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Fundamental theorems
of quasi-geodesic mappings

of generalized-recurrent-parabolic spaces
Margaret Pistruil, Irina Kurbatova, Nadiia Konovenko

Abstract. In previous papers we studied mappings of pseudo-Riemannian
spaces being mutually quasi-geodesic and almost geodesic of the 2nd type.
As a result, we arrived at the quasi-geodesic mapping

f : (Vn, gij , F
h
i ) Ñ (V n, gij , F

h
i )

of spaces with an affine structure, which was called generalized-recurrent.
Quasi-geodesic mappings are divided into two types: general and canoni-
cal. In this article, the fundamental issues of the theory of quasi-geodesic
mappings of generalized-recurrent-parabolic spaces are considered. First,
the fundamental equations of quasi-geodesic mappings are reduced to a form
that allows effective investigation. Then, using a new form of the fundamen-
tal equations, we prove theorems that allow for any generalized-recurrent-
parabolic space (Vn, gij , F

h
i ) or to find all spaces (V n, gij , F

h
i ) onto which

Vn admits a quasi-geodesic mapping of the general form, or prove that there
are no such spaces.

Анотація. В попередніх статтях досліджено відображення псевдоріма-
нових просторів, які є одночасно квазі-геодезичними та майже геодези-
чними другого типу, а також побудовано квазі-геодезичне відображення
f : (Vn, gij , F

h
i ) Ñ (V n, gij , F

h
i ) просторів з певною афінорною структу-

рою, яку назвали узагальнено-рекурентною. Квазі-геодезичні відображе-
ння можуть бути двох типів: загального виду і канонічні. В даній статті
досліджуються фундаментальні питання теорії квазі-геодезичних відоб-
ражень узагальнено-рекурентно-параболічних просторів. Основні рівнян-
ня квазі-геодезичних відображень приводяться до вигляду, який допус-
кає ефективне дослідження. Використовуючи нову форму основних рів-
нянь, ми доводимо теореми, які дозволяють для будь-якого узагальнено-
рекурентно-параболічного простору (Vn, gij , F

h
i ) або знайти всі простори

(V n, gij , F
h
i ), на які Vn допускає квазі-геодезичне відображення загаль-

ного виду, або довести, що таких просторів немає.
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1. INTRODUCTiON
1.1. We continue to study diffeomorphisms of pseudo-Riemannian spaces
which are also a quasi-geodesic mappings (QGM) [5, 12, 13, 15, 16, 20, 26]
with the reciprocity condition and almost-geodesic mappings of the second
type [2, 3, 11,19,27–29].

Say that QGM
f : (Vn, gij , F

h
i ) Ñ (V n, gij , F

h
i )

satisfies the reciprocity condition if the reverse mapping f´1 is also QGM .
In [15] we obtained the fundamental equations of such a mapping

f : (Vn, gij , F
h
i ) Ñ (V n, gij , F

h
i )

in the common coordinate system (xi) with respect to f :

Γ
h
ij(x) = Γhij(x) + ψ(i(x)δ

h
j) + ϕ(i(x)F

h
j)(x), (1.1)

F hi (x) = F
h
i (x),

giαF
α
j = ´gjαFαi , giαF

α
j = ´gjαFαi

F h(i,j) = q(iF
h
j), (1.2)

F hαF
α
i = eδhi , e = 0,˘1, i, h, j, . . . = 1, 2, . . . , n, (1.3)

where Γhij , Γ
h
ij are the Christoffel symbols of Vn, V n, respectively; ψi(x),

ϕi(x), qi(x), pi(x) are certain covectors; F hi (x) is affinor; brackets (i, j) de-
note the symmetrization with respect to the corresponding indices; comma
«,» is a sign of the covariant derivative with respect to the connection of
Vn.

If in (1.1) ϕi = 0 and ψi ‰ 0, then the quasi-geodesic mapping de-
generates into a geodesic map, [8–10, 27]. For ϕi ‰ 0 and ψi = 0, the
quasi-geodesic mapping is called canonical. If in (1.1) ϕi = 0 and ψi = 0,
the QGM is called trivial.

An affinor structure satisfying condition (1.3) is called [19]:
‚ elliptic if e = ´1,
‚ hyperbolic if e = +1,
‚ m-parabolic when e = 0, rankF = m (2m ă n),
‚ parabolic when e = 0, rankF = m (2m = n).

Equation (1.1) characterizes F -planar mapping which started to study
Mikeš and Sinyukov [18]. These results were specified in paper [7].

1.2. We call an affinor structure F hi satisfying conditions (1.2) a generali-
zed-recurrent structure (of elliptic, hyperbolic, or parabolic type) [15]. If in
the conditions (1.2) qi = 0, the affinor F hi defines a K-structure [1, 26,28].
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In [16], a recurrent-parabolic structure was introduced, which is deter-
mined by the conditions:

F hαF
α
i = 0, giαF

α
j = ´gjαFαi , F hi,j = qjF

h
i . (1.4)

The articles [12, 14, 23] are devoted to some issues that concern quasi-
geodesic mappings of recurrent-parabolic spaces.

The K-structure and the recurrent-parabolic structure are the special
cases of a generalized-recurrent structure.

In the context of types of recurrences and methods for extracting special
spaces with structure, the papers [6, 24] are of interest.

In [15] the properties of a generalized-recurrent structure of parabolic
type were studied.

We call the vector qi in (1.2) the generalized recurrence vector of the
structure F hi , and in the case F hi,j = qjF

h
i , the recurrence vector. Note

that if the vector qi is gradient, the affinor F̃ hi = e´qF hi , where qi = Bq(x)
Bxi ,

defines a K-structure in the generalized-recurrent space (Vn, gij , F
h
i ), and

a Kählerian structure in the recurrent-parabolic space.
Shortly, in this case (Vn, gij , F̃

h
i ) is a parabolic Kähler space, see [17,19].

The studied mappings are holomorphically projective mappings between
parabolic Kähler spaces. These problems were studied in [4, 17, 21, 22] and
also in the dissertation by Shiha [25].
1.3. Let us define an operation of contraction with an affinor, which is
called the conjugation with respect to the corresponding index and is de-
noted as follows:

T ...j1...jk´1αjk+1...jr
Fαi = T ...

j1...jk´1ijk+1...jr

T j1...jk´1αjk+1...jr
... F hα = T j1...jk´1hjk+1...jr

...

1.4. The integrable parabolic structure F hi in some neighborhood of the
point Vn can be reduced to the form

(F hi ) =

(
0 0
Im 0

)

where Im is the identity matrix of order m = n
2 .

We will call such a coordinate system adapted to the affinor. Then under
the conditions

giαF
α
j = ´gjαFαi , F hαF

α
i = 0,

the components of the metric tensor of the space Vn in the adapted coor-
dinate system satisfy the following conditions:

gab = gba, gab+m = ´ga+mb, ga+mb+m = 0,
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for a, b = 1, 2, . . . ,m. Further, the auxiliary tensor Ahi , will be useful to us,
which is determined in the adapted coordinate system by the matrix

(Ahi ) =

(
P Im

´P 2 ´P
)

where P is an arbitrary square matrix of order m.
It is easy to check that

F βαA
α
β = m, AhαA

α
i = 0, F hαA

α
i +AhαF

α
i = δhi . (1.5)

1.5. In [15] we came to the conclusion that the integrable affinor struc-
ture of the generalized-recurrent space (Vn, gij , F

h
i ) is characterized by the

following properties:

Fαi,α = 0, F h
j,i

= F h
j,i

= F hj,i = 0, qi = 0. (1.6)

Note that, in contrast to hyperbolic and elliptic types, an integrable
generalized-recurrent structure of parabolic type (in particular, a parabolic
K-structure) need not be Kählerian, i.e. relations (1.6) do not imply that
the affinor F hi is covariantly constant.

Further, in this paper, we consider only the integrable affinor structure.

1.6. In [15] it was proved that the image of a generalized-recurrent space
under QGM is also a generalized-recurrent space, that is,

F h(i|j) = q̃(jF
h
i),

where
q̃i = qi ´ ψi + ϕi,

«|» is a sign of a covariant derivative with respect to the connection of V n,
i.e. affinor F hi in the space V n also defines a generalized-recurrent structure.

Under the condition q̃i = qi we say that QGM preserves the generalized
recurrence vector. In this case, the vectors ψi and ϕi in the basic QGM
equations (1.1) are related as follows:

ψi = ϕi (1.7)
and ψi is locally a gradient:

ψ(x) = 1
2 ln

ˇ̌
g
g

ˇ̌
.

In this paper, we consider quasi-geodesic mappings (QGM) of generalized-
recurrent-parabolic spaces with an integrable affinor structure.

The investigation is carried out in tensor form, locally, in the class of
real sufficiently smooth functions.
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2. LiNEAR EQUATiONS OF THE THEORY OF QGMs OF
GENERALiZED-RECURRENT-PARABOLiC SPACES

2.1. A generalized-recurrent-parabolic space (Vn, gij , F
h
i ) admits a QGM

f : (Vn, gij , F
h
i ) Ñ (V n, gij , F

h
i )

if and only if in the coordinate system (xi) the fundamental equations of
this mapping are satisfied:

Γ
h
ij(x) = Γhij(x) + ψ(i(x)δ

h
j) + ϕ(i(x)F

h
j)(x), (2.1)

F hi (x) = F
h
i (x), F hαF

α
i = 0, (2.2)

ϕi = ψi, (2.3)
gij = ´gji, gij = ´gji, (2.4)

F h(i,j) = q(jF
h
i) i, h, j, . . . = 1, 2, . . . n (2.5)

where qi is the generalized recurrence vector of the structure F hi . In other
words, the mapping f : (Vngij , F hi ) Ñ (V n, gij , F

h
i ) is a QGM if and only

if under conditions (2.3), (2.2), (2.4), (2.5) in the space (Vn, gij , F
h
i ) the

system of nonlinear differential equations in partial derivatives of the first
order (2.1) with respect to the components of the tensor gij(x) and the
vector ϕi ‰ 0 has a solution.

Using methods developed in the theory of geodesic mappings of Rie-
mannian spaces [27], we reduce the fundamental equations (2.1)-(2.5) to a
form that allows an effective study.

2.2. The following theorem holds:

Theorem 2.2.1. A generalized-recurrent-parabolic space (Vn, gij, F
h
i ) ad-

mits a non-trivial QGM if and only if it contains a non-singular symmetric
tensor of type (0, 2) aij satisfying the equations

aij,k = λigjk + λjgik + λiFjk + λjFik, (2.6)
and

aij = ´aji, det(aij) ‰ 0, (2.7)
for some covector λi ı 0.
Proof. Assume that a generalized-recurrent-parabolic space Vn admits a
QGM onto V n. Since gij|k = 0 in V n, the equation (2.1) can be written in
the following equivalent form:

gij,k = 2ϕkgij + ϕigjk + ϕjgik + ϕiF jk + ϕjF ik,

F ik = giαF
α
k .

(2.8)
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The equations (2.8) control the existence of quasi-geodesic mappings of
generalized-recurrent-parabolic spaces.

Let us introduce the following nondegenerate tensor
aij = e2ψgαβgαigβj . (2.9)

Since giαgαh = δhi , we have that
giα,kg

αh = ´giαgαh,k .
Therefore, it follows from (2.9) and (2.8) that

aij,k = λigjk + λjgik + λiFjk + λjFik, (2.10)
where

λi = ´e2ψϕγgγαgαi. (2.11)
It is easy to check that in view of (2.3) and (2.4), λi is gradient and

aij = ´aji, det(aij) ‰ 0. (2.12)

Thus, if a pseudo-Riemannian space (Vn, gij, F
h
i ) with a generalized-

recurrent-parabolic structure F hi admits a non-trivial QGM on the space
(V n, gij , F

h
i ), then it necessarily contains a nonsingular symmetric tensor

aij satisfying (2.10), (2.12) for some nonzero vector λi.
The converse is also true. Indeed, if aij and λi satisfy (2.10), (2.12),

then (2.8), (2.3), (2.4) hold for
gij = e´2ψaαβgαigβj

and
ϕi = ´e´2ψλαg

αβgβi. □

The equation (2.10) is a new linear form of the fundamental equations
of the theory of QGMs of generalized-recurrent-parabolic spaces.

3. FUNDAMENTAL THEOREMS OF QGMS OF
GENERALiZED-RECURRENT-PARABOLiC SPACES

3.1. Let (Vn, gij , F
h
i ) be a generalized-recurrent-parabolic space, so its

metric tensor gij(x) and affinor F hi (x) satisfy conditions (2.2), (2.4), (2.5).
The question of the existence of a QGM of the space (Vn, gij , F hi ) is reduced
to the study of differential equations (2.10) with respect to the tensor aij
and the vector λi satisfying conditions (2.12).

Further, we consider the integrability conditions for the equations (2.10),
which, taking into account the Ricci identity and (2.5), have the following
form:

aα(iR
α
j)kl = gk(iKj)l ´ gl(iKj)k + Fl(iλj),k ´ Fk(iλj),l + λ(iFj)[k,l], (3.1)
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where
Kil = λi,l + λαF

α
i,l. (3.2)

Note that, in view of (2.5) it follows from (3.2) that
Kil = 0. (3.3)

Using the tensor Ahi defined earlier let us introduce the following tensor:
Aij = Aiαg

αj .

Contract (3.1) with Akj with respect to the indices k, j and conjugate
with respect to the index i. Taking into account (3.3), we obtain

Kil =
2

n´ 2
aαβR̃

αβ

il
, (3.4)

where
R̃αβil = δβ(γR

α
i)σlA

σγ .

Contraction (3.1) with Akj over indices k, j and conjugation on i gives us

aαβR̃
αβ

il
=
n´ 4

2
Kil +KiνA

ν
l ´ µFil ´ λα

(
n´ 2

2
Fαi,l ´ Fαi Fβ[γ,l]A

γβ

)
,

where
µ = KαβA

βα.

Then we get from (3.4):
n´ 4

2
Kil = µFil + aαβ

(
R̃αβ
il

´ 2

n´ 2
R̃αβ
iν
Aνl

)
+

+ λα

(
n´ 2

2
Fαi,l ´ Fαi Fβ[γ,l]A

γβ

)
.

Contracting (3.1) with Akj over indices k, j in view of this equation gives
λi,l = aαβS

αβ
il + λαP

α
il + µQil + νFil, (3.5)

where

Sαβil =
4

n(n´ 4)
R̃αβiγ

(
n´ 4

2
δγl ´ n´ 4

n+ 2
Aγl

)
+

+
4

n(n´ 4)
R̃αβργ

[
n+ 4

n+ 2
F ρi A

γ
l + gσiA

σρ

(
8(n´ 1)

n2 ´ 4
Aγl ´ 2δγl

)]
,

Pαil =
2

n
Fi[l,γ]A

γα +
2(n´ 2)(n+ 4)

n(n´ 4)(n+ 2)
Fαi,γA

γ
l ´ 2

n´ 4
Fαβ,lgiσA

σβ+

+
4

n(n´4)

(
2Fβ[σ,l]gγiA

γα ´ n´4

2
δαi Fβ[σ,l] ´ n+4

n+2
Fαi Fβ[σ,γ]A

γ
l

)
Aσβ,
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Qil =
4

n(n´ 4)

(
n

2
gil +

2(n+ 6)

n+ 2
FαiA

α
l

)
,

ν = λα,βA
βα.

Note, that the expression for the tensor Qil means that

4Qil =
2(n+ 4)(n´ 6)

n(n+ 2)(n´ 4)
Fil, Qil =

2

n´ 4
Fli, (3.6)

Qαβg
αβ =

2(n´ 12)

(n+ 2)(n´ 4)
, QαβA

αβ = 0, (3.7)

Qil,k = 0. (3.8)

3.2. Due to (2.10) the integrability conditions for (3.5) have the following
form:

Qi[lµ,k] + Fi[lν,k] + µQi[l,k] + νFi[l,k] + aαβS̃
αβ
ilk + λαP̃

α
ilk = 0 (3.9)

where
S̃αβilk = Sαβi[l,k] + Sαβγk P

γ
il ´ Sαβγl P

γ
ik,

P̃αikl = Rαikl +
(
Sαβi[l + Sβαi[l

)
gk]β ´ S

(αβ)
i[l Fk]β.

Conjugating (3.9) and taking into account (3.6), (3.7), (3.8) we obtain:
2

n´ 4
(Fliµ,k ´ Fkiµ,l) + aαβS̃

αβ

ilk
+ λαP̃

α
ilk

= 0.

Comparing the result of cycling this equation by i, k, l with the original
relations, we get:

4

n´ 4
Fklµi + aαβ

(
S̃αβ
lki

+ S̃αβ
kil

´ S̃αβ
ilk

)
+ λα

(
P̃α
lki

+ P̃α
kil

´ P̃α
ilk

)
= 0.

Hence, after contraction with Akl with respect to the indices l, k, we find
that

2n

n´ 4
µ,i = aαβS

αβ
i + λαP

α
i , (3.10)

where
S
αβ
i =

(
S̃αβγσi + S̃αβσiγ ´ S̃αβ

iγσ

)
Aσγ ,

P
α
i =

(
P̃αγσi + P̃ασiγ ´ P̃α

iγσ

)
Aσγ .

Similarly, comparing the result of cycling (3.9) by i, k, l with the original
relations based on the expression (3.10), we get:

nν,i = aαβS
αβ

i + λαP
α

i + µQi + νQi, (3.11)
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where

S
αβ

i =

(
n´ 4

2n
Qi[γS

αβ
σ] + S̃αβ(iσγ) ´ 2S̃αβiσγ

)
Aγσ,

P
α

i =

(
n´ 4

2n
Qi[γP

α
σ] + P̃α(iσγ) ´ 2P̃αiσγ

)
Aγσ,

Qi = Qσ[γ,i] +Qγ[i,σ] ´Qi[σ,γ]A
γσ,

Qi = 2Fσγ,iA
γσ.

Equations (2.10), (3.5), (3.10) and (3.11) constitute a closed system of
first order partial differential equations of Cauchy type with respect to
the unknown functions aij , λi, µ, ν. Let us denote it by (B). In the
theory of differential equations regular methods have been developed for
such systems. Thus, we proved the following

Theorem 3.2.1. A pseudo-Riemannian space (Vn, gij(x), F
h
i (x)) with an

integrable generalized-recurrent-parabolic structure F hi (x) admits a QGM ,
if and only if the system of differential equations (B) has a non-trivial
solution

aij(x), λi(x) ı 0, µ(x), ν(x),

satisfiing the conditions
aij(x) = aji(x), det(aij(x)) ‰ 0, aij = ´aji.

The family of differential equations (B) is linear with coefficients of in-
trinsic character in Vn and independent of the choice of coordinates. If the
metric tensor g and the structure tensor F of the generalized-recurrent-
parabolic manifold Vn are real, then for the initial data

aij(x0) = a̋ij , λi(x0) =
˝
λi, µ(x0) = µ̋, ν(x0) = ν̋.

The system (B) has at most one solution. Taking into account that
the initial data must satisfy (2.2), (2.4) which in canonical coordinates are
written as:

gab = gba, gab+m = ´ga+mb, ga+mb+m = 0,

for a, b = 1, 2, . . . ,m, we see that the general solution of (B) depends on r
significant parameters, where

r =
n

4

(n
2
+ 1
)
+
n

4

(n
2

´ 1
)
+ n+ 2 =

(n+ 2)2

4
+ 1.

The solution of (B) satisfying the given initial conditions

aij(x0) = a̋ij , λi(x0) =
˝
λi, µ(x0) = µ̋, ν(x0) = ν̋,
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can be given as a Taylor series, and if necessary, computed in a neighbor-
hood of a given point x0 of the space.

3.3. Notice that the system (B) might not be consistent. However, this
system is consistent if and only if the set of integrability conditions (B) and
their differential prolongations are consistent. The integrability conditions
for the first group of equations (B), taking into account (3.1), (3.2), (3.5),
can be represented in the form:

aαβT
αβ
ijkl + λαM

α
ijkl + µNijkl = 0, (3.12)

where

Tαβijkl = δα(iR
β
j)kl +

n´ 4

2(n´ 2)
R̃αβγν F

γ
(jgi)[k

(
(n´ 4)δνl] + 2Aνl]

)
+

+ Fl(iS
αβ
j)k ´ Fkl(iS

αβ
j)l ,

Mα
ijkl = Cαij[kl] + Fl(iP

α
j]k ´ Fk(iP

α
j]l + δα(iFj)[k,l],

Cαijkl = gk(i

(
n´ 2

2
Fαj),l ´ Fαj)Fβ[γ,l]A

γβ

)
,

Nijkl = Fl(i
(
Qj)k ´ gj)k

)´ Fk(i
(
Qj)l ´ gj)l

)
.

The integrability conditions for the second group of equations (B), taking
into account (3.9), (3.10), (3.11), have the form:

aαβT
αβ
ikl + λαM

α
ikl + µN ikl + νLikl = 0, (3.13)

where

T
αβ
ikl =

n´ 4

2n
Qi[lS

αβ
k] +

1

n
Fi[lS

αβ

k] ,

M
α
ikl =

n´ 4

2n
Qi[lP

α
k] +

1

n
Fi[lP

α

k],

N ikl = Qi[l,k] +
1

n
Fi[lQk],

Likl = Fi[l,k] +
1

n
Fi[lQk].

The integrability conditions for the third group of equations (B), taking
into account (2.5), (3.5), (3.10), can be represented in the form:

aαβT
αβ

il + λαM
α

il + µN il + νLil = 0, (3.14)
where

T
αβ

il = S
αβ
[i,l] + Sαβγ[lP

γ
i],
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M
α

il = P
α
[i,l] + Pαγ[lP

γ
i] + gβ[l

(
S
(αβ)
i] ´ S

(αβ)
i]

)
,

N il = Qα[lP
α
i], Lil = Fα[lP

α
i].

Finally, the integrability conditions for the fourth group of equations (B),
taking into account (2.5), (3.5), (3.10), (3.11) can be represented in the
following form:

aαβT̃
αβ

il + λαM̃
α

il + µÑ il + νL̃il = 0, (3.15)
where

T̃
αβ

il = S
αβ

[i,l] + Sαβγ[lP
γ

i] +
n´ 4

2n
S
αβ
[l Qi] +

1

n
S
αβ

[l Qi],

M̃
α

il = P
α

[i,l] + Pαγ[lP
γ

i] + gβ[l

(
S
(αβ)

i] ´ S
(αβ)

i]

)
+
n´ 4

2n
P
α
[lQi] +

1

n
P
α

[lQi],

Ñ il = Q[i,l] +
1

n
Q[lQi] +Qα[lP

α

i],

L̃il = Q[i,l] +
1

n
Q[lQi] + Fα[lP

α

i].

Denote the integrability conditions (3.12), (3.13), (3.14) for the system
(B) by (B0). Obviously, (B0) is a system of linear homogeneous algebraic
equations for an unknown functions aij , λi, µ, ν with coefficients from
Vn. They must be satisfied identically for any solution of the system (B)
whenever it exists.

Differentiating (B0) covariantly and using (B) we obtain the first pro-
longation of (B0) which we denote (B1). Obviously, (B1) is also a system
of linear homogeneous algebraic equations in aij , λi, µ, ν with coefficients
from Vn. The differential prolongations of (B1) will be denoted (B2) and
so on.

As we see, (B0), (B1), (B2), . . . is a system of linear homogeneous alge-
braic equations for aij(x), λi(x) ı 0, µ(x), ν(x) with coefficients from Vn.
Since the number of unknown functions is finite, there is a natural number
N such that (BN ) and subsequent continuations will be consequences of
(B0), (B1), . . . , (BN´1).

In accordance with the analytical theory of differential equations, the
system (B) has a non-trivial solution in the neighborhood of the point M0

if and only if the system of equations (B0), (B1), . . . , (BN´1) has a non-
trivial solution at this point.

Hence, we get the following
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Theorem 3.3.1. A pseudo-Riemannian space with an integrable generali-
zed-recurrent-parabolic structure (Vn, gij(x), F

h
i (x)) admits a QGM if and

only if the system of homogeneous algebraic equations (B0), (B1), . . . , (Bs´1)
has a non-trivial solution in (Vn, gij , F

h
i )

aij(x), λi(x) ı 0, µ(x), ν(x)

which satisfies the conditions

aij(x) = aji(x), det(aij(x)) ‰ 0, aij = ´aji.
Theorems 3.2.1 and 3.3.1 together supply us with a regular method en-

abling to decide effectively whether a generalized-recurrent-parabolic space
(Vn, gij , F

h
i ) admits non-trivial QGM or not, and in the affirmative case,

we are in principle able to find all generalized-recurrent-parabolic spaces
(V n, gij , F

h
i ) that can serve as images of Vn under the mappings consid-

ered. Hence, Theorems 3.2.1 and 3.3.1 turn out to be the fundamental
theorems of the theory of QGMs.

4. CONCLUSiON
The main problem in studying any mappings

f : (Vn, gij , F
h
i ) Ñ (V n, gij , F

h
i )

is a possibility for a given space (Vn, gij , F
h
i ) to find out whether it admits

the specified mapping or not.
The question of the existence of a QGM of the generalized-recurrent-

parabolic space (Vn, gij , F
h
i ) reduces to the study of differential equations

(2.10) with respect to the tensor aij and the vector λi satisfying condi-
tions (2.12). Subsequently, the solution of the problem is reduced to finding
non-trivial solutions

aij(x), λi(x) ı 0, µ(x), ν(x),

of the system of homogeneous algebraic equations in (Vn, gij , F
h
i ).

Theorems 3.2.1 and 3.3.1 allow for any generalized-recurrent-parabolic
space (Vn, gij , F hi ) either to find all spaces (V n, gij , F

h
i ) on which Vn admits

a QGM or prove that there are no such spaces. However, for large n, the
direct solution of this problem is technically rather complicated.
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