 1. Then,
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for n > m, we have w™(A%2

e 710(1)) =1=w"(1), but 1 is not a Q-binary

number.

Since the image of a (o-binary number under the mapping w” is a
Q2-binary number of lower rank, and Q2-binary numbers of different ranks
are never equal, we see that any root of the equation w™(z) = x cannot be
a (Q2-binary number. O

The right shift operator §; with parameter ¢ of digits of the QQo-represen-
tation of numbers is defined by equality:

§i(x = A )= AL i€ A

a100...00... 11 Q...0p ... 0
More generally, the right shift operator with a set of parameters (i1, ..., iy),
ix € A, of digits of the Qo-representation of numbers is defined by equality:
_ — A9
5@1171 (:U - AanaQ...ozn...) T Ail.z.‘inOthlQ...

n n k—1
= <H Qz‘j):r + B+ . B | [ 4
j=1 k=2  j=1

Lemma 2.3. The equation 0;,. 5, (x) = x has a unique root: © = Agfz )

Proof. 1t is obvious that the number x = Agl...i ) is the root of the equation.
It remains to prove the uniqueness. Let x = ASEQQ,_,%.. be the solution of
the equation. Then according to the definition of the right shift operator
y = 0;(x) we have

) =11, Qo = 19, R Ay = Iy,
Qpt1 = Q1 = 17, R o = Oy = Ip.
So, x = Agf...in)' O
Theorem 2.4. A system of equations with parameters (iy,. .., i)
w'(z) =x =9 4, (x) (2.2)

has a unique solution x = AP
(91...%n)

This statement follows from the two previous lemmas.

Lemma 2.5. The equation
Wh(x) = 04y, () (2.3)
has exactly 28 solutions:

= A?

(al.“akil...in)’
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where aq, ..., ap are independent variables taking the values 0 and 1.

Proof. The following cases are possible: 1) k > n; 2) k =n; 3) k < n. But

we will not distinguish between them. Let x = ASfal...an.,. be a solution of
equation (2.3). Then

Q1 = 11, Q2 = 12, cee Akt = in,
Opyntl1 = OO, Ofynt2 = 2, cee Apyntk = Ok,
Q2kpntl = Qpy1 = 11, ceey Q9% tntn = Qkgn = In,

Q2

and so on. Hence, x = A(al...akil...in)' It is obvious that the number x of
the form (2.4) is the root of the equation. O

Notice that the functions w* and 0iy..4, Dreserve tails of the Qa-repre-
sentation of numbers, but are not transformations of the segment [0;1].
However they can be used to construct continuous transformations pre-
serving tails.

3. GROUP OF CONTINUOUS BIJECTIONS

Theorem 3.1. The set W of all continuous transformations (bijections)
of the segment [0; 1] preserving tails of Qa-representation of numbers with
respect to the operation “composition of transformations” is an uncountable
non-commutative group, which is a subgroup of the group of transformations
that preserve the frequencies of digits in the Qo-representation of numbers.

Proof. 1t is well known that the set of all transformations of a set, in parti-
cular a segment, with respect to the operation “composition” forms a group.
Let us use the subgroup criterion.

It is obvious that the set W is closed with respect to the operation “o”,
and the inverse of g € W also belongs to W. So (W, o) is a group. Let us
prove its non-commutativity.

Consider two continuous piecewise-linear transformations

51(1:)7 lf X0 < x < 1’
i — AQ
fQ((E) _ w2($)a ifo0<z < T = A(O%)l)’
Si(z), ifx<z<l,

Q2
00(

Folfi(ws) = fa(w(AGE) = 2(AG) = S1(AGR) = A%,
filfa(zs)) = f1(01 (AOQOQ(l))) =h (A?()Qou)) =01 (A?Ozo(l)) = A?1200(1)’

and a number z, = A 1) € (z1;20). Then we have that
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So, fo(fi(zx)) # fi(f2(z4)), and therefore foo fi # f10 fa.

Let us construct a continuum class of transformations ¢ that depends
on an infinite number of parameters.

By Lemma 2.2, the points

_ AQ2 _ AQ2
Tam-1 =A% o109 2d 220 =A% gop)
~— ~—

2n 2n

are invariant under the mapping y = w2"(x). At the same time z9,, < T9,—1.
For the transformation ¢, we put p(z) = x if 9,1 < < 9, for any
n € N, where x¢ = 1.
It remains to define ¢ on the intervals (z2,; x2,—1). To this end, taking
into account Theorem 2.4, we introduce the following functions: r1,(z) = x,

Vne N,
2 : — AQ
rou(z) = w(z), fze<z<u= A(02110)’
510(.73), if ug <z < xq,
ro1 (z) = oo1(x), ifzo<z<u = A(Ql%)Ol)’
2 w(x), ifu; <z <z,
o) = wi(z), ifry <z <us= A%%)moom)’
dooto(x), if uy < x < w3,
7’22(1') _ d0001 (l‘)a ifry <z <uz= A%%)lOOOOl)’
wi(z), if ug <z < s,
w (), if w2 S @ < w2 = AF 010010y
—_
Ton(l.) — ) 2n 2n
09...00110(%), if uzp <@ < uzp-1,
2n+2
60...01001 (%), if Ton <z <ugp1 = A%’. ..0100...01)
Ton (':U) = 2n+2 2n 2n
w?(z), if ugp—1 <z < Top_1.

For an arbitrarily chosen sequence (j,), where j, € {0,1,2}, we define the
function ¢;,)(z) by putting ¢, )(x) = rj,.(x) on the segment [12,; T2n—1].
At zero, the function is defined by continuity: ¢;,)(0) = 0. The set of such
functions is denoted by V.

We can establish a one-to-one correspondence from the set of all num-
bers of the segment [0;1] to the subclass Vj of the constructed class V' of
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continuous transformations of unit segment preserving tails of QQo-represen-
tation by the following rule. Write the number ¢ in the ternary numeral
System

0
— -n _ A3
Cc= 2 cn3 = Aclcz...cn...’
n=1

so we get its ternary code (cy), i.e., the sequence of elements of the alpha-
bet {0, 1,2}, which corresponds to the transformation P(cn) € V. It is clear
that two different representations of the ternary-rational numbers corre-
spond to two different functions of class V. Hence, Vj is a continuum set.
Since the set of ternary-rational numbers (that have two representations)
is countable, then the set V is continuum. Therefore, W is uncountable.
Every continuous transformation of the segment [0; 1] preserving tails of
(Qo-representation of numbers is a transformation preserving frequencies of
the digits of the representation, since frequencies of the digits in the repre-
sentation of a number do not depend on any finite number of its first digits.
Since all transformations preserving frequencies of digits form a group, W
is a subgroup of this group. The group W is in a similar relationship to
the group of transformations preserving the fractal Hausdorff-Besicovitch
dimension [1]. O

The structure of the group W requires a special study. Remark that the
set {fh f37€}7 where 6([1}) =x, and

: — AQ2
fa() = do(x), ?f O<z<z3= A(10)7
w(x), ifzs<x<l,

is a commutative subgroup of W, and there are many such subgroups of
order three. The transformations fi, f2, f3 are shown in Figure 4 a) and
b).

4. CONCLUDING REMARKS

Since qp is an arbitrary number from the interval (0;1), there exists a
continuum family of QQo-representations of numbers, and hence there exists
a continuum family of groups of continuous transformations of the segment
[0; 1] that preserve tails of Qo-representation of numbers.

We do not know whether there are continuous transformations of the
segment [0; 1] that preserve the tails of the Qq-representation of numbers
other than piecewise-linear transformations.

The main result of this paper is a constructive proof of the existence
of a continuum subset V' of the group W, which is actually a justification
of its uncountability. Each of these continuous transformations belongs to
the group of transformations that preserve the frequencies of digits and to
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the group of transformations of the segment [0; 1] that preserve the fractal
Hausdorff-Besicovitch dimension [1].

Groups of continuous transformations of the segment that preserve the
tails of other representations were considered in papers [3,7] that only stated
these groups are infinite.

In our opinion, the construction of the above transformations can be
used when studying objects related to time scales [4].
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FIGURE 4.1. Transformations fi, fo and f3

REFERENCES

[1] Sergio Albeverio, Mykola Pratsiovytyi, and Grygoriy Torbin. Fractal probability distri-
butions and transformations preserving the Hausdorff-Besicovitch dimension. Ergodic
Theory Dynam. Systems, 24(1):1-16, 2004. doi:10.1017/S0143385703000397.

[2] Janos Galambos. Representations of real numbers by infinite series. Lecture Notes
in Mathematics, Vol. 502. Springer-Verlag, Berlin-New York, 1976. doi:10.1007/
BFb0081642.

[3] Tetiana M. Isaieva and Mykola V. Pratsiovytyi. Transformations of (0,1] preserving
tails of A¥-representation of numbers. Algebra Discrete Math., 22(1):102-115, 2016.

[4] O. Lavrova, V. Mogylova, O. Stanzhytskyi, and O. Misiats. Approximation of the op-
timal control problem on an interval with a family of optimization problems on time
scales. Nonlinear Dyn. Syst. Theory, 17(3):303-314, 2017.

[5] M. Pratsiovytyi and D. Kyurchev. Properties of the distribution of the random variable
defined by As-continued fraction with independent elements. Random Oper. Stoch. Equ.,
17(1):91-101, 2009. doi:10.1515/ROSE.2009.006.

[6] M. V. Pratsiovytyi, Y. V. Goncharenko, I. M. Lysenko, and S. P. Ratushniak. Continued
Ap-fractions and singular functions. Matematychni Studii, 58(1):3-12, 2022. doi:10.
30970/ms.58.1.3-12.



142 M. Pratsiovytyi, I. Lysenko, S. Ratushniak

[7] M. V. Pratsiovytyi, I. M. Lysenko, and Yu. P. Maslova. Group of continuous transforma-
tions of real interval preserving tails of Ga-representation of numbers. Algebra Discrete
Math., 29(1):99-108, 2020. doi:10.12958/adm1498.

[8] M.V. Pratsiovytyi. Two-symbol systems of encoding of real numbers and their aplications.
Naukova Dumka, Kyiv, 2022.

[9] Fritz Schweiger. Ergodic theory of fibred systems and metric number theory. Oxford
Science Publications. The Clarendon Press, Oxford University Press, New York, 1995.

Received: March 6, 2024, accepted: June 30, 2024.

M. Pratsiovytyi

DRAGOMANOV UKRAINIAN STATE UNIVERSITY, INSTITUTE OF MATHEMATICS OF
NAS oF UKRAINE

Email: prats4444@gmail.com

ORCID: 0000-0001-6130-9413

I. Lysenko

DRAGOMANOV UKRAINIAN STATE UNIVERSITY
Email: i.m.lysenko@udu.edu.ua

ORCID: 0009-0000-5299-7787

S. Ratushniak

INSTITUTE OF MATHEMATICS OF NAS OF UKRAINE, DRAGOMANOV UKRAINIAN
STATE UNIVERSITY

Email: ratush404gmail.com

ORCID: 0009-0005-2849-6233



