Proceedings of the D] - ...

International Geometry Center
Vol. 17, no. 1 (2024) pp. 36-55

Time-like surfaces with zero mean
curvature vector in four-dimensional
neutral space forms

Naoya Ando

Abstract. Let M be a Lorentz surface and F': M — N a time-like and
conformal immersion of M into a 4-dimensional neutral space form N with
zero mean curvature vector. We show that the curvature K of the induced
metric on M by F' is identically equal to the constant sectional curvature Lo
of N if and only if the covariant derivatives of both of the time-like twistor
lifts are zero or light-like. If K = Lg, then the normal connection V* of
F is flat, while the converse is not necessarily true. We also prove that a
holomorphic paracomplex quartic differential Q on M defined by F' is zero
or null if and only if the covariant derivative of at least one of the time-like
twistor lifts is zero or light-like. In addition, we get that K is identically
equal to Lo if and only if not only V* is flat but also Q is zero or null.

Amnorargisa. Hexait M — nosepxust Jlopenna i F': M — N — gaconozibue Ta
koHdopMmHe 3anypennsa M y 4-BumipHy HefiTpasabHy mpocTopoBy dopmy N
3 HYJIbOBUM BEKTOPOM CEpPeIHBOI KpUBHHE. B POOOTI mMOKa3aHo, M0 KPUBU-
na K imjaykoBanol merpuku Ha M 1pu BigoOparkenni F' TOTOXKHA MOCTIHHIH
cekninit kpuBuHi Lo Ha N TOMI i TIMIBKU TOJ, KON KOBapiaHTHI MOXiTHI
000X 9acomoaibHUX TBICTOPIB HiAHATTIB HYJBbOBI ab0 cBiTIOMOMIOHI. KO
K = Lo, To HopMasbHa 38’ s3micTs VL 3anypennst F € IIIOCKOIO, AJie 3B0pO-
THE TBEP/?KEHHsI He 000B’S3KOBO BipHe. TakoXK JI0BEJIEHO, 10 roJOMOPGMHUI
MapaKOMILJIEKCHIN KBapTuuIHuil nudepeniian () Ha M, BU3HAYMEHUI 3a J10-
moMoroo F', mopiBHIOE HYJIIO TOAI 1 TIIBKY TOi, KOJIM KOBapiaHTHA MOXiTHA
MIPUHARMHI OJIHOTO 3 YacCOIOMIOHUX TBICTOPHUX IMiJIHATTIB JOPIBHIOE HYJIIO
abo € cBiTyononioHo. KpiM Toro, BcTaHOBEHO, MO K TOTOXKHO TOPiBHIOE
Lo Toni i Tinbku Toxi, komu He ume V4 € mwiockmy, ane takox (Q 1opiBHIOE
HyJII0 200 Ma€ HYJbOBY HOPMY SK HaPAKOMILIEKCHE YHCJIO.
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1. INTRODUCTION

Let N be a 4-dimensional neutral space form. Let also M be a Lorentz
surface and F': M — N a time-like and conformal immersion of M into IV
with zero mean curvature vector. Then a holomorphic paracomplex quartic
differential Q on M is defined by F'. Isotropicity of F is characterized by
Q = 0. If a time-like twistor lift of F' is horizontal, then F' is isotropic.

However, although F' is isotropic, it is possible that the covariant deriva-
tives of the time-like twistor lifts are not zero but light-like ([1]). The co-
variant derivatives of both of the time-like twistor lifts are zero or light-like
if and only if F has one of the following properties ([7]):

(i) the shape operator of a light-like normal vector field vanishes;
(ii) the shape operator of any normal vector field is zero or light-like.

See [1,7] for properties (i), (ii) of F respectively. If F satisfies (i) or (ii),
then the curvature K of the induced metric on M by F' is identically equal
to the constant sectional curvature Ly of N.

We will see that the converse holds, that is, if K is identically equal to
Lg, then the covariant derivatives of both of the time-like twistor lifts are
zero or light-like (Theorem 4.3). In addition, we will study the following
two properties related to F':

(I) the normal connection V+ of F is flat, that is, the curvature tensor
R of V1 vanishes;

(IT) @ is zero or null (notice that a paracomplex number is said to be null
if it is not zero so that its square norm vanishes).

We will show that if K = Lo, then V* is flat (Proposition 4.1), while
the converse is not necessarily true. We will also find time-like surfaces in
N with zero mean curvature vector, flat normal connection and K # Ly
(Theorem 5.1). It will also be proven that @ is zero or null if and only if
the covariant derivative of at least one of the time-like twistor lifts of F' is
zero or light-like (Theorem 3.2).

In addition, we will find time-like surfaces in IV with zero mean curvature
vector such that the covariant derivative of just one time-like twistor lift is
zero or light-like (Theorem 6.1). We will see that K is identically equal to
Lo if and only if F satisfies both (I) and (II), that is, not only V' is flat
but also @ is zero or null (Theorem 4.3).

Remark 1.1. Let N be a 4-dimensional Riemannian, Lorentzian or neutral
space form, M be a Riemann or Lorentz surface, and F': M — N be a
space-like or time-like, and conformal immersion with zero mean curvature
vector.
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Here F' is space-like or time-like, according to whether M is Riemann or
Lorentz. Let K be the curvature of the induced metric by F' and Ly the
constant sectional curvature of N. If N is either Riemannian or neutral,
and if M is Riemann, then by the equation of Gauss, the condition K = L
means that F' is totally geodesic, and then by the equation of Ricci, the
normal connection is flat. Suppose that N is Lorentzian and that M is
Riemann. Then the condition K = Ly does not necessarily imply that
F is totally geodesic. By the equations of Gauss-Codazzi-Ricci, K = Lg
is equivalent to a condition that the shape operator of a light-like normal
vector field of F' vanishes, that is, a holomorphic quartic differential () on
M defined by F vanishes (refer to [3]). Then by the equation of Ricci,
K = Ly means that the normal connection is flat.

If N is neutral and if M is Lorentz, then we will obtain Proposition 4.1
and Theorem 4.3 below. If N is Lorentzian and M is Lorentz, then K =
Ly does not necessarily imply that F is totally geodesic, while K = L
means that the normal connection is flat (see the appendix below). We can
refer to [12] for time-like surfaces in indefinite space forms with zero mean
curvature vector and K = L.

Remark 1.2. Let N be an oriented Riemannian, Lorentzian or neutral
4-manifold. Let also M, F' be as in the beginning of the previous remark,
and ) be a complex or paracomplex quartic differential on M defined by F.
If N is Riemannian or neutral, and if M is Riemann, then isotropicity of F
is equivalent to Q = 0 and characterized by horizontality of a (space-like)
twistor lift of F' (|1,11,15]).

We can refer to [14] and [10] for twistor spaces and space-like twistor
spaces respectively. Horizontality of a (space-like) twistor lift is equivalent
to parallelism of the complex structure corresponding to the lift, which
is equivalent to a relation between the complex structure and the second
fundamental form ([5]).

Suppose that N is neutral and that M is Lorentz. Then isotropicity of
F is equivalent to Q = 0 and horizontality of a time-like twistor lift means
Q@ = 0, but @ = 0 does not necessarily mean the horizontality ([1]). We
can refer to [16,17] for time-like twistor spaces. Horizontality of a time-
like twistor lift is equivalent to parallelism of the paracomplex structure
corresponding to the lift, which is equivalent to a relation between the
paracomplex structure and the second fundamental form ([5]).

If @ = 0 but if the time-like twistor lifts are not horizontal, then the
covariant derivatives of them are zero or light-like ([1]). Suppose that N is
Lorentzian. Based on the understanding of isotropicity in the above cases,
the author introduced the definition of isotropicity of F' in [4]. If M is Rie-
mann, then the isotropicity just means either () = 0 or a relation between
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a mixed-type structure given by a lift of F' and the second fundamental
form with respect to a special local complex coordinate on a neighborhood
of each point of M ([4]).

In addition, if NV is a 4-dimensional Lorentzian space form and if F' has
no totally geodesic points, then the relation is equivalent to @ =0 ([4]). If
M is Lorentz, then the isotropicity of F' is given by a relation between a
mixed-type structure given by a lift of /' and the second fundamental form
with respect to a special local paracomplex coordinate on a neighborhood
of each point of M ([4]). In addition, if N is a 4-dimensional Lorentzian
space form, then the isotropicity implies that F is totally geodesic ([4]),
which is equivalent to @ = 0.

Remark 1.3. Let N be an oriented 4-dimensional neutral manifold, and M
be a Lorentz surface and F': M — N a time-like and conformal immersion
with zero mean curvature vector. If the covariant derivative of a time-like
twistor lift © of F' is zero or light-like, and not identically equal to zero
at any point, then the covariant derivative of the paracomplex structure
J corresponding to © is locally represented as the tensor product of a
nowhere zero 1-form and a nilpotent structure related to J ([8]). We can
refer to [6,8,9] for nilpotent structures.

An oriented 4n-dimensional neutral manifold equipped with such an al-
most paracomplex structure as J becomes a Walker manifold ([8]). We
can find examples of such almost paracomplex structures on E3" ([8]). In
addition, we can find all the pairs of sections of the two time-like twistor
spaces associated with Ej such that the covariant derivatives are zero or
light-like, and not identically equal to zero at any point ([8]).

2. TIME-LIKE SURFACES WITH ZERO MEAN CURVATURE VECTOR

Let N be a 4-dimensional neutral space form with constant sectional
curvature Lg. We can suppose that

e N =EFEjif Ly = 0;
o N={xeEj|{zx,v)=1/Lo} if Ly > 0;
o N={zeE;|{x,x)=1/Lo}if Ly < 0;
where ( , ) is the metric of EJ or Ej3.
Let A be the neutral metric of N, M a Lorentz surface, and F': M — N a
time-like and conformal immersion of M into N with zero mean curvature
vector. Let w0 = v+ jv be a local paracomplex coordinate of M, where j is

the paraimaginary unit of paracomplex numbers. We will denote by w the
conjugate of w, so W = u — jv.
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We represent the induced metric g on M by F' as
g = X dwdd = 2 (du? — dv?)
for some real-valued function A. Then

WdF (0p), dF(07)) = —-

170 0 170 0
O := <8u+‘76v) O = <0u ”7811)'

Let V denotes the connection of Ej, E3 or E3 in accordance with Ly = 0,
Ly > 0 or Ly < 0 respectively. Since F' has zero mean curvature vector, we
have

where

Vo/owdF(0/0w) = —Loe F /2.
Put
Ty :=dF(0/0u), Ty :=dF(0/0v).
Let N7, N2 be normal vector fields of F' satisfying
h(N1, N1) = —h(Na, Na) = e**, h(N1, Na) = 0.
Then we have that
V(1 To N1 Ny F) = (T1 Ty N1 N> F)S,

- 2.1
Vi (Ti Ty Ny No F) = (T} Ty Ny Ny F)T, 21)
where
[ Ay Ay —aq Bl 1
Av Ay a9 _BQ 0
S = et} az Ay opr Of,
B1 Bo 1 A O
—Loe* 0 0 0 0
- (2.2)

Ao A —az o
Ay Ay aq _51
T=|oe o Av M2
B2 B p2 Ay
0 Lo 0 0 O

and ag, Bk, ur (k= 1,2) are real-valued functions. From (2.1), we obtain
Sy — Ty, = ST —TS. This is equivalent to the system of the equations of
Gauss, Codazzi and Ricci. The equation of Gauss is given by

Auu — Ao + LO€2)\ = Ol2 - a2 (ﬁl 622)7 (23)

S O = O
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the equations of Codazzi are given by
(1)y = (a2)u = @2y — 1Ay + Bapr — Bipz,

(a2)y — (01)u = a1y — a2y + Brpr — Bapiz, (2.4)
(B1)v = (B2)u = BaAu — BrAy + a2 — a1 g, '
(B2)o = (B1)u = BrAu — Bady + a1 — aopa,
while the equation of Ricci is given by
(11)v — (H2)u = 20182 — 202f31. (2.5)
We set
X4 =1 * Ba, Yi=ax+ 5 (2.6)
and
bt = Au F 2, Pi 1= Ay F 1. (2.7)
Then the system (2.4) is rewritten into
(X4)o — (Ya)u = ¢4 Y4 — 91 X4,
(Yi)o — (X4 )u = ¢+ Xq — P2 Ve 28
We set
1 1
S ﬁ(u+v) t:= \—@(u—v).

Then we have

o _1(o, 0 S (0 4y
ou 2 \ds ot)’ dv N2 \0s ot)’ '

Therefore, (2.8) is rewritten into

(X4 +Y3)r = 7(¢+—¢+)(X1+Yi),
(2.10)
(X4 —Y3)s = *7(% +94)(Xs — V2.
Hence, a system consisting of (2.3) and (2.5) can be written as follows:
Muw = Ao + Loe® £ (1) — (n2)u) = X5 = V7. (2.11)
Applying (2.7) to (2.11), we finally obtain
X3 = V2 = ($+)u — ¥+ )v + Loe™. (2.12)

Suppose that F satisfies (i) in Section 1, that is, the shape operator of a
light-like normal vector field vanishes. Then we have 8y = ey, for k=1,2
and € € {+, —}. From (2.3), we get that

i — Moo + Loe? = 0. (2.13)
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Then it follows from (2.5) that ~, = p1, 7 = pe for a function 7 of two
variables u, v. Hence, (2.4) implies that

(o) + ayph +eary =0, (@ )s +a_As +ea_ys =0,

where a4+ := a1 + ao. Then there exist functions p4+ of one variable satis-
fying a4+ = p+(u + v)e %Y. Therefore,

1 o
o = §(p+(u+v)+p—(U—U))€ Aey,

a2 = 5 (pi(u-+ ) —p(u—v))e .

Suppose that F' satisfies (ii) in Section 1, that is, the shape operator of
any normal vector field is zero or light-like. Then, as in [7], we obtain (2.13)
and

g = €0y, B2 = B, H1 = Yu, H2 = Yo

for ¢ € {4+,—} and a function ~ of two variables w, v, and «j, (1 are
represented as

o = 5o (Bt £0)e? + Y+ <))

B = —5 3 (Blu + cv)e” — (u+ev)e)

for functions ¢, ¥ of one variable.

3. TIME-LIKE TWISTOR LIFTS

Let N, h, M, F be as in the beginning of the previous section. Then
the 2-fold exterior power /\QF*TN of the pull-back bundle F*T'N on M
by F'is a vector bundle on M of rank 6. Let h be the metric of /\2F*TN

induced by h. Then h has signature (2,4). Noticing the double covering
S0p(2,2) — SOp(1,2) x SOy(1,2),
we see that A*F*T'N is decomposed into two subbundles A% F*TN of rank

3. These are orthogonal to each other with respect to h and the restriction
of h on each of them has signature (1,2).

The time-like twistor spaces associated with F*T N are fiber bundles on
M defined by

U_(A\LF*TN) = {0e N F*TN | h(0,0) = —1}.

Let (e1,e2,€3,€4) be an ordered local pseudo-orthonormal frame field of
F*TN giving the orientation of N such that e, ey (respectively, es, e4) are
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space-like (respectively, time-like). Set

1

Qi,l = ﬁ(el N €9 + €3 N 64),
1

@i? = E(el N €3 +eq N 62),
1

@i’g = ﬁ(el N €4 + €2 N 63).

Then /\iF*TN are locally generated by Oz 1, ©+ 2, O+ 3, respectively.

The time-like twistor lifts O+ of F' are sections of U_ ( /\iF *T'N ) and
locally represented as ©p 4+ = O, 2, where we suppose that e, eg satisfy
e1, e3 € dF(TM) so that (eq,e3) gives the orientation of M.

Let V be the Levi-Civita connection of V. Then V induces a connection
V of A’F*TN. In addition, V gives connections of /\iF*TN. If we set

1 1 1 1
e = ejTlv e3 1= ei/\TZ’ e i= ei/\Nl’ eq = €7N2,
then the covariant derivatives of ©p 1 = O > with respect to V are given
by
V1,Op+ =Y1051 £ X404 3,
VT2@F¢ = Xigi,l + Yi@i,3v

where Xy, Y} are as in (2.6). Therefore we obtain

Proposition 3.1. The following statements hold:

(a) one of @@F,J_r is zero or light-like if and only if ' satisfies either
Xi = Yf or X2 =Y?2

(b) both of ?@F,i are zero or light-like if and only if F satisfies both of
X2 =YZ2

We see that F' satisfies Xi = Yf if and only if it satisfies one of the
identities:

a1 +ag = —(f1 + B2), ap —ag = f1 — Pa. (3.1)
Similarly, F satisfies X2 = Y2 if and only if it satisfies one of the identities:
a1+ ag = P+ B, ) —ag = —(B1 — B2). (3.2)

We set v := ag + jP for k = 1,2. Then F satisfies one relation in (3.1)
and (3.2) if and only if one of 7 & 2 is zero or null. Let o be the second
fundamental form of F'. Set

Oww = 0(0/0w, 0/0w) and Q = h(oww, Cws)di’.
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Then @ is a paracomplex quartic differential defined on M. Since N is a
neutral space form, we see by the equations of Codazzi that @) is paraholo-
morphic. From (2.1) with (2.2), we have

1 .
Oy = §(Q1N1 + B1N2 + j(aa N1 + B2N2))

and therefore we obtain that

62/\

Q = (P + hof? + 27Re (7)), (33)
where |y%|? is the square norm of vg: |y |* := af — 82. From (3.3) and

£ 72l® = Inl? + [ref® £ 2Re (1172),

we see that one of v1 + 9 is zero or null if and only if ) is zero or null.
Therefore from (a) of Proposition 3.1, we obtain

Theorem 3.2. One of @@F7i is zero or light-like if and only if Q is zero
or null.

4. TIME-LIKE SURFACES WITH ZERO MEAN CURVATURE VECTOR AND
K =1L

Suppose that the curvature K of the induced metric g is identically equal
to Lo. Then we have (2.13). By this and (2.11) we get

(1) = (p2)u = £(XT = Y2). (4.1)
It then follows from (4.1) that
X2 -VZ=—(X2-Y2). (4.2)

Proposition 4.1. If K = Lg, then (t1)y = (2)u-

Proof. Suppose (p1)y # (p2)n on a neighborhood of a point of M. Then
from (4.1) we get that X2 # Y? and X2 # Y2 Set

Py :=log|X+ + Yy, Q+ =log| X+ — Yyl (4.3)
Then noticing (4.2) we obtain
Py + Qi =P +Q_=log|X3 - Y. (4.4)
Therefore (4.2) and (4.4) imply that
X2 —YE = teeft 10t (4.5)
where € € {+, —}. It follows from (4.3) that (2.10) is rewritten into
(Pe)e = ——= (65 — ), (Qi)s = ——= (6 + 1),

B V2 V2
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Hence,
1 1
b = — —

S(Qa)a+ (P, e = ——=((Qu)a— (Po)). (46)

Sl
<

Now, from (2.9) and (4.6), we get that

(@4)u = (W1)o = —(Ps + Q)st- (4.7)
Applying (4.5) and (4.7) to (2.12) we obtain

(P + Q4)st + eeP+ 7@ = Lo, (4.8)
However, (4.8) contradicts to (4.4). Therefore we can not suppose that
(11)o # (p2)u- Hence, (p1)o = (12)u- O

Remark 4.2. We see that F satisfies (u1), = (p2), if and only if the
curvature tensor R of the normal connection V+ of F vanishes. Although
F satisfies (u1)y = (p2)u, K is not necessarily equal to Ly (see Section 5).

Theorem 4.3. Let N be a 4-dimensional neutral space form with constant
sectional curvature Lg. Let M be a Lorentz surface and F': M — N a
time-like and conformal immersion of M into N with zero mean curvature
vector. Then the following conditions are equivalent:

(a) the curvature K of the induced metric by F is identically equal to Lo;

(b) the covariant derivatives of both of the time-like twistor lifts are zero
or light-like;
(c) not only V* is flat but also Q is zero or null.

Proof. Suppose K = Ly. Then by (2.11) and Proposition 4.1, we have both
X? =Y? and X2 = Y?2. Therefore we see from (b) of Proposition 3.1 that
the covariant derivatives of both of the time-like twistor lifts of F' are zero
or light-like. If the covariant derivatives of both of the time-like twistor
lifts are zero or light-like, then from (2.11) and Proposition 3.1, we obtain
K = Ly. Hence we have proved that (a) and (b) are equivalent.

By (2.11), Proposition 3.1, Theorem 3.2 and Proposition 4.1, we ob-
tain (c) from (a). In addition, by (2.11), Proposition 3.1 and Theorem 3.2,
we obtain (a) from (c). Hence we have proved that (a) and (c) are equiva-
lent. O

Remark 4.4. Let A be a function of two variables u, v satisfying (2.13). If
Ly = 0, then X is represented as the sum of a function of s and a function
of t. If Ly # 0, then (2.13) is easily transformed to Liouville’s equation:

o if Ly > 0, then A is represented as in the form of

2 2p'(v/Los)q'(v/Lot)

(p(v/Los) — q(v/Lot))?’
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where p, ¢ are functions of one variable;
e and if Ly < 0, then X is represented as in the form of

2 W (VILols)d (V] Lolt)

(p(+/ILols) + a(+/[Lo[t))?’

where p, q are as above.

5. TIME-LIKE SURFACES WITH ZERO MEAN CURVATURE VECTOR AND
FLAT NORMAL CONNECTION

Let F' be as in the beginning of Section 2. Suppose that the normal
connection of F' is flat. Then F satisfies (1), = (u2)y. From (2.11) we
have

Auw — Ao + Loe** = X3 — V2. (5.1)
Hence (5.1) implies that
X2 -Vi=X%-Y2 (5.2)
Suppose X3 # YZ, ie., K # Lo. Let Py, Q4 be as in (4.3). Then (4.4)
holds. Together with (5 2) it implies that
X3 -V} =eef, (5.3)

where ¢ € {+,—} and R := Py + Q+. By (2.10) and (4.3), we obtain (4.6)
and (4.7). Also, by (2.7) and (4.6), we get that

Ay = — (Q+ + Q-)s + (P + P_)1),

2\f
2\f((QwrQ )s = (Pr+ P-)1).

Applying (5.4) to Ay = Ay and using (2.9), we obtain
(P-‘r + P—)st = (Q-‘r + Q—)st~

By this and (4.4), we see that there exist functions z1, y; of one variable
s, t respectively satisfying

(5.4)
Ao =

Q- =Py +x1(s) + 31 (1), Qi+ = P_ +x1(s) + y1(2). (5.5)
Applying R = Ps + Q4 to (4.7), we obtain that
(9+)u — (V)o = —Rst. (5.6)
Since (u1)y = (12), we get from (2.7) that
(@+)u — (V+)o = Auw — Avw- (5.7)

Now (5.1), (5.3), (5.6) and (5.7) imply that
Ry = —2)\g = Lge* — ee®. (5.8)
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From the first equation in (5.8), we have
R = =2\ + z2(s) + y2(?) (5.9)
for functions s, yo of one variable. Applying this to the second equation

in (5.8), we obtain that

Ast = —%e” + §e$2<8>ey2<t>e—%. (5.10)

From R = Py + Q4+ and (5.5), we obtain
Py +P.=R-ux(s) —y(t), Q++Q-=R+ai(s)+u(t). (511)
Applying (5.9) and (5.11) to (5.4) we obtain
x2(s) = —z1(s) + a, y2(t) = y1(t) + b

for constants a, b. Let 3, ¢ be functions of s, t respectively satisfying

45 _ Laa(s) it _ ),

ds ’ dt
Then (3,%) are local coordinates and from (5.10) we obtain

)

(
< Lo 55 € _o;
)\55 = —?062)\ + 56 2A
where \ := X — (1/4)(za(s) + y2(t)). Set

= (1/vV2)(5+1), = (1/v/2)(5 — 7).

Then (%, ?) are local coordinates satisfying g = e du? — di?). Let X4,
Y, be defined as in (2.6) for (@, ). Then we have

5\@& — 5\{;{) + L0€25\ = Xi — i/i% (5.12)
Comparing (5.1) with (5.12) we get that
X2 ¥2 = (X2 - y2)e-(/D@A)+1(0).
Let Py, Q+ be defined as in (4.3) for (@,7). Put R := Py + Q+. Then
R =R — (1/2)(xa(s) + y2(t)).

Therefore by this and (5.9) we obtain that R = —2.
Let A be a function of two variables s, t satisfying

L £ _
Ast = —7062)\ + 3¢ 22 (5.13)
for ¢ € {+, —}. Denote R := —2\. Then A and R satisfy (5.8). Let Py, Q+
be functions satisfying

R=P:+Qs, Q- =Pi+c, Q=P +c  (514)
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for a constant ¢. Then Py and Q4 satisfy (5.4). Let ¢4, 1)1+ be functions
as in (4.6). Then we get from (5.4) that

M= br=—Ou—0-)  d—vr=—(,—v). (515
Noticing (5.15), we see that

1
= (A — 4 =) ﬁ((@+ —Q-)s — (P — P_)4),
v (5.16)
p2 = Ay — ¢4 =) ﬁ((QJr —Q-)s + (Py — P_))
satisfy (2.7). In addition, noticing
(¢+)u - (Qp—i-)v = —Rst = Ay — )\’U’Uv
we obtain that (u1)y = (42)4.
Set
Xy = ii(epir + %), Yy = E;i(epi — eeQ%), (5.17)

where €/, ¢/ € {+,—}. Then (5.3) holds. Therefore we see from (5.13)
that A, X4, Y satisfy (5.1).
Put ) .
a1 = §(X++X_), Q9 = §(Y++Y_),
2 2 (5.18)
=S¥y =12, B2 1= (X4 — X-).

Then S, T with (2.2) satisty S, — T,, = ST — T'S. Hence we obtain the
following

Theorem 5.1. Let N be a 4-dimensional neutral space form with constant
sectional curvature Lg. Let also M be a Lorentz surface and F': M — N a
time-like and conformal immersion of M into N with zero mean curvature
vector. Then the following statements are equivalent:

(a) F satisfies both K # Ly and R+ = 0;
(b) the induced metric g by F is locally represented as g = e**dwdiw for a
real-valued function \ satisfying

Miw — Aow = —Loe?* +ee™, (ce {+,-}) (5.19)
and ag, Br, pr (k= 1,2) satisfy (5.16), (5.18) with (5.14), (5.17) and
R = -2\

In addition, a function X of two variables u, v satisfying (5.19) and functions
ak, B, pr (k=1,2) of u, v given by (5.16), (5.18) with (5.14), (5.17) and
R = =2\ locally define a time-like surface in N with zero mean curvature
vector, K # Lo and R =0, which is unique up to an isometry of N.
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6. TIME-LIKE SURFACES WITH ZERO MEAN CURVATURE VECTOR AND
X2#YL X_=Y_#0

Let F be as at the beginning of Section 2. Suppose that the covariant
derivative of just one of the time-like twistor lifts of F' is zero or light-like.
In this section, we assume that F' satisfies Xi # Yf and X_=Y_#0.

Let Py, Q4+ be asin (4.3). Then ¢, 14 are given by (4.6), and therefore
by (2.7), ¢_, ¥_ are given by

1
¢ =2 + —=((Q4)s + (Py)e),
V2t : (6.1)

vo =2+ (@)= (P
Noticing P_ = log2|X_|, from one relation in (2.10) and (6.1) we obtain
(P-)e = =2 — (P ).
Hence,
A= —%(PJ,_ + P_) +a(s), (6.2)

where a is a function of one variable. Applying (6.2) to (6.1) we obtain

1 !
¢ = _E(P+_Q+)S_(P*)U+\/§a (s), 63
b= ——(Py = Q) — (P-)y + V3d/(5).

V2
Applying (6.2), (6.3) and X_ = Y_ to one relation in (2.12), we obtain
(Py — Q4 + 2P )y = Loe P+~ (6.4)

where P_ := P_ — 2a(s). Applying (4.3), (4.6), (6.2) to the other relation
in (2.12), we obtain

(Py + Q4 )st + ceP+TQ+ = LoePr—P- (6.5)
for e € {+, —}. If we set
fi=Py—Qy +2P, fa=Qy— P, (6.6)
then we get from (6.4) and (6.5) that
e €
(f1)st = Loe 1 f27 (f2)st = _§€f1+2f2. (6.7)

These equations form a semilinear hyperbolic system.
Let fi, fo be functions of two variables s, t satisfying (6.7) for some
e € {+,—}. See [13, Chapter 5] or [2] for existence and uniqueness of
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solutions of semilinear hyperbolic systems. Let P, Q+, P_ be functions
satisfying (6.6). Then Py, Q4+, P- satisfy (6.4) and (6.5). Put

(Z)— . _\/§(P+ - Q—l—)s - (p—)uv (6 8)
b= = (P = Q)= (P,

Let ¢4, 14 be asin (4.6). Then A, ¢+ and 14 satisfy (5.15). Therefore we
define p1 and pg by

1 1 1, -~
pri= (Ao =4 =) = S(Pr)ut E(QHS = 5(P-)o, 69)
1 1 1, - ’
p2 = (A — ¢y =) — §(P+)v + E(Q—&-)s - i(P—)u-
Define also X4 and Y by
Xy = 62/(613+ + ge@+), Y, = (Z/(ePJr — ce@t) (6.10)

for ¢’ € {+,—}. Then we have X7 ## Y?2. Set
X_ =Y = ("/2)ef-

for ¢” € {+,—}. Define also ay, B; (k = 1,2) by (5.18). Then S, T
with (2.2) satisty S, — 1, = ST —TS.
Hence we obtain the following

Theorem 6.1. Let N be a 4-dimensional neutral space form with constant
sectional curvature Ly. Let also M be a Lorentz surface and F: M — N a
time-like and conformal immersion of M into N with zero mean curvature
vector. Then the following conditions are equivalent:

(a) F satisfies X2 # Y2 and X_ =Y_ #0;

(b) the induced metric g by F is locally represented as g = e dwdw for
a real-valued function \ given by (6.8) and oy, B, pr (k= 1,2) sat-
isfy (5.18), (6.9) with (6.6), (6.7), (6.10) and X_ =Y_ := (6”/2)615*.

In addition, functions X, ag, Br, pr (K = 1,2) as in (b) locally define

a time-like surface in N with zero mean curvature vector, X?r # Yf and
X_ =Y_ #0, which is unique up to an isometry of N.
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7. APPENDIX. TIME-LIKE SURFACES WITH ZERO MEAN CURVATURE
VECTOR AND K = Ly IN A 4-DIMENSIONAL LORENTZIAN SPACE FORM
WITH CONSTANT SECTIONAL CURVATURE Lg

In this appendix, let N be a 4-dimensional Lorentzian space form with
constant sectional curvature L.

e If Ly =0, then we can suppose N = Ei‘;
e if Ly > 0, then we can assume that

N ={zeE}:{(z,z)=1/Ly};
e finally, if Ly < 0, then we can suppose
N ={z e Ej:{(z,z)=1/Ly},

where (-, -) is the metric of E? or F3.

Let h be the Lorentzian metric of N. Let also M be a Lorentz surface
and F': M — N a time-like and conformal immersion of M into N with
zero mean curvature vector. Denote by w = u + jv a local paracomplex
coordinate of M. We represent the induced metric g on M by F as

g = X dwdd = 2 (du? — dv?)

for a real-valued function \. Let V denotes the connection of Ef, EY or Ej
according to Ly =0, > 0 or < 0. Set

Ty :=dF(0/0u), Ty :=dF(0/0v).
Let N7, N2 be normal vector fields of F' satisfying
h(Ny, N1) = h(Na, No) = €**, h(Ny, No) = 0.
Then we have

Vo, (Ty Ty Ny Ny F) = (Ty Ty N1 Ny F)S,

i (7.1)
Vo (Ty Ty Ny Ny F) = (Ty Ty Ny No F)T,
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where
)\u )\v —aq _ﬁl

1
A Ay Q2 /82 0
S = o as Ay, —p1 0,
p1 Ba 1 A O
_—Loe”‘ 0 0 0 0

Ao Au —ag —f32 0

Ay Av ] B1 1

T=|a o Ao —p2 0,

B2 B p2 Ay 0

0 Lo 0 0 0

and oy, Bk, uk (k= 1,2) are real-valued functions. From (7.1), we obtain
that

Sy —T,=8T-TS.
Suppose that the curvature K of g is identically equal to Lg. Then the
equation of Gauss is given by

of + Bf = a3 + 3, (7.3)

while the equations of Codazzi are given by
(a1)v = (@2)u = a2y — a1y — Bapir + Priz,
(@2)y — (1)u = a1 Ay — a2y — P11 + Bapiz,

7.4
(B1)v = (B2)u = BaAu — BrAy + agpn — a1 g, 4
(B2)o = (B1)u = B1Au — Bady + a1 — agpa,
and the equation of Ricci is given by
(111)o — (B2)u = 201 B2 — 20231 (7.5)
Notice that (7.5) coincides with (2.5). Put
pr = eMag + ag), g+ = e(B1 * Ba), Pt 1= pg E po.
Then the system (7.4) is rewritten into a system which consists of
1 1
= — gy, - 7.6
(1)t oLl (q+): J3HP (7.6)
and
(h-)s = (4-)s =~ (77)
b—-)s = \/§M+q—7 q-)s = ﬁﬂ—i-p—- .

By (7.6), we can find a function fi_ satisfying (fi—); = pu— and that py, ¢+
are represented as

pe=ieos (L) ——ciwm (B) @
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for a function C4 of one variable; by (7.7), we can find a function fi4
satisfying (fi4+)s = u+ and that p_, ¢_ are represented as

b = C_(t)cos @%) , ¢ = —C_(t)sin (%) (7.9)

for a function C_ of one variable. Since

p+p-+q+q- =0
due to (7.3), we see from (7.8) and (7.9) that F' satisfies one of the relations:

Cy =0, C_ =0, cos((fiy — fi—)/V2) = 0.

Suppose cos((jfiy — fi—)/v/2) = 0. Then ji_ = jiy + (n + 1/2)y/2r for
some integer n, whence

() = (i)s = py and  (fis)e = (i) = o
Therefore, (p1)y = (p2)y. Hence
Ci(s)C_(t) . 1. -
+(222A() sin (\/§(u+ - M—)) :
Since fi— = fiy + (n + 1/2)v/27, we obtain that
sin((1/v2)(fiy — fi-)) # 0.

Therefore from (7.5) and (p1)y = (12)u, we get that C4 = 0 or C_ = 0.
Thus

a1y — o = (P—q+ —p1q-) =

2e2*

(a2, B2) = €(eu, B1) (7.10)
for € € {+,—}. Since (u1)y = (u2)u, there exists a function v satisfying

Yu = f11, Yo = 2. Therefore we obtain that v, = py /v/2 and v = p_/v/2.
Noticing that

(fi4)s = (B=)s = pt and (A )e = (B-)e = p—,
we can assume that ji_ = v/2v (respectively, jiy = v/2v) if € = + (respec-
tively, —). Then we obtain

C:(u+ev) Ce(u + ev)
2N Cos 7, 51 = - 26\

Let A be a function of two variables u, v satisfying (2.13), and v be a
function of two variables u, v. Let also «, 51 be functions given by (7.11)
for a function C: of one variable and € € {+,—}, and let ay, 3 be as
in (7.10). Put p1 = yu, p2 = Y. Then A, ag, Bk, ur (k = 1,2) satisfy
Sy — T, = ST —TS for S, T with (7.2).

Hence we obtain the following

a) = sin . (7.11)
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Theorem 7.1. Let N be a 4-dimensional Lorentzian space form with con-
stant sectional curvature Lg. Let M be a Lorentz surface and F: M — N a
time-like and conformal immersion of M into N with zero mean curvature
vector. Then the following are equivalent:

(a) the curvature K of the induced metric g by F' is identically equals Lo;

(b) g is locally represented as g = e* dwdw for a real-valued function
A satisfying (2.13) and ok, B, ux (K = 1,2) satisfy (7.10), (7.11),

W1 = Yy, 2 = Yo for a function v of two variables u, v.

In addition, functions A\, ok, Bk, pr (kK = 1,2) as in (b) locally define a
time-like surface in N with zero mean curvature vector and K = Ly, which
is unique up to an isometry of N.
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