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Fundamental theorems
of quasi-geodesic mappings
of generalized-recurrent-parabolic spaces

Margaret Pistruil, Irina Kurbatova, Nadiia Konovenko

Abstract. In previous papers we studied mappings of pseudo-Riemannian
spaces being mutually quasi-geodesic and almost geodesic of the 2nd type.
As a result, we arrived at the quasi-geodesic mapping

VK (Vn:gij:Fih) - (angiij?)
of spaces with an affine structure, which was called generalized-recurrent.
Quasi-geodesic mappings are divided into two types: general and canoni-
cal. In this article, the fundamental issues of the theory of quasi-geodesic
mappings of generalized-recurrent-parabolic spaces are considered. First,
the fundamental equations of quasi-geodesic mappings are reduced to a form
that allows effective investigation. Then, using a new form of the fundamen-
tal equations, we prove theorems that allow for any generalized-recurrent-
parabolic space (Vn, gij, FI') or to find all spaces (Vn,gij, F") onto which
V. admits a quasi-geodesic mapping of the general form, or prove that there
are no such spaces.

Amnorargis. B momepeHix cTaTTsIX TOCIIIZKEHO BiToOparkKeHHsI TICEBIOPiMa-
HOBHX IIPOCTOPIB, fAKi € OJHOYACHO KBa3i-T€OJE3NTHUMU Ta Mail?Ke reoye3u-
YHUMH JIPYTOTO THILY, & TAKOXK MOOYIOBAHO KBa3i-reoJe3uvHe BijoOpaskeHHsI

i Vi, gi5, F) — (Vn, Gy, i) mpocropis 3 nesnoio adbinopoio crpykTy-
poIo, Ky Ha3BaJIU y3araJbHeHO-peKypeHTHOW. KBasi-reome3nyni Bimobpaske-
HHS MOXKYTb OyTH JIBOX THIIB: 3arajbHOr0 By 1 KaHoHiuni. B maniit crarti
JOCTIIKYIOThCsT (DYHIAMEHTAIbHI TTUTAHHS Teopil KBa3i-reoqe3nIHux Bimo0-
paxKeHb y3arajJbHEHO-PEKYPEHTHO-TIapabo iaaux TpocTopiB. OCHOBHI piBHSIH-
He KBa3i-Te0/Ie3NYHNX BiT0OOpayKeHb NPUBOAATHCS /[0 BUIVISLY, KU JIOIyC-
Kae eeKTUBHE JOCIIKeHHs. BUKOPUCTOBY0YN HOBY (POPMY OCHOBHUX PiB-
HSIHb, MU JIOBOJUMO TEOPEMH, sIKi JTO3BOJISIOTH /T Oy/Ib-sIKOTO y3araJbHEeHO-
pekypenrTHO-niapadoianoro npocropy (Va, gij, Fih) abo 3HANTH BCi TPOCTOPH
(Vn,gij, F"), ma sxi V,, nomyckae KBazi-reoqesmdme BimoOparKkeHHs 3araib-
HOT'O BHY, ab0 JIOBECTH, IO TAKUX IIPOCTODPIB HEMAE.
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1. INTRODUCTION

1.1.  We continue to study diffeomorphisms of pseudo-Riemannian spaces
which are also a quasi-geodesic mappings (QGM) [5,12,13, 15,16, 20, 26]
with the reciprocity condition and almost-geodesic mappings of the second
type [2,3,11,19,27-29].
Say that QGM
f: (Vn7gZ]7 th) - (Vﬂngzj?Eh)
satisfies the reciprocity condition if the reverse mapping f~! is also QGM.
In [15] we obtained the fundamental equations of such a mapping
= _ =h
f: (Vn7gZ]7th) - (Vn)gzj7F@)
in the common coordinate system (z¢) with respect to f:
Ty (x) = T(x) + ¢ ()85 + ¢(x) Fjj (@), (1.1)
—h
Fl(x) = F; (),
giaF’Jq = _gjaF‘iav ?iaF]q = _gjaFia
o _ R
Fig = a655) (1.2)
F'EY =edl,  e=0,+1, i,h,j,...=1,2,...,n, (1.3)
where I‘?j, f?j are the Christoffel symbols of V;,, V,,, respectively; 1;(x),
¢i(2), qi(x), pi(x) are certain covectors; F*(z) is affinor; brackets (i, j) de-
note the symmetrization with respect to the corresponding indices; comma
«,» is a sign of the covariant derivative with respect to the connection of
V-
If in (1.1) ¢; = 0 and v¢; # 0, then the quasi-geodesic mapping de-
generates into a geodesic map, [8-10,27]. For ¢; # 0 and ¢; = 0, the
quasi-geodesic mapping is called canonical. If in (1.1) ¢; = 0 and ¢; = 0,
the QG M is called trivial.
An affinor structure satisfying condition (1.3) is called [19]:
elliptic if e = —1,
hyperbolic if e = +1,
m-parabolic when e = 0, rank F' = m (2m < n),
parabolic when e = 0, rank F' = m (2m = n).

Equation (1.1) characterizes F-planar mapping which started to study
Mikes and Sinyukov [18]. These results were specified in paper [7].

1.2.  We call an affinor structure Fih satisfying conditions (1.2) a generali-
zed-recurrent structure (of elliptic, hyperbolic, or parabolic type) [15]. If in
the conditions (1.2) ¢; = 0, the affinor F* defines a K -structure [1,26,28].
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In [16], a recurrent-parabolic structure was introduced, which is deter-
mined by the conditions:

F'Fe =0, GiaFj = —gjaFy", Fly = g} (1.4)

The articles [12, 14, 23] are devoted to some issues that concern quasi-
geodesic mappings of recurrent-parabolic spaces.

The K-structure and the recurrent-parabolic structure are the special
cases of a generalized-recurrent structure.

In the context of types of recurrences and methods for extracting special
spaces with structure, the papers [6,24| are of interest.

In [15] the properties of a generalized-recurrent structure of parabolic
type were studied.

We call the vector ¢; in (1.2) the generalized recurrence vector of the
structure F", and in the case Flhj = q;F", the recurrence vector. Note

that if the vector ¢; is gradient, the affinor F}* = e 9F}", where ¢; = agg(;),

defines a K-structure in the generalized-recurrent space (V,, gl-j,FZ-h), and
a Kéhlerian structure in the recurrent-parabolic space.

Shortly, in this case (Vy,, gij, Flh) is a parabolic Kéhler space, see [17,19].
The studied mappings are holomorphically projective mappings between
parabolic Kahler spaces. These problems were studied in [4,17,21,22] and

also in the dissertation by Shiha [25].

1.3. Let us define an operation of contraction with an affinor, which is
called the comjugation with respect to the corresponding index and is de-
noted as follows:

T: . . L e — e _
J1-Jk—1QTk41---Jr = JleJk—1%0k+1---Jr

It Je—10Gk41--Jr Tj1-~-jk—1ﬁjk+1-~jr

1.4. The integrable parabolic structure Fih in some neighborhood of the
point V,, can be reduced to the form

(Fih) = (I(jn 8)

where I, is the identity matrix of order m = 3.
We will call such a coordinate system adapted to the affinor. Then under
the conditions

giOzF]q = _gjaFiaa F(QLan = 07

the components of the metric tensor of the space V,, in the adapted coor-
dinate system satisfy the following conditions:

Gab = Gba, Jab+m = —YJa+mb; Ja+mb+m = 0;
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for a,b =1,2,...,m. Further, the auxiliary tensor A, will be useful to us,
which is determined in the adapted coordinate system by the matrix

(= (e )

where P is an arbitrary square matrix of order m.
It is easy to check that

FPAS =m, Al A2 =0, FlA® + Ahpe = oh. (1.5)

1.5. In [15] we came to the conclusion that the integrable affinor struc-
ture of the generalized-recurrent space (Vj,, gij, th) is characterized by the
following properties:

h h h

7, 7,

Note that, in contrast to hyperbolic and elliptic types, an integrable
generalized-recurrent structure of parabolic type (in particular, a parabolic
K-structure) need not be Kéhlerian, i.e. relations (1.6) do not imply that
the affinor Fih is covariantly constant.

Further, in this paper, we consider only the integrable affinor structure.

1.6. In [15] it was proved that the image of a generalized-recurrent space
under QG M is also a generalized-recurrent space, that is,
b _ ~ ph
Faj) = a6 Fy,
where
¢ = qi — i + &3,
«|» is a sign of a covariant _derivative with respect to the connection of V,,
i.e. affinor Fih in the space V', also defines a generalized-recurrent structure.
Under the condition ¢; = ¢; we say that QG M preserves the generalized
recurrence vector. In this case, the vectors ¥; and ¢; in the basic QGM
equations (1.1) are related as follows:

Vi = ¢; (L.7)
and v; is locally a gradient:

In this paper, we consider quasi-geodesic mappings (QGM) of generalized-
recurrent-parabolic spaces with an integrable affinor structure.

The investigation is carried out in tensor form, locally, in the class of
real sufficiently smooth functions.
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2. LINEAR EQUATIONS OF THE THEORY OF QG M s OF
GENERALIZED-RECURRENT-PARABOLIC SPACES

2.1. A generalized-recurrent-parabolic space (V},, gij, F1) admits a QG M

— _  =h
f: (Vn,gijaFih) - (Vnygiiji)
if and only if in the coordinate system (z°) the fundamental equations of
this mapping are satisfied:
h

Ty () = T (2) + ¢a()0) + da(x) Fjy(x), (2.1)
Fl'(z) = F,(z), FIFY=0, (22)
b7 = Vi, (2:3)
9= 95  95= U (2.4)
F(}Ejj):q(jFi})L i hyjy...=1,2,...n (2.5)

where ¢; is the generalized recurrence vector of the structure Fz-h. In other
words, the mapping f: (Vngij,Fih) — Vi, i5, Fy) is a QGM if and only
if under conditions (2.3), (2.2), (2.4), (2.5) in the space (Vn,gij, F*) the
system of nonlinear differential equations in partial derivatives of the first
order (2.1) with respect to the components of the tensor g;;(z) and the
vector ¢; # 0 has a solution.

Using methods developed in the theory of geodesic mappings of Rie-
mannian spaces [27], we reduce the fundamental equations (2.1)-(2.5) to a
form that allows an effective study.

2.2.  The following theorem holds:

Theorem 2.2.1. A generalized-recurrent-parabolic space (Vy, gij, Fih) ad-
mits a non-trivial QGM if and only if it contains a non-singular symmetric
tensor of type (0,2) a;j satisfying the equations

ijk = Ngjk + Aj9ik + XiFjr + A Fig, (2.6)
and

az=—a: det(a;j) # 0, (2.7)

o g
for some covector \; # 0.

Proof. Assume that a generalized-recurrent-parabolic space V;, admits a
QGM onto V. Since g, = 0 in Vp,, the equation (2.1) can be written in
the following equivalent form:

Gij = 205055 + Gk + 659 + GiFjr + &5 Fi,

kT (2.8)
Fip =g Fy.
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The equations (2.8) control the existence of quasi-geodesic mappings of
generalized-recurrent-parabolic spaces.
Let us introduce the following nondegenerate tensor

ai; = engaﬁgaigﬁj. (2.9)
h

Since g;,g" = 6%, we have that

— —ah _ —= —=ah
Yiak9 = —Yiadk -

Therefore, it follows from (2.9) and (2.8) that

@ijk = NGjk + A59ik + NiFji + AjFik, (2.10)
where
Ai = =€ 6,7 gai. (2.11)
It is easy to check that in view of (2.3) and (2.4), A; is gradient and
a; = —agz,  det(ai;) # 0. (2.12)

Thus, if a pseudo-Riemannian space (Vj,,giJ, Fih) with a generalized-
recurrent-parabolic structure Fih admits a non-trivial QGM on the space

(Vm@-j,F?), then it necessarily contains a nonsingular symmetric tensor
a;;j satisfying (2.10), (2.12) for some nonzero vector A;.

The converse is also true. Indeed, if a;; and \; satisfy (2.10), (2.12),
then (2.8), (2.3), (2.4) hold for

9ij = ¢ Ya* gaigs;

and
¢ = —¢ 2 Xag™gp;. O

The equation (2.10) is a new linear form of the fundamental equations
of the theory of QG Ms of generalized-recurrent-parabolic spaces.

3. FUNDAMENTAL THEOREMS OF QG MS OF
GENERALIZED-RECURRENT-PARABOLIC SPACES

3.1. Let (Vn,gij,Fih) be a generalized-recurrent-parabolic space, so its
metric tensor g;;(x) and affinor F*(x) satisfy conditions (2.2), (2.4), (2.5).
The question of the existence of a QG M of the space (Vy,, gij, th) is reduced
to the study of differential equations (2.10) with respect to the tensor a;;
and the vector \; satisfying conditions (2.12).

Further, we consider the integrability conditions for the equations (2.10),
which, taking into account the Ricci identity and (2.5), have the following
form:

aa(i B0 = 9k Ky — 96Kk + Fiadj e — FrAp g + AaFjwyg,  (3.1)
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where
Ki =X+ X e (3.2)
Note that, in view of (2.5) it follows from (3.2) that
K = 0. (3.3)

Using the tensor A? defined earlier let us introduce the following tensor:
AY = A} gY.
Contract (3.1) with A" with respect to the indices k,j and conjugate
with respect to the index i. Taking into account (3.3), we obtain

iy —2

aas RS’ (3.4)
where

Ry’ = 60 RS, A7

Contraction (3.1) with A over indices k,j and conjugation on i gives us

~ n—4 T n—2
aaﬁRf‘B =5 HKa+t Kiy Al — pFig — Ao <2anl - Fz‘aFB[%l]Aw> ’

p= KogA%.
Then we get from (3.4):

n—4 2 . _
Ky = pFiy + aap < aﬁ aﬁA;’) +

2 n—2 w
n—2
—+ )\a <2F110,[l — FiaFﬁ['y,l]A75> .

Contracting (3.1) with A over indices k, j in view of this equation gives

i aagS + Ao P] + pQi + vEy, (3.5)
where
4 —4 =
S = (n A?) +
n—+ 2
+ [ [+ 95 A7P (8( )A7 — 257”
n?
2(n — 2)(n + 4) 2
Py =ZF; A F A) FO‘ e A7B
A= il + n(n —4)(n+2)" »71 Ta_4tB +

4

T n(n—4) <2F5 a9 AT - 750‘1*73[0 ] - F o) AV) A%
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4 n 2(n + 6)
1= g+ g )
Qu n(n — 4) (292l+ n+2 l>
v= /\angﬁo‘.
Note, that the expression for the tensor ();; means that
2(n+4)(n —6) 2
4 7 = Fl s -, = 7FZ'7 .
@ n(n+2)(n —4) ! @ n—4 ' (3.6)
2(n —12)

W90 = _ gAY =0 3.7
Qasd™ = ) —a)’ Qas ’ (37)
Q. =0. (3.8)

3.2. Due to (2.10) the integrability conditions for (3.5) have the following
form:

Qi) + Fipv g + pQi k) + vEix + a0 Sy + Aol =0 (3.9)
where

b _ gap B 8
Sik = Sigg + Sy B = S50 Pk

D @ o af
ik = g + (Sf[“f + 5?{“) grg — SZ([? )Fk]ﬁ-
Conjugating (3.9) and taking into account (3.6), (3.7), (3.8) we obtain:
2 ~ -
1 (Fripe e — Fripg) + aaﬁsglf + APy = 0.
Comparing the result of cycling this equation by ¢, k,l with the original
relations, we get:

. gaB | gaB _ gap 7 5
Frapi + aap <SM + 50 Silk) + Aa (Pffm + P&

Ril Pi?k) =0.

4
n—4
Hence, after contraction with A* with respect to the indices I, k, we find
that

2n _ _
Hi = GQBS?B + )\QP?, (3.10)
n—4
where
=aoBb _ ( &ap gaB _ gap oy
S = (Sﬁm‘ + Sam S;w> A7,

Py = (Boy,+ B, — PE) A7

ot oiy o

Similarly, comparing the result of cycling (3.9) by i, k, [ with the original
relations based on the expression (3.10), we get:

P—( B P—( PR— P—
N = aasS; + AP + Qi + vQ;, (3.11)
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where

n—4 Oé le' « a'
S’L < Ql[’y B + S( ; v 28@0/?;) A7

5% n-— DY o] a o
P, = < m Qihpa} + Plioy) ~ 2Pwv> A7,
Qi = Qoyi] + Qulivo] — QoA

G = 28, A"

Equations (2.10), (3.5), (3.10) and (3.11) constitute a closed system of
first order partial differential equations of Cauchy type with respect to
the unknown functions a;j, A;, p, v. Let us denote it by (B). In the
theory of differential equations regular methods have been developed for
such systems. Thus, we proved the following

Theorem 3.2.1. A pseudo-Riemannian space (Vy, gij(z), Fl'(x)) with an
integrable generalized-recurrent-parabolic structure FZh(az) admits a QGM,
if and only if the system of differential equations (B) has a non-trivial
solution

aj(x), Ai(x) #0, (), v(z),
satisfiing the conditions
aij(z) = aji(x), det(a;;j(x)) # 0, ag = —ag;.

The family of differential equations (B) is linear with coefficients of in-
trinsic character in V,, and independent of the choice of coordinates. If the
metric tensor g and the structure tensor F' of the generalized-recurrent-
parabolic manifold V,, are real, then for the initial data

aij(z0) = aij, Ai(To) = Ai, o) = p1, v(xo) = V.
The system (B) has at most one solution. Taking into account that

the initial data must satisfy (2.2), (2.4) which in canonical coordinates are
written as:

Gab = Gba, Jab+m = —Ya+mb, Ja+mb+m = 0,
for a,b=1,2,...,m, we see that the general solution of (B) depends on r

significant parameters, where

_n/n n/n _(n—|—2)2

The solution of (B) satisfying the given initial conditions

o (e} o

aj(xo) = aij7 Ai(wo) = Ag, (o) = v(zo) =v
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can be given as a Taylor series, and if necessary, computed in a neighbor-
hood of a given point xg of the space.

3.3. Notice that the system (B) might not be consistent. However, this
system is consistent if and only if the set of integrability conditions (B) and
their differential prolongations are consistent. The integrability conditions
for the first group of equations (B), taking into account (3.1), (3.2), (3.5),
can be represented in the form:

aa/B 1]kl + A Mjkl + ,UNZ]M 0 (312)

where

4 -
aB _ sapB o
Tijk:l - (ZR )kl + WRVEF(’;‘%)[’“ (( )(5[] + 2Al])

+ Fl(iS ik~ P S])l,

Mijia = Cijpay + Fi Pl = Fre P + 06 Fy e
o n—2 o «

Cz'jkl = 9k(i <2Fj),l - Fj)Fﬂ[ml]Aw> )

Nijii = Fii (Qiyk — 950k) — Fri (Qiy — gin1) -

The integrability conditions for the second group of equations (B), taking
into account (3.9), (3.10), (3.11), have the form:

aagT?fl + )‘aﬂzqkl + Nﬁikl + sz’kl = 0, (313)
where
=af M= 1
T = WQ [lSk;] + nF[lSk] )

— n—4 — 1 —a
My = 5 QiuPyy + i Pr,

1
Nigr = Qipp + E‘Fz’[le]a
J— 1 p—
Lii = Fyp) + ﬁFi[le]'
The integrability conditions for the third group of equations (B), taking
into account (2.5), (3.5), (3.10), can be represented in the form:
:CVIB 8 frm— =
aOéBTil + >‘04Mil 4+ uNy+vL; =0, (3.14)

where

065
- S[z ] + Sry[l i)
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— — a QIB
My = Pyy+ Py[zﬁ;‘? + 9p1 (S(] 7 S(] )) ’
Ny = Qo Py, Ly = FonPy.
Finally, the integrability conditions for the fourth group of equations (B),

taking into account (2.5), (3.5), (3.10), (3.11) can be represented in the
following form:

~af ~ ~ ~
aaﬁTil +AaMy+uNy+vLly =0, (315)
where
~Oz5 — — 4*O¢ﬁ* ]_:a,B:
= S[l gt SA,[I it 551 Qg+ S Qu,

~a = — —(0f) —@B) T e
My = P+ PPy + gpp <Sz‘} — 5 > o PQy+ Pzsz

[ad J— 1i = (0%

Ni = Quy + -QuQy + Qaply,

n

frg 1: = =
Ly =Quy+ EQUQ%’] + Fou Py

Denote the integrability conditions (3.12), (3.13), (3.14) for the system
(B) by (Bp). Obviously, (Bp) is a system of linear homogeneous algebraic
equations for an unknown functions a;;, A;, p, v with coefficients from
V... They must be satisfied identically for any solution of the system (B)
whenever it exists.

Differentiating (By) covariantly and using (B) we obtain the first pro-
longation of (By) which we denote (B;). Obviously, (B1) is also a system
of linear homogeneous algebraic equations in a;;, A;, p, v with coefficients
from V,,. The differential prolongations of (B;) will be denoted (Bz) and
S0 on.

As we see, (By), (B1),(B2),... is a system of linear homogeneous alge-
braic equations for a;;(z), \i(x) # 0, pu(z), v(x) with coefficients from V;,.
Since the number of unknown functions is finite, there is a natural number
N such that (By) and subsequent continuations will be consequences of
(Bo), (B1),-- ., (Bn-1).

In accordance with the analytical theory of differential equations, the
system (B) has a non-trivial solution in the neighborhood of the point M
if and only if the system of equations (By), (Bi),...,(Bny—1) has a non-
trivial solution at this point.

Hence, we get the following
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Theorem 3.3.1. A pseudo-Riemannian space with an integrable generali-
zed-recurrent-parabolic structure (Vy, gij(x), F'(z)) admits a QGM if and
only if the system of homogeneous algebraic equations (By), (B1), ..., (Bs—1)
has a non-trivial solution in (Vy, gi;, Fl*)

aij(z), Ai(z) #0, p(), v(z)
which satisfies the conditions
a;j(x) = aji(x), det(a;j(z)) # 0, az = —ag.

Theorems 3.2.1 and 3.3.1 together supply us with a regular method en-
abling to decide effectively whether a generalized-recurrent-parabolic space
Vi, 9ij, Fih) admits non-trivial QGM or not, and in the affirmative case,
we are in principle able to find all generalized-recurrent-parabolic spaces
(Vn,gij,Fih) that can serve as images of V,, under the mappings consid-

ered. Hence, Theorems 3.2.1 and 3.3.1 turn out to be the fundamental
theorems of the theory of QG Ms.

4. CONCLUSION
The main problem in studying any mappings
£+ Vo, gij, F') — (Vn)gijvﬂh)

is a possibility for a given space (V,, gi;, F*) to find out whether it admits
the specified mapping or not.

The question of the existence of a QGM of the generalized-recurrent-
parabolic space (V3 gij, F!) reduces to the study of differential equations
(2.10) with respect to the tensor a;; and the vector \; satisfying condi-
tions (2.12). Subsequently, the solution of the problem is reduced to finding
non-trivial solutions

CLU(CC), )‘l(x) # 0, :u(x)v I/(ﬂ?),

of the system of homogeneous algebraic equations in (V;,, ¢i5, th)

Theorems 3.2.1 and 3.3.1 allow for any generalized-recurrent-parabolic
space (Vy,, gij, F') either to find all spaces (Vn,3ij» E) on which V,, admits
a QGM or prove that there are no such spaces. However, for large n, the
direct solution of this problem is technically rather complicated.
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