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Spheres over fields, their entire rational
maps and applications

Marek Golasiński

Abstract. The paper summarizes some results on algebraic geometry pres-
ence in the homotopy theory. For the homotopy group πm(Sn), denote by
πalg
m (Sn) its subset of homotopy classes represented by R-entire rational maps

Sm Ñ Sn of spheres. The main result of this paper concerns to the study of
πalg
n+k(S

n) for k = 0, . . . , 7.

Анотація. В роботі підсумовано деякі результати алгебраїчної геометрії
в теорії гомотопій. Позначимо через πalg

m (Sn) підмножину гомотопічної
групи πm(Sn), що складається з класів гомотопії, які задаються R-цілими
раціональними відображеннями сфер Sm Ñ Sn. Основний результат ро-
боти присвячений вивченню груп πalg

n+k(S
n) для k = 0, . . . , 7.

INTRODUCTiON
Algebraic sets, polynomial and K-entire rational maps are studied in

algebraic geometry over any field K, but in the case of the field R of reals
they have rather special behaviour. The fact that there are non-constant
polynomials without zeros gives rise to R-entire rational functions which
are everywhere defined and are not polynomials.

The main aim of this partially survey paper is representing (up to homo-
topy) of elements of homotopy groups πm(Sn) by algebraic (i.e., R-entire
rational) maps for the n-sphere Sn. Polynomial maps between real algebraic
sets, mainly between unit spheres, have been studied by several authors.
For the groups O(n) of all n ˆ n-orthogonal matrices with n ě 1 define
the homotopy group πm(O) = lim

nÑ8
πm(O(n)) for m ě 1. Since elements of
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O(n) can be regarded as self-maps Sn´1 Ñ Sn´1, an element of πm(O(n))
can be presented by a map Sm ˆ Sn´1 Ñ Sn´1. Applying the Hopf con-
struction to this, we get a map Sm+n = Sm ‹ Sn´1 Ñ Σ(Sn´1) = Sn for
the join Sm ‹ Sn´1 of spheres Sm and Sn´1. This yields the Whitehead
J-homomorphism

J : πm(O(n)) ÝÑ πm+n(Sn).

Taking a direct limit as n tends to infinity gives the stable J-homomorphism:

J : πm(O) ÝÑ πSm.

Baum has shown in [1] how to represent elements in the image of the sta-
ble J-homomorphism by quadratic forms. Then, Wood has studied in [17]
the general problem of representing homotopy classes by polynomial maps
sending sphere to sphere. Given a real algebraic set X, the authors of [4,
Chapter 13] compare the set of R-entire rational maps X Ñ Sn with the
corresponding set of continuous or smooth mappings. Then, Bochnak and
Kucharz have investigated in [2,3,5] an approximation concept of C8-maps
of smooth real algebraic sets by R-entire rational maps in the C8-topology.

Section 1 sets the stage for the developments to come. This introductory
section is devoted to some necessary backgrounds on algebraic geometry
needed in the sequel. In particular, polynomial and K-entire rational maps
of algebraic sets are studied for any formally real closed field K.

Section 2 is based mainly on [8] and is devoted to the study of spheres

Sn(K) = t(x0, . . . , xn) P Kn+1 | x20 + ¨ ¨ ¨ + x2n = 1u

over a field K. Subsection 2.1 shows that the associated ideal

J(Sn(K)) =

#

(X0 + ¨ ¨ ¨ +Xn + 1) if χ(K) = 2,

(X2
0 + ¨ ¨ ¨ +X2

n ´ 1) if χ(K) ‰ 2

is prime provided K (with the characteristic χ(K)) is an infinite filed.
Consequently, Sn(K) is an irreducible algebraic set. Furthermore, Corol-
lary 2.1.4 states that for any extension K Ď L of an infinite field K the
Zariski closure Sn(K) = Sn(L) of the sphere Sn(K) in Ln+1 for n ě 0.

In the viewpoint of algebraic geometry, the standard sphere Sn = Sn(R)
for n ě 0 is the simplest real algebraic set and the simplest maps are
R-entire rational maps including polynomial maps. This paper grew out
of our desire to review known and present new techniques in representing
homotopy classes of maps Sm Ñ Sn by R-entire rational maps.

Subsection 2.2 is concentrated on polynomial maps of spheres and some
results presented mainly in [17] are summarized. In particular, let K = C,
H, O be the field of complex numbers, the skew R-algebra of quaternions
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and the alternative R-algebra of octonions, respectively. Then, the multi-
plications ” ¨ ” : K ˆ K Ñ K lead to 2-forms: η : S3 Ñ S2, ν : S7 Ñ S4 and
σ : S15 Ñ S8 called the Hopf maps (fibrations).

Subsection 2.3, based mainly on [2–4, 10], recalls and then generalizes
some results on R-entire rational maps of spheres. In particular, it contains
a simple but nice result, simplifying its proof stated in [10] and saying that
the iterates suspension of a homogeneous polynomial map between spheres
is homotopic to an R-entire rational map.

Given real algebraic sets X Ď Rm and Y Ď Rn, we write [X,Y ] for the
set of homotopy classes of continuous maps from X to Y and by [X,Y ]alg

the subset of [X,Y ] of homotopy classes represented by R-entire rational
maps from X to Y .

Section 3 estimates the size of πalgm (Sn) = [Sm, Sn]alg in πm(Sn) and the
size of [Sm(C), Sn(C)]alg in [Sm(C), Sn(C)] for the n-sphere

Sn(C) = t(z0, . . . , zn) P Cn+1 | z20 + ¨ ¨ ¨ + z2n = 1u

over the field C of complex numbers.
The aim of Subsection 3.1 is to present an extended version of [10, Corol-

laries 1.1–1.4]:
Theorem 3.1.5. Elements of the homotopy groups πn+k(Sn) for n ě 1,

k = 0, 1, . . . , 6 and k = 7 with n ‰ 5, 6 admit (up to homotopy) R-entire
rational representations.

Then, Subsection 3.2 generalizes [18, Theorem 3] as follows:
Theorem 3.2.5. If an element in πm(Sn) is representable by a real ho-

mogeneous polynomial map of spheres Sm Ñ Sn then its 2k-fold suspension
is representable by a complex polynomial map Sm+2k(C) Ñ Sn+2k(C).

1. PREREQUiSiTES
Throughout the rest of this paper, all spaces and maps are assumed to

be connected and based with the homotopy type of CW -complexes unless
we assume otherwise. We also do not distinguish notationally between a
continuous map and its homotopy class. We write Ω(X) (resp. Σ(X)) for
the loop (resp. suspension) space on a space X and [X,Y ] for the set of
homotopy classes of maps X Ñ Y . Given a based space X and the n-th
sphere Sn, we write πn(X) = [Sn, X] for its n-th homotopy group of X
and ιX (resp. ιn) for the identity map on X (resp. on Sn with n ě 0).
Furthermore, we freely use notations for elements of homotopy groups of
spheres from book [14] by Toda.

Now, we present some necessary backgrounds on algebraic geometry over
a field K needed in the sequel.
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Let K be a field and X Ď Kn an algebraic set, i.e.,
X = V (I) = tx P Kn | p(x) = 0 for p P Iu

for an ideal I Ď K[X1, . . . , Xn]. Notice that by the Hilbert’s Basis Theorem,
the ideal I = (p1, . . . , pk) for its generators p1, . . . , pk P I. Therefore,

X = V (I) = tx P Kn | pi(x) = 0 for i = 1, . . . , ku.

Proposition 1.1.
(1) If Iλ Ď K[X1, . . . , Xn] are ideals for λ P Λ then

V
(
ÿ

λPΛ

Iλ

)
=

č

λPΛ

V (Iλ);

(2) if I1, I2 Ď K[X1, . . . , Xn] are ideals then V (I1I2) = V (I1) Y V (I2), so
the finite union of algebraic sets is an algebraic set;

(3) V (0) = Kn and V (K[X1, . . . , Xn]) = H.
Proposition 1.1 allows to define a topology on Kn (called the Zariski

topology) whose closed sets are precisely algebraic sets.
Now, let X Ď Km and Y Ď Kn be algebraic sets. A map f : X Ñ Y is

called polynomial if there are polynomials pi P K[X1, . . . , Xm] with i = 1, n
such that f(x) = (p1(x), . . . , pn(x)) for x P X. We write P(X,Y ) for the
set of all polynomial maps from X to Y .

A polynomial map f = (p1, . . . , pn) : X Ñ Y is called a d-form if each
polynomial pi is homogeneous of degree d for i = 1, . . . , n.

Given an algebraic set X Ď Kn, define the K-algebra (called the co-
ordinate ring of X) of polynomial maps K[X] = tf : X Ñ Ku and the
associated ideal J(X) = tp P K[X1, . . . , Xn] : p(x) = 0 for x P Xu. Then,
there is an isomorphism

K[X] « K[X1, . . . , Xn]/J(X)

of K-algebras.

Proposition 1.2.
(1) If X,Y Ď Kn are algebraic sets then J(Y ) Ď J(X);
(2) J(H) = K[X1, . . . , Xn];
(3) S Ď J(V (S)) for any subset S Ď K[X1, . . . , Xn] and X Ď V (J(X)) for

any algebraic set X Ď Kn;
(4) V (J(X)) = X, the Zariski closure of any subset X Ď Kn;
(5) V (J(V (S))) = V (S) for any subset S Ď K[X1, . . . , Xn] and

J(V (J(X))) = J(X)

for any subset of X Ď Kn.
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(6) There is a one-to-one correspondence between polynomial maps from X
to Y of algebraic sets and K-homomorphisms of K[Y ] Ñ K[X].

(7) If f = (p1, . . . , pn), g = (q1, . . . , qn) : X Ñ Y are polynomial maps and
f = g then pi ´ qi P J(X).

An algebraic set X Ď Kn is called irreducible if X ‰ H and X cannot
be expressed as X = X1 Y X2, where X1, X2 are algebraic sets not equal
to X.

Proposition 1.3. An algebraic set X Ď Kn is irreducible if and only if its
ideal J(X) is prime.

Let X Ď Km and Y Ď Km be algebraic sets. Recall that a map
f : X Ñ Y is said to be K-entire rational if there exist polynomials pi, qi P

K[X0, . . . , Xn] such that q´1
i (0) XX = H for i = 0, . . . , n and

f(x) =

(
p0(x)

q0(x)
, . . . ,

pn(x)

qn(x)

)
with x P X. Certainly, any polynomial map X Ñ Y is entire rational as
well. We write R(X,Y ) for the set of all R-entire rational maps from X
to Y . For other details on algebraic geometry over an algebraically closed
field K, [12, Chapter 1] is recommended.

One can consider the category of algebraic varieties over formally real
closed fields K and regular maps in the sense of Serre. The usual definition
of regular functions is of a local nature. Since the affine space Kn is quasi-
compact (in the Zariski topology), any algebraic subset V Ď Kn is also
quasi-compact. Thus, by [4, Chapter 3, Proposition 3.2.3], the local nature
(in the Zariski topology) of the notion of regular function on an algebraic
set is compatible with the existence of a global denominator. Consequently,
a map X Ñ Y of algebraic sets over a field K is regular if and only if it is
K-entire rational.

2. SPHERES OVER FiELDS AND THEiR ENTiRE RATiONAL MAPS
This section is based mainly on [8] and is devoted to the study of spheres

Sn(K) = t(x0, . . . , xn) P Kn+1 | x20 + ¨ ¨ ¨ + x2n = 1u

for n ě 0 over a field K.
2.1. Spheres over fields. Given a field K, write χ(K) for its characteris-
tic. Let (X0 + ¨ ¨ ¨ + Xn ´ 1) and (X2

0 + ¨ ¨ ¨ + X2
n ´ 1) be principal ideals

in K[X0, . . . , Xn] generated by the polynomials X0 + ¨ ¨ ¨ + Xn ´ 1 and
X2

0 + ¨ ¨ ¨ +X2
n ´ 1, respectively. Notice that the polynomial

X2
0 + ¨ ¨ ¨ +X2

n ´ 1 P K[X0, . . . , Xn]
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is irreducible for χ(K) ‰ 2.
Recall that a field K in which every sum of two squares is a square,

is called Pythagorean. Equivalently, a finite number of its squares is a
square. Certainly R, the field of reals and any algebraically closed field K
are Pythagorean.

Then, we state:

Lemma 2.1.1. If K is a Pythagorean field then

J(Sn(K)) =

#

(X0 + ¨ ¨ ¨ +Xn + 1), χ(K) = 2,

(X2
0 + ¨ ¨ ¨ +X2

n ´ 1), χ(K) ‰ 2.

Proof. If K is a field with χ(K) = 2 then
Sn(K) = t(x0, . . . , xn) P Kn+1 | x0 + ¨ ¨ ¨ + xn + 1 = 0u.

Since,
K[X0, . . . , Xn] = K[X0 + ¨ ¨ ¨ +Xn + 1, X1, . . . , Xn],

the results follows.
Next, note that any finite field with χ(K) ‰ 2 is not Pythagorean. Hence,

any Pythagorean field K with χ(K) ‰ 2 is infinite.
Let p P K[X0, . . . , Xn] be a polynomial which vanishes on Sn(K), write

p = p0 + p1, where p0 has all monomials with even degree and p1 with odd
degree. If x is in Sn(K) then also ´x is in Sn(K). Thus, p0(x) + p1(x) = 0
and p0(x) ´ p1(x) = 0 imply p0(x) = p1(x) = 0 for all points x in Sn(K).
Therefore, we may assume that all monomials of the given polynomial P
have either even or odd degree. Multiplying all monomials of p by an
appropriate power of X2

0 + ¨ ¨ ¨ +X2
n, we get a polynomial

q ” p (mod(X2
0 + ¨ ¨ ¨ +X2

n ´ 1)).

Hence, we may also assume that p is homogeneous of degree d and vanishes
on both algebraic sets

t(x0, . . . , xn) | x20 + ¨ ¨ ¨ + x2n = 1u,

t(x0, . . . , xn) | x20 + ¨ ¨ ¨ + x2n = 0u.

Let x = (x0, . . . , xn) P Kn and y be a solution of the equation
X2 = x20 + ¨ ¨ ¨ + x2n

in the field K provided that x20 + ¨ ¨ ¨ + x2n ‰ 0. Then x/y is in the sphere
Sn(K) and

P (x) = p(yx/y) = ydp(x/y) = 0.

But, the field K is infinite, so the polynomial p is trivial and the proof is
complete. □
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Now, for a field K with χ(K) ‰ 2, let

VK = VK

(
X0 ´ 1,

n
ÿ

k=1

X2
k

)
and

Sn´1
i (K) = VK

(
n
ÿ

k=1

X2
k + 1

)
be affine sets in Kn+1 and Kn, respectively. Then, the rational function

Φn(K) =

(
X1

1 ´X0
, . . . ,

Xn

1 ´X0

)
(determined by the familiar stereographic projection) yields the bijection

ϕn(K) : Sn(K)zVK Ñ KnzSn´1
i (K)

with the inverse

ψn(K) : KnzSn´1
i (K) Ñ Sn(K)zVK

determined by the inverse

Ψn(K) =
1

1 +
řn

k=1X
2
k

(
n
ÿ

k=1

X2
k ´ 1, 2X1, . . . , 2Xn

)
to the stereographic projection. Whence, Sn(K) and Kn are birationally
equivalent for any n ě 0 and we are in a position to state:

Proposition 2.1.2. Let K be an infinite field with χ(K) ‰ 2. Then

Sn(K) = Sn(K) for n ě 0

where K denotes the algebraic closure of K and Sn(K) the Zariski closure
of Sn(K) in Kn+1.

Proof. Obviously, S0(K) = S0(K). Next, recall that Sn(K) = V (J(Sn(K))
and notice that J(Sn(K) Ď J(Sn(K)) for n ě 1.

Now, if a polynomial p P K[X0, . . . , Xn] vanishes on Sn(K) then pΨn(K)
vanishes on Kn+1zSni (K) for n ě 1. Because the field K is infinite, Kn is
dense in Kn (with respect to the Zariski topology on Kn) and consequently
KnzSn´1

i (K) is dense in Kn
zSn´1

i (K) as well.
The regular function pΨn(K) vanishes on KnzSn´1

i (K) whence pΨn(K)

vanishes on K
n

zSn´1
i (K). Therefore, the polynomial p vanishes on the
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non-empty open subset Sn(K)zVK . Because the field K is Pythagorean, in
view of Lemma 2.1.1, the principal ideal

J(Sn(K)) =

(
n
ÿ

k=0

X2
k ´ 1

)

is prime. So, the sphere Sn(K) is irreducible and hence the open set
Sn(K)zVK is dense in Sn(K). Thus, p vanishes on the whole sphere Sn(K)
and so

p P J(Sn(K)) =

(
n
ÿ

k=0

X2
k ´ 1

)
.

Consequently, Sn(K) = Sn(K) and this completes the proof. □

Corollary 2.1.3. Let K be an infinite field with χ(K) ‰ 2. Then

J(Sn(K)) =
(
X2

0 + ¨ ¨ ¨ +X2
n ´ 1

)
.

Proof. Let p P K[X0, . . . , Xn] be a polynomial vanishing on the sphere
Sn(K). Since, by Proposition 2.1.2, the Zariski closure Sn(K) = Sn(K),
the continuity of p as a polynomial map yields

p(Sn(K)) = p(Sn(K)) Ď p(Sn(K)) = t0u.

Next, mimicking the proof of Lemma 2.1.1, we may also assume that p
is homogeneous of degree d and vanishes on both varieties

Sn(K) = t(x0, . . . , xn) | x20 + ¨ ¨ ¨ + x2n = 1u,

t(x0, . . . , xn) | x20 + ¨ ¨ ¨ + x2n = 0u.

Let (x0, . . . , xn) P Kn and y be a solution of the equation X2 = x20+¨ ¨ ¨+x2n
in the field K provided that x20 + ¨ ¨ ¨ + x2n ‰ 0.

Then x/y is in the sphere Sn(K) and

p(x) = p(yx/y) = ydp(x/y) = 0.

But, the field K is infinite, so the polynomial p is trivial and the proof is
complete. □

Since K[X0, . . . , Xn] is a UFD-ring and the polynomials

X0 + ¨ ¨ ¨ +Xn + 1, X2
0 + ¨ ¨ ¨ +X2

n ´ 1 P K[X0, . . . , Xn]

for χ(K) ‰ 2 are irreducible, Corollary 2.1.3 yields that the n-sphere Sn(K)
is an irreducible algebraic set provided the field K is infinite.
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Next, let K be an infinite field and K Ď L be its extension. Since, the
ideal

J(Sn(L)) =

#

(X0 + ¨ ¨ ¨ +Xn + 1), χ(L) = 2,

(X2
0 + ¨ ¨ ¨ +X2

n ´ 1), χ(K) ‰ 2.

is prime, the proof of Proposition 2.1.2 leads to:

Corollary 2.1.4. Let K be an infinite field. Then the following statements
hold.
(1) Sn(K) = Sn(L) for n ě 0 for any extension K Ď L of the field K, where

Sn(K) denotes the Zariski closure of Sn(K) in Ln+1. In particular,
Sn(Q) = Sn(K)

for n ě 0 and any field K with χ(K) = 0, where Q denotes the field of
rationals and Sn(Q) the Zariski closure of Sn(Q) in Kn+1.

(2) There exists a bijection between the algebraic sets of polynomial maps
Sm(K) Ñ Sn(K) and homomorphisms of K-algebras

K[X0, X1, . . . , Xm]

(X2
0 + ¨ ¨ ¨ +X2

m ´ 1)
Ñ

K[X0, X1, . . . , Xn]

(X2
0 + ¨ ¨ ¨ +X2

n ´ 1)

with χ(K) ‰ 2 and
K[X0, X1, . . . , Xm]

(X0 + ¨ ¨ ¨ +Xm ´ 1)
Ñ

K[X0, X1, . . . , Xn]

(X0 + ¨ ¨ ¨ +Xn ´ 1)

with χ(K) = 2.
2.2. Spheres over reals. We summarize some results presented mainly
in [17].

In what follows, we write Sn = Sn(R) with n ě 0 for R, the field of reals.
From the point of view of algebraic geometry, the standard sphere Sn is
the simplest real algebraic set and the simplest maps are R-entire rational
maps including polynomial maps.

First, the following appears:

Question 2.2.1. Which maps of spheres Sm Ñ Sn can be represented (up
to homotopy) by polynomial maps?

From the differential geometric point of view, all of them. Namely, given
a compact subset X P Rm and a continuous map f : X Ñ Sn, consider the
composition map f̃ : X Ñ Sn ãÑ Rzt0u.

Then, by the Stone-Weierstrass Approximation Theorem there exists a
sequence tpkukě1 uniformly converging to f̃ , where pk = (p

(0)
k , . . . , p

(n)
k ) and

p
(i)
k P Q[X1, . . . , Xm] for i = 1, . . . , n and k ě 1.
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Since tpkukě1 uniformly converges to f̃ , we have that pk(x) ‰ 0 and
f̃(x) ‰ ´pk(x) for x P X with k " 0. Consequently, we get a homotopy
f̃ » pk for k " 0. But, pk(x) R Sn, while pk(x)

}pk(x)}
P Sn for x P X with k " 0.

A first result by Baum [1] suggested a wide affirmative answer to Ques-
tion 2.2.1 but, later on, Wood (1968) showed:

Theorem 2.2.2. If n is a power of 2 then all polynomial maps from Sn to
Sn´1 are constant.

Consequently the real polynomial representation is impossible in many
cases among them, for example, the non-trivial element of π4(S3).

Corollary 2.2.3.
(1) If n ě 2d ą k for some integer d ě 1, then any polynomial map

φ : Sn Ñ Sk is constant;
(2) if n ě 2k then any polynomial map Sn Ñ Sk is constant.
Proof. Let d0 = mintd; k ă 2du. For n ă 2d0 we have 2k ď n ă 2d0 and so
k ă 2d0´1. Therefore, 2d0 ď n. Hence, n ě 2d0 ą k and the proof follows
from (1). □
Example 2.2.4.
(1) If m ă n then for any map f : Sm Ñ Sn, we have f » ˚

(2) If f : Sm Ñ Sn and f(Sm) Ř Sn then f » ˚.
(3) If f : S1 Ñ S1 then f » (p, q) with p, q P Z[X0, X1] for the ring Z of

integers.
The same for self-maps of the spheres S3 and S7.
Proof. (3) Let S1 = tz P C | |z| = 1u and f : S1 Ñ S1 be a map with
Brouwer degree n. Then, this map is represented (up to homotopy) by the
self-map fn : S1 Ñ S1 given by fn(z) = zn for z P S1. Then, for z = x0+ix1
with x0, x1 P R we get

zn = (x0 + ix1)
d =

d
ÿ

k=0

(
d

k

)
xk0(ix1)

d´k = pn(x0, x1) + iqn(x0, x1).

Finally, f » (pn, qn) with pn, qn P Z[X0, X1] and the proof follows.
For spheres S3 and S7 we follow the procedure applied above. □

Theorem 2.2.5. If n is odd then elements of the infinite cyclic group
πn(Sn) = Ztιnu corresponding to the integer k can be represented by a
|k|-form over Z from Sn to Sn.
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Hopf forms. Let Φ: Rk+1 ˆ Rm Ñ Rn be a normed bilinear form that is
}Φ(x, y)} = }x} ¨ }y} for (x, y) P Rk+l ˆ Rm. Corresponding to Φ there is a
quadratic form φ : Sk+m Ñ Sn given by

φ(x, y) =
(
}x}2 ´ }y}2, 2Φ(x, y)

)
for (x, y).

In particular, let K = C,H or O be the field of complex numbers, the
skew R-algebra of quaternions and the alternative R-algebra of octonions,
respectively. Then, for the multiplication ˝ : K ˆ K Ñ K being a Hopf
form, we get quadratic forms:

η : S3 Ñ S2, ν : S7 Ñ S4, σ : S15 Ñ S8

called the Hopf maps (fibrations).
Furthermore, the Hopf fibration S1 Ñ S3 h

Ñ S2 can be expressed as
h(q) = qiq̄, where q P S3 is regarded as a unit quaternion, which suggests
that the Hopf fibration S1 Ñ S3 Ñ S2 is non-trivial because the quaternions
do not commute.

The Hopf fibration S3 Ñ S7 h
Ñ S4 can be written as h(c) = (e1c)(c̄e2),

where c P S7 is regarded as a unit octonion. Analogously, this suggests that
its non-triviality is due to the non-associativity of the octonions.

Next, write ηn = Σn´2η for n ě 2, νn = Σn´4ν for n ě 4 and σn = Σn´8σ
for n ě 8.

Then, in view of [11], the polynomial map f : S7 Ñ S6 which maps c to
ce1c̄ for c P S7 Ď O represents the generator of the group π7(S6) = Z2tη6u.

But, by means of Corollary 2.2.3, the Blakers-Massey elements repre-
senting the generators of π6(S3) = Z12tν 1u and π14(S7) = Z120tσ1u cannot
be represented by polynomial maps.

Nevertheless, write U2(H) for the unitary group of 2ˆ2-matrices over H.
Then, in view of [13, Part II], the Blakers-Massey element which represents
the generators of π6(S3) = Z12tν 1u is the characteristic map of the principal
fibration S3 Ñ U2(H)

p
ÝÑ S7.

On the other hand, let

S6 =
␣

(v, w) P H0 ˆ H | |v|2 + |w|2 = 1
(

,

where H0 = tv P H | Re(v) = 0u. Then, in view of [6, Proposition 19.1],
the generator of the group π6(S3) = Z12tν 1u is also represented by the map
f : S6 Ñ S3 (being an R-entire rational map) given by

f(v, w) = 1 ´ 2w(1 + v)´2w̄ (2.1)
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for (v, w) P S6 which is the characteristic map of the principal fibration
S3 Ñ U2(H)

p
ÝÑ S7. Consequently, we have the commutative diagram

S3

��

S3

��
U2(H)

p

��

// E(S3)

��
S7

f̄ // B(S3)

where f̄ : S7 Ñ B(S3) is the left adjunct of S6 f
Ñ S3 » Ω(B(S3)).

Unfortunately, the sphere S7 is not a topological group and we cannot
mimic the above for the Blakers-Massey element, which represents the gen-
erator of the group π14(S7) = Z120tσ1u. But, we make use of the following
procedure.

Recall that a topological monoid M has a classifying space B(M) and
there is a homotopy equivalence M »

Ñ ΩB(M) preserving the multiplica-
tions up to homotopy. Many authors have worked in this area but in this
context, the result is usually attributed to Dold and Lashof in [7].

Next, given a finite CW -complex X, write Aut(X) for the topological
monoid of self-homotopy equivalences of X. Then, the pair (Aut(X), ˝)
with multiplication ˝ : Aut(X)ˆAut(X) Ñ Aut(X) given by composition
is a topological monoid, where Aut(X) is topologized as a subspace of
the space Map(X,X) of all continuous functions with the compact-open
topology.

Since, the monoidAut(X) is not path-connected in general, letAut0(X)
be the submonoid of Aut(X) given by self-equivalences of X homotopic to
ιX , the identity map on X, and let Aut‚

0(X) be the submonoid of Aut0(X)
fixing a basepoint. Then, there is a natural fibration given by the evaluation
map

Aut‚
0(X) Ñ Aut0(X)

ω
Ñ X,

where ω : Aut0(X) Ñ X is the evaluation map at the basepoint ˚ P X.
This gives rise to the fibration

X ÝÝÑ B(Aut‚
0(X))

p0
ÝÝÑ B(Aut0(X))

which is the universal fibration with fiber X. In particular, there is the
universal fibration

S7 ÝÝÑ B(Aut‚
0(S7))

p0
ÝÝÑ B(Aut0(S7))

with fiber S7. Consequently, for the fibration S7 Ñ U2(O)
p
ÝÑ S15 with the

set U2(O) of unitary 2 ˆ 2-matrices over O, a map g : S15 Ñ B(Aut0(S7))
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make the following diagram commute

S7

��

S7

��
U2(O)

p

��

// B(Aut‚
0(S7))
p0
��

S15
g // B(Aut0(S7))

Then, the right adjunct g1 : S14 Ñ Aut0(S7) of g : S15 Ñ B(Aut0(S7))
composed with the evaluation map ω : Aut0(S7) Ñ S7 at the base point
˚ P S7 leads to the map ḡ : S14 Ñ S7.

On the other hand, following the above, one can define the R-entire
rational map h : S14 Ñ S7 given by

h(p, w) = 1 ´ 2w(1 + p)´2w̄,

for
(p, w) P S14 =

␣

(p, w) P O0 ˆ O | |p|2 + |w|2 = 1
(

,

where O0 = tp P O | Re(p) = 0u.

Conjecture 2.2.6. The maps ḡ, h : S14 Ñ S7 defined above are homotopic
and represent a generator of the group π14(S7) = Z120tσ1u.

To state a result for even spheres, define

Snr = t(x0, . . . , xn) | (x20 + ¨ ¨ ¨ + xr´1)
2 + x2r + ¨ ¨ ¨ + x2n = 1u

for 0 ď r ď n´ 1. Then, by [15, Theorem 1], we have:

Theorem 2.2.7. Let k be an integer and suppose that n ě 2 is even. Then
(1) if k is odd then there exists a homogeneous polynomial self-map of Sn

with Brouwer degree k and algebraic degree 2|k| ´ 1;
(2) if k is even then, for each 2 ď 2r ď n, there exists a polynomial map

from Sn2r to Sn of Brouwer degree k.
2.3. Entire rational maps of spheres. Basing mainly on [2–4, 10], we
recall and then generalize some results on R-entire rational maps of spheres.

First, Bochnak and Kucharz [2, Proposition 4.1] obtained a simple but
very nice result.

Proposition 2.3.1. Let h : Sn Ñ Sk be a d-form being the restriction of a
homogenous polynomial map φ : Rn+1 Ñ Rk+1. Then the suspension map
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Σh : Sn+1 Ñ Sk+1 is homotopic to R-entire rational map h̃ : Sn+1 Ñ Sk+1

given by

h̃(x, y) =
(2φ(x), (1 + y)d ´ (1 ´ y)d)

(1 + y)d + (1 ´ y)d)

for (x, y) P Sn+1.

Proof. By a direct and elementary computation one checks that the map h̃
is well defined.

Further, notice that the restriction
h̃|Sn = q, h̃(Sn+1

+ ) Ď Sn+1
+ , h̃(Sn+1

´ ) Ď Sn+1
´ ,

for the upper (resp. lower) hemisphere Sn+1
+ (resp. Sn+1

´ ) of Sn+1. Since the
points (Σh)(x) and q̃ cannot be antipodal for x P Sn, the map

H : Sn+1 ˆ I Ñ Sk+1

given by

H(x, t) =
(1 ´ t)(Σh)(x) + th̃(x)

}(1 ´ t)(Σh)(x) + th̃(x)}

for (x, t) P Sn+1 ˆ I, is a well defined desired homotopy and the proof
follows. □

Following the proof of Proposition 2.3.1 and applying the inductive pro-
cedure, we derive its extended version:

Corollary 2.3.2. If h : Sn Ñ Sk is a d-form, then its r-fold suspension
Σrh : Σr(Sn) Ñ Σr(Sk) is homotopic to the map
(Σrh)(x0, . . . , xn+r) =(

2h(x0, . . . , xn)(
1 +

b

1 ´
řn

i=0 x
2
i

)d
+
(
1 ´

b

1 ´
řn

i=0 x
2
i

)d ,
(
1 +

b

1 ´
řn

i=0 x
2
i

)d
´
(
1 ´

b

1 ´
řn

i=0 x
2
i

)d
b

1 ´
řn

i=0 x
2
i

(
xn+1, . . . , xn+r

))
.

Let (x0, . . . , xn+r) = (x, y) P Σr(Sn), where
x = (x0, . . . , xn) and y = (xn+1, . . . , xn+r).

Then, the above formula can be written as follows:

Σr(h)(x, y) =
1

(1 + }y})d + (1 ´ }y})d

(
2h(x),

((1 + }y})d ´ (1 ´ }y})d)y

}y}

)
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=

(
h(x)

ř
(
d
2j

)
}y}2j

,

ř
(

d
2j+1

)
}y}2j

ř
(
d
2j

)
}y}2j

y

)
.

We point out that the result stated in Corollary 2.3.2 has been already
shown in [10, Theorem 1.1], but by much more advanced methods.

Given two real algebraic sets X and Y , we regard R(X,Y ) as a subset of
the space C0(X,Y ) of all continuous maps endowed with the C0- (that is,
compact-open) topology. Say that a continuous map can be approximated
by R-entire rational maps in the C0-topology if, for every neighborhood U
of f P C0(X,Y ), there is an R-entire rational map which belongs to U .

Then, [5, Theorem 1.1] states:

Theorem 2.3.3. Let X be a real algebraic set (resp. nonsingular real alge-
braic set) and let Y be a homogeneous space for some linear real algebraic
group. Then, for a continuous (resp. smooth) map f : X Ñ Y , the following
conditions are equivalent:
(1) f can be approximated by regular maps in the C0-(resp. C8-) topology;
(2) f is homotopic to an R-entire rational map.

Taking Y = Sn = SO(n + 1)/SO(n) for the special orthogonal group
SO(k) with k ě 1, in view of the above, we have solutions of several prob-
lems that have been open since the 1980’s and which concern approximation
of maps with values in the unit spheres. This has also several consequences
for approximation of maps between spheres.

If both algebraic sets X and Y are nonsingular, then R(X,Y ) is a sub-
set of the space C8(X,Y ) of all C8-maps endowed with the C8-topology;
therefore the concept of an approximation of a C8-map by R-entire rational
maps in the C8 topology is well-defined. Let X Ď Rm and Y Ď Rn be real
algebraic sets and R(X,Y ) be the set of all R-entire rational maps from X
to Y . If X and Y are compact and non-singular, we write C8(X,Y ) for
the set of all C8-maps from X to Y .

Then, [5, Conjecture I] states:

Conjecture 2.3.4. Let Y be a homogeneous space for some linear real
algebraic group. Then, for every positive integer n, the set of R-entire
rational maps R(Sn, Y ) is dense in the space C8(Sn, Y ).

In particular, R(Sm, Sn) is dense in C8(Sm, Sn) for every pair (m,n) of
positive integers.

Now, recall the useful fact stated in [9, Proposition 17.8, p. 213]:

Proposition 2.3.5. Let M , N be smooth manifolds and f : M Ñ N a
continuous map. Then f is continuously homotopic to a C8-map.
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In virtue of [3, Theorem 1.1], we have:

Theorem 2.3.6. For each positive n the set R(Sn, Sm) is C8-dense in
C8(Sn, Sm) provided m = 1, 2 or 4.

It would be exciting to extend the result above for m = 8 and unify its
proof with that for m = 1, 2 or 4. Recall that the proof of Theorem 2.3.6
for F = R, C, H and k ď n (as the Referee has pointed out) is based on the
following:
(a) if Gn,k(F) = tA P Mn(F) | A2 = A = Āt, tr(A) = ku for k ď n is

the Grassmannian and X is a compact space then a continuous map
f : X Ñ Gn,k(F) can be approximated by regular maps if and only if
the pullback under f of the universal F-vector bundle is topologically
isomorphic to an algebraic F-vector bundle on X;

(b) every topological F-vector bundle on the sphere Sn is topologically
isomorphic to an algebraic F-vector bundle.

Now, the question is, can we repeat the arguments above for the octo-
nions O? One can consider something that resembles “O-vector bundles”,
so the issue is to justify (a) and (b) for F = O. Since only maps with values
in the Grassmannian

G2,1(O) = tA P M2(O) | A2 = A = Āt, tr(A) = 1u = S8

are of interest, the task may be simpler.
We close this section with the following:

Conjecture 2.3.7. For each positive n the set R(Sn, Sm) is C8-dense in
C8(Sn, Sm) provided m = 1, 2, 4 or 8.

3. MAiN RESULTS
Given real algebraic sets X Ď Rm and Y Ď Rn, consider the set [X,Y ]

of homotopy classes of all continuous maps from X to Y and its sub-
set [X,Y ]alg determined by homotopy classes of all maps represented by
R-entire rational maps from X to Y . Further, let

Sn(C) = t(z0, . . . , zn) P Cn+1 | z20 + ¨ ¨ ¨ + z2n = 1u

be the n-sphere over the field C of complex numbers.
Although it is not known whether πalgm (Sn) (resp. [Sm(C), Sn(C)]alg) is

always a subgroup of πm(Sn) (resp. [Sm(C), Sn(C)]), we aim to estimate the
size of

πalgm (Sn) = [Sm, Sn]alg in πm(Sn)
and

[Sm(C), Sn(C)]alg in [Sm(C), Sn(C)].
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3.1. πalgm (Sn) in πm(Sn). First, recall that by [2, Proposition 2.6], we have:

Proposition 3.1.1. Let n be any positive integer and let m = 3 or 7.
Then:
(1) 2πn(Sm) Ď πalgn (Sm);
(2) if πn(Sm) is cyclic, then πn(Sm) = πalgn (Sm) or 2πn(Sm) = πalgn (Sm);
(3) if πn(Sm) is cyclic of odd order then πn(Sm) = πalgn (Sm).

Next, [16, Theorems (8.2) and (8.3)] yields:

Proposition 3.1.2. Let α1, α2 P πm(X).
(1) If β P πn´1(Sm´1) then (α1 + α2) ˝ Σβ = α1 ˝ Σβ + α2 ˝ Σβ.
(2) If X is an H-space and γ P πn(Sm) then (α1+α2) ˝γ = α1 ˝γ+α2 ˝γ.

Given α P πm(Sm) with m ě 1, write deg(α) for its Brouwer degree.
Then, Proposition 3.1.2 leads to:

Corollary 3.1.3. Let α P πm(Sm) with m ě 2.
(1) If β P πn´1(Sm´1) with n ě 2 then the homotopy class of α ˝ Σβ is

represented by deg(α)Σ(β).
(2) If γ P πn(Sm) with m = 3, 7 and n ě 3 then the homotopy class of α˝γ

is represented by deg(α)γ.
Now, let ηn = Σn´2η for n ě 2, νn = Σn´4ν for n ě 4 and σn = Σn´8σ

for n ě 8. Then, in view of [10, Theorem 2.1, Corollaries 2.1-2.2], we can
state:

Proposition 3.1.4. The Whitehead product [ιn, ιn] for n ě 1 admits (up
to homotopy) an R-entire rational representation.

The Whitehead products [ιn, ηn] for n ě 3, [ιn, νn] for n ě 5 and [ιn, σn]
for n ě 9 admit (up to homotopy) R-entire rational representations.

Now, we are in a position to present a generalization of results stated
in [10, Corollaries 1.1–1.4]:

Theorem 3.1.5. Elements of the homotopy groups πn+k(Sn) for n ě 1,
k = 0, 1, . . . , 6 and k = 7 with n ‰ 5, 6 admit (up to homotopy) R-entire
rational representations.
Proof. We freely use notations for elements of homotopy groups of spheres
from the book [14] by Toda.

If k = 0 then Theorem 2.2.5 and Proposition 3.1.1 yield
πn(Sn) = πalgn (Sn), n ě 1.
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If k = 1, 2 then by [14, Propositions 5.1–5.2 and Table of πn+k(Sn), I],
we have:

πn+1(Sn) =

#

Ztηu, n = 2,

Z2tηnu, n ě 3,

and πn+2(Sn) = Z2tη2nu for n ě 2.
Since the Hopf map η : S3 Ñ S2 is a 2-form, and by Theorem 2.2.5, there

exists a k-form S3 Ñ S3 of the Brouwer degree k, we get that
π3(S2) = Ztηu = πalg3 (S2).

Next, Corollary 2.3.2 implies that the homotopy class of ηn = Σn´2η is
represented by an R-entire rational map for n ě 3. Therefore,

πn+1(Sn) = πalgn+1(S
n) and πn+2(Sn) = πalgn+2(S

n) for n ě 3.

If k = 3 then, by [14, Proposition 5.6 and Table of πn+k(Sn), I], we have:

πn+3(Sn) =

$

’

’

’

&

’

’

’

%

Z2tη32u, n = 2,

Z12tν 1u, n = 3,

Ztνu ‘ Z12tΣν 1u, n = 4,

Z24tνnu, n ě 5.

Since the Hopf map η : S3 Ñ S2 is a 2-form, Corollary 2.3.2 implies that
π5(S2) = πalg5 (S2). Next, in view of (2.1), the Blakers-Massey element ν 1 is
represented by an R-entire rational map and by Theorem 2.2.5, there exists
a |k|-form S3 Ñ S3 of the Brouwer degree k, we get that π6(S3) = πalg6 (S3).
Furthermore, by Theorems 2.3.6 and 2.3.3, we have π7(S4) = πalg7 (S4).

Now, since the Hopf map ν : S7 Ñ S4 is a 2-form, Corollary 2.3.2 implies
that the homotopy class of the map

νn = Σn´4ν : Sn+3 Ñ Sn

is represented by an R-entire rational map for n ě 4. Therefore, in view of
Corollary 3.1.3 and case k = 0, we have πn+3(Sn) = πalgn+3(Sn) for n ě 5.

Consequently,
πn+3(Sn) = πalgn+3(S

n) for n ě 2.

If k = 4 then, by [14, Proposition 5.8 and Table of πn+k(Sn), I], we have:

πn+4(Sn) =

$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

Z12tην 1u, n = 2,

Z2tν 1η6u, n = 3,

Z2tνη7u ‘ Z2tΣν 1η7u, n = 4,

Z2tν5η8u, n = 5,

0, n ě 6.
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First, notice that Theorems 2.3.6 and 2.3.3 imply π8(S4) = πalg8 (S4).
Since R-entire rational maps are preserved by compositions, arguments ap-
plied in (3) yield,

πn+4(Sn) = πalgn+4(S
n) for n ě 2.

If k = 5 then, by [14, Proposition 5.6 and Table of πn+k(Sn), I], we have:

πn+5(Sn) =

$

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

%

Z2tην 1η6u, n = 2,

Z2tν 1η26u, n = 3,

Z2tνη27u ‘ Z2tΣν 1η27u, n = 4,

Z2tν5η
2
8u, n = 5,

Zt[ι6, ι6]u, n = 6,

0, n ě 7.

First, notice that Theorems 2.3.6 and 2.3.3 imply π9(S4) = πalg9 (S4). Then,
arguments applied in case k = 4, Corollary 3.1.3 and Proposition 3.1.4
yield,

πn+5(Sn) = πalgn+5(S
n) for n ě 2.

If k = 6 then, by [14, Proposition 5.11 and Table of πn+k(Sn), I] we have:

πn+6(Sn) =

$

’

’

’

&

’

’

’

%

Z2tην 1η26u, n = 2,

Z3, n = 3,

Z24tν24u ‘ Z3, n = 4,

Z2tν2nu, n ě 5.

Since R-entire rational maps are preserved by compositions, we have π8(S2) =
πalg8 (S2).

Furthermore, by:
‚ Theorems 2.3.6 and 2.3.3, π8(S2) = πalg8 (S2);
‚ Proposition 3.1.1(3), π9(S3) = πalg9 (S3);
‚ Theorems 2.3.6 and 2.3.3, π10(S4) = πalg10 (S4);
‚ Corollary 2.3.2, the homotopy class of the map ν2n : Sn+6 Ñ Sn is repre-

sented by an R-entire rational map for n ě 5.
Consequently,

πn+6(Sn) = πalgn+6(S
n), n ě 2.
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If k = 7 then, by [14, Proposition 5.15 and Table of πn+k(Sn), I], we
have:

πn+7(Sn) =

$

’

’

’

’

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

’

’

’

’

%

Z3, n = 2,

Z15, n = 3,

Z15, n = 4,

Z2tσ3u ‘ Z15, n = 5,

Z4tσ2u ‘ Z15, n = 6,

Z120tσ1u, n = 7,

Ztσu ‘ Z120tΣσ1u, n = 8,

Z240tσnu, n ě 9.

Then, by:
‚ Theorems 2.3.6 and 2.3.3, πn+7(Sn) = πalgn+7(Sn) if n = 2, 4;
‚ Proposition 3.1.1(3), Corollary 3.1.3 and case k = 0, π10(S3) = πalg10 (S3);
‚ Proposition 3.1.1(2), π14(S7) = πalg14 (S7) or 2π14(S7) = πalg14 (S7). Further-

more, Conjecture 2.2.6 (provided its affirmative claim), Corollary 3.1.3
and case k = 0 yield π14(S7) = πalg14 (S7);

‚ Conjecture 2.3.7, π15(S8) = πalg15 (S8);
‚ Corollary 2.3.2, the homotopy class of the map σn = Σn´8σ : Sn´8 Ñ S8

is represented by an R-entire rational maps for n ě 8.
Consequently, in view of Corollary 3.1.3 and case k = 0, we have

πn+7(Sn) = πalgn+7(S
n)

for n ě 9 and the proof is complete. □

3.2. Spheres over complex numbers. First, we show:

Proposition 3.2.1. If K is a algebraically closed field then the only entire
rational maps of algebraic sets are polynomial maps.
Proof. Let X = V (I) Ď Km and Y Ď Kn be algebraic sets. Consider
a rational map f = (f1, . . . , fn) : X Ñ Y , where pi, qi P K[X1, . . . , Xm],
fi(x) =

pi(x)
qi(x)

and qi(x) ‰ 0 for x P X with i = 1, . . . , n. Then,

X X V (qi) = V (I) X V (qi) = V (I + (qi)) = H.

Hence, by the Hilbert’s Nullstellensatz,

J(V (I + (qi))) =
a

I + (qi) = K[X1, . . . , Xm]



Spheres over fields 85

with the radical
a

I + (qi) of the ideal I+(qi) for i = 1, . . . , n. This implies
that 1 = αiqi + ri with some αi P K[X1, . . . , Xm], ri P I for i = 1, . . . ,m.
Consequently, pi

qi |X
= piαi|X for i = 1, . . . ,m and the proof follows. □

Since the field C of complex number is algebraically closed, we get:

Corollary 3.2.2. Any C-entire rational map Sm(C) Ñ Sn(C) is repre-
sented by a polynomial map.

Now, consider the n-sphere

Sn(C) =
␣

(z0, . . . , zn) P Cn+1 | z20 + ¨ ¨ ¨ + z2n = 1
(

over the field C of complex numbers. Then, for (z0, . . . , zn) P Sn(C) and
zk = xk + iyk with k = 0, . . . , n we have

x20 + ¨ ¨ ¨ + x2n = y20 + ¨ ¨ ¨ + y2n + 1

and
x0y0 + ¨ ¨ ¨ + xnyn = 0.

This yields a diffeomorphism Sn(C) « TSn for the tangent bundle TSn of
Sn yields a homotopy equivalence Sn(C) » Sn.

Since a real polynomial representation of maps Sm Ñ Sn is impossible
in many cases, it seems reasonable to consider a complex polynomial rep-
resentation Sm(C) Ñ Sn(C), where many obstacles disappear and nothing
changes up to homotopy.

Recall that by [18, Theorem 1], we have:

Theorem 3.2.3. If an element in πn´1(S2k´1) is representable by a real
homogeneous polynomial map of spheres Sn´1 Ñ S2k´1,then its suspension
is representable by a complex polynomial map of quadrics Sn(C) Ñ S2k(C).

But, by Theorem 2.2.5, every Brouwer degree on an odd-dimensional
sphere can be realised by a homogeneous polynomial map. Therefore, we
derive:

Corollary 3.2.4. Every element in πn(Sn) can be represented by a complex
polynomial map of Sn(C) for all positive integers n.

Next, [18, Theorem 3] can be generalized as follows:

Theorem 3.2.5. If an element in πm(Sn) is representable by a real homo-
geneous polynomial map of spheres Sm Ñ Sn, then its 2k-fold suspension is
representable by a complex polynomial map Sm+2k(C) Ñ Sn+2k(C).
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Proof. Given a d-form h = (h0, . . . , hn) : Sm Ñ Sn, we consider the associ-
ated d-form H = (H0, . . . , Hn) : Sm(C) Ñ Sn(C) with

H2
0 + ¨ ¨ ¨ +H2

m = (z20 + ¨ ¨ ¨ + z2m)d

and introduce new variables
u = zm+1 + izm+2 and v = zm+1 ´ izm+2.

Then, uv = z2m+1 + z2m+2 and we have the expansion
(z21 + ¨ ¨ ¨ + z2n + z2m+1 + z2m+2)

d = (z21 + ¨ ¨ ¨ + z2n)
d + uw,

where w is a polynomial in the variables z1, . . . , zm+2.
Now, writing Hn+1 = u+w

2 and Hn+2 = iu´w
2 , we get the polynomial

map
(H0, . . . , Hn,Hn+1,Hn+2) : Sm+2(C) Ñ Sn+2(C),

which represents (according to the construction from [18]) the double sus-
pension of the original map H.

Proceedings by induction, we get the polynomial map
(H0, . . . , Hn+2k) : Sm+2k(C) Ñ Sn+2k(C),

which represents the 2k-suspension of the original map H and the proof
follows. □

Since the Hopf maps
η : S3 Ñ S2, ν : S7 Ñ S4, σ : S15 Ñ S8

are homogeneous polynomial map, an immediate conclusion is the following:

Corollary 3.2.6. Every element in π2n+1(S2n), π2n+3(S2n) and π2n+7(S2n)
can be represented by a complex polynomial map S2n+1(C) Ñ S2n(C),
S2n+3(C) Ñ S2n(C) and S2n+7(C) Ñ S2n(C), respectively.
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