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On geodesic mappings of
threesymmetric spaces

V. Kiosak, O. Prishlyak, O. Gudyreva

Abstract. The paper is devoted to the study of properties of pseudo-
Riemannian spaces admitting nontrivial geodesic mappings. Necessary and
sufficient conditions are found for A-threesymmetric spaces to admit non-
trivial geodesic mappings. The research is carried out locally, in tensor form
without restrictions to the sign of the metric tensor and the signature of the
space.

Amnorargig. Pobora npucBsgdyerHa BUBYEHHIO BJIACTUBOCTEN IICEBIOPIMAHOBUX
[IPOCTOPIB, sIKi JOIYCKAalOTh HETPHBiaJAbHI reofe3ndHi BimoOparkeHHsi. 3Ha-
#iTleHo HeoOXiaHl 1 JocTaTHI yMOBH TOrO, MO0 A-TpUCHMETPUYHI MPOCTOpU
JO3BOJISLIIN HETPiBiabHi reome3nvHi Bimobpazxkenus. JlocmimKkeHas BeIy ThCs
JIOKAJILHO, B TeH30pHiil popmi 6e3 0OMeKeHb Ha 3HAK METPUIHOIO TEH30pa
Ta CUTHATYPY MPOCTOPY.

INTRODUCTION

The symmetric spaces introduced by E. Cartan have always aroused
scientific interest among geometers and physicists [1]. In the theory of
geodesic mappings, the main results for these spaces were obtained by
M. S. Sinyukov [13|. Later, it became clear that the question of covari-
ant stability of not only the internal objects of pseudo-Riemannian spaces,
but also of arbitrary tensors is of interest [3-5].

In particular, to study the possibility of reducing the metric tensor to a
special form [2|. Following the way of increasing the number of derivatives,
M. S. Sinyukov came to the study of geodesic mappings of semisymmetric
spaces. More general results for arbitrary tensors with the property of semi-
symmetry were obtained by J. Mikesh [11,12]. A series of papers on geodesic
mappings of generalized symmetric spaces belongs to V. S. Sobchuk [14-17].

This paper is devoted to the study of geodesic mappings of pseudo-
Riemannian spaces containing a field of a bivalent tensor whose third co-
variant derivative is zero.
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1. THREESYMMETRIC SPACES

A pseudo-Riemannian space V,, with a metric tensor g;; is said to be A-
threesymmetric if there exists a tensor A;; for which the following conditions
hold

Aijrim = 0, Aijrl # 0, Aij # cgij, )
gaﬁAaﬁ,i # 07 gaﬂAai,ﬁ 7 07 .
299

where, ”)” is the sign of the covariant derivative on the connection V,, and
c is some constant.
A covariant derivative is defined by the formula

Aijr = Ok Aij — Aol — Aial'Gy,

where F?j are the coefficients of connection V,,, the Einstein rule of summa-
tion applies to the repeated indices, and ¢/ are the elements of the inverse
matrix g;; to the metric tensor V;,.
The tensor A;; can be written as the sum of the symmetric and skew-
symmetric tensors
Aij = Sij + Kl] (12)
Here S;; is a symmetric and Kj; is a skew-symmetric tensor.
By differentiating (1.2) three times and taking into account (1.1), we
obtain
Sijkim + Kijgim = 0. (1.3)
Further, symmetrizing and alternating (1.3), we get that
Sij,klm =0 and Kij,klm = 0.

Thus, if there exists a tensor A;; in the space V;, satisfying (1.1), then there
exist both a symmetric tensor and a skew-symmetric tensor, whose third
covariant derivatives are zero. Of course, the tensor itself can be either
skew-symmetric or symmetric.

Therefore, we will assume further that A;; is a symmetric tensor, i.e.

Aij = A]l

If the condition (1.1) is satisfied by the Ricci tensor of a pseudo-Riemannian
space V,,, then such spaces are called Ricci threesymmetric. The Ricci tensor
of a pseudo-Riemannian space is defined by the formula
Rij = Rijjq-

The tensor R_};jk is the Riemann tensor of a pseudo-Riemannian space V,,
such that

h h h h h

R = 0T, + T — okl — Ty,

The following theorem holds:
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Theorem 1.1. In A-threesymmetric pseudo-Riemannian spaces, the tensor
A;j satisfies the following conditions:

Aale-ozk’m + AiaR?lk,m + Aij,aR%lk =0. (1.4)
Proof. For the tensor A;;, the following conditions hold
Aija — Aijik = Aaj Rijy + Aia Ry

Covariantly differentiating the latter and taking into account (1.1), we ob-
tain

Ajm By + Aia,m R + Aaj Rijym + Aia Ry = 0. (1.5)
Alternating (1.1) by the indices [ and m, we get
AajkBiim + Aio k Bjin + Aija Rigm = 0. (1.6)

Redefine now the indices £ and m in (1.6). Then (1.6) will be written as
follows:

Aaj,mR%k + Aia,mR;Xlk + Aij,OéR%@lk =0. (17)
Adding equations (1.5) and (1.7), and taking into account the properties of
the Riemann tensor, we get the desired identity (1.4). O
Pseudo-Riemannian spaces in which the conditions hold
R
Rij = 59@' (1.8)

are called Einstein spaces, where R = R,3g*? is the scalar curvature of V,.
Contracting (1.4) by the indices k and m, we get

AjjoRf = AajR5y5 " + AaiR5"7, (1.9)
where
Since for Einstein spaces we have that R%k o = 0, the equation (1.9)
reduces to the following one:
AijoRY = 0. (1.10)

Substituting the equation (1.10) into (1.8), we see that the following corol-
lary of Theorem 1.1 holds:

Corollary 1.2. In A-threesymmetric Einstein spaces, the scalar curvature
18 zero.
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2. GEODESIC MAPPINGS

A bijection between points of pseudo-Riemannian spaces V,, with metric
tensor g;; and V,, with metric tensor gij, in which each geodesic line V;, is
associated with a geodesic line V;, is called a geodesic mapping.

A geodesic mapping other than homothety is called non-trivial.

A necessary and sufficient condition for the existence of nontrivial geo-
desic mappings is the existence of nontrivial solutions of the linear form of
the basic equations of the theory of geodesic mappings, with respect to the
tensor a;; = aj; # cgi; and the gradient vector \; # 0.

The linear form of the basic equations of the theory of geodesic mappings
is given by the following identity, see [13, p.121]:

aij i = Nigjk + NjGik- (2.1)

Also, the differential extensions of the linear forms of the basic equations
of the theory of geodesic mappings are given by, [13]:

nXij = 1gij + 0ai RS — aapRS; ", (2.2)

where p = /\a’ggaﬁ, R;- = Rajgo‘i, Rhijk = R?jagak, and g% are elements of
the inverse matrix to g;;.
From the latter we have:

(n— )i =2(n + DAaRS + aap(2RS * — R ), (2.3)

where
R.Zj’.k _ Raj,ﬁgaigﬁk7 RU,}; _ Raﬁ,kgaigaj
respectively.

The system of equations (2.1), (2.2) and (2.3) gives a basic possibility to
answer the question: whether a given pseudo-Riemannian space V,, admits
a geodesic mapping to the pseudo-Riemannian space V,. The question is
reduced to studying the conditions of integration of these equations and
their differential extensions. The main achievements in the theory of geo-
desic mappings of pseudo-Riemannian spaces are related with the usage of
the linear form of the basic equations [6-9].

Consider geodesic mappings of pseudo-Riemannian spaces V,,(n > 2), in
which the following condition holds

Paliy, =0, (2.4)

where @; # 0 is a vector.
The integrability conditions for equation (2.1) are given by

aai Ry + aaj Rif = Nigjk + Njgik — Meigt — Akj it (2.5)

where >\ij = )\i,j-
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Multiply (2.5) by the vector ¢' such that

¢! = pag™,
and wrap it by the index . Taking into account (2.4), we obtain that
©*Nigik + P N gik — Ak — Akjpi = 0. (2.6)
Let us wrap it by indices j and k&
ne*Aai — ;i = 0. (2.7)
Then after substituting equation (2.7) into equation (2.6) we will get that
Pi ()\jk - %%k) + ¢j ()\ik - %9119) = 0. (2.8)

Alternate further (2.8) by indices j and k:
[ [
®j ()‘z‘k - Egik) — Pk ()\ij - Egij) =0.
By redefining indices i and k respectively we will get
©; (Akz‘ - %gkz> — ¥ ()\kj - %gkg) = 0. (2.9)
Summing up equations (2.9) and (2.8), we obtain the following equation:
©; ()\m’ - Bka’) =0.
n
Now, since ¢; # 0, we see that

Aki — Pgki = 0, (2.10)

where p = iy
n

Integrability conditions for (2.10) can be written as follows:

ARk = PrYi — PjYik- (2.11)
Multiplying equation (2.11) by A and wrapping it by index i we obtain
PEAj — piAk = 0. (2.12)

Since \; # 0, we can choose a vector & such that \&® = 1, and multiply
equation (2.12) by the vector &/. Wrapping further it by the index j we get

Pk = BAg. (2.13)
Equation (2.13) can further be written as follows:
Ao Rk = B(Argi; — \jgik)- (2.14)

Let us multiply equation (2.14) by the vector ¢* and wrap it by the index
k. Taking into account equation (2.4), we then obtain that

B(¢“Aagij — Ajei) = 0.
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If p*Aagij — Aji = 0, then *A, = 0 and A;p; = 0 respectively.
However, this is impossible. Therefore, B = 0 and the equation (2.13)
reduces to teh following one:

pr = 0. (2.15)

Thus, the following theorem holds
Theorem 2.1. If the pseudo-Riemannian space Vy(n > 2), in which the
condition (2.4) holds true, admits non-trivial geodesic mappings, then the

system of equations (2.1), (2.10), (2.15) has a solution in this space with
respect to the tensor a;;, the vector X\;, and the invariant p.

Consider two vectors v; and w; such that
v; = g°% Aup.i, (2.16)
w; = gaﬁAm”ﬁ, (2.17)

where the tensor A;; satisfies the condition (1.1). Differentiating (2.16) and
(2.17) twice, we see that

Vi jk = Wik = 0.
Alternating further it, we get the following identity:
wo R = wa Ry, = 0.
Therefore, we can conclude from Theorem 2.1:
Corollary 2.2. If the A-symmetric pseudo-Riemannian space admits non-
trivial geodesic mappings, then
e cither (2.1), (2.10), (2.15) hold true for the tensor a;j, the vector \;, and

the invariant p from the linear form of the basic equations,
e or

gaﬁAa,B,i = gaﬁAai,ﬁ =0.

In particular, if the Ricci tensor satisfies the condition (1.1), then if the
pseudo-Riemannian space has a non-constant scalar curvature

R=g"Rus.

Therefore the conditions (2.1), (2.10), and (2.15) hold true, whenever it
admits nontrivial geodesic mappings.
Differentiating (2.1) and substituting (2.10) we obtain

aijrl = p(Gugik + 91j9ik)-
Taking further into account (2.15), we get

@ij kim = 0.
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This means that the tensor a;; from the linear form of the basic equations
has a zero third covariant derivative.
Thus, we have the following:

Theorem 2.3. An A-threesymmetric pseudo-Riemannian space admits non-
trivial geodesic mappings, if and only if there exists a solution of the system

of equations (2.1), (2.10), (2.15) with respect to the tensor a;j, the vector

Ai, and the constant p.

A pseudo-Riemannian space V;, with a metric tensor g;; is called equidis-
tant if there exists a vector field 1; # 0 satisfying equation

Yij = TGij,
where 7 is some invariant and the comma ”,” is the sign of the covariant
derivative in V,,. When 7 # 0, this is the equidistant space of the main
case, and when 7 = 0, the equidistant space of the special case [10].
Thus, we see that A-threesymmetric spaces satisfying (2.10) are equidis-

tant.
If the vector ); is isotropic, i.e.

%ﬂﬁﬂgaﬁ = 07

then the equidistant space belongs, by necessity, to the special type. Equidis-
tant spaces of basic type are characterized by the fact that they have a
special coordinate system, in which the metric tensor can be written in the
form

d8727, = d($1)2 + f(xl)dszlfl(x27 e 71.”)7

where f(x!) # 0 is some function and ds?_; is a metric of an (n — 1)-
dimensional pseudo-Riemannian space.

A-threesymmetric spaces will be of the basic type due to the restriction
Ajj ki # 0 on the tensor a;;. These spaces always admit nontrivial geodesic
mappings. The tensor a;; can be constructed as follows

a;j = cgij + Vi;.

Thus, by choosing the function f(z!) appropriately, we obtain classes of
A-threesymmetric spaces admitting non-trivial geodesic mappings.

3. CONCLUSION

The requirement that in a pseudo-Riemannian space there exists a field
of a bivalent tensor whose third derivative is zero turned out to be a rather
strict condition. In particular, for Einstein spaces the A-threesymmetry
condition leads to Ricci flat spaces.
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However, such spaces do exist and certain classes of them admit non-
trivial geodesic mappings.

Since in this paper we have found a form of a linear system of basic
equations of geodesic mappings for these spaces, it will be possible further
to classify them completely.
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