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On partial preliminary group classification of
some class of (1+3)-dimensional Monge—Ampére
equations, II. Two-dimensional Lie algebras

Vasyl Fedorchuk, Volodymyr Fedorchuk

Abstract. We perform the partial preliminary group classification of
some class of (1 + 3)-dimensional Monge-Ampére equations using non-
equivalent functional bases of the first-order differential invariants of two-
dimensional nonconjugate subalgebras of the Lie algebra of the Poincaré
group P(1,4).

Amnorariis. B poboTi npoBesieHO 4acTKOBY IONEPEIHIO TPYIIOBY KJIACH-
dikamio geakoro kiacy (1 + 3)-sumipnux piBaganb Monxka—Amnepa Bu-
KOPHCTOBYIOYM HEEKBIBaJIEHTHI (DYHIIOHAIbHI ba3ucu audepeHIriaIbHIX
iHBapiaHTiB MEPIIOro MOPSIAKY ABOBUMIPHUX HECIPS?KEHUX IIimaaredp a-
re6pu JIi rpynu ITyankape P(1,4).

1. INTRODUCTION

In many cases, the mathematical modeling of the real processes of the
nature is reduced to the construction and investigation of classes of differen-
tial equations. It is known that a group classification is one of the powerful
tools for investigation classes of differential equations. The history of group
classification methods goes back to Sophus Lie [25]. The modern formu-
lation of the problem of group classification of differential equations was
suggested by Lev Ovsiannikov [29].

Currently, many studies are devoted to group classification of different
classes of differential equations. In those works we can also find various
generalizations of the classical Lie-Ovsiannikov approach. Here, we only
mention some of them [3, 4, 20, 24, 25, 28, 29, 30, 38| (see also the references
therein).

A solution of many problems of the geometry, theoretical physics, as-
trophysics, differential equations, optimal mass transportation, one-dimen-
sional gas dynamics and etc. is reduced to the investigation of classes of
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Monge-Ampére equations in the spaces of different dimensions and diffe-
rent types. At the present time, there are a lot of papers and books in
which those classes have been studied by different methods. Here, we only
present some of them |1, 2, 5, 6, 7, 8, 9, 16, 17, 21, 22, 23, 26, 27, 31, 32,
33, 34, 35, 36, 37, 39, 40| (see also the references therein).

In this paper we present some of the results concerning partial prelimi-
nary group classification of some class of (1+3)-dimensional Monge—Ampére
equations.

To present the results obtained, we give some information about the Lie
algebra of the Poincaré group P(1,4) and its nonconjugate subalgebras.

2. LIE ALGEBRA OF THE POINCARE GROUP P(1,4) AND ITS
NONCONJUGATE SUBALGEBRAS

The group P(1,4) is a group of rotations and translations of the five-
dimensional Minkowski space M(1,4). It is the smallest group, which con-
tains, as subgroups, the extended Galilei group G(1,3) [19] (the symmetry
group of classical physics) and the Poincaré group P(1,3) (the symmetry
group of relativistic physics).

The Lie algebra of the group P(1,4) is generated by 15 basis elements
My, = —M,, (p,v =0,1,2,3,4) and P, (p = 0,1,2,3,4), which satisfy
the commutation relations

[PuvPV} =0, [Muuvpo] :guapu_g;wpm
[Muyy Mpa} = guUMVp + gupMuU - g,upMVU - gVUMupa
where gop = —g11 = 922 = —933 = —guu =1, g, = 0, if p # v.

In this paper, we consider the following representation [16] of the Lie
algebra of the group P(1,4)

P 0 B 0 B 0 B 0
O_a.%'07 1= 6.7}17 2= 0902’ 57 51‘37
0
Py = A M, =z, P, —x, Py, T4 = U.

In the following, we will use the next basis elements:

G = Moy, Ly = Mo, Lo = — M3, L3 = M,
Pa:Ma4_M0a’ Ca:Ma4+M0aa (a: 172)3)7

1 1
oni(Po—P4), X4:§(P()+P4), Xk = Py, (k:]-7273)

Nonconjugate subalgebras of the Lie algebra of the group P(1,4) have been
described in the papers [10, 11, 12, 18].
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The Lie algebra of the extended Galilei group G (1,3) is generated by the
following basis elements:

L17 L27 L37 P17 P27 P37 XO) X17 X27 X37 X4'

The classification of all nonconjugate subalgebras of the Lie algebra of the
group P(1,4) of dimensions < 3 was performed in [14].

3. ON PARTIAL PRELIMINARY GROUP CLASSIFICATION OF SOME CLASS OF
(14-3)-DIMENSIONAL MONGE-AMPERE EQUATIONS

Let us consider the following class of (1+ 3)-dimensional Monge-Ampére
equations:
det (u,u,l/) =F (an xT1,T2,T3,U, Uy, UL, U2, U3) 3

12
where v = u(x), v = (20, 21,22, 23) € M(1,3), up = ax‘iia“%, Ug = (%‘i,

v, =0,1,2,3.

Here, M (1,3) is a four-dimensional Minkowski space, F' is an arbitrary
real smooth function.

For the group classification of this class we have used the classical Lie—
Ovsiannikov approach [25, 29].

From the results obtained by Fushchich and Serov in the work [16] it
follows that the transformations from the group P(1,4) belong to the equ-
ivalence group of the class under investigation.

The results of the classification [14] of two-dimensional nonconjugate
subalgebras of the Lie algebra of the group P(1,4) can be formulated as

Proposition 3.1. The Lie algebra of the group P(1,4) contains 49 two-
dimensional nonconjugate subalgebras.

At the present time, we have performed partial preliminary group clas-
sification of the class under consideration, using non-equivalent functional
bases of the first-order differential invariants of two-dimensional noncon-
jugate subalgebras of the Lie algebra of the Poincaré group P(1,4). More
details about non-equivalent functional bases can be found in [13, 15] (see
also the references therein).

From the results obtained, it follows that there exist 49 subclasses which
are invariant with respect to two-dimensional nonconjugate subalgebras of
the Lie algebra of the group P(1,4). All those classes can be written in the
following form:

det (uw,) = (I)(Jl,Jg, .. .,J7),

where {Jy, Jo, ..., J7} are non-equivalent functional bases of the first-order
differential invariants of two-dimensional nonconjugate subalgebras of the
Lie algebra of the group P(1,4).
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Therefore, below for all subclasses we only present the basis elements of
two-dimensional nonconjugate subalgebras as well as corresponding non-
equivalent functional bases of the first-order differential invariants.

The Abelian subalgebras.
(1) (G, Ls).
Ji=ws, Jy= (a2 T = (af )V,

2
_ 2up—1 _ Tiu2—x2U1 _ up—l
Jo=(zo+u) P57, Js= it Jo= .

Jr = uj+uj |
u% ’
J1 = iﬁg, Jy =3, Jz=(xf—u?)? U= s,
J5 = u(;;l, Jo =13t Jr=11
1
(3) (L3 + eG, X3,e > 0).
Ji= (@ +a3)' 2 D= (af ) Ty = s,

uo+1
Jy = 8wt b Jo = In(xg + u) + earctan £, Jg = uptup
47 prurtazaun’ 5 0 x2) u
2
us—1
Jr = (Lg ;

(4) (Ps+ C3, Ls).

_ _ 2 2\1/2 _ 2 2\1/2 __ uzutzs
Ji =20, Jo= (23 +a)V? Ty = (23 +u?)V/?, Jy = 208,

Jy = Llt2—zou) Jo = uf+uj Jr = ui+l,

T ziuitzous’ ug ’ ug )
(5) <P3 +C3+2L3, Xy + X4>
h= )R RS gy e
Jo= i Js= mmme Jo= g
J7 _ uiérl;

(6) <P3 + C3+elLs, Xg+ Xy4,e > 2>
Ji= (@2 +2)V2 Ty = (3 +u)V? I3 = 2arctan I —earctan 2,

2 2 2
J, = usuts — TiUp—Toly . _ ujtuy Jr = uz+l,
47 u—zsuz’ T1ul+T2u2’ z o T u

(7) <G +aXs, L3, a < 0>

J1 = w3 — aln(330 + u)v Jo = (l’% + .1‘%)1/2, J32: (.%'(2) - u2)1/27

_ 21-ug _ Tiu2—x2U1 _ U3
Ja = (20 +u) uo+1’ J5 = T1Uu1+T2U2’ Jo = ug—1’

2.2
Jr = “1";“2.
)

uz



Group classification of (1+43)-dimensional Monge—Ampére equations, IT Paper 2 — page 5

(8) <G, L3+ dXs,d < O>
Ji =3 +darctant, Jo = (22 +2)V2, Ty = (23 —u?)V/?,

_ 21—ug _ Tiu2—Toul __ U3
Ja = (zo +u) uo+17 J5 = zrul+aous’ Jo = uZ—1’

J ui+uj
7= PR
uz

(9) <G+CL2X2,X1,CL2 < O>

Jp=x3, Jo= (x —u )1/2, J3 = x9 — azIn(zg + u),
2-1
Ji=(vo+u) sy, =1L Jo=12, J?Z”fﬁ ;

(10) (P3+ C5,Ls + d(Xo + X4),d < 0).
J1= (JU +z )1/2 Ja = (fﬁg +u2)1/2, J3 = xg + d arctan i—f,

2, 2 2
Jy = uzu+a3 — Tiug—xouy gy _ uituj Jr = uz+1,
- = T2 7T — uZ

0 0

u—zx3uz’ x1ul+xTouz’

(11) (L3 + a(Xo + X4), Ps + C3 + B(Xo + Xu),0 < 0,8 < 0).
Jy = (w T+ )1/2 Jy = (.ﬁ% +u2)1/27 J3 = uzu+s

u—x3us’

_ 1 T1up—Toul
J4 = 2x¢ + [ arctan ug — 2« arctan o Js = TR

2.2
_ uituy _ udtl,
Jo = u3+1’ Jr = ug

(12) (G + aX3, Ly + X3, < 0,5 < 0).
Ji =3 —aln(zo + u) — Barctan 32,  Jp = (x3 + 23)'/2,

_ 2 2 1/2 _ 21—ug _ T1u2—T2U]l
J3 = (xo ) Ji= (1'0 + u) ug+17 J5 = T1ulFTous’
2
_ _u3 “1+“2
Jo = uZ—1’ Jr = u3

Note that the next nonconjugate subalgebras belong to the Lie algebra of
the extended Galilei group G(1,3) < P(1,4).

(13) <P17 P2>
J1= 73 Jy=ao4u, Jy= (22— 22— 2%—u2)l/2

(5 . _Z2 U2 — _u3
J4 - xo+u + ug+17 J5 — zotu + up+1? J6 ~ wup+1?
_ uitu3 .
J7 - (u0+1)2 + uog+17

(14) (L3, Ps).
J1 :3:0+u, Jo = (:L‘ +m2)1/2 J3 = (:E%*xg—UQ)l/Q,

J 4 _us Je = Tiua—zauy _ “%"‘“%
4= $0+u uo+17 57 Tiutaaun? 6= Tuo+1)2>
ul
_ 2 .
Jr = (u0+1)2 T uo+1’

(15) (P53, X1).
Ji=w2, Jo=x0+u, J3= (»’U% - 37% - u2)1/27
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Jy = L3 4 _us J5:ﬂ Je = U1

To+u uo+1’ usz’ ug+17
Jr= o A
77 TuotD? T upT

(]‘6) <P37X4>-
lel’l’ J2:x2’ J3:$0+u7 J4: T3 + us

rot+u uo+17

2
u3

_u1 — _2 .
ug+1’ Jr = (up+1)2 + wor

(17) (Ls — P3,X4).
J1 =z + u, J2:($%+$%)1/27 Jy =5 4 U

rotu uo+17
Jy = Tu2mrUl - Jo — aretan £ 4 23 Jg = ujtug
4 Tiu1+T2U2” 5 x2 zo+u’ 6 (uo+1)2°
2
_ uz+2(uo+l),
J7 = T (wo+D)?Z

(18) (L3, X4).
Ji=wx3, Jo=xzo+u, J3=(2?+2HYV2 J= TR
Js =ug, Jg=uz, Jr= u% + u%;

(19) (L3, Xo + X4).
Ji=w3, Jy=(xf+ad)? Jy=u, J= b
Js =wo, Jo=us, Jr=u+u3;

(20) (L3, Xo— X4).
Ji=zo, Jo=wmy, Jz= (21423l Jy =Bl
J5 = Uup, JG = Uus, J7 = u% + u%;

(21) <X0 + )(47 Xo — X4>

Ji=m1, Jo=uwx2, Jy3=x3, Jy=wg, J5=u,
Jo = u2, Jr = us;

(22) (X1, X4).
Jh=wx0+u, Jo==x9, J3=2x3, Jy=wug, J5=ui,
Jo = u2, J7r = us;

(23) (X1, X0 — Xy).
Ji=wm9, Jo=uwm2, Jy3=ux3, Jy=wy, Js=wui, Jsg=uy,
J7 = us;

(24) <L3 — X4, P3s+ hXg,h > 0>.
Ji= (22 + 232 T = (20 +u)? — 2has,
J3 = harctan £t + h(zo — u) + 2 (20 + u)® — 2z3(z0 + u),
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__ T1u2—Tauj uj+us
J5 T ziultaous’ J6 (u0+1)2’

Jy=x0+u+ h2
Jr =

u0+1’
uj
(u0+1)2 + uo+1’

(25) <L3 — Xy, P3>.
Ji =20 +u, Jo=(z}+x3)/2

_ .2 2 2 €1
J3 = xo—xg—u + (20 + u) arctan %,

u3 _ Tiug—xou)

Jo = xo+u + up+1" S5 = T1u+TouUs’
_ uitul — ¥ ., _2 .
Jo = (uo+1)2> Jr = @ornZ 1 uprts

(26) <L3,P3 +X0>
Ji= (@2 +2d)V? o= (z0 +u)? — 2u3,
J3 =0 —u+ 3(mo—|—u)3—21‘3($0+u) J4 —950"'“"‘ T
_ u +u 2
J5 = oo J6 = otz 1= wae t UO+1’
(27) {(P3 + Xo, X1).
Ji=x9, Jo= ($0+U)2_2x37
Jg:xo—u+%($0+u)3_2x3(1‘0+u)7 J4_x0—|—u—|—u0+1,

u U
Js = Jo= o1 Jr=

uj
(up+1)2 + uo+1’

(28) <P3 —|—X2,X1>.
J1:ZL‘0+U, ng(x%—xg—uz)lﬂ, J3_$2+
Jp =B 4 Jy=4 Jg=-4

To+u ug+17’ ug ug+17
2

— __ U3 2 .
Jr = (up+1)2 - uo+1’

(29) <P3 +X0,X4>.
J1=x1, Jo=x9, J3=($0+u)2—2x3, Jy=xzo+u+

Js =" Jo=

zOJru’

u0+1’
2
751 _ u3 2 .
up+1° Jr = (up+1)2 + wor

(30) <P3 +X1,X4>.
Ji=x9, Jo=zx0+u, J3=z1+

:co—i-u’
— _Z3 _us — U —
Jy = :vo+u + uo+1’ J5 = ug’ Jo = uo+1’
Jr = (U0+1)2 + uo+1’

(31) <L3 — P35+ 09 Xg, X4, 0 < 0>
Ji= (a3 + 232 = 70 +u — ag arctan i,

T1U2—To2UL
J3 = (x0 +u)® + 20023, Ju = FRATIAL,
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Js =
Jr =

J6 _ u% +u§

— _us i B
Zo +u Qg ug+1° - (u0+1)2 ’

2
u3 2 .
(u0+1)2 + ug+17

(32) (L3 — X4, X3).

Ji =
Jy =

To+u, Jo= (23 +m)1/2 ngxo—u—arctan%,
T1U2—ToUL

_ — 2 a2
e Tens Js=uo,  Je=u3, Jr=uj+uj;

(33) (L3 +d3X3, X0+ Xy4,d3 <0).

J1 =
Jy =

u, Jo=(z?+x )1/2 J3:z3+d3arctan%,
T1Up—TU)

_ _ .2 2.
Tiul+Tous’ J5 = Uuo, J6 = us, J7 =Uui + Us;

(34) (Lg 4+ d3X3, Xog — X4,d3 < O>.

J1 =
Jy =

zo, Jo= (22 +23)V?,  J3 = w3+ dzarctan u,
T1U2—ToUl

_ _ — 22
e Toans Js=uwo,  Je=u3, Jr=uj+uy;

(35) <L3 +dy X4, Xog— Xy,dy < 0>

J =
Jy =

r3, Jo=(zt+x )1/2 J3 :2x0—d4arctan%,
T1U2 —T2U1

_ _ .2 2.
Tiul+Tous’ J5 = Uuo, J6 = us, J7 = uj + Uy,

(36) (L3 + a(Xo+ X4), X4, 0 < 0).

J1 =
Jy =

r3, Jo=(z3+ x§)1/2, J3 = 29 + u — cvarctan %,
T1ug—TouUy

_ _ — 2 2.
reToouy I =uo, Je=wu3, Jr=uj+us;

(37) <L3 + a3 X3, X4, < 0>.

Ji =
Jy =

o +u, Jo=(23+ 3:%)1/2, J3 = z3 + az arctan Z—;,
T1U2—T2U1

_ _ 2 a2
Ty Js = w0, Jo=wu3, Jr=ui+uj;

(38) (P1 + X3, Py).

Ji =
Jy =

Jr =

Ty + u, ng(ﬂ:%—x%—xg—ug)lﬂ, J3 = x3 +

xo—l—u’
X1 U1 — _ZX2 u2 — _us
To+u + ug+17 J5 — xo0tu + ug+1? J6  up+1?
u%-‘,—u%

(u0+1)2 + uo-i-l;

(39) (P1+ X3, Pp + X2 + 5X37’Y > 0,8 > 0).

Jy =
Js =
Js =

U2
Totu, J2= I0+u vy T up+1’
Bxa _ _af
wo-&-u—v wo+u tas, Ja= zo+u + wo+u v + 2u,
1 (251 _ _u3 — “1+“2 .
To+u + ug+12 Jﬁ ~ wup+l? J (uo+1)2 + u0+17

(40) (P1 + X3, Py +vX2,7v > 0>

J1 =

u _
o+ u, J2= 960+u w+ﬁj—1’ J3 = x1 + x3(x0 + 1),
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2

J4:w:ﬁ+m0+u ,Y+2’LL J5:a:1+u1igfl‘,
w242
Jo = u:)t-?-l’ Jr = (ué+1)22 + u0+1’
(41) (P1, Py + X2 + X3, 3 > 0).
Ji = x02+ U, Jz x3 + zoiﬂ;z -
x
J3 = xoiu + xOJru Tof+u—1 + 2u J4 - :1:0+u + u(?il’
J5 = xo+u 21 + u0+1’ ']6 = uo—?—l’
u +u
Jr = (ué—i-l)22 + uo+1’
(42) (P1, P2 + X2). .
le.%':;, szxo—i—u, J3—r0+u—|;x0+u1+2u
— 1 1 —
‘]4 - 1’0+u + u0+1’ ‘]5 — xotu—1 + ug+1° J6 u0+1’
u +u
Jr = (uo—l—l)22 + uo+1
The non-Abelian subalgebras.
(1) <G, Ps).
Ji=x1, Jo=x9, J3=(a}—ai—u®)V? = ﬁgf{m
Je = zotu Jo = W Jr — ug—uz—1,
5= Uy J6 = gy JTE T
(2) (L3 + eG, P3,e > 0).
Ji= (2 + 22, Ty = (2 -2} - U2)12/27 Jy = x3 + S us,
Ti=gmem - eded) (B8)
2
Jo = earctan L + In(zo +u), Jr = uZTuZQI;
(3) (G, X4). .
Ji=z1, Jo=x9, Jz=m3, Ji= 5, J5= 2ty
Jo = W J, = w. ot uott
6 — ug ) 7T = u3?
(4) <L3 +eG, Xy, e > 0>
J1 =23, Jo=(22+ x%)l/z, J3 = In(xg + u) + earctan %,
_ 2_q
hi= e = s, J= i
_u 24u? .
Jr = 1ug 2.
(5) <G +aXi, P30 < O>.
J1 :xl—aln(mo+u), JQZ.’BQ, ng(x%—mg— )1/2,
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J4:($D+U)ﬁ, J5:J33+($0+U)%, J6:%7

u2—u2—1
J7 = -0 u%?’ )
(6) <G +cX1,X4,c< 0>
Ji=x9, Jo=1x3, Jz3=x1 —C]H(l‘o—l—u),
2
Ji=(@o+ugin b= J=i =g
(7) <L3 +eG + k3 X3, X4,e > 0,Kk3 < 0>
Jy = (22 +23)Y?,  Jo = x3 + rzarctan o,
J3 =In(zo +u) + earctan T, Jy = (z0 + u) “gl,
uz—1

2,2
Jr = Tiug—Zauy Jo = J = uytup
57 Turtaaun’ 6 u 7 uZ

4. CONCLUSIONS

We perform the partial preliminary group classification of the class un-
der consideration, using non-equivalent functional bases of the first-order
differential invariants of two-dimensional nonconjugate subalgebras of the
Lie algebra of the Poincaré group P(1,4). From the results obtained it
follows that

— there exist 49 subclasses which are invariant with respect to two-dimen-
sional nonconjugate subalgebras of the Lie algebra of the group P(1,4);

— among those subclasses, there exist 42 ones, which are invariant with re-
spect to two-dimensional Abelian nonconjugate subalgebras and 7 ones,
which are invariant with respect to two-dimensional non-Abelian non-
conjugate subalgebras of the Lie algebra of the group P(1,4);

— among those subclasses, there exist 30 ones, which are invariant with
respect to two-dimensional nonconjugate subalgebras which belong to
the Lie algebra of the extended Galilei group G(1,3) < P(1,4);

— symmetry properties of the obtained subclasses can be, in particular,
used for the symmetry reduction of them to ones with a less number of
independent variables.
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