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A certain method of construction of
Thiele-Hermite continued fraction
at a point

Yuliia Myslo, Mykhaylo Pahirya

Abstract. The problem of interpolation of the function of a complex vari-
able at a point of a compact set by the Thiele-Hermite continued fraction is
investigated. Formulas for calculating the coefficients of the continued frac-
tion based on values of the function and its derivates at a point are obtained.
Several examples of computations are provided.

Amnoraria. [locmimkeno 3amaqy iHTEPIOSIT (DYHKIHT KOMILIEKCHOT 3MiHHOT
B TO4Il KOMIAKTy JaHioropum apodom Time-Epmita. Orpumano dbopmynin
JI71sI O09HCIeHHsT KOeilieHTiB JIAHITIOrOBOrO JIpo0y 3a 3HAYEHHAMU (DyHKITIT
Ta 11 nmoxigaux B Touni. HaBemeno mpukJia .

1. INTRODUCTION. THE MAIN RESULT

The article is related to research conducted by the authors in [3]. An
infinite continued fraction of the form

a1
D =by+
by + @
T .
. an
_i_i
bn + .
will be briefly written as follows
a; a2 Gnp,

0
a
° gbk 0 by +bo+---+b,+---
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Similarly, a finite continued fraction, analogous to the partial sum of series
ai
Dy, =bo + ; Do = bo,

by + 12
! by + .

4o
bn

and called the n-th approximant of the continued fraction D, will be written
as follows

as Qp,
D, = by + -
0 Klbk b1+b2+ 4+ by

We will consider the following problem:

Let f be a function defined on a compact set Z < C and 29 € Z be a point.
It is necessary to find the coefficients of the continued fraction

Po(z) ‘2 — 2 _
Qn(z)_b0+k12{1 = by e C\{0}, k=0,n, (1.1

so that the following conditions are satisfied at the point zg

N
o)

D, (z) =

Dn(20) = f(20), D™ (z) = < = Wy, (1.2)

z2=2z0

where wy, = f™(2), m =1, n.

A continued fraction constructed in this way will correspond to the formal
power series of the function expansion at the point zg. The coefficients of the
continued fraction (1.1) are derived from the interpolation conditions (1.2).
We will call (1.1) the Thiele-Hermite continued fraction (THCF).

Two methods of finding coefficients by, k = 0,n, of the THCF via the
values of the function and its derivatives at the point zy were proposed
in [3]. One of them involves calculation of m-multiple sums. These sums
are composed of currently known coefficients of THCF. According to that
approach, the non-zero coefficients of THCF (1.1) are computed via the
following recurrence formulas:

[k/2]
1 2 —Z()Zwkl [k‘?l ].]
bo = wo, blzwflv b2:w2b1’ by, = [k/] ;
i=1
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where k = 3,n,

o] p+1-21 p+3—2I
N i1+2 ij—2+2 i—1+2 zl+2
Bi" = ZBH 1 ZBZ2 1 EBH 1—1 ZBH 1 Bp
i11=1 to=11+2 t—1=1%—2+2 1=t]—1+2
p
— I _
- Hbja Blfl =1, (1'3)
J=l

and (k); = k(k—1)(k—2)---(k—1i+ 1) is the Pochhammer symbol.

The second method of finding coefficients of THCF is related to Thiele’s
approximation formula [4,8], and is an analogue of Taylor’s formula in the
theory of continued fraction.

Let
Cm Cm4+1 -+ Cmtk—1
Cm~+1 Cm+2 ... Cm+k
B (20)=1,  H™(2)=] " T T =,
Cm+k—1 Cm+k --- Cm+4+2k—2
m)
£ (z0) (,zo), if m >0,
Cm = m!
0, if m <0,

be the Hankel determinants. Then the coefficients of THCF are determined
as follows [4,5]:

—(H," (20))°

bo(20) = co, bi(20) = 1/c1, bak(20) = H(2 (2 )}E’ ( 0)

)

(H (20))?
HV (20) HY, ()

Another method of finding coefficients of THCF is substantiate in this
article. The main result of the paper is the following

kE=1,[n/2].

bok+1(20) =

Theorem 1.1. Suppose that f*)(z) # 0, k = 0,n, at the point z € Z.
Then the non-zero coefficients of THCF (1.1) can be computed via the
following recurrent formulas:
1 -1 1
bo=wo, bi=—, by= ;o by= ;
w1 G T gy

(1.4)

2 1 i3+1 1

k—1 _
_ (—=1)F Ly, 1
b = 1/],1_[1(’?( I <b§bg 32

=, bigbig+1 = bisbis1
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Tg—2 1 . 1 2 1 iz+1 1
ip_1=1 bik—lbik—1+1 b%b%b?: is— b13b13+1 b14bl4+1
ip—2 1 3 1 i4+1 1

_l’_

1
i1 bzk—lbzk_ri-l b4 1_[ b2 1 b14b14+1 P b25b25+1
7=1

k-2 k—2
1 1 1
D S . ). 1)
bikflbikfl‘i’l b1 kl—f bjz ip_1=1 bik—lbik71+1

Jj=1

ig—1=1

where k = 4, n.

The article has the following structure. The second section contains the
Euler-Minding formula for canonical polynomials of the numerator P, (z)
and the denominator @, (z) of the continued fraction (1.1). A statement
analogous to Leibniz’s formula for finding the derivative of the m-th order
by the ratio of two differentiated functions is given in this section as well.
The proof of Theorem 1.1 is contained in the third section. Examples of
usage of the formulas (1.4)-(1.5) for finding the coefficients of THCF of
some functions are given in the fourth section.

2. EULER-MINDING FORMULA. AN ANALOGUE OF LEIBNIZ’S FORMULA
FOR THE m-TH ORDER DERIVATIVE OF THE RATIO OF TWO FUNCTIONS

Let {b;: b; # 0,5 = 0,n} be the set of coefficients of THCF. Consider
p-multiple sums of the form

n+1—2p 1 n+3—2p n—1 1
El,n _
v =

(2.1)

bi bw+1 bi biy+1’

i =l bisbis1;, 5, ip=ip_1+2

where 1 < p < [(n+1—1)/2], 1 > 0. We assume that 5" = 1 and E5" = 0,
when | > n+1— 2p.
Notice that Efg’n satisfies the following recurrence relation:

n+1—2p 1 ]
El’n _ Ez—i_—?,n'
P Aibi P
It is easy to see that formulas
El n Ez+2 n + Es+1 n 5> l, (2.2)

b bH—l
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Mkl '
Eitan (2.3)

El,n _ EH—k,n —
P P bibiyr P

1=l

follow from (2.1).

The canonical numerator P,(z) and denominator @, (z) of the continued
fraction (1.1) are polynomials. These polynomials are determined by the
coefficients of continued fraction using the Euler-Minding formula [5, 7|:

P.(z) = BY Zl] EY"(z — ), r=[(n+1)/2], (2.4)
i=0

Qn(z) = B}1 i Ezln(z — zo)i, ro = [n/2], (2.5)
i=1

where BY and B} are defined in (1.3). It directly follows from (2.4) and (2.5)
that:

m!BgEggn, ifm <

(Pa(20)) "™ = {0’ Fm > %"il], (2.6)
[

1 .
m!BLE;", if m <

2
1,
0. ifm > [2] 27

(Quz0)™ = {

An analogue of Leibniz’s formula for finding the derivative of the m-th
order of the ratio of two functions is the formula proved by Gerrish [1].
Suppose that v and v are functions in the domain Z < C differentiable up
to the m-order inclusively and v(z) # 0, z € Z. Then the following formula
holds:

v 0 0 0 U
v’ v 0 u’
U” u//
/
o7 v v -0 0 BNl
,U/// " u///
uym) oml |3y o7 oo 00 o
(;) - pm+1 . . . . .. . ’ (2'8)
pm=1) p(m=2) p(m=3) u(m—1)
... 'Z)/ ’l) —
(m—1)! (m—2)! (m—3)! (m—1)!
U(m) v(m_l) v(m—2) ’U” , u(m)
m! (m—1)! (m—2)!"'§” m!
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3. PROVING THE MAIN RESULT OF THE PAPER
Proof of Theorem 1.1. We need to prove the formulas (1.4)-(1.5). Substi-
tuting z = 2o into (1.2) we get from (2.6) and (2.7) that
Pn(20) = By, @Qn(20) = B}.

Since wg = P, /Qn = by BL/B}., we see that by = wy.
1) If m =1, then (2.8) implies that

Qn Pn
Ql Pl .

w1 =

Q2

Now it follows from (2.3), (2.6) and (2.7) that

1 | B. B BBl 1 1 Lo 1
W1 = g 1, on| = 1 o,n| = bo 1 |=—.
(BL)? |ByEY™ BREY"|— (BL? |Ey" By B —| b
bob1
Hence, by = 1/w;.
2) Let m = 2. Then, similarly, we have that
Qn 0 Py B} 0 BY

!
wy = Q. Qn Pj(20)| = S |BLEY" By BYEY| =

(@Qn)? | or P (Br) 1 1 0
% ; 53 " |BLE," BLE" BjE,"

n 2
10 1 1 0 0
_ Q”gfié)?’ EY" 1 B —om B B =
- G 1* Ca e 92
21 | 1 1 20110 —2!
bob1 ln E%’n :a Ell’n ﬁ :b%ibQ‘

Therefore, by = —1/(b%%). Thus, formulas (1.4) are proved for k =0, 1, 2.

3) Suppose that 3 < m < n. We will consider two cases: 3 < m < [n/Q]
and m > [n/ 2} and prove the relation

wm B (_1)m_1 2 1 7»2“1‘1 'Lm 2+1

m)! b%bQ ig=1 bizbi2+1 Z z 23+1 i 2 bzm 1 zm 1+1

(3.1)
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a) Let 3 <m < [n/2]. Then we get from (2.6), (2.7) and (2.8) that

B} 0 0 - 0 B
B'E/™ B! o -~ 0  BYE
| BiES" BLEY™ B} 0  BYEI"
BT . AR .
BLE,", BLE,", BiE,"; --- By BSE,",
BIEL" BIEL, BIEL', - BIEL" BUES

Since all elements of the first m columns of the determinant have a common
factor B} and all elements of the (m + 1)-th column have a factor BY, we
obtain that

1 0 0 0 1
B 0 0 E™
Ey" By 0 EI"

W, bo(Bl)mH El,n El,n El,n 0 EO’"
W:(B}:)lim“ 3 2 1 3 | =boKms1- (3.2)
Byt By, Byt o 1 E)Y
BY BN BN o B E

Let us reduce the determinant K11 to the triangular form. We will
perform all transformations only on the last column of determinant, while
other columns of the determinant will be unchanged. Similarly to [9] we
will denote the i-th column of the determinant K,,41 by k;, that is

k1= [LEM™,. . ELT,

1,n 1,n T .
/{i:[(&...,_g,l,El By i=2m,
i—1
0n 10,n 0,n1T
an:[l,El , E ,...,Em] .

Then the determinant K,,,+1 will be briefly written K41 = |k1K2 ... Km+1]-

Subtract the elements of the first column from the elements of (m+1)-th
column of the determinant K, ;. Using (2.3) and factoring out 1/(bob)
from all elements of the column we obtain that

1 T
Rt = e [0,1, B E3™, ... E2"]



A certain method of construction of Thiele-Hermite continued fraction 251

Consider the column of the following form:

T
7P :[(&...L(/),l,E{”",...,Egﬁ] , r=1,q, p=2. (3.3)

Taking into account (3.3) we can write the column k,+1 as follows:

1

Similarly, subtracting the corresponding elements of the column ;41
from all elements of the column ZF = and using (2.3) we obtain the following
recurrence relation:

Ti+2
Il m bzbz-ﬁ-l lZJrl m (3.5)

Substituting (3.5) successively, we get that

k—1 1 k-1 1 1141 1
e DI e
m = biybiy 41 TE™ = binbi 1 2 bigbig g b+2,m
N o (3.6)
k—1 _pi1tl im—1—1+1 :
(_1)m 1+ 1 -1 1

= —— Jo,...,0,1]"
Z bi, biy+1 i;1 biybig+1 imgl bi,, ,bi, ,+1 [¥—;2——/ }

Due to (3.4) the column k41 can be written in the form:

(*1)7”_1 i1+1 1 Z"rn72“!‘1 1

——10,...,0,1
io=1 bi?bi2+1 i Zl 1 me 1bzm 1+1 [;—\n;— ]

Kmal =
T bbby

Now the determinant K,,+1 is reduced to a triangular form, and there-
fore (3.2) will be written as follows:

T o § L RN | 3 1
m! b%b2 ia=1 bizbi2+1 im1=1 blm—lbim—1+1 '

Thus, the formula (3.1) holds for 3 < m < [n/2].

b) Suppose now [(n 4+ 1)/2] < m < n. Then there are two additional
cases: n =2t —1 and n = 2t.

b-1) If n =2t — 1, then m =¢,2¢t — 1.

e Let m = t. Then, according to (2.6) and (2.7),

(Pu(z0)) 1 = 01BY )", (Qul(z0)"” = 0.
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Substituting these values into (2.8) we get

B} 0 0 0 BY
B'E/™ B} 0 -~ 0 BYEI"
o |BMES" BYE(™ B, .- 0 BLEy"
RNV EEN : AR :
By\E"y BLE"y ByE"y -~ B BB
0 BLE) BLE, -+ ByEy" BIE)"

Factoring out the multiplier B} from the elements of the first ¢ columns
and the multiplier BY from the last column we get that

1 0 0 -~ 0 1
E" 1 0 - 0 EM
w, Ey" B 1 - 00 EYT
i e s (3.7)
B By By o 1 B
0 B B o B B

As above, denote the columns of the determinant L;y1 by

A= [LEM BN BN 0]
17 17 17 T ) —
Ai=[0,0,...,0,1, Ey" By BT i=2,t

i—1
0,n -0,m 0,n1T
>\t+1:[1aE1 7E1 7“'7Et ] )

and all the determinant Ly11 by Lit1 = [AMA2. .. g1

Subtract the elements of A\; from the elements of A1 and use (2.3).
Further, write E;"" according to formula (2.2) if s = 0 and factor out the
factor 1/(bpb1) from elements of the column. Then we will get that

1 2,n 2,n 2n1T 1 2
A1 =—|0,L,EY" EY ... B =—71
t+1 bob1[ y Ly o4 ) t_1:| bObl 1,ts
where Iit is defined in (3.3).
It now follows from (3.5) and (3.6) that
_q)t-1 2 1 tg—2+1 1
Aep1 = ) [0,...,0,1]".

bob?bs = bisbip

’
ir_1=1 bit—lbit—l+1 —
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Now the determinant L;y; is reduced to a triangular form, and we get
from (3.7) that

o b2hy

i1 bini2+1 in—1 bigbi3+1 ir=1 bit—lbit_ri-l ’
Thus, formula (3.1) holds for m = ¢.
e Suppose m =t +1[, where 1 < <t —1. Then (2.8) will have the form

BTIL 0 0 0 B?L
BIEM BL ... 0 ... 0 BYEM
1, 1, 0,
i) BB BRES, - By 00 BB
TR 0 BLEY - BB 0 BB
0 ... BLE'™ ... B} 0
0 0 --- BLEM ... BLEI™ 0

The multiplier B factors out from the elements of the first (¢t-+1) columns

of the determinant and the multiplier BY factors out from the last column,
hence

B 10 o 0 - 0 EM
1, 1, 1, 0,
BN B By e 00 00 BT
w 1» 1’ 0,
(t —t:ll)l =b| 0 BB 1 o 00 B = boMyg. (3.8)
0 0 EtL—nl E%’" ) 0
. Etlinl - E%’n 0

Denote the columns of the determinant M; ;1 by

pi=[0,...,0,1,EL" . EF o, 0], i=T1.072,
———— ——

i—1 +2—1
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1n 1,n T N R
Ml':[(&;\.(._,_(J),l,El B i=1+3t+1,
i—1
_ 0,n 0,n T
i1 = [LET", .. B, ’&’_9] ,
—
l
and all the determinant My ;11 as M1 = |p1, p2y -« -y fopri1]-

Subtract the first column p; from the last column ;4741 and use (2.2)
and (2.3). The multiplier 1/(bob1) factor out from the elements of column,
and we obtain that

1 n n
”t+l+1:%71j12’ JE =[0,1,B ,...,Ef;l,&...,O]T (3.9)

—
l

Subtracting further the column ps from the obtained column Jg, us-
ing (2.3), and factoring out from elements the multiplier (—1/b1b2) we get
that

4 (3.10)

JE=—03,  J3=1[0,0,1,E¥" .. EX0,...,0]
;V__/
l

Similarly, subtracting the column p3 from the column 73}, and using (2.3)
and (2.2) if s = 2, we obtain

2
-1 )
3 _ 12+2
Iy = Z b b VAR
ia=1 o Vio+1
i9+2 i2+2,m i2+2,n T
J32 4 =10,0,0,1, B L EZEET0,..0,0]0
;_v__/
-1

Consider the column of the following form:

1", k=20+1, m=2

—

k +2—k

T =10, 0, LEM™, . B0, 0
-~ —

Subtracting column 41 from the column J;", and using (2.3) and (2.2)
if s=m—1, we get

m—1
-1 it2
= g _ . 11
7 ip=1 bikbik+1‘7k+1 (3 )

If k=141, then (3.11) reduces to the following form:

m—1
m t+1t+2,m t+1+2,n
*7l+1* 2 b 1[(&"'7_9717E1 7~--7Et—2
=1 U+l U1t ‘13_’2‘

"=
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m— )

2 : Zz+1+

l+2 t+1° (312)
— Zl+1 %l+1+1

It now follows from (3.6) that

) i41+1 t 9 tgp1—2+1 1 -

Zl+1+ _ .

L= D b Y — [0,...,0,1]". (3.13)
ippo=1 U+2 Zl+2+1 Gy =1 b=l tp1—1+1 _tIZ_

We can successively substitute (3.13) into (3.12), then into (3.11) for
k = 2,1+ 1, then into (3.10), and finally into (3.9). As a result, we get

1 -1 tl—1 2 1 io+1 1 i+1 1
“t““:bb( b)b by be 2 by b x
001 192 —1 o Vig+1 iz=1 i3 Vis+1 iry1=1 141 Y41 +1

ty1t+1 1 tgpi—2t+1 1 .
x 2 72 [0,...,0,1]".
i1pa=1 biz+2bil+2+1 irrg=1 bit+l—1bit+z1_1+1 ‘-t\_:l——’
Notice that the determinant L; ;1 is reduced now to a triangular form.
Then it follows from (3.8) that
Wiy (_1)t+l—1 2 1 ig+1 1 tpq1—2+1 1
(t+1)! b%bQ ia—1 biybio 11 in—1 bizbis+1 ir11=1 bit+l—1bit+l—1+1.

Thus, the formula (3.1) holds form =t + 1,1 =1,t — 1.

b-2) Let n = 2t. Then m = ¢, 2t.
e First suppose, m = t. Then we get from (2.6) and (2.7) that

(Pu(z0)) " = t!1BOEO™, (Qn(20))" = t!BLEM",
whence the relation (2.8) can be written in the form
B} o -0 B
BLES™  BY - 0 BYEP"
t |BLE,™ BLEM™ - 0 BYEJ"|

Wy = ————
(B

]. 17” 1 17n ]. 0 O’”
BnEt BnEt—l Bn BnEt

Similarly, as in the previous case, the multiplier B! factors out from the
first ¢ columns of the determinant and the multiplier BY factors out from
the last column. Then we get (3.2), which proves (3.1) for this case.
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e Now, let m =t +1, 1l =1,t. Then the relation (2.8) can be written as
follows:

B} 0 0 0 BY

1, 0,

BIEM™ BY ... 0 ... 0 BOEM™

BLEM BYEM™ ... BIEM™ ... 0 BYE}"

(D) ntt nt—1 nt1 ntt
WH T BLyET | 0 BIEM ... BIEM ... 0 0
0 ... BLE/™ ... B} 0
0 ... BIEM ... BLEM™ 0

Similarly, the multiplier B! factor out from first (¢ + [) columns of the
determinant and the multiplier BY factor out from the last column, so

Ell’n 1 -~ 0 --- 0 E(l),n
t+0! ol 0 Etl’" E%vn o0 o | = CofVetit1: .
CEM 10

Again denote the columns of the determinant Ny ;.1 by

1n 1n 1n T .
I/i:[o,..-’o,l,El ,E2 a"'?Et 70,...,0] s Z:]_’l’
— ~——
i—1 I+1—i
1,n 1,n 1n T . T
I/Z‘:[O’..-’O’l,El ,E2 7"'?Et+l+17i] s Z_l—|—1’t—|-l’
i—1
0,n 0,n 0,n T
Vt—l—l-l—l:[]-aEl aEQ a"'aEt ,O,"'7O] )
——

l

and the determinant Nyyyy1 by Nypjyp1 = [vave ... Vel
We will now reduce the determinant Nyi;41 to a triangular form. Sub-
tracting the first column v of the determinant from the last column vy4 41
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and using (2. 3) we get

Vi4il4+1 = bo b IC K;% = [Oa]-aE%na'” 7Et277n17(&7_9]T (315)
l

Subtracting further the second column vy from the obtained column k2
and using (2.2) and (2.3) we obtain
-1 .

2= —
L™ biby

K3 =1[0,0,1,E}", .. Ef’”l,o, ..., 07T (3.16)
~——
-1

Similarly, subtracting column v3 from column K3 and using the same for-
mulas we get

2
-1 ,
K3 = Ki2t?, (3.17)
@Z_l bigbiyr1
where
K2t =10,0,0,1, B> . EPTM 0,07
T AL G AR
1-2
Consider the column of the following form:
Kp=1[0,...,0,1, B/ ... E[",0,...,017, k=21
"‘V— e
k I+1-k

Subtracting the column vg41, & = 4,1+ 1, from the column K} and us-
ing (2.2) and (2.3), we get
m—1 1
K = KCikt2, 3.18
F= 2 g, (3.18)

ik
Finally, subtracting the column v;;5 from the obtained column K}, we
will obtain that

i141+2

Kt = Z bl+1bl+1 + 1Il+2 b

so the column Il”;j , satisfies relation (3.13). By successively substitut-

ing (3.13) into (3. 18) (3.17), (3.16) and (3.15), we finally have
1~ g 1 B it 1

Vitirl = e — X
bobi  biba = bisbir+1 2 igbigta Wt biy 1 biyy i1

ip1+1 tgy1—2+1
1 1
S S N . S
1 biry i o1 1 biryioibip i1 +1 S

i42= lppl—1= nt
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Thus, the determinant Nyy;yq1 is reduced to a triangular form. Then it
follows from (3.14) that

_ 2 io+1 tpq1—o+1
Wiy (71)t+l 1 1 12+ 1 t+1—-2 1

(t + l)! B b%bQ =1 bi b12+1 b b13+1 ir1=1 bit+l71b7f't+171+1’

so the formula (3.1) holds in this case too.

Let us prove the formulas (1.4) and (1.5) for computation of the coef-
ficients of the continued fraction (1.1). Recall that formulas (1.4) have
already been proven for kK = 0,1,2. Assume that for each value k = 3,n
the coefficients by, bo,...,br_1 are known. Consider the last term of the
relation (3.1) which contains the unknown coefficient by:

Wht1 (_1>k 2 1 i2+1 1 ip—1+1 1

(E+1)! bibe A biybigsr Z-;l bisbis+1 Zkzl biybiy+1

If k = 3 then (3.1) will be written in the form
w3 1 1 1 1 1
31 b2by <b1b2 - bgbg) T bbby
whence by = 1/b7b3 (%53 b3b2) Thus, the formulas (1.4) hold for k = 3.
Let 4 <k <n. We perform the transformation on the right side of the
relation (3.1) to choose the term containing the coefficients by.

wy (_1)k—1 2 1 io+1 1 tg_o+1 1 B
BT Wby S bnbie A bbi A b b
ETEIREE T T -
b2y \biby Py bizbis i1 = biybi,+1 Wl bij,_1bi, 111
;3 T == T ip_o+1 1 ) -
babs A= bigbig1 = bisbigrr S i 1 biy
_ (—1)’“‘1< 1 & 1 Rt M L,
b3bo b1b2 | Disbis 1 = bi,biy1 i bi, b 41
1 2 1 i3+1 1 ip—2+1 1 .
bab3 = b13b13+1 bl4bl4+1 Wl bi,_ bi, 111
1 4 1 ig+1 1 ig_2+1 1

+ e 7) = e e
bab3ba = bisbist1 Z.;l bisbis+1 ;=) bip_1bi 11
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2 i3+1 ig—2+1
1 1 1 1
_ (_1)k—1 ( .

= ) v
b3b3 = bigbig+1 2 biybiga W bi,_,bi, 11
+ 1 2 1 i3+l 1 tg—2t+1 1 .
b3bdbs P biybist1 Py biybis+1 1l bip b, 41
N 1 3 1 1441 1 ip—o+1 1 )
b4 ﬁ b2 =1 bi4bi4+1 - bi5bi5+1 =1 bik—lbl’k71+1
j=1"
+ 4 1 i5+1 1 ig_o+1 1 N N
b5 ﬁ b2 i5=1 bi5b7:5+1 ie=1 biGbi6+1 ie_1=1 bikflbikfl—‘,—l
j=1 7
N 1 k—2 1 . 1 )
k=2 . b; . b; k—1 :
br_1 l—[ b? ip_1=1 ‘tk—1 ip—1+1 by H b?
Jj=1 j=1
From here, we get the formula (1.5). 0

4. EXAMPLES OF FUNCTIONS EXPANSION INTO A THIELE-HERMITE
CONTINUED FRACTION

The resulting formulas (1.4)-(1.5) can easily be implemented in a com-
puter algebra system, such as maxima, or in the algorithmic language,
such as gfortran, which are free software tools in the operating system
Linux.

It is well known fact that the function e® has a power series expansion

Q0
ef = ), Zk—lf Using the formulas (1.4)-(1.5), we find the coefficients of
k=0

continued fraction by = 1, bop_; = (—1)¥71(2k — 1), by, = (—1)*2. The
obtaining continued fraction coincides with the corresponding continued
fraction of function [2].

We have the expansion of the function /1 + z into a power series

B i 1 (2k =31
\/m_ukzzjl(—nk 1W k

The coefficients of continued fraction that calculated using the formu-
las (1.4)-(1.5) are by = 1, b, = 2, n € N. The resulting continued fraction
coincides with the Thiele continued fraction corresponding to the power
series [5].
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The general formulas of the expansion coefficients of the functions sin z
and cos z into the continued Thiele fraction not established. The expan-
sion of the functions sin z, cos z, sinh z, cosh z into Thiele type functional
continued fractions is obtained in [5,6].

The sin z power series expansion in the neighborhood of 29 = 7 has the

0
form sinz = g D (Z;ﬁ We can find the required number of THCF
k=0

coefficients. The first eight coefficients are

50277 by = V2, by = /2,
— 32 — 2542 — 49/2
by = ——, by = ——— by=——y
5 7 55
b 3025v/2 5544742 _24011568734507558765+/2
67 7623 T T ITI665 0 0 1448213983480872329

Similarly, we have the expansion of the function cos z in the neighborhood
the point 29 = /3.

V3 2 3 3 1 4
cosz = 1—2 : 1!(2—20)—2 : 2!(,2—20) —|—2 3 (z—20) +2 o (z—z9)" =+~
We find the first nine coeflicients of continued fraction

1 -2 2 27 250
b:*, bzia b:37 b:ia = T = T =
0= 5 1 Na] 2 3 33 4 5 5 1113
_ —4107 _ —48734 189873 o —34322
7 7205 * T T 13775103 0 1729 0 YT 3972043
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