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Conformal recurrent Kähler spaces
A. G. Savchenko, T. I. Shevchenko, S. I. Hedulian

Abstract. In this paper we study pseudo-Riemannian spaces with recurrent
tensor of conformal curvature, which admit a Kähler structure. It is proved
that Kähler conformally recurrent spaces other than recurrent spaces do not
exist, if their dimension is four. Recurrent Kähler spaces are divided into two
types. For each type, the internal necessary characteristic is given. Some
properties of four-dimensional Kähler conformally recurrent Kähler spaces
are studied.

Анотація. В роботі вивчаються псевдоріманові простори з рекурентним
тензором конформної кривини, які допускають келерову структуру. До-
ведено, що келерових конформно рекурентних просторів відмінних від
рекурентних просторів не існує, якщо їх розмірність дорівнює чотирьом.
Рекурентні келерові простори поділені на два типи. Для кожного з типів
наведена внутрішня необхідна ознака. Вивчені деякі властивості чоти-
рьохмірних конформно рекурентних келерових просторів.

INTRODUCTiON
The theory of Kähler spaces has gone through a century of development

and has always attracted researchers [7, 22]. The study of the possibility
of special pseudo-Riemannian spaces to admit a Kähler structure is one
of the main research topics in this theory. Therefore, it does not lose its
relevance [6, 19].

Many authors have studied pseudo-Riemannian spaces with restrictions
imposed on internal objects and the metric tensor itself [3,17]. In the theory
of Kähler spaces, there are analogues of tensors that play a certain role in
the theory of pseudo-Riemannian spaces. The internal geometry of Kähler
spaces includes not only objects defined by a metric tensor, but also an affine
covariantly constant structure. The requirement of the structure sometimes
becomes an obstacle to the existence of certain spaces [4, 10,13,17].

In this paper, we study conformally recurrent Kähler spaces, i.e. spaces
in which the conformal curvature tensor is recurrent.
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The notion of tensor recurrence generalizes the notion of symmetry.
Other ways of generalization proposed in [8, 9, 15, 21] allow application in
the theory of recurrence tensors in Kähler spaces.

1. CONFORMAL MAPPiNGS
Let Vn (n ą 2) be a pseudo-Riemannian space with metric tensor gij(x)

and V̄n be a pseudo-Riemannian space with metric tensor ḡij(x). A confor-
mal mapping is a mutually unambiguous correspondence between points of
Vn and V̄n such that

ḡij(x) = e2σ(x)gij(x), (1.1)
here σ is some function [11].

If σ is constant, then the mapping is called homothetic. In what follows,
unless otherwise specified, we will limit ourselves to considering mappings
other than homothetic.

From (1.1) we get that
ḡij = e´2σgij .

Here gij are elements of a matrix inverse to gij . There are following formulas
for Christoffel symbols:
‚ let Γhij = gαhΓijα and Γijk = 1

2 (Bigjk + Bjgik ´ Bkgij), where δhi is Kro-
necker symbols, then

Γ̄hij = Γhij + δhi σj + δhj σi ´ σhgij ; (1.2)
‚ for the Riemannian tensor such that

Rhijk = BjΓhik ´ BkΓhij + ΓαikΓ
h
jα ´ ΓαijΓ

h
kα,

the following conditions are met:
R̄hijk = Rhijk + δhkσij ´ δhj σik + ghα(σαhgij ´ σαjgik) + ∆1σ(δ

h
kgij ´ δhj gik);

‚ for Ricci tensor Rij = Rαijα:
R̄ij = Rij + (n´ 2)σij + (∆2σ + (n´ 2)∆1σ)gij ; (1.3)

‚ for the scalar curvature R = Rαβg
αβ we have:

R̄ = e´2σ(R+ 2(n´ 1)∆2σ + (n´ 1)(n´ 2)∆1σ).

Here and further in the paper

σi ” Bσ
Bxi ” σ,i, σh = σαg

αh, σij = σ,ij ´ σ,iσ, j ,

while ∆1σ and ∆2σ denote the first and second Beltrami characters defined
by

∆1σ = gαβσ,ασ,β , ∆2σ = gαβσ,αβ ,



90 A. Savchenko, T. Shevchenko, S. Hedulian

and comma ”,” is the sign of the covariant derivative of the connection Vn.
The objects of the space V̄n conformally corresponding to Vn are denoted
by a dash.

Substituting the expression for ∆2σ into (1.3), we obtain for n ą 2

P ij = Pij + σij +
1

2
∆1σgij , (1.4)

where

Pij =
1

n´ 2

(
Rij ´ 1

2(n´ 1)
Rgij

)
. (1.5)

Similarly, V n is defined via P ij . Excluding the tensor σij from (1.2) us-
ing (1.4), we obtain that

C
h
ijk(x) = Chijk(x), (1.6)

where
Chijk(x) = Rh.ijk + δhj Pik ´ δhkPij + P hj gik ´ P hk gij (1.7)

and, similarly, the tensor Chijk is defined in V n.
The tensor Chijk is called the tensor of the conformal curvature of the

space Vn. Conditions of (1.6) show that the conformal curvature tensor is
invariant with respect to conformal mappings [11,16].

In the case of a tensor field S of type ( pq ), the covariant derivative of
the connection of Vn, which we will denote by a comma in each coordinate
system x1, x2, . . . , xn, is defined as follows:

S
i1i2...ip
j1j2...jq ,k

(x) = BkSi1i2...ipj1j2...jq
(x) + Γi1kα(x)S

αi2...ip
j1j2...jq

(x) + . . .

+ Γ
ip
kα(x)S

i1i2...ip´1α
j1j2...jq

(x) ´ Γβkj1(x)S
i1i2...ip
βj2...jq

(x) ´ . . .

´ Γβkjq(x)S
i1i2...ip
j1j2...jq´1β

(x),

where i1, . . . , ip, j1, . . . jq, k = 1, 2, . . . , n.
For the conformal curvature tensor, we obtain

Chijk,l = BlChijk ´ ChαjkΓ
α
il ´ ChiαkΓ

α
jl ´ ChijαΓ

α
kl + CαijkΓ

h
αl. (1.8)

Pseudo-Riemannian spaces Vn, in which the conformal curvature tensor
Chijk satisfies the condition

Chijk,l = ρlC
h
ijk, (1.9)

with some vector ρl, are called conformally recurrent,
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2. KÄHLER SPACES
A Kähler space Kn (n = 2N) is a pseudo-Riemannian space with a

metric tensor gij(x), in which there exists a structure F hi (x), satisfying the
relations [20]:

F hαF
α
i = ´δhi , F(ij) = 0, F hi,j = 0, (2.1)

where Fij ” giαF
α
j , the comma is the sign of the covariant derivative on

the connection Kn.
For the convenience, we introduce the conjugation operation in Kn:

A ...
ī... ” A ...

α...F
α
i ; B ī...

... ” Bα...
...F

i
α. (2.2)

Here A and B are arbitrary tensors of any valence. By virtue of (2.1)
and (2.2), the following properties hold:

A¯̄i = ´Ai, AᾱB
α = AαB

ᾱ, (Aī), j = Aī, j ,

B
¯̄i = ´Bi, AᾱB

ᾱ = ´AαBα, (B ī), j = B ī
, j .

The metric tensor and Kronecker symbols satisfy the relations:

gī j̄ = gij , gīj = ´gij̄ , δ
h

ī
= δ

h̄
i = F

h
i , δ

h̄

ī
= ´δhi .

In addition to the known identities, the Riemannian and Ricci tensors sat-
isfy the following properties:

Rh̄ījk = Rhijk, R
α
ᾱjk = 2Rjk̄, Rī j̄ = Rij . (2.3)

For the tensor Pij , defined by equation (1.5), the following conditions are
satisfied:

Pij = Pī j̄ , Pīj + Pij̄ = 0.

The internal objects of Kn include the objects defined from the metric
tensor gij and the structure F hi .

Let us consider conformally recurrent Kähler spaces. Taking into ac-
count (1.7) and (1.8), the equation (1.9) can be written as follows:

(Rhijk,l ´ ρlRhijk) = (Phk,l ´ ρlPhk) gij ´ (Phj,l ´ ρlPhj) gik+

+ (Pij,l ´ ρlPij) ghk ´ (Pik,l ´ ρlPik) ghj .
(2.4)

Now, perform the conjugation operation on the indices j and k and subtract
the result from (2.4):

(Phk,l ´ ρlPhk) gij ´ (Phj,l ´ ρlPhj) gik + (Pij,l ´ ρlPij) ghk´
´ (Pik,l ´ ρlPik) ghj ´ (Phk̄,l ´ ρlPhk̄

)
gij̄ +

(
Phj̄,l ´ ρlPhj̄

)
gik̄´

´ (Pij̄,l ´ ρlPij̄
)
ghk̄ +

(
Pik̄,l ´ ρlPik̄

)
ghj̄ = 0.
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Multiply the latter equation by gij and wrap by indices i and j:
(n´ 4) (Phk,l ´ ρlPhk) ´ (P,l ´ ρlP ) ghk = 0. (2.5)

Multiplying further (2.5) by ghk and wrapping by indices h and k, we get
2(n´ 2) (P,l ´ ρlP ) = 0. (2.6)

It then follows from (2.5) and (2.6) that
(n´ 4) (Phk,l ´ ρlPhk) = 0.

Theorem 2.1. Kähler conformally recurrent spaces are recurrent or their
dimension is four.

3. RECURRENT KÄHLER SPACES
Let n ‰ 4. Then

Rhijk,l = ρlRhijk.

Cycling by the indices j, k, l and taking to account the properties of the
Riemannian tensor we obtain that

ρlRhijk + ρjRhikl + ρkRhilj = 0. (3.1)
Performing the conjugation operation on the indices l, j, k, we see that the
vector ρl̄ also satisfies the following condition:

ρl̄Rhijk + ρj̄Rhikl + ρk̄Rhilj = 0. (3.2)
Note that the vectors ρl and ρl̄ are mutually orthogonal. If the vector
ρi is nonisotropic, then the vector ρī is also nonisotropic, due to the skew-
symmetry of the tensor Fij . Further, let us consider recurrent Kähler spaces
in which the recurrence vector is nonisotropic.

The following theorem holds

Theorem 3.1. The Riemannian and Ricci tensors and the scalar curvature
of a Kähler recurrence space with a non-isotropic recurrence vector satisfy
the following identity:

R

2
Rhijk = RhkRij ´RhjRik. (3.3)

Proof. Multiply (3.1) by glh and wrap by indices l and h. Then we get that
ραR

α
ijk + ρjRik ´ ρkRij = 0. (3.4)

Multiplying further the latter equation by gij and wrapping by indices i
and j, we obtain that

ραR
α
k =

R

2
ρk. (3.5)



Conformal recurrent Kähler spaces 93

Now, multiply (3.1) by the vector ρl and wrap by the index l:
ραρ

αRhijk + ρjραR
α
kih + ρkραR

α
jhi = 0. (3.6)

Taking into account the equation (3.4) we see that
ραρ

αRhijk = ρjρiRkh ´ ρjρhRki + ρkρhRij ´ ρkρiRjh. (3.7)
Similarly, we get from the equation (3.2) for the vector ρī that

ραρ
αRhijk = ρj̄ρīRkh ´ ρj̄ρh̄Rki + ρk̄ρh̄Rij ´ ρk̄ρīRjh. (3.8)

Apply the conjugation operation on the indices j and k to the equa-
tion (3.4):

ραR
α
ijk + ρj̄Rik̄ ´ ρk̄Rij̄ = 0. (3.9)

Subtracting further (3.9) from (3.4) we obtain that
ρjRik ´ ρkRij ´ ρj̄Rik̄ + ρk̄Rij̄ = 0. (3.10)

Multiply now (3.10) by the vector ρj and roll up by j. Then, taking into
account (3.5), we get that

ραρ
αRik =

R

2
(ρkρi + ρk̄ρī) . (3.11)

Adding (3.8) and (3.7) we obtain
2ραρ

αRhijk =
(
ρjρi + ρīρj̄

)
Rkh ´ (ρjρh + ρj̄ρh̄

)
Rki+

+ (ρkρh + ρk̄ρh̄)Rij ´ (ρkρi + ρk̄ρī)Rhj .
(3.12)

Multiplying (3.12) by the expression and taking into account (3.11) we get
the desired identity (3.3):

RRhijk = 2 (RhkRij ´RhjRik) . □

Let us prove the following statement.

Lemma 3.2. In recurrent Kähler spaces, the following conditions hold
Rij̄,k̄ = ραR

α
kji. (3.13)

Proof. Note that recurrence condition implies that
Rαijk,α = ραR

α
ijk. (3.14)

From the identity of Bianchi we also get that
Rhijk,l +Rhikl,j +Rhilj,k = 0.

Wrapping this identity by indices h and l, we obtain that
Rαijk,α = Rij,k ´Rik,j . (3.15)
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Now (3.15) and (3.14) imply that
Rij,k ´Rik,j = ραR

α
ijk. (3.16)

Applying the conjugation operation on the indices i and j we get that
Rij,k ´Rīk,j̄ = ραR

α

īj̄k
. (3.17)

Symmetrize further (3.17) by indices i and k:
Rij,k +Rkj,i = ραR

α

īj̄k
+ ραR

α

k̄j̄i
, (3.18)

and reciprocally rename the indices i and j in (3.18):
Rij,k +Rik,j = ραR

α

j̄īk
+ ραR

α

k̄īj
. (3.19)

Adding up (3.19) and (3.16) we get
2Rij,k = ραR

α
ijk + ραR

α

j̄īk
+ ραR

α

k̄īj
.

Applying now the conjugation operation by indices j and k we see that
2Rij̄,k̄ = ραR

α
ijk ´ ραR

α
jik ´ ραR

α
kij .

Finally, taking into account the algebraic properties of the Riemannian
tensor, we see that (3.13) hold. This proves the lemma. □

Note that the equations (3.14) coincide with the integrability conditions
for the equation defining φ(Ric)-vector fields and Ricci solitons [1, 2, 5, 12,
14,18].

Consider now recurrent Kähler spaces with an isotropic recurrence vec-
tor, i.e.

ραρ
α = 0. (3.20)

Then, from (3.6), taking into account (3.20), we obtain that
ρjραR

α
kih + ρkραR

α
jhi = 0. (3.21)

Applying Lemma 3.2 to (3.21) we get that
ρjRhī,k̄ + ρkRih̄,j̄ = 0. (3.22)

If the space is recurrent, then the Ricci tensor is also recurrent, i.e.
Rij,k = ρkRij . (3.23)

Hence, substituting (3.23) into (3.22) and grouping the corresponding sum-
mands we will obtain that

(
ρkρj̄ ´ ρk̄ρj

)
Rhi = 0.

Since (
ρkρj̄ ´ ρk̄ρj

) ‰ 0,

the following identity holds:
Rij = 0. (3.24)
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Pseudo-Riemannian spaces in which the conditions (3.24) are satisfied
for the Ricci tensor are called Ricci flat. Hence we get the following

Theorem 3.3. Recurrent Kähler spaces with an isotropic recurrence vector
are Ricci flat spaces.

Thus, for n ‰ 4, conformally recurrent Kähler spaces are recurrent Käh-
ler spaces, which, in turn, are divided into two types depending on the type
of recurrence vector. If the recurrence vector is non-isotropic, then the
formula (3.3) holds, and if it is isotropic, then the equation (3.24) holds.

4. CONFORMALLY RECURRENT SPACES
We now turn to the consideration of four-dimensional conformally recur-

rent Kähler spaces.

Theorem 4.1. In conformally recurrent Kähler spaces Kn (n = 4), the
following conditions hold

2ραR
α
lji = τl̄gij̄ + ρl̄Rij̄ +Rij̄,l̄. (4.1)

Proof. The equations (1.5), (1.7), (1.9) for n = 4 can be written as follows:

2Pij = Rij ´ 1
6Rgij ,

Chijk = Rhijk +
1
2 (ghjRik ´ ghkRij +Rhjgik ´Rhkgij)´

´ 1
6R (ghjgik ´ ghkgij) ,

2 (Rhijk,l ´ ρlRhijk) = ghk (Rij,l ´ ρlRij) + gij (Rhk,l ´ ρlRhk)´
´ ghj (Rik,l ´ ρlRik) ´ gik (Rhj,l ´ ρlRhj) .

Cycling by indices j, k, l, we obtain
2 (ρlRihjk + ρjRihkl + ρkRihlj) =

= gijAhkl + gikAhlj + gilAhjk + ghkAijl + ghlAikj + ghjAilk,
(4.2)

where
Aijk = Rij,k ´ ρkRij ´Rik,j + ρjRik.

Multiply the equation (4.2) by ghk and wrap by indices h and k. Then after
summing the similar summands we get that

2ραR
α
ijl = τlgij ´ τjgil +Rij,l ´Ril,j + ρlRij ´ ρjRil, (4.3)

where
τi = ραR

α
i ´ 1

2
R,i.
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Applying to the expression (4.3) the conjugation operation on the indices
i and j we obtain that

2ραR
α

īj̄l
= τlgij ´ τj̄gīl +Rij,l ´Rīl,j̄ + ρlRij ´ ρj̄Rīl. (4.4)

Symmetrize further (4.4) by indices i and l:

2
(
ραR

α

īj̄l
+ ραR

α

l̄j̄i

)
= τlgij + τiglj +Rij,l +Rlj,i + ρlRij + ρiRlj , (4.5)

and exchange notations for indices i and j in (4.5):

2
(
ραR

α

j̄īl
+ ραR

α

l̄̄ij

)
= τlgji + τjgli +Rji,l +Rli,j + ρlRji + ρjRli. (4.6)

Adding now (4.6) and (4.3) we obtain that

ραR
α
ijl + ραR

α

j̄īl
+ ραR

α

l̄̄ij
= τlgij +Rij,l + ρlRij . (4.7)

Applying to (4.7) the conjugation operation on the indices j and l, and
taking into account the properties of the Riemannian tensor, we will get
the desired equation (4.1). □

5. CONCLUSiON
Thus, it has been proved that there are no conformally recurrent Kähler

spaces other than recurrent ones, if the dimension of the space is not four.
The fact that conformally recurrent Kähler spaces are recurrent allows us to
distinguish between two types of these spaces depending on the properties of
the recurrence vector. These types can be distinguished in the classification
proposed in the current paper. Namely, if the recurrence vector is not
isotropic, then the scalar curvature of such spaces is distinct from zero, and
the Riemannian tensor satisfies the condition

R

2
Rhijk = RhkRij ´RhjRik.

Thus, recurrent Kähler spaces with an isotropic recurrence vector are Ricci
flat, and therefore they have zero scalar curvature. Different from recurrent
conformally recurrent Kähler spaces may exist only when the dimension
of the space is 4. We found that tensor condition is satisfied by four-
dimensional conformally recurrent Kähler spaces, which may allow us to
construct examples of such spaces. The construction of an example of
conformally recurrent Kähler spaces other than recurrent ones remains an
unsolved problem.
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