Proceedings of the (@Ol L M Gpon Acuess

International Geometry Center
Vol. 17, no. 1 (2024) pp. 88-98

Conformal recurrent Kahler spaces

A. G. Savchenko, T. I. Shevchenko, S. I. Hedulian

Abstract. In this paper we study pseudo-Riemannian spaces with recurrent
tensor of conformal curvature, which admit a Kéhler structure. It is proved
that Kéahler conformally recurrent spaces other than recurrent spaces do not
exist, if their dimension is four. Recurrent Kéhler spaces are divided into two
types. For each type, the internal necessary characteristic is given. Some
properties of four-dimensional Kéahler conformally recurrent K#hler spaces
are studied.

Amnorargisi. B po6oTi BUBYAIOTHCS IICEBIOPIMAHOBI IPOCTOPH 3 PEKYPEHTHUM
TEH30pOM KOH(MOPMHOI KPUBWHM, $IKi JOMYCKAIOTH KEeJIEPOBY CTPYKTYpy. lo-
BEJICHO, IO KeJIEPOBUX KOH(MOPMHO PEKYPEHTHHUX MPOCTOPIB BiAMIHHUX Bi
PEKYPEHTHUX IIPOCTOPIB HE ICHYE, AKIINO 1X PO3MIPHICTH JOPIBHIOE YOTUPHOM.
Pekypentni kejieposi mpocropu mojisieHi na asa tumu. s KO2KHOTO 3 TUTIB
HaBeJIeHa BHYTPIITHS HeOOXigHa o3HakKa. BuBueHi meski BiIacTHBOCTI T0TH-
PBOXMIPHUX KOH(MOPMHO PEKYPEHTHUX KEJIEPOBUX IIPOCTOPIB.

INTRODUCTION

The theory of Kéhler spaces has gone through a century of development
and has always attracted researchers [7,22]. The study of the possibility
of special pseudo-Riemannian spaces to admit a Kahler structure is one
of the main research topics in this theory. Therefore, it does not lose its
relevance [6,19].

Many authors have studied pseudo-Riemannian spaces with restrictions
imposed on internal objects and the metric tensor itself [3,17]. In the theory
of Kéhler spaces, there are analogues of tensors that play a certain role in
the theory of pseudo-Riemannian spaces. The internal geometry of Kéhler
spaces includes not only objects defined by a metric tensor, but also an affine
covariantly constant structure. The requirement of the structure sometimes
becomes an obstacle to the existence of certain spaces [4,10,13,17].

In this paper, we study conformally recurrent Kéhler spaces, i.e. spaces
in which the conformal curvature tensor is recurrent.
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The notion of tensor recurrence generalizes the notion of symmetry.
Other ways of generalization proposed in [8,9,15,21] allow application in
the theory of recurrence tensors in Kéhler spaces.

1. CONFORMAL MAPPINGS

Let Vi, (n > 2) be a pseudo-Riemannian space with metric tensor g;;(z)
and V;, be a pseudo-Riemannian space with metric tensor g;;(z). A confor-
mal mapping is a mutually unambiguous correspondence between points of

V,, and V,, such that
gij(x) = €2 Wgi;(x), (1.1)
here o is some function [11].

If o is constant, then the mapping is called homothetic. In what follows,
unless otherwise specified, we will limit ourselves to considering mappings
other than homothetic.

From (1.1) we get that
—20 _ij

gv.
Here g% are elements of a matrix inverse to gij. There are following formulas
for Christoffel symbols:
e let I’?j = gO‘hI‘ija and Ty, = %(&-gjk + 0;9ik, — Orgij), Where 5k is Kro-
necker symbols, then
f‘?j = F?j + 8o + (5?01- — olgij; (1.2)
e for the Riemannian tensor such that

h h h h h
RZ]k = @Fm — 6kI‘U + F?krjoc - F%Fkav

g7 =e

the following conditions are met:
R, = RM 4+ 5P — §ho. ho g Avo(§ha: — 6Par):
ijk ijk + 01,045 4 Oik +g (Uahgm Ua]gzk) + 10( L 3ij b gzk)a

e for Ricci tensor R;; = R%a:

Rij = Rij + (n — 2)oy; + (Ago + (n — 2)A10)gij; (1.3)
e for the scalar curvature R = Raggaﬁ we have:
R=e¢2(R+2(n—1)Ay0 + (n—1)(n —2)A0).
Here and further in the paper

o= 99 _ o — o goh o oo
=g O =0ag ij — O0ij 40,355

while Ao and Aso denote the first and second Beltrami characters defined
by

AIU - ga/80'7a0',57 AQU = gaﬁa,aﬁ7
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and comma ”,” is the sign of the covariant derivative of the connection V;,.
The objects of the space V,, conformally corresponding to V,, are denoted
by a dash.

Substituting the expression for Agco into (1.3), we obtain for n > 2

— 1
Pij = Pij + 0ij + 5810935, (1.4)
where

1 1
Py = - <Rij - 72(71 — 1)Rgij> . (1.5)

Similarly, V, is defined via P;;. Excluding the tensor o;; from (1.2) us-
ing (1.4), we obtain that

—h
Cijn(x) = Cliy(), (1.6)
where
Cz]k( ) Rh]k + 5hPlk: 51]3P’LJ + Phgzk Pk Gij (17)

and, similarly, the tensor él-jk is defined in V.

The tensor Cihjk is called the tensor of the conformal curvature of the
space V. Conditions of (1.6) show that the conformal curvature tensor is
invariant with respect to conformal mappings [11, 16].

In the case of a tensor field S of type (%), the covariant derivative of
the connection of V,,, which we will denote by a comma in each coordinate

system 2!, 22, ..., 2", is defined as follows:

11%92...7 11%92...7 i ...t
Sjijz---jl;vk( z) = ‘3165]1;2 Jp( ) + lea(w)sjljin.;?q () + ...

J1J2---Jq

~ T, @S @),

Jij2.-Jq—108

T ()5 ) = T, (@) S5 () =

where i1,...,%p,J1,... Jo, E=1,2,...,n
For the conformal curvature tensor, we obtain

Clikg = A0, — ChuT = Cly T — ClaTiy + Culhy. (1.8)

Pseudo-Riemannian spaces V,,, in which the conformal curvature tensor

Cihjk satisfies the condition

Cl'hjk,l C]k:: (19)

with some vector p;, are called conformally recurrent,
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2. KAHLER SPACES

A Kibhler space K, (n = 2N) is a pseudo-Riemannian space with a
metric tensor g;;(), in which there exists a structure F*(z), satisfying the
relations [20]:

h o h h
FoF = _51' ) F(z]) =0, Fz‘,j =0, (21)

where Fj; = giaF;", the comma is the sign of the covariant derivative on
the connection K,,.
For the convenience, we introduce the conjugation operation in K,,:
Ay = AUFY B =BYIE, (22)
Here A and B are arbitrary tensors of any valence. By virtue of (2.1)
and (2.2), the following properties hold:

As = —A;, AsB® = A,B°, (A7), 5 = 4, VR
Bg B —Bi, AdB& = _AaBa7 (Bg), i B?]
The metric tensor and Kronecker symbols satisfy the relations:
h h h h h
9ij = 9ij> 9ij = ~Yij» 0 =0; = Fy, 0 = —0;.

In addition to the known identities, the Riemannian and Ricci tensors sat-
isfy the following properties:

Riiii = Rhijies Ry, = 2Ry, R;; = Ryj. (2.3)

For the tensor P;j;, defined by equation (1.5), the following conditions are
satisfied:

Pij = B3, B+ P =0.

The internal objects of K, include the objects defined from the metric
tensor g;; and the structure Fih.
Let us consider conformally recurrent Kéahler spaces. Taking into ac-
count (1.7) and (1.8), the equation (1.9) can be written as follows:
(Rhijeg — piRuije) = (Prkg — prPuk) 9ij — (Prja — piPhj) gir+ (2.4)
+ (Pij1 — piPij) 9nie — (Pikg — piPik) 9nj- '

Now, perform the conjugation operation on the indices j and k£ and subtract
the result from (2.4):
(P — pirPuk) 9i5 — (Prji — piPrj) 9ik + (Pijg — piPij) ghk—
— (Pikg — piPik) 9nj — (Pagy — PiPuz) 955 + (Puja — piBh;) 95—
- (Pii,l - png) Ik + (Pil’c,l - PlPiE) gn; = 0.
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Multiply the latter equation by g% and wrap by indices i and j:

(n —4) (Prrg — piPri) — (Py — piP) gni = 0. (2.5)
Multiplying further (2.5) by ¢"* and wrapping by indices h and k, we get
2n —2) (P~ piP) = 0. (2.6)

It then follows from (2.5) and (2.6) that
(n —4) (Prkg — piPrx) = 0.

Theorem 2.1. Kdhler conformally recurrent spaces are recurrent or their
dimension is four.

3. RECURRENT KAHLER SPACES

Let n # 4. Then
Rhijky = piRuijk-
Cycling by the indices j, k, | and taking to account the properties of the
Riemannian tensor we obtain that

P Rpiji + pjRpikt + prRuij = 0. (3.1)

Performing the conjugation operation on the indices [, j, k, we see that the
vector pj also satisfies the following condition:

PrBhijk + pjRhikt + prpRui; = 0. (3.2)

Note that the vectors p; and p; are mutually orthogonal. If the vector
pi is nonisotropic, then the vector p; is also nonisotropic, due to the skew-
symmetry of the tensor Fj;. Further, let us consider recurrent Kéhler spaces
in which the recurrence vector is nonisotropic.

The following theorem holds

Theorem 3.1. The Riemannian and Ricci tensors and the scalar curvature
of a Kdhler recurrence space with a non-isotropic recurrence vector satisfy
the following identity:

R

5Rhijk = thRij — thRik- (3.3)

Proof. Multiply (3.1) by ¢"* and wrap by indices I and h. Then we get that
Pa iy + piRik — ppRij = 0. (3.4)

Multiplying further the latter equation by ¢% and wrapping by indices i
and j, we obtain that

6% R
paly = §pk- (3.5)
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Now, multiply (3.1) by the vector p! and wrap by the index I:
pap® Rhijk + pjpaRyg, + prpaRyy,; = 0. (3.6)
Taking into account the equation (3.4) we see that
pap” Rpijk = pjpiRen — pjpnBRii + prpnRij — prpiRjn. (3.7)
Similarly, we get from the equation (3.2) for the vector p; that
Pap” Rhiji = pjpiRin — pjpnBei + pppnRi; — pippilijn. (3-8)

Apply the conjugation operation on the indices j and k to the equa-
tion (3.4):

Subtracting further (3.9) from (3.4) we obtain that
piRik — peRij — pjRig + ppRij = 0. (3.10)

Multiply now (3.10) by the vector p/ and roll up by j. Then, taking into
account (3.5), we get that

R
pap” Rix, = B (prpi + Prp7) - (3.11)

Adding (3.8) and (3.7) we obtain
20ap™ Ruije = (pipi + pir;) Ren — (pjpn + pjpn) Rrit
+ (pepn + pron) Rig — (pepi + prpoi) Rnj-

Multiplying (3.12) by the expression and taking into account (3.11) we get
the desired identity (3.3):

RRpiji = 2 (RurRij — RpjRir) - U

(3.12)

Let us prove the following statement.

Lemma 3.2. In recurrent Kdhler spaces, the following conditions hold
R 5 = paRy; (3.13)
Proof. Note that recurrence condition implies that
Sk = PaRi. (3.14)
From the identity of Bianchi we also get that
h h h
Rijig + Rij + Rigjp = 0.
Wrapping this identity by indices h and [, we obtain that
= Rij,k — Rik,j' (315)

e
ijk,a
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Now (3.15) and (3.14) imply that

Rij,k — Rik,j = paR%k. (3.16)
Applying the conjugation operation on the indices ¢ and j we get that
Rij — Ripj = paRs,- (3.17)

Symmetrize further (3.17) by indices ¢ and k:
Rijk + Riji = PaR-- + PaR 3 (3.18)
and reciprocally rename the indices ¢ and j in (3.18):
Rij,k + Rik,] paRﬂk + paR%j-
Adding up (3.19) and (3.16) we get
(67 (67 (67
2Rij,k = paRijk + paRﬁk + paRl_ﬁj'

(3.19)

Applying now the conjugation operation by indices j and k we see that

2R ;51 = paly), — PaRy — paRy;.

ijk —
Finally, taking into account the algebraic properties of the Riemannian
tensor, we see that (3.13) hold. This proves the lemma. O

Note that the equations (3.14) coincide with the integrability conditions
for the equation defining p(Ric)-vector fields and Ricci solitons [1,2,5,12,
14,18].

Consider now recurrent Kéhler spaces with an isotropic recurrence vec-
tor, i.e.

pap” = 0. (3.20)
Then, from (3.6), taking into account (3.20), we obtain that
piPaRi, + PrpaRy,; = 0. (3.21)
Applying Lemma 3.2 to (3.21) we get that
piRpik + peRip; = 0. (3.22)
If the space is recurrent, then the Ricci tensor is also recurrent, i.e.
Rij,k = PkRz‘j- (3.23)

Hence, substituting (3.23) into (3.22) and grouping the corresponding sum-
mands we will obtain that

(k5 — PEpj) Bai =0
Since
(Pkp; — pips) # 0,
the following identity holds:
R;; = 0. (3.24)
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Pseudo-Riemannian spaces in which the conditions (3.24) are satisfied
for the Ricci tensor are called Ricci flat. Hence we get the following

Theorem 3.3. Recurrent Kdhler spaces with an isotropic recurrence vector
are Ricci flat spaces.

Thus, for n # 4, conformally recurrent Kéhler spaces are recurrent Kah-
ler spaces, which, in turn, are divided into two types depending on the type
of recurrence vector. If the recurrence vector is non-isotropic, then the
formula (3.3) holds, and if it is isotropic, then the equation (3.24) holds.

4. CONFORMALLY RECURRENT SPACES

We now turn to the consideration of four-dimensional conformally recur-
rent Kéhler spaces.

Theorem 4.1. In conformally recurrent Kdahler spaces K, (n = 4), the
following conditions hold

2paRlO‘jZ. =795 + pili; + Ri5 - (4.1)
Proof. The equations (1.5), (1.7), (1.9) for n = 4 can be written as follows:
2P;; = Rij — §Ryyj,
Chiji = Rniji + 5 (gnjRir. — gneRij + Rujgir. — Rurgij) —
— LR (gnj9ik — InkYis) -
2 (Ruijig — piRuijr) = gni (Riji — piRij) + gij (Rukg — piRik) —
— gnj (Rikg — piRik) — gire (Rnji — piRnj) -
Cycling by indices j, k, I, we obtain
2(piRinji + piRinkt + prRinij) =

4.2
= Gij Ankl + gikAnij + gitAnjk + gneAiji + gniAikj + gnj Aitk, (4.2)

where
Aiji = Rij i — prRij — Rigj + pjRig.

Multiply the equation (4.2) by ¢"* and wrap by indices h and k. Then after
summing the similar summands we get that

QPQRZ] = n9ij — Ti9a + Rijg — Rij + piRij — pj R, (4.3)
where

1
Ti = pa R — §Rz
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Applying to the expression (4.3) the conjugation operation on the indices
1 and j we obtain that

200 R, = gij — T390 + Riji — Raj + pRij — pj Ry (4.4)
Symmetrize further (4.4) by indices i and I:
2 (PaR%l + PaR%Z) = T19ij + Tigi; + Riju + Riji + pRij + pilyj,  (4.5)

and exchange notations for indices 7 and j in (4.5):

2 (ﬂaR%, + PaRla—ij) = 7n9gji + 79 + Rjiy + Riij + piRji + pjRii. (4.6)

Adding now (4.6) and (4.3) we obtain that

pOéRZl + paR%l

+ paR%j =79ij + Riji + piRij. (4.7)
Applying to (4.7) the conjugation operation on the indices j and [, and
taking into account the properties of the Riemannian tensor, we will get

the desired equation (4.1). O

5. CONCLUSION

Thus, it has been proved that there are no conformally recurrent Kéhler
spaces other than recurrent ones, if the dimension of the space is not four.
The fact that conformally recurrent Kéhler spaces are recurrent allows us to
distinguish between two types of these spaces depending on the properties of
the recurrence vector. These types can be distinguished in the classification
proposed in the current paper. Namely, if the recurrence vector is not
isotropic, then the scalar curvature of such spaces is distinct from zero, and
the Riemannian tensor satisfies the condition

R
§ha‘jk = RppRij — RpjRig.

Thus, recurrent Kéahler spaces with an isotropic recurrence vector are Ricci
flat, and therefore they have zero scalar curvature. Different from recurrent
conformally recurrent Kéhler spaces may exist only when the dimension
of the space is 4. We found that tensor condition is satisfied by four-
dimensional conformally recurrent K&hler spaces, which may allow us to
construct examples of such spaces. The construction of an example of
conformally recurrent Kéhler spaces other than recurrent ones remains an
unsolved problem.



Conformal recurrent Kéhler spaces 97

[1

2]

B3l

(4]
5]

(6]
7]
(8]

19

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

REFERENCES

Bang-Yen Chen. Some results on concircular vector fields and their applications to
Ricci solitons. Bull. Korean Math. Soc., 52(5):1535-1547, 2015. doi:10.4134/BKMS.
2015.52.5.1535.

Bang-Yen Chen and Sharief Deshmukh. Geometry of compact shrinking Ricci solitons.
Balkan J. Geom. Appl., 19(1):13-21, 2014. URL: http://www.mathem.pub.ro/bjga/
v19n1/B19-1-cd-924.pdf.

Ryszard Deszcz, Mal gorzata Gt ogowska, Jan Jel owicki, Miroslava Petrovi¢-Torgasev,
and Georges Zafindratafa. On Riemann and Weyl compatible tensors. Publ. Inst. Math.
(Beograd) (N.S.), 94(108):111-124, 2013. doi:10.2298/PIM1308111D.

D. Doikov and V. Kiosak. On the Schwarzschild model for gravitating objects of the
universe. AIP Conference Proceedings, 2302(040001), 2020. doi:10.1063/5.0033657.
I. Hinterleitner and V. Kiosak. ¢(Ric)-vector fields on conformally flat spaces. Pro-
ceedings of American Institute of Physics, 1191:98-103, 2009. doi: 10.1063/1.3275604.
doi:10.1063/1.3275604.

Irena Hinterleitner and Volodymyr Kiosak. Special Einstein’s equations on Kéhler man-
ifolds. Arch. Math. (Brno), 46(5):333-337, 2010. doi:10.5817/am2012-5-333.

Erich Kihler. Uber eine bemerkenswerte Hermitesche Metrik. Abh. Math. Sem. Univ.
Hamburg, 9(1):173-186, 1933. doi:10.1007/BF02940642.

V. Kiosak, L. Kusik, and V. Isaiev. Geodesic Ricci-symmetric pseudo-Riemannian
spaces. Proc. Int. Geom. Cent., 15(2):109-119, 2022. doi:10.15673/tmgc.v15i2.
2224.

V. Kiosak, O. Lesechko, and O. Latysh. On geodesic mappings of symmetric pairs.
Proc. Int. Geom. Cent., 15(3-4):230-238, 2022. doi:10.15673/tmgc.v15i3-4.2430.
V. Kiosak, O. Prishlyak, and O. Lesechko. On the geodesic mappings of pseudo-
Riemannian spaces with special supplementary tensor. Proc. Int. Geom. Cent.,
14(4):243-256, 2021. doi:10.15673/tmgc.v14i4.2140.

V. Kiosak, A. Savchenko, and O. Gudyreva. On the conformal mappings of special
quasi-Einstein spaces. AIP Conference Proceedings, 2164(040001), 2019. doi:10.1063/
1.5130793.

V. Kiosak, A. Savchenko, and S. Khniunin. On the typology of quasi-Einstein spaces.
AIP Conference Proceedings, 2302(040003), 2020. doi:10.1063/5.0033700.

V. Kiosak, A. Savchenko, and G. Kovalova. Geodesic mappings of compact quasi-
Einstein spaces, I. Proc. Int. Geom. Cent., 13(1):35-48, 2020. doi:10.15673/tmgc.
v13i1.1711.

V. Kiosak, A. Savchenko, and L. Kusik. On the properties of Ricci solitons. AIP Con-
ference Proceedings, 2522(120006), 2022. doi:10.1063/5.0100792.

V. Kiosak, A. Savchenko, and O. Latysh. Geodesic mappings of compact quasi-Einstein
spaces, II. Proc. Int. Geom. Cent., 14(1):80-91, 2021. doi:10.15673/tmgc.v14i1.
1936.

V. Kiosak, A. Savchenko, and L. Makarenko. Invariant transformations that preserve
mappings. AIP Conference Proceedings, 2522(120003), 2022. doi:10.1063/5.0100787.
V. Kiosak, A. Savchenko, and T. Shevchenko. Holomorphically projective mappings
of special Kéhler manifolds. AIP Conference Proceedings, 2025(080004), 2018. doi:
10.1063/1.5064924.

V. A. Kiosak and G. V. Kovalova. Geodesic mappings of quasi-Einstein spaces with a
constant scalar curvature. Mat. Stud., 53(2):212-217, 2020. doi:10.30970/ms.53.2.
212-217.



98 A. Savchenko, T. Shevchenko, S. Hedulian

[19] O. Lesechko, O. Latysh, and T. Spychak. Conformally flat Kéhler spaces. AIP Con-
ference Proceedings, 2302(040004), 2020. doi:10.1063/5.0034024.

[20] Josef Mikes, Volodymyr Kiosak, and Alena Vanzurova. Geodesic mappings of manifolds
with affine connection. Palacky University Olomouc, Olomouc, 2008.

[21] Margaret Pistruil, Irina Kurbatova, and Nadiia Konovenko. Fundamental theorems of
quasi-geodesic mappings of generalized-recurrent-parabolic spaces. Proc. Int. Geom.
Cent., 16(3-4):217-230, 2023. doi:10.15673/pigc.v16i3.2576.

[22] P. A. Shirokov. Constant fields of vectors and tensors of second order on Riemannian
spaces. Izv.Kaz.f.m.o., 2(25):256-280, 1925.

Received: February 23, 2024, accepted: March 26, 2024.

A. G. Savchenko

KHERSON STATE UNIVERSITY, UNIVERSITY STREET 27, KHERSON, 73000, UKRAINE
Email: savchenko.o.g@ukr.net

ORCID: 0000-0003-4687-5542

T. I. Shevchenko

ODESA STATE ACADEMY OF CIVIL ENGINEERING AND ARCHITECTURE, DIDRIH-
SON ST., 4, 65029, UKRAINE

Email: tashevl@ukr.net

ORCID: 0000-0002-7304-1706

S. I. Hedulian

ODESA STATE ACADEMY OF CIVIL ENGINEERING AND ARCHITECTURE, DIDRIH-
SON ST., 4, 65029, UKRAINE

Email: shedulian@ogasa.org.ua

ORCID: 0000-0001-5732-6042



