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Lebesgue number and total boundedness
Ajit Kumar Gupta, Saikat Mukherjee

Abstract. A generalization of the Lebesgue number lemma is obtained.
For a metric space X in the class of strongly metrizable spaces, sufficient
conditions for each open cover of X with a Lebesgue number has a finite
subcover are obtained. It is proved that, if each countably infinite locally
finite open cover of a chainable metric space X has a Lebesgue number, then
X is totally bounded. A property for metric spaces which is a generalization
of connectedness and Menger convexity is introduced. It is observed that
Atsujiness and compactness are equivalent for a metric space with this in-
troduced property as well as for a chainable metric space.

Amnoramniga. B po6ori orpumano y3arasabHenns jgemu Jlebera. Iisa merpuaHo-
ro mpocTopy X 3 KJacy CHJIbHO METPU30BAHUX IIPOCTOPIB OTPUMAHO JIOCTATHI
YMOBH JIJIsT TOTO, OO KOYKHE BifKpuTe moKpuTTsa X 3 uucjoMm Jlebera maso
CKiHYeHHE InoKpuTTs. /loBe/ieHo, Mo sIKIo KOXKHE 3JII9eHHO HEeCKIHYEeHHe
JIOKQJIbHO CKiHYEHHE BiJIKpUTE TOKPHUTTS JIAHIFOITOBOI'O METPUYHOIO IPOCTO-
py X mae umcio Jlebera, To X € miskom obmexkennM. Bezeno BiacTusicTs
JJISE METPUYHUX [IPOCTOPIB, IO y3araabHEHIOE 3B A3HICTh Ta OMYKJIiCTh MeH-
repa. Takox mokasaHo, 110 JIJis TPOCTOPIB 3 II€I0 BJIACTUBICTIO KOMIAKTHICTH
€KBiBaJIEHTHA TOMY, IIIO KOYKHE BiJIKpHTe IOKPUTTH Mae 4ducio Jlebera.

1. INTRODUCTION

The Lebesgue number lemma (|10, p. 175]) says, if X is a compact metric
space, then each open cover of X has a Lebesgue number. A metric space
X is said to be Atsuji space if each open cover of X has a Lebesgue number.
Therefore, the Atsuji spaces are weaker than compact metric spaces. Fur-
ther, the Atsuji spaces are stronger than complete metric spaces, because
the Atsuji spaces are such metric spaces in which each pseudo-Cauchy se-
quence with distinct terms has a limit point (see [3], p.402). In this man-
uscript, we obtain a generalization of the Lebesgue number lemma. Using
this generalization, we immediately conclude that each locally finite open
cover of a totally bounded subset S in a complete metric space has a finite
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subcover for S. We discuss the class of strongly metrizable spaces and ob-
tain sufficient conditions for a metric space X in this class such that each
open cover of X with a Lebesgue number has a finite subcover.

Further, we find a sufficient condition under which a chainable metric
space is totally bounded, and as a corollary to it, we observe that Atsujiness
and compactness are equivalent for a chainable metric space. A property
of a metric space which is weaker than connectedness is introduced, and it
is found that Atsujiness and compactness are equivalent for a metric space
having that introduced property.

2. PRELIMINARIES

For a subset A in a metric space (X,d), we denote by diam(A) the
diameter of A and by X\A the complement of A in X. An open ball
centered at a with radius € is denoted by Bg(a,c). Given an € > 0, the
collection of open balls {By(z,e) | = € X} is denoted by Bi(e). We will
drop the subscript d from the notations By(a,¢) and Bgi(e), while dealing
with a single metric in the space X.

Let (X,d) be a metric space. For a given € > 0, an e-chain of length n
between two points x,y € X is a finite sequence ag,aq,...,a, in X such
that ap = x, a, = y and d(a;—1,a;) < e foralli=1,2,...,n.

A metric space X is said to be finitely chainable if for each € > 0, there
are finitely many points p1,p2,...,p; € X and m € N such that each point
of X can be joined with some p;, 1 < ¢ < j, by an e-chain of length m.

A subset S in a metric space X is said to be finitely chainable if for each
€ > 0 there exist finitely many points p1,p2,...,p; in X and m € N such
that each point of S can be joined with some p;, 1 < ¢ < j, by an e-chain
of length m. By a finitely chainable subspace S in a metric space (X, d),
we mean the metric space (S, d) is finitely chainable. A totally bounded
subset in a metric space X is a finitely chainable subspace in X.

A metric space is said to have an Atsuji completion if its completion is
an Atsuji space.

An open cover U of a topological space is said to be star finite if each
member of U intersects only finitely many members of &4. An open cover
U of a topological space X is said to be locally finite if each point in X has
a neighborhood which intersects only finitely many members of U.

A topological space X is said to be paracompact if for each open cover
of X there is a locally finite open refinement that covers X.

Given a subset S in a topological space X, by a locally finite open cover
O of S, we mean that O covers S, each member of O is open in X, and
each point of X has a neighborhood which intersects at most finitely many
members of O.
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3. LEBESGUE NUMBER AND TOTAL BOUNDEDNESS

Given an open cover O of a subset S in a metric space X, if there is a
number o > 0 such that each A < S with diam(A) < « is contained in
some O € O, then the number « is said to be a Lebesgue number for the
cover O.

Since, for a metric space X, each open cover of X has a Lebesgue number
if and only if each locally finite open cover of X has a Lebesgue number,
the Lebesgue number lemma ([10, p. 175]) can be equivalently restated as
follows:

Let X be a complete metric space. If X is totally bounded, then each
locally finite open cover of X has a Lebesgue number.

However, each locally finite open cover of a totally bounded subset in a
complete metric space need not have a Lebesgue number, for example, for
the locally finite open cover {(0,1),(1,2)} of the totally bounded subset
(0,1) u (1,2) in R, there is no Lebesgue number, because the subset

(1—¢e,1+e)\{1} < (0,1) U (1,2)

is not contained in either (0,1) or (1,2) for any ¢ € (0,1]. The following
result provides a generalization of the Lebesgue number lemma.

Theorem 3.1. Let X be a complete metric space. If S < X is totally
bounded, then, for each locally finite open cover O of S there is a number
a > 0 such that each subset B < S with diam(B) < « has a finite subcover
from O.

Proof. For a locally finite open cover O of a totally bounded subset S < X,
consider the open cover A of S consisting of all finite unions of elements
of @. We prove, there is a Lebesgue number « > 0 for the cover A.

On the contrary, we assume, there is no Lebesgue number for the cover
A. Then, for each n, there is C,, ¢ S with diam(C,,) < 1/n such that
C, & Aforall Ae A.

Consider an element z,, € C,. Since S is totally bounded, the sequence
{z,} has a Cauchy subsequence, say {xy,},, converging to some a € X.
If a € S/, and since O is locally finite, there is an € > 0 such that the ball
B(a,¢) will intersect at most finitely many members of O. For ¢/2, there
is ¢ such that diam(C,,) < ¢/2, which implies C,, < B(zp,,c/2), and for
g/2, there is j such that z,,; € B(a,e/2).

Taking m = max{i,j}, we have C,, < B(a,¢), and since C,,, < S, it
follows that C,,,, is contained in a union of some finite number of elements
of O@. On the other hand, if z,, = a for all 7, then a is in some O € O,
which implies B(a,e) < O for some € > 0.
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For the ¢ > 0, there is m such that diam(C,,,) < 1/n,, < e, this im-
plies Cy,, < B(zp,,,€) = B(a,e) < O. Thus, in either case, we reach a
contradiction to the assumption. [l

It is to be noted that, if we take a collection O of open sets in a topological
space X that covers a subset .S in X such that each point in the closure
of S has a neighborhood that intersects at most finitely many members
of O; and call the collection O as S-locally finite open cover of S, then
Theorem 3.1 holds for such open cover O of S as well.

So if S is totally bounded subset in a complete metric space X, then, for
each S-locally finite open cover O of S there is a number o > 0 such that
each subset B S with diam(B) < « has a finite subcover from O.

Theorem 3.2. Let X be a complete metric space. If a subset S in X has
an Atsuji completion, then, for each locally finite open cover O of S, there
is an a > 0 such that each subset B — S with diam(B) < « has a finite
subcover from O.

Proof. Since O is a locally finite open cover of S, for each z in the closure S
of S, there is a neighborhood U, of x that intersects finitely many members
of O. The collection Y = {U, | = € S} is an open cover of S. By the
hypothesis, S is an Atsuji space, and therefore &/ has a Lebesgue number,
say a > 0, for S.

This implies that for each subset B — S with diam(B) < « is contained
in some U € U. Since U intersects only finitely many members of O, the
set B is covered by finitely many members of O. |

In 7, Proposition 3.3], it is pointed out that in a finitely chainable metric
space (X, d) the set {z € X | I(x) > ¢} is finite for all ¢ > 0, or equivalently,
I(x,) converges to 0 for every sequence {z,,} < X with distinct terms, where
I(z) = d(z, X\{z}). It is true for finitely chainable subsets in a metric space
as well.

That is, if S is a finitely chainable subset in a metric space X, then for
all € > 0 we have the set T, = {x € S| I(z) > €} is finite. Indeed, suppose
that the set T.s is infinite for some & > 0. Consider a sequence {p,} < T.s
of distinct terms. Define a function f: X — R as follows: f(z) = n if
x = py, for some n, and f(z) = 0 if x # p, for all n. It can be verified that

|f(p) = f(@)l <d(p,q) forall p,qe B(x,e') forall x € X.

Hence, f is a uniformly locally Lipschitz function and unbounded. But, by
Theorem 2.1 in [8], f(.S) has to be bounded. Hence, we get a contradiction.

Following the technique used in the proof of Theorem 3.1 and using
Theorem 3.8 in [6], we get the following:
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Corollary 3.3. Let X be an Atsuji space. If S < X is finitely chainable,
then, for each locally finite open cover O of S there is a number o > 0 such
that each subset B — S with diam(B) < « has a finite subcover from O.

Theorem 3.1 may not hold if X is not complete. For instance,

Example 3.4. Consider the subspace X = (0,2) < R, and a totally
bounded subset S = {1/n | n € N} in X. Let r,, = 1/n—1/(n+ 1).
Then, O = {B(1/n,r,) | n € N} is a locally finite open cover of S, and for
each € > 0 the subset {1/n | 1/n < e} < S has no finite subcover from O.

The converse of Theorem 3.1 is not true. For example,

Example 3.5. Consider the Banach space X = (I1,]| - |1), and a subset
S = {em/n | m,n e N} u{(0,0,...)} of it, where e,, denotes the element
having the m-th element 1 and all others 0. Since S is an Atsuji subset,
each covering of S by sets open in X has a Lebesgue number. But, the set
S is not totally bounded.

For a metric space X, the following are equivalent ([7, Theorem 3.5]):

(i) X is totally bounded;
(ii) each locally finite open cover of X with a Lebesgue number has a finite
subcover.

Being more general, we have the following as well.

Theorem 3.6. For a subset S in a metric space X, the following conditions
are equivalent:

(i) S is totally bounded;
(ii) each locally finite open cover of S with a Lebesgue number has a finite
subcover for S.

Proof. (1)=(ii) Consider a totally bounded subset S, and a locally finite
open cover O of S with a Lebesgue number . By the total boundedness
of S, for a/3, there are finitely many points x1,x9, ..., 2, € S such that

Sc .QIB(‘T% a/3).

Hence
Sc 'Ql[S N B(z, a/3)].

Since, « is a Lebesgue number for O, each set S n B(z;, a/3) is contained
in some O € O. Therefore, O has a finite subcover for S.

(ii)=(i) To prove the converse part, we shall use the technique used in
proving [7, Theorem 3.5|. If possible, we assume S is not totally bounded.
Then, there is a sequence {x,} < S such that d(x,,, x,) > ¢ for some € > 0,



Lebesgue number and total boundedness 195

whenever m # n. If
S¢ O Blan,e/4),
n—=

then
U ={B(zp,c/4) | ne N} U {X\FE}

is an open cover of S, where E = {x,, | n € N}. It can be verified that, for
all z € X, and for all § € (0,e/4), the ball B(z,0) intersects at most one
ball B(z,,c/4), n € N. Hence, U is a locally finite open cover of S.

Now we prove that £/16 is a Lebesgue number for ¢/. Consider a subset
R < S with diam(R) < £/16. Then, for a point p € R, R < B(p,e/16). If
p € B(xy,/8) for some n € N, then B(p,e/16) < B(zp,e/4). If

p € X\B(zp,e/8) forall neN,

then B(p,e/16) ¢ X\E.
Thus, U is locally finite open cover of S with a Lebesgue number £/16.
But ¢/ has no finite subcover for S, which is a contradiction.

On the other side, if S < @1 B(xy,e/4), then, as before, the collection

V = {B(xn,e/4) | n e N}

is a locally finite open cover of S. We will prove now that £/2 is a Lebesgue
number for V. If some element p; of a set T' < S with diam(7") < €/2 is
contained in some B(x,,,e/4) and some element py of T is contained in
some B(zp,e/4), where m # n; then

d(xmyl'n) < d(«Tm,PI) + d(pl,pg) + d(p27xn) < 2’5/4 + 8/2 + 5/4 =Ee.

And therefore, the set T is contained in some B(z,,c/4). But the cover V
has no finite subcover for S, which is a contradiction. O

So, in general, those locally finite open covers of a totally bounded subset
which have the Lebesgue numbers have finite subcovers. A question arises:

Can those locally finite open covers of a totally bounded subset which do
not have any Lebesgue numbers have finite subcovers?

Theorem 3.7. Let S be a subset in a complete metric space X. Then, S
is totally bounded if and only if each locally finite open cover of S has a
finite subcover for S.

Proof. Let O be a locally finite open cover of S. By Theorem 3.1, there is
an a > 0 such that each subset B < S with diam(B) < « is covered by
finitely many members of O. Now, by the total boundedness of S, for the
number «/3 > 0, there are finitely many points s, s2, ..., s, € S such that

S = igl[B(si,a/SS) ~ S].
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And thus, the cover O has a finite subcover for S.
Conversely, for a given € > 0, consider the open cover

U={B(x,e/3) | z e X}

of X. Since a metric space is paracompact, the cover U of X has a locally
finite open refinement O that covers X. And therefore, by the hypothesis,
O has a finite subcover {O1, 0, ...,0,} for S, for some n € N.
Thus we eventually get, for each € > 0 there are finitely many subsets
01,03,...,0, in X such that diam(0O;) < e for all i, and S < ,61 O;.
i=

Hence, S is totally bounded. O

Corollary 3.8. Let S be a nonempty subset in an Atsuji space X. Then,
S is a finitely chainable subspace if and only if each locally finite open cover
of S has a finite subcover for S.

Proof. By using [7, Theorem 3.5], we have that given a subset S in an
Atsuji space X, S is totally bounded if and only if S is finitely chainable
subspace. O

Due to the paracompactness of a metric space, we get the following.

Corollary 3.9. If S is a totally bounded subset in a complete metric space
X, then each open cover of X has a finite subcover for S.

A metrizable topological space (X, 7) is said to be strongly metrizable
([1]) if the union of countably many star finite open covers is a basis for its
topology 7. Let the class of strongly metrizable spaces be denoted by N.

Theorem 3.10. Let X be a metric space in N. If each star finite open
cover of X, consisting of open balls, has a finite subcover, then each open
cover of X with a Lebesque number has a finite subcover.

Proof. Let O be an open cover of the metric space (X,d) in N, with a
Lebesgue number «. Since « is the Lebesgue number for the cover O, for
each z € X the open ball By(z, «) is contained in some O € O. Because the
metric space X € N, by [1, Theorem 1.4], there is an admissible metric d’
on X such that the collection of open balls By () is star finite for all € > 0.

Also, for a fixed g9 > 0, for each ball By(z,¢0), x € X, there is §; > 0
such that By(z, ;) < Bgy(x,e0). Let my = min{c, d,}. Then, the collection
C of open balls By(z,m,), x € X, is a star finite collection and each member
of this collection is in some O € O. By our hypothesis, C has a finite
subcover for X, and hence the family O has a finite subcover for X. |
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Corollary 3.11. Consider a metric space X in N. If each star finite open
cover of X, consisting of open balls, has a finite subcover, then X is totally
bounded.

By the characterizations of strongly metrizable space in |1, Theorem 1.4],
we consider a subclass N’ of metric spaces X in N as follows: N is a class
of metric spaces X € N which admits a uniformly equivalent metric d for
which the collection By(e) is star finite for all € > 0.

Theorem 3.12. Let X be a metric space in N'. Then, each star finite
open cover B(e),e > 0, of X has a finite subcover if and only if every open
cover of X with a Lebesgue number has a finite subcover.

Proof. Let (X, d) be a metric space in N' and O be an open cover of X with
a Lebesgue number a. Then, each open ball By(x,«), z € X, is contained
in some O € O. Since X is in N, there is a uniformly equivalent metric d’
on X such that the family By () is star finite for all ¢ > 0. Because the
metric d’ is uniformly equivalent to d, there are 31, 32 > 0 such that

By(z,p1) € Bg(x,B2) € By(z,a) for all z e X.

We notice that the collection By(f1) is star finite. By our hypothesis, the
star finite open cover By(/51) has a finite subcover, and therefore the open
cover O has a finite subcover.

The proof of converse part follows from the fact that, for all € > 0 the
open cover B;(e) has a Lebesgue number. O

The finite chainability for a metric space, which is a generalization of
total boundedness, has been characterized by several statements in |7, The-
orem 2.15|. A metric space X is finitely chainable if and only if every star
finite open cover of X with a Lebesgue number has a finite subcover.

Corollary 3.13. A metric space X € N is finitely chainable if and only
if each star finite open cover B(e),e > 0, of X has a finite subcover.

We introduce now a property of a metric space X which generalizes
the connectedness as well as the Menger convexity of X. We will study
a relation between Lebesgue number and total boundedness in the spaces
which are more general than connected spaces. First let us look at some
definitions and existing results.

A metric space X is said to be chainable if for each ¢ > 0 each pair of
points x, y can be joined by an e-chain. All connected metric spaces are
chainable.

A metric space X is said to be metrically convex if for any two distinct
points x,y € X there is a z € X\{xz, y} such that d(z,y) = d(z, z) + d(z, y).
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A metric space X is said to be Menger convex (|4]) if for each z,y € X
and each 0 < r < d(x,y), the set

Blz,r] n Bly,d(z,y) —r] # .

Clearly, a Menger convex metric space is always metrically convex; but the
converse need not be true, for example the set of rationals Q is metrically
convex but not Menger convex.

A function f: R — R is said to have the intermediate value property
(IVP) (see |5, p. 83]) if, whenever x < y and f(x) # f(y), then, for all ¢
intermediate to f(z) and f(y), there is p € (x,y) such that f(p) = q.

We now consider the following statement. A map f: R — R has IVP’
property if Va € R and Vr with

fla) <r <sup f(z),
zeR

there exists b € R such that f(b) = r. It may be noted that, IVP implies
IVP’, but the converse is not true. We can replace the domain of f in
IVP’ with a metric space X, and call it the generalized intermediate value
property (GIVP), that is, a function f: X — R has the GIVP if, Va € X
and Vr with

f(a) <r <sup f(z),
xeX

there is b € X such that f(b) = r. Using the GIVP, we introduce a property
for a metric space, as follows.

Definition 3.14. A metric space (X, d) is said to have the property P if
for all z € X, the map d(z,-): X — R satisfies the GIVP, i.e., for all z € X
and for all r with

0 <r <sup{d(z,y) |y € X},

there is a z € X such that d(z,z) = 7.

Let the class of metric spaces with the property P be denoted by P.
Then, P contains:

(i) All connected metric spaces. Given a pair of distinct points z,y
in a connected metric space X and 0 < r < d(x,y), the set

{ze X |d(z,z) =1}

can not be empty, otherwise the open ball B(x,r) would be closed
too. Singleton spaces obviously have the property P.
(ii) Complete metrically convex spaces, due to Menger’s Theorem [9].
(iii) Menger convex spaces. Given a pair of points x,y in a metric
space X and 0 < r < d(z,y),

Blx,r] n Bly,d(z,y) —r] = Slz,r] n Sy, d(z,y) — 7],
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where
Slz,r)={z€ X | d(z,2) =r}.

We note that a subspace in R? defined as the union of two distinct parallel
lines has the property P but it is neither chainable nor metrically convex.
The subspace Q of R is metrically convex and chainable but it does not
have the property P.

Lemma 3.15. Consider a pair of distinct points x, y in a chainable metric
space X, and0 < a < B < d(z,y), € = f—a. Then, in each e-chain between
x and y, there is a point p such that o < d(zx,p) < .

Proof. Consider an e-chain C between x and y. If possible, suppose, there
is no point p in C' with a < d(z, p) < 3, that is, Vp € C we have d(z,p) < «
or d(x,p) = . And therefore,

C=(CnB(z,a)) u (Cn[X\B(z,5)]).

Choose arbitrary points ¢ € C' n B(z,«) and ¢ € C n [X\B(z, §)]. Then,
d(d, ") = d(",z) —d(d,x) > B —a=c¢,

which implies C' is not an e-chain. Hence, the proof follows. O

M. H. A. Newman, in [11, Theorem 5.1, p. 81|, proved that if each open
cover of a chainable metric space has a finite subcover, then it is connected.
By considering more general hypotheses, in the following result, we show
that the space is totally bounded.

Theorem 3.16. Let X be a chainable metric space. If every countably
infinite locally finite open cover of X has a Lebesgue number, then X is
totally bounded.

Proof. If possible, suppose (X, d) is not totally bounded. Then, there is a
sequence {x,} for which there is some £ > 0 such that d(z,, z,) > € for all
m # n.

Consider an open cover

O = {B(xn,e/4n) | n e N} u {X\S}

of X, where S = {z,, | n € N}. For each z € X, the ball B(z,J) intersects
at most two members of O, where 0 < § < /4. Hence, O is locally finite.

Now, we prove O has no Lebesgue number. Let 0 < v < &. Then, there is
s with 0 < s < 7, and there is some p € N such that /4p < s. Let t = y—s.
Then, since X is chainable, by Lemma 3.15, each ¢-chain between x, and
Tm, P # m, has a point ¢ with s < d(zp,c) < 7.

Therefore, there is no element in O which can contain the open ball
B(zp,~). Hence, the proof. O
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One of the main results in [2] by G. Beer is: given a chainable space X,
X is compact if and only if it is uniformly locally compact and uniformly
chainable. Using this result we get the following

Corollary 3.17. For a chainable metric space X, the following are equiv-
alent:
(i) X is Atsuji;
(ii) X is compact;
(iii) X s uniformly locally compact and uniformly chainable.

By using the technique used in the proof of Theorem 3.16, we get the
following.

Theorem 3.18. Let X be a metric space with the property P. If every
countably infinite locally finite open cover of X has a Lebesgue number,
then X 1is totally bounded.

Corollary 3.19. Let X be a metric space with the property P. Then X 1is
Atsugi if and only if it is compact.

We notice that, in a metric spaces (X,d) that is either chainable or
with the property P, the set {x € X | d(z, X\{z}) > 0} is empty. And
therefore |7, Theorem 3.2] also concludes Corollaries 3.17 and 3.19, that is,
for a metric space that is either chainable or with the property P, Atsujiness
and compactness are equivalent.

The converses of Theorems 3.16, 3.18 are not true. For instance:

Example 3.20. Consider the subspace X = (0, 1] < R which is connected.
The space X is totally bounded. Let r,, = 1/n — 1/(n+ 1),n € N. Then,
the locally finite open cover O = {B(1/n,r,) < X | n € N} of X has no
Lebesgue number.
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