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On the Gottlieb groups
Guix(M(Z" @ Zy,n)) for k=1,2

Marek Golasiriski, Thiago de Melo, Rodrigo Bononi

Abstract. We are motivated by [M. Arkowitz. K. Maruyama. J. Math.
Soc. Japan, 66(3):735-743, 2014]: “It would be interesting to compute other
Gottlieb groups of Moore spaces such as, for example, Gp41(M(A,n))” to
compute the Gottlieb groups Gn4x(M(Z™ @Z2,n)) for k =1,2 and m > 1.

Amnoranis. B crarri [M. Arkowitz. K. Maruyama. J. Math. Soc. Japan,
66(3):735-743, 2014] 6yso mocTasieHe mUTaHHS OPO o6umcseHHs rpyn Lor-
T1iba npocropis Mypa, Hanpuknag, rakux sk Gni1(M(A,n)). B nasiit po-
Gori obuncooTbest rpymu Lorriiba Gryrx(M(Z™ @ Zz,n)) nust k = 1,2 1a
m = 1.

INTRODUCTION

Given a pointed space X, its n-th Gottlieb group G,(X) with n > 1
was introduced and studied by Gottlieb in [8,9], and it has been shown
to have many topological applications. There have been recent results on
Gottlieb groups of rational spaces [5, pp. 377-380] and on Gottlieb groups
of spheres, projective and Moore spaces [7].

The paper [2] deals with G, (3X; v ¥X2 v -+ v ¥ X}), where XX is
the suspension of the space X;, with particular attention to the case k = 2
and X; a sphere. Necessary and sufficient conditions for an element of the
homotopy group m,(XX1 v -+ v ¥X}) to be in G, (XX v -+ v 3 X}) are
presented in [2, Proposition 2.4].

We are motivated by [2, Remark 4.5]: “It would be interesting to compute
other Gottlieb groups of Moore spaces such as, for example, G,,11(M (A, n))”
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to compute the Gottlieb groups G, (M (Z™ @ Za,n)) for k = 1,2 and
m = 1.
This paper is organized as follows. Section 1 fixes up some notations and
definitions, and necessary known results on Gottlieb groups as well.
Section 2 generalizes some results presented in [2]. First, the groups

Gn(VS™) for ny > 2 with ¢t € T are computed provided |T| > 2 and
teT

N < 2min{n;}er — 1. Then [8,9] are used to study

Gy(Vstv vsm)

seS teT

with |S| =1, |T| = 0 and n; > 2 for t € T provided N < 2min{n;} — 1.
Section 3 presents computations of Gottlieb groups of Moore spaces

M (A, n) for some finitely generated Abelian groups A and, in particular, it

is devoted to explicit computations of Gottlieb groups G, (M (Z™®Z2, n))

for k =1,2 and m > 1. The main results of this paper, as consequences of

Theorems 3.9 and 3.18, say:

o if n =3 then Gpy1(M(Z™ @ Za,n)) =0 form = 1;
o if n >4 then Gpio(M(Z™ ® Z2,n)) =0 for m > 1.

Conclusions on G4 (M(A,n)) with & = 1,2 for some finitely generated
Abelian groups A are derived as well.

1. PREREQUISITES

Throughout this paper all spaces and maps are assumed to be connected,
based and of the homotopy type of CW-complexes. We use the standard
terminology and notation from homotopy theory, mainly from [16]. We do
not distinguish between a map and its homotopy class, write QX (resp.
¥ X) for the loop (resp. suspension) space on a space X and [X,Y] for
the set of homotopy classes of maps X — Y, and X ~ Y for a homotopy
equivalence of spaces X and Y.

Given spaces X and Y, we use the customary notations X v Y and
XAY =(XxY)/(XvY) for the wedge and the smash product of spaces
X and Y, respectively. Let tx be the identity map on a space X and ¢, be
the identity map on the n-sphere S” and write m,(X) with n > 0 for the
n-th homotopy group of X.

For maps a: XX — Z and §: XY — Z, there exists a map

k(a,B): (X AY) > Z

as defined in [1] and its homotopy class is the generalized Whitehead prod-
uct:

[, 8] = [k(e, B)] € [B(X A Y), Z].
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In particular, given the inclusions
1: 22X > 3XX vYY and jo: XY —> XX vXY
we call
k=k(j1,72): (X AY) > XX v XY
the generalized Whitehead map. By |1, Corollary 4.3|, there is a homotopy

equivalence Cj, — XX x LY where C}, stands for the mapping cone of the
map k.

In the sequel, we need a formula which generalizes one proved by Barcus-
Barratt [3, Corollary (7.4)] in case A and B are spheres and by Rutter 15,
Theorem 3.5.1] if A and B are suspensions. In fact only A needs to be a
co-H-space.

Proposition 1.1 (|4, (3.4) Proposition, p. 51]). Assume A is a co-H -space
and B has finite dimension. Then, the Whitehead product of YA = Z and

sBLyy Lz satisfies the formula
0.57] = £ [0, 840 (1a ()

for the James-Hopf invariant hy: [SB,XY] — [SB,(XY)"*], where the
symbol

Haaﬁk] = [ o [[a7/8]718]7 s 7ﬁ]
denotes an iterated Whitehead product.
Remark 1.2.
(i) hi(y) =~ for any v € [EB, XY;
(i) if v € [¥B,XY] is a suspension then it is easily seen that hx(y) = 0
for k = 2.

Now, given an Abelian group A and n > 2, write M (A, n) for the Moore
space of type (A,n). Notice that
M(A,n+1)=XM(A,n) forn > 2,

and M(A,2) = XL(A) for some space L(A). Certainly, m,(M(A,n)) = A
and M (Z,n) = S™, the n-sphere, for the group Z of integers. Furthermore,
M"™ = ¥ 2RP? with the real projective plane RP? = M? and n > 3 is the
Moore space of type (Zz,n —1). If m: S — S" is a map of degree m then

M(Z,n) = S"™ Uy €™
for the cyclic group Z,, with order m. Denote by i,41: S" < M(Zp,,n)

the canonical inclusion map and by pyi1: M(Zy,,n) — S™*! the pinching
map.
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Proposition 1.3 (|7, Lemma 3.15]). If A and B are torsion Abelian groups
whose primary components are indexed by disjoint sets of primes then the
inclusion map

M(A,m)v M(B,n) — M(A,m) x M(B,n)

is a homology isomorphism for m,n = 2, and consequently, a homotopy
equivalence as well.

Notice that Proposition 1.3 implies that the space M(A,m) A M(B,n)
is contractible for m,n > 2 provided that the groups A, B are Abelian
torsion groups and their primary components are indexed by disjoint sets
of primes. In particular, the space M (Zy, m) A M(Z;,n) is contractible for
m,n = 2 provided k and [ are relatively prime.

Given m > 1, recall that the m-th Gottlieb group G,,(X) of a path-
connected space X has been defined in [8,9] as the subgroup of the homo-
topy group 7, (X) consisting of all elements which can be represented by
amap f:S™ — X such that

fvix:S"vX—>X

extends (up to homotopy) to F': S™ x X — X. Recall that a € G,,,(XX) if
and only if the generalized Whitehead product [, txx] = 0 (see [1, Propo-
sition 5.1]).

Given the inclusion maps

J1: XX > ¥X vXY and jo: XYY - XX v3XY

and identifying ¥ X v XY with 3(X v Y), then, by |2, Proposition 2.2|, we
have:

Proposition 1.4 (|2, Proposition 2.3]). Let o € m, (XX v XY). Then,
a € Gnp(EX v XY) if and only if [, j1] = 0 = [a, j2].

A straightforward extension of the Proposition 1.4 to the wedge
T=YXX1v - -vXXg

gives that o € G,,(T) if and only if [o,js] = 0, for s = 1,2,...,k, where
Js € [XX5,T) is the inclusion and « € 7, (T).

Let A, be the p-primary component of an Abelian group A. If follows
from [9, Theorems 1-7 and 2-1| and Proposition 1.3 that:

Corollary 1.5.

(i) Let A and B torsion Abelian groups whose primary components are
indexed by disjoint set of primes. Then,

Gr(M(A,m) v M(B,n)) = j1«Gr(M(A,m)) @ joxGr (M (B, n)),
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for k=1, m,n > 2. In particular, if the 2-primary component Ao is
trivial one finds that

Gr(M(A,m) v M™™) = j1,Gr(M(A,m)) @ jox Gr(M"™F1),
fork>=1,m,n>=2.
(ii) If A = @2:1 Ay, is the primary decomposition of the finite Abelian
group A, then
Gr(M(A,m)) =

)

ji* Gk’(M(APi ) m))a

t
=1

fork=1m > 2.

Since inclusions and projections Xy, EiN e v Xo & X satisfy
) if k#1,
W= 1y, ifk=1,

for k,1 = 1,2, we can state:

Proposition 1.6. Suppose
T (X1 v X2) = j1a7m (X1) @ josmm(X2),
for some m = 1. Then,
G (X1 v X2) S j1:Gin(X1) @ j2: G (X2).
Proof. By [9, Proposition 1-4], we have
Qi : G (X1 v X2) — G (Xg).

If o € G (X1 v X2), then o = ji(a1) + jJox (), where ay, € 1, (Xy) and
80, o = g« () with oy € Gy, (Xy), for k = 1,2. This implies that

Gm(Xl V] XQ) c jl*Gm(Xl) @jg*Gm(XQ) ~ Gm(Xl X XQ). ]

Remark 1.7. If the spaces X and Y are (m — 1)- and (n — 1)-connected,
respectively, then 71 (X x Y, X vY) =0 for k+ 1 < m+ n. This implies
that the inclusion map X vY — X x Y is an (m + n — 1)-equivalence.
Consequently, the inclusion map

M(A,m)v M(B,n) — M(A,m) x M(B,n)
implies an isomorphism
me(M(A,m) v M(B,n)) = mp(M(A,m)) @ m(M(B,n))
for k < m + n — 1. In particular,

M(A® B,n) =M(A,n) v M(B,n)
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yields an isomorphism
1 (M(A® B,n)) = m(M(A,n)) @ (M (B,n))
for k < 2n — 1.
Let A and B be Abelian groups. By Proposition 1.6 and Remark 1.7 we
get:
Corollary 1.8. Ifk <m +n —1, then
Gr(M(A,m) v M(B,n)) € ji«Gr(M(A,n)) ® j2. Gr(M (B, m)),

fork =1 and m,n = 2.

2. GOTTLIEB GROUPS OF WEDGE OF SPHERES

In view of |2, Corollary 3.6], Gn(S™ v S™) = 0 with 2 < m < n provided
N < 2m — 1. In this section, we first compute Gy (VS™) with [T > 2
teT

and ny > 2 for t € T provided N < 2min{n;},r — 1. Then, we make use
of [8] and [9] to study Gy (VS' v VS™) with [S| > 1, |T| > 1 and n; > 2
sesS teT

for t € T provided N < 2min{n;} — 1.
First recall that |2, Proposition 2.4] states:
Proposition 2.1. Let a« € m,(XX1 v - -+ v ¥X}). Then,
aeGr(EX) v vEX,)
if and only if [a, j;] = 0 for the canonical inclusions
Ji: 22X = XX3 v vEX,
withi=1,...,k.

Furthermore, from [2, Theorem 3.4] it is derived:

Proposition 2.2. Suppose that 2 < m,n and N < 2min{m,n} — 1, then
GNn(S™ v S™) =0.
Applying Proposition 2.1, we get a generalized version of [2, Theorem 3.4]
which yields:

Proposition 2.3. Suppose that k = 2 and n; = 2 fori =1,..., k. If
N <2 min {n;} then

1<i<k—1
GN(S™ v .- v S™) =0.

Then, we derive a generalization of Proposition 2.2:
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Corollary 2.4. Let T be a set with |T| = 2 and ny = 2 fort € T. If
N < 2rtn1Tn{nt} — 1, then
€

Gn(VS™) =0.
teT
Proof. Let f: SN — \/S™. Since the image f(SY) is compact, there exist

tel
k=1,t;el witht=1,...,k and a map

rk
fosv Ly
i=1

k
such that j o f’ = f for the canonical inclusion j: \/S™i — \/S™.
i=1 teT
Certainly, we may assume that £k > 2. But, poj =t n for the

V S
k=1

. -
projection map p: VS™ — V S" therefore |9, Proposition 1-4.] implies
teT i=1
that the map
n
pe: v (V™) = my (V™)
{2

teT =1
n
carries G N( \/S"t) into G N( \/S”tz’). Consequently, in view of Proposi-
tel i=1
tion 2.3, we get p4(f) = f' = 0 and the proof is complete. O

Next, we need:

Theorem 2.5 ([8, Theorem IV.1]). Suppose X has the same homotopy
type as a compact, connected polyhedron. Then, G1(X) = 0 if the Euler-
Poincaré number x(X) # 0.
k
Since x(S' v S") = (=1)" for n > 1 and x(VS') = 1 — k, we deduce
i=1

from Theorem 2.5 that

Gi(S'vSY) =0 (2.1)
forn > 1 and
k
G1<\/S1) =0 (2.2)
=1

for k = 2.
Furthermore, applying (2.2) and |9, Proposition 1-4.] as in the proof of
Corollary 2.4, we get:
G1<\/Sl> ~0 (2.3)
teT
for |T| = 2.
Then, we can state:
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Proposition 2.6. If S,T are sets with |S|,|T| > 1 and ny = 2 forte T
then

G1<\/S1 v \/S"t) —0.

seS tel
Proof. First, notice that the case |S| = |T| = 1 follows from (2.1). Next,
applying the Seifert-van Kampen Theorem, we get:

m (St v VS™) = jiemi (ST v §™0) % joumi( VS™)
teT teT\{to}

= jl*ﬂ'l(Sl \Y Snto)

with |T'| > 2 for the canonical inclusions

ji:Stv S — Sty vSs™, jor VS Sty VvV/S™
teT teT\{to} teT
and
(VS v V™) = (VS # jaem (VS™) = jrm (VS
seS teT seS teT seS
with [S| = 2 and |T'| > 1 for the canonical inclusions
g1 VSt Vvstv vs™, jor VS™ s Sy VvV S™.
seS seS teT teT seS teT

Then, Proposition 1.6 and equations (2.1), (2.3) yield that
G (Sl v \/S"t) < Gy (S v S™0) = 0
teT
with |T'| > 2 and
Gi(vs'v vs)cai(vs)=o
ses teT seS
with |S| > 2 and |T'| > 1 and the proof follows. O

Next, recall:

Theorem 2.7 (|9, Theorem 6-2). Let p: X — X be a covering map. If
n =1 then py H(Gn(X) S Gn(X)). In other words, if we identify m,(X)
with m,(X) under the isomorphism ps for n = 2 then Gp(X) 2 Gp(X).

Now, consider the space

X =VS'v Vs
seS teT

with |S],|T| = 1 and my > 2 for t € T. Then, by the Seifert-van Kampen
Theorem, we have that m (X) = 771( V Sl) and the space
seS

="\ (vs")

gem(X)
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is the universal covering of X.
Therefore, Corollary 2.4, Proposition 2.6 and Theorem 2.7 yield:

Proposition 2.8. Let |S|,|T| > 1 and ny = 2 witht e T. If
N < 2min{n}ter — 1

then GN(\/S1 v \/S”t) = 0.
seS teT

3. COMPUTATIONS

In this section we compute Gottlieb groups G, (M(A,n)) with k = 1,2
of Moore spaces M(A,n) for some finitely generated Abelian groups A.
First, we recall from [2]:

Theorem 3.1. Let A be any finitely generated Abelian group and n > 3.
Then,

0, if n is even,

Gn(M(A,n)) = 0, if n is odd and rk(A) # 1,
22. < 7= mp(S™), ifn # 3,7 is odd and A =7,
Z = m(S"), ifn=3,7and A=17.

In addition, by [2, Corollary 4.4] if n is odd, then Gy, (M(Z @® A,n)) is
infinite cyclic, where A is a finite Abelian group.

We work in the sequel with a finitely generated Abelian group A whose
torsion subgroup has order |A| = 2 (mod 4). Notice that in [7, Chapter 3|
there are some results on G,11(M(A,n)) only for A having an odd order
torsion subgroup.

Groups Gp41(M(A,n)). First, we observe that Proposition 2.3 leads to
the following:

Proposition 3.2. If n > 2 and m > 2 then Gpix(M(Z™,n)) = 0 for
k<n-—1.

Because M™ = M(Za,n — 1), by [7, Corollary 3.11], we have:

Proposition 3.3. G,41(M(Z2,n)) =0, forn = 3.

Let
Np = En—2n2: Sn+1 NS
be the (n — 2)-suspension of the Hopf map 77: S* — S2. Now, using both
propositions above, we show:
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Proposition 3.4. Let n > 3. Then:
(i) Gps1(M(Z™ @ Z2,n)) =0, for m = 2;
(i) Gpn1(M(Z ® Za,n)) <
S j1a(Gn1 (87) = (Z]f{j ik 0 =0 orn =3 fmod 4)
Proof. (i) Since
Gni1(M(Z™ @ Z2,n)) = Gpy1 (M(Z™,n) v M(Za,n)),

by Corollary 1.8 and Propositions 3.2 and 3.3, statement (i) follows.
(ii) First, recall from [7, (1.15)] that

1, forn=2,6orn=3 (mod 4),

ﬁ[bnv 77n] = .
2, otherwise.

Now, applying Corollary 1.8 and Proposition 3.3, the proof is complete. [J

Remark 3.5. If A is a finite group with order |A| = 2 (mod 4) then the

2-primary component As has order two.

Proposition 3.6. Let A be a finite Abelian group with |A] = 2 (mod 4).
For n = 3, it holds:
(i) Gr1(M(A,n)) =0;
(i) Gp1(M(Z™ ® A,n)) =0 for m > 2;
(iil) Gra1(M(Z® A,n))
) Zo{jinm}t, ifn=06orn=3 (mod 4),
€ i1e(Goar (S™) = 2{jim}, if ’ ( )
0, otherwise.

Proof. (i) By Corollary 1.5 we can write

G (M(A,n)) = <:+> JisGoir (M( Ay, )

t
for A = @ Ap,. Furthermore, by |7, Proposition 3.19] we know that
i=1

Gn+1(M(Ap,,n)) = 0 for p; > 2, and by Remark 3.5 we know that Ay ~ Zy
if |A| =2 (mod 4). Consequently,

Gri1(M(A;n)) = joxGny1(M(Az,n)) ~ Gnia(M(Z2,n)) =0,

where the last equality is due to Proposition 3.3.
(ii) We simply write

Grit(M(Z™ @ A,n)) = Gyt (M(Z™, 1) v M(A,n)).
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Then, by Corollary 1.8, Proposition 3.2 and previous item, the result fol-
lows.
(iii) It is similar to the proof of Proposition 3.4(ii). O

Proposition 3.4(ii) gives only two possibilities for G,,+1(M(Z@® A, n)). In
the sequel, we show that it is trivial, but first, we pose some needed results.
Write 7,: M"? — S for the extension of n, with n > 3. It is the
unique (up to homotopy) element satisfying 7,,in+2 = 7,. Then,
Yy =M1 and 27, = 77721pn+27 (n = 3).
Dually, let 7, : S"*2 — M"™*1 be the coextension of 1, for n > 2. It is the
unique (up to homotopy) element satisfying p, 417, = Mn+1. Then,
Sin = i1 and 27, = inqins, (0= 2). (3.1)
By [7, Lemma 1.26], 7,41 (M™) = Zy{fjn_1} and [M"F2 S"| = Z4{7,} for
n > 3. Furthermore, from [12, Lemma 1.5] we have
(M, M"] = Zo{inT1} ® Zo{iin—1pn41}, (n=4).  (32)
Recall that
Gnt(M(Z® Z2,n)) S jix(Gn+1(S")).
If j14(Gp41(S™)) is non-trivial, we have that jin, € Gpi1(M(Z @ Za,n)) if
and only if [j17n, 71] = 0 = [J17n, jo|, for the inclusions
j1:S" > M(Z@®Zy,n) and jo: M < M(Z @ Zo,n).
Now, [j17n,J1] = Ji[0n,tn] = 0, since G,11(S™) = Za{n,} and conse-
quently 711, € Gpy1(M(Z @ Za,n)) if and only if [ji1m,, j2] = 0.

To compute [j17y, jo|, we notice that by Remark 1.2(ii) or degree reasons
hi(nn) = 0 for k > 2. Then, we make use of Proposition 1.1 and obtain:

o0
G2, J1mn] = [d2: 31] © (tar@am—1) A M) + kzz[[jmjﬂ o (LM (zan—1) A P ()

= [j2,71] o (LM(ZQ,nA) N (3-3)
for n = 3, where hy is the James-Hopf invariant and the symbol
[[j?ajf] = [ o Hj?ajl]?jl]? v 7j1]

denotes the iterated Whitehead product.
Now, we show a formula useful in the sequel, found in the proof of 13,
Lemma 3.1]:

Lemma 3.7. We have that
m ALy = i4ﬁ3 + 773])5. (3.4)
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Proof. The cofibration S* NG YIRS yields the exact sequence

% -3k

- m5(M*) = Za{ils} = [M°, M'] 2> ma(M*) = Zafians} — 0.

But,
M2 A tagz € [MP, M*] = Z{iais} ® Za{7japs}

and:

M2 Ad = Lot Aot = (12 Ad2) 0 (N2 A t1) = dans = (ia73) © is,

N2 A iz =T2l3 N LMQiQ = (772 AN LMQ) ] (L3 7AN ig) = (772 A LMQ) Oi5.
Hence, £ (n2 A tpr2 —ia73) = 0 and the exact sequence above implies

M2 A Lyz = 1473 + Z1)3P5 (3.5)
with 2 = 0, 1.
Next, consider the exact sequence
4 12 5 qdp 4
0 — m5(S%) = Zo{na} — [M°,S°] = ma(S%) = Z{tn} — -+

determined by the cofibration S* %5, M5 25 S5, Then, no A po € [MP, S

and pE(n4) = maps # 0.
Furthermore:

N2 A P2 = Ntz A t2p2 = (t2 A 12) © (13 A p2) = maps # 0,
N2 A P2 = t2n2 A paipyz = (12 A p2) © (N2 A tarz) = pa(nz A tpr2) # 0.
Consequently, (3.5) yields
Pa(m2 A Lpg2) = paiafls + Tpafjsps = TPafj3ps.
Since, ps(n2 A tpr2) # 0, we derive that © = 1 and the proof is complete. [

Then, (3.2) and (3.4) lead to the following:

Corollary 3.8. " 2(na A tps2) = int2llng1 + fnt1Pns3) # 0 for n > 2.

Now, we are in a position to state the main result of this section.
Theorem 3.9. Let n > 3. Then Gpy1(M(Z @ Za,n)) = 0.
Proof. Writing
M A atan 1) = S0 A STy = 207D (A 1)
we see, by Corollary 3.8, that

M A LM(Zyn—1) = 0 for n = 2.
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Further, by (3.3), it follows that [j2, jin,] # 0, for n > 3, since [j2, 1] is a
basic product. Then for n > 3

J1mn & Gui1(M(Z® Za,n)) and Gpi1(M(Z® Za,n)) = 0. O
Corollary 3.10. Let A be a finite Abelian group with |A| = 2 (mod 4).
Then Guy1(M(Z&® A,n)) =0 forn = 3.

Proof. Since A is a finite Abelian group with order ]A\ = 2 (mod 4), we
apply |6, Chapter III, Theorem 15.2| to write A = (—D A,, for the primary
decomposition of A with p; = 2. By Corollaries 1.5 and 1.8 we obtain

Gn+1(M(Z(—BA,n)) -
t
S j1:Grni1(M(Z® Az,n)) @ @ji*Gn+1(M(Api7”))-
=2

As Gpy1(M(Ap,,n)) =0 for p; > 2 (see |7, Proposition 3.19|) and Ay ~ Zy
(cf. Remark 3.5), we get

Gri1t(M(Z® A, n)) € j1:Gnia (M(Z @ Ag,n)) ~
x Gn+1(M(ZG—)ZQ,n)) =0. [l

Recall that, by [6, Chapter III, Theorem 15.2], for any finitely generated
Abelian group B there is an isomorphism B ~ Z™ ® A with m > 0 and a
finite Abelian group A. Furthermore, by means of the universal coefficient
theorem for homotopy [10, p. 30|, for any Abelian group A, a pointed space
X and n > 2, there exists a short exact sequence

0 — Ext(A4, mp4+1(X)) — [M(A,n), X] - Hom(A, m, (X)) —» 0. (3.6)
Notice that by equation (3.6) the order fjo of the canonical inclusion
map
Jo: M(A,n) — M(Z&® A,n)
is finite. If A has odd order so does #j2, and we conclude that
Gn1(M(Z® A, n)) = j1xGnt1(S"), n =3,

since [j2, j1mn] = 0. Finally, we summarize the groups Gp+1(M(Z™@ A, n))
for a finite Abelian group A as follows:

(a) Gp1(M(Z™ @ A,n)) = 0 for m = 0, m # 1, n > 3 provided |A| is
odd;

(b) Grp1(M(Z® A,n)) = j15Gn+1(S™), for n = 3 provided |A] is odd;
(¢) Gps1(M(Z™@®A,n)) =0, form = 0, n > 3 provided |A| =2 (mod 4).
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Groups Gp4+2(M(A,n)). We compute Gy, +2(M(A,n)) for n = 4, under the
same conditions for A as before. First, we recall from |7, Corollary 3.11]
that Gp12(M(Za,n)) = 0 for n > 3. Further, by [7, (1.16)],

1, ifn=2,3 (mod4)
27 ’ ’ ’
ﬁ[bna nn] - {27 otherwise.

Analogous to Propositions 3.4 and 3.6, we can state the following two
results:
Proposition 3.11. Let n > 4. Then:
(i) Gpe2(M(Z™ @ Zg,n)) =0, for m = 2.
(11) Gn+2(M(Z @ Zo, n)) -
) Zo{j1n2}, ifn=2,3 (mod 4),
< J1x(Gny2(S")) = 2l ¥ , ( )
0, otherwise.

Proposition 3.12. Let A be a finite Abelian group with |A| =2 (mod 4).
Forn = 4, it holds:
(i) Grs2(M(A,n)) = 0.
(i) Gry2(M(Z™ ® A,n)) =0 for m > 2.
(iil)) Gp2(M(Z® A,n)) <
) Zo{jin2}, ifn=2,3 (mod 4),
€ i1u(Gran(S™) = 2{dima s if ’ ( )
0, otherwise.

Next, we show that the Gottlieb group from Proposition 3.11(ii) is trivial
using the same technics as in Proposition 3.4(ii). First, we recall from [11,
Lemma 3.7] and [14, Lemma 2.1]:

Lemma 3.13.

(i) [M°, M?] = Zo{ismaTs} @ Zo{ilmaps} ® Zo{mps} ® Za{ZAamjaps};
(if) [MO MY = Zo{isnsT} @ Za{iznspe} @ Zo{Aaps};
(iii) [M7, M®] = Za{isnTls} © Za{iunepr} @ Za{isvapr}.

Lemma 3.14. For n = 6 we have that

[M™2 M"] = Zo{intn-17,} © Zo{iin-10n+1Pnt2} @ Zo{invn_1Pn+2},
Proof. The cofibration

SnJrl int2 Mn+2 Pn+2 Sn+2
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leads to the short exact sequence of homotopy groups

* Sk
0 = Mo (M™) 252 (M2 M) 2252 90 (M) — 0,
for n = 6. By [7, Lemmas 1.26 and 1.27|, we know that
7Tn+1(Mn) = Z4{ﬁn—1}
and
Tny2(M"™) = Zo{fin—1Mn+1} ® Zo{intn_1}.
The sequence above is therefore
_ . o in _
0 = Zof{iin—1mn+1} ® Zo{intn_1} ——> [M" T2, M"] == Zo{2fj,—1} — 0,
for n = 6, which splits by means of
0: Zo{2fn-1} — [Mn+2’ M"], 0(27n—1) = inNn—17y-
Thus,
(i;kz+20)(277/n71) = innnflﬁnin+2-
From (3.1) we conclude that
(3% 190) (21n1) = 21
that is, iy , 50 is the identity homomorphism and the proof follows. U

Remark 3.15. It follows from Lemmas 3.13 and 3.14 that the suspension
map

E*I [Mn+2 Mn] N [Mn+3 Mn+1]
is an isomorphism, for n > 5.

From [16, Proposition 5.6] we know that, the 2-primary component of
76(S?) is m§ = Z4{V'} and 72 = Z{vy} ® Z4{>V'}.
By [14, (2.1) and (2.2)], the following relations hold:

7T6(M4) = Z4{)‘2} @ Z4{ﬁ3775}5 2)‘2 = Z'4V,,
7T7(M5) = Z4{i5u4} (—D Z4{ﬁ4776}, 2)\2 = 2(i51/4) € 7T7(M5), (37)
[tara, 4] = Aape, +v' = T304.

Next, recall from (3.4) that 12 A tpr2 = 9475 + 3ps. Then, for 3 A 132,
we have the following:

Lemma 3.16. 77% A Lpgz = 141374 + 1375D6-
Proof. In view of (3.4), we have
77% Atz = (02m3) A Lag2

= (2 A Lp2)(M3 A tpg2)
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= (m2 A tar2)(E(n2 A tarz))

(i4M3 + 713p5) (3(n2 A tas2)

(14m3)(X(n2 A ear2)) + (73p5) (B2 A tag2))
= (i473)(i574 + 7ap6) + (713p5) (i574 + 7aPe6)
= 14731574 + 147]374P6 + 13P51574 + 713P5714P6

= 147]3157)4 + 147]374D6 + 713P5714D6
since psis = 0.
Also, due to relations (3.7),

5 Atz = iansTly + ia(£0)ps + Tisnspe = iamsNy £ 14V p6 + 73756

Next, consider the sequence of maps

M6 2o, g6 Vg3 0,
Again by (3.7), i4r' = 2Xg and [1p44, 4] = Aaps, and then

iaV'ps = (2X2)ps = (A2 + A2)(Eps)

= A2(Zps) + A2(Xps) = 2(A2ps)

= 2[tara, 4] = [Lase, 214]

= [tare,0] =0,
and the proof follows. O

Making use of Lemmas 3.13 and 3.14, the formula stated in Lemma 3.16

yields a non trivial suspended element:
Lemma 3.17. "7 2(n3 A tpg2) = int 2+ 17512 + Tnt 100t 3Pnsa for n = 2.

To improve Proposition 3.11(2) in the next theorem, first we observe that
G102 € Guaa(M(Z @ Zg,n)) if and only if [j1n2, jo] = 0, where

g1:S" > M(Z®Zy,n)  and  jo: M s M(Z® Zy,n)
are the inclusions. Further, by Proposition 1.1, we have for n > 3:

o0
2, 1mz] = [z 1] © (ar(zam—1) A M) + k22[[j2,jf] o (tar(zam—1) A hi(n3))

= [J2,J1] o (LM(ZQ,n—l) A 77121)-
(3.8)
Then, the main result of this subsection now comes:

Theorem 3.18. Ifn >4 then Gpia(M(Z ® Za,n)) = 0.
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Proof. Writing
Mo A M (Zan—1) = 5" 15 A S iy = S22 (03 A wage),

Lemma 3.17 implies that n2 A LM(Zon—1) # 0 for n = 2. Then, by (3.8),

we conclude that [j2,j172] # 0 for n > 3. Therefore j1n2 ¢ Gpi2(M(Z @
Zs,n)), for n = 4 and consequently Gpo(M(Z @ Za,n)) = 0. O

Corollary 3.19. Let A be a finite Abelian group with |A| = 2 (mod 4).
Then Gpyo(M(Z® A,n)) =0, for n = 4.

We close the paper summarizing the groups as before:

(a) Gpeo(M(Z™@® A,n)) = 0 for m > 0, m # 1, n > 4 provided |A| is
odd;

(b) Gry2(M(Z® A,n)) = j1+Gns1(S™), for n > 4 provided |A] is odd,;
(¢) Gny2a(M(Z"™®A,n)) =0, for m = 0, n > 4 provided |A| =2 (mod 4).
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