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Cantorvals as sets of subsums for a series
related with trigonometric functions

Mykola Pratsiovytyi, Dmytro Karvatskyi

Abstract. We study properties of the set of subsums for convergent series
klsinm—|—~--+kmsinm+~--+k1sinx[%+l] +~~~+kmsin$[%+l] +...,
where k1, ko, ..., kmn are fixed positive integers and 0 < z < 1. It is proved
that depending on the parameter x this set can be a finite union of closed

intervals or Cantor-type set or even Cantorval.

Amnorargig. B poboTi BUBYAIOTHCS BIACTUBOCTI MHOXKUHU MIACYM 3012KHOTO
n—1 n—1

pany ki sinx+- - -+kp, sinx+- - -+k1 SIHJI[ m +1]—|—- ctkm smx[ m +1]—|—. cey

ne ki, ks, ..., km gogarai o guciaa i 0 < x < 1. I[Tokazano, 1o B 3aJ1€2KHO-

cTi BiJ mapamMeTpy & Il MHOXKMHA MOXKe OyTH ab0 00’€IHAHHSAM CKIHYEHHOIO

qucIa 3aMKHEHUX iHTepBaJiB, abo MHOXKWHOIO Tuiy KanTopa, abo KaHTOp-

BaJIOM.

1. INTRODUCTION

Definition 1.1. Let M < N be a subset of the set of natural numbers.
Then the number

= 1, forneM

x=x(M)= Z un:Zf-:nun, en=1+_ ’

neMcCN n=1 0’ for n ¢ M’

is called the subsum of the series > u,. We will denote by E(u,) the set of

all subsums (1.1) for this series. This mathematical object is also defined
by some scientists as an achievement set of the sequence (uy,).
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Investigation of subsums of a convergent positive, absolutely convergent,
divergent, complex series has a very deep history. In the paper [6] Soichi
Kakeya studied basic properties of subsums and proved that the set E(u,)
for a positive convergent series is:

e a perfect set;
e a union of finitely many mutually disjoint closed intervals whenever the
0

relation w,, <1, = > u; holds for all sufficiently large n, and an interval
i=n+1
if u,, <7y, for any n € N;

e homeomorphic to the classic Cantor set (or shortly Cantor-type set) if
e}

the relation u, > r, = >, u; holds for all sufficiently large n.
i=n+1

In the same paper Kakeya formulated a hypothesis that for any positive
convergent series the set F(u,,) of all subsums is either a Cantor-type set or
a finite union of closed intervals. However, there exists a third type of the
set of subsums. The simplest example was presented by mathematicians
J. Guthrie and J. Nymann [5]. Namely, the set T" of subsums for Guthrie-
Nymann’s series

3 2 3 2 3 2 3 2

14-1—&-@—1—@—1-4*34—@—1--“—1—47—&-474---- (1.2)
contains the interval [2/3, 1], but it is not a finite union of closed intervals.
That set T is called Cantorval and it has properties simultaneously similar
to a nowhere dense set and to an infinite union of closed intervals. Every

Cantorval is homeomorphic to the set T which is defined as follows:
a0 0¢]
T = Cu U ngfl = [0, 1]\ U Gzn,
n=1 n=1

where C' is the Cantor ternary set, G, is the union of the 2~ open middle
thirds which are removed from [0, 1] at the n-th step in the construction of
C. As a result of articles |5] and [8], we have the following theorem.

Theorem 1.2. The set of subsums of a convergent positive series is one
of the following three types:

(1) a finite union of closed intervals;

(2) homeomorphic to the Cantor set;

(3) homeomorphic to the set T (Cantorval).

2. MULTIGEOMETRIC SEQUENCES AND RELATED SERIES

A necessary and sufficient condition that the set of subsums is a Cantor-
val or homeomorphic to the Cantor set is still unknown. Despite essential
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progress for some series the problem is quite difficult in general. In this
context scientists focus on series such that their terms are elements of some
sequence [9] with some condition of homogeneity (depend on finite num-
bers of parameters and defined by a formula for the general term or by a
recurrence relation).
Many papers are devoted to the study of topological and metric proper-
0

ties of the set of subsums of the series > v, given by
n=1

n—1

k1+...+km+k1q+...+kmq+...+k1q[ m ]+...+kmq[n7_l]+_,,, (2.1)

where ki, ko, ..., ky, are fixed positive integers, ¢ € (0,1). Terms of this
series are elements of a multigeometric sequence. In the paper [2| some
conditions on E(v,) to be a Cantorval or a Cantor-type set are given.

m

Theorem 2.1 ([2]). Let ky = ky > -+ = ky, and K = ), k;. Assume that
=1

there exist positive integers ng and n* such that each of the numbers

ng, no+1, ng+2, ..., ng+n*

can be obtained by summing up the numbers ki, ks, ..., kyn. Then the set
E(vy,) satisfies the following conditions:

e ifqg=1/(n*+1), then E(v,) contains an interval;

o if q < kpm/(K+ky), then E(vy,) is not a finite union of closed intervals;
o if 1/(n*+1) < q<kn/(K+kp), then E(vy,) is a Cantorval.

Theorem 2.2 (|2|). Define the following set ¥ by

Y= {i 61']{5@' | (61');11 € {O, 1}m} .
=1

If ¢ < 1/card(X), then E(v,) is a Cantor-type set.

This result was generalized by J. Ferdinands and T. Ferdinands in [4].
Moreover, in the same paper the authors also described another interesting
family of Cantorvals generated by a multigeometric sequence.

Theorem 2.3 (|4]). Consider the following numbers

k1 =a+ 2nd, ko =a+ (2n — 2)d, .
km72 =a+ 2da k’m,1 = a, km = d7
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where 2nd < a < (2n + 2)d and n = 4. If

! < ¢ < min g a—d
mt+2 1 a’ (n+2)a+ (n?2+n)d

then E(vy,) is a Cantorval.

Investigation of sets with complicated local structure, such as Cantorvals
or fractals, is a trend in the modern mathematical research. In particular,
for Guthrie-Nymann’s Cantorval and its modifications were solved some
topological, metric and probabilistic problems [3,10]. The paper [1] is
devoted to study of some self-similar sets having the same complicated
properties as E(vy,).

3. TRIGONOMETRIC FUNCTIONS AND CONNECTED SERIES

0
Consider the series Y] a,, having the form
n=1
kisinx + - -+kpsinx + - -+

n— ne 3.1
+l<:1silr1:1:[71+1]—1—-~-+l<;msm;g[7l+1]4_...7 (3.1)

where k1 > kg > - -+ > ky, are fixed positive integers and z € (0, 1).

Put K = ki + ka + - - - + kpp,. Notice that for 0 < z < 1 the series (3.1)
is convergent, since the inequality sinx < x implies that

0] [o0] oo K$
Zan:KZsinx"<KZw": )

1—=z
n=1 n=1 n=1

We will study properties of the set E(ay) for the series (3.1) depending
on the initial parameters ki, ..., kpy,x. The aim of our article is to prove
that there exists a non-multigeometric series whose set of subsums is a
Cantorval.

Theorem 3.1. If the series (3.1) satisfies the condition

d
rT>= —,
K+d
where
T
dzlglji’jndja dj:gkj—kjﬂ—k‘jm—-“—km,

then E(ay) is an interval.

Proof. For any n = im + j, where ¢ € Ny and j = 1, m, we have that

_ : i+1
Aim+45 = RKj - SINT s
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a0
Tim+j = kjt15in T kjiosin 2 4k sing'™ 4+ KZ sin a?.
p=i+2
Taking into account Jordan’s inequality [7]
2x . us
— <sinz <z for O<uz<—,
™ 2
we get
i+1
Aim+j < kj:r’+ s
2 xi+2
Timtj > — | K
s g 11—z

Thus, for > d;/(K + d;), where dj = Tkj — kjy1 — kji2 — -+ — kp, the
following inequality holds

+ kj.t,.l(l?iJrl S kmxi+1) )

T 1—=x

Moreover, if > d/(K + d), where d = maxd;, then the inequality

1<j<m

. 2 2it2 , .
imej < ijUZH <— | K + kj+1xl+1 + ot k2t < Tim+-

an < ry, holds for any n € N. Hence, due to Kakeya’s result, the set F(a,)
is an interval. O

Example 3.2. For the case ky = 2 and ky = 1 we get that K = 3,
dy =7 —1, and do = 7/2. Then, according to Theorem 3.1, for any values
of parameter x satisfying the inequality

(m—1)
Tz -
3+ (mr—1)
the set E(ay) is an interval. Consequently, for the series
+1

sain (L) aim (1) oszsm (D) e (1)
() +n () () ()

where x = 1/2, the set of its subsums is an interval.

Theorem 3.3. If the series (3.1) satisfies the condition
z < 21{77m,
Kr + 2k,
then E(ay) is not a finite union of closed intervals.

Proof. We will show that a,, > r, holds for infinitely many numbers of n.
According to Jordan’s inequality, for any ¢ € N we have that

KxiJrl
1—2a’

o0 0
Tmi = KZsinajp < Kpr =
p=i+1 p=i+1
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2k

Ui = kpsinx’ > -

It is easy to see that for x < 2k, /(K m+2k,,) the following inequality holds
Kzt 2kya!

< < Q-
1—=z ™

Tmi <

SO @i > rm; for any i € N, whence, due to Kakeya’s result and its genera-
lization, F(a,) is not a finite union of intervals. O

Theorem 3.4. Suppose that for the series (3.1) there exist numbers ny and

n* such that every number ng,ng + 1,n9 + 2,...,n9 +n* can be obtained
by summing up the numbers ki,ko, ..., ky, and parameter x satisfies the
inequality

T

r=z—.
2n* +m
Then E(ay,) contains an interval.

Proof. According to the statement for any h € {0,1,2,...,n*} there exists
sequence (¢;)™; of 0 and 1 such that

m
ng+h = Z cik;.
=1

From it follows that every number ¢ having the representation
Q0 0 Q0
t= Z(ng + hy)sinz! = ng Z sinz! + Z hisinz®, h;€{0,1,...,n*},
i=1 i=1 i=1
is contained on F(a,). The set of all such numbers ¢ is an arithmetic sum
of a constant and the set of subsums for the series

0
an :sinx—|—---—|—sin$—|—~-—|—§inx[%+l] +~-+sinfc[%+l]+...,

n=1 n* ;L;
0
where every term repeats n* times. It is obvious, that > )b, = r} > b, for
p=n-+1

n # in* and i € N. Taking into account Jordan’s inequality, we have

byx; = sina® < o',

. . 2 2 2 O *
e = n*(sing™ 4 sina™ 4 .) > p¥ I R I
™ ™ (1l —x)
It is easy to show that for z = 7/(2n* + 7) the following inequality holds
) In* i+1
bmi < x* n < r¥

Sr(l—x) ™
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Thus, in this case b, < r for any n € N. Then, due to Kakeya’s result, the
set E(b,) is an interval. Since

e @]
no Z sinz’ + E(by) < E(ay),
i=1
we obtain that the set E(a,) contains an interval. O

Corollary 3.5. Suppose that for the series (3.1) there exist numbers ng and

n* such that every number ng,ng + 1,n9 + 2,...,n9 +n* can be obtained
by summing up the numbers ki,ko, ...,k and parameter x satisfies the
inequality

T <z < %7”1

2n* +m Kr + 2k,

Then the set E(ay) is a Cantorval.

Example 3.6. For ki = 8, ky = 7,k3 = 6,k4 = 5,k5 = 4 we have that
K =30 and ng = 4,n* = 22. Then, according to the Corollary 3.5, for all
x satisfying the condition
T 8
ST <
4+7 30m + 8

the set E(ay) is a Cantorval. As a consequence for the series

1 1 1 1 1 1
8sinﬁ+7sin1—5+681n1—5+5sin1—5+4sin1—5+--'+851n15[%]

1 1 1
— T 68in ———= + 58in ———= + 4sin
151%27] 151%27] 150727 150%27]

when x = 1/15, the set of subsums is a Cantorval.

+ 7sin

Theorem 3.7. Suppose that the series (3.1) satisfies the following condi-
tion
- l
r < —,
K+1
where

; 2

Then E(ay,) is a Cantor-type set.
Proof. For any n = im + j, where i € Ny, j = 1, m we have
Qim4-5 = Ry * sin .TiJrl,
a0
Tim4j = kjy1sin T kjyosin 2 4k sing'™ 4 KZ sin a?.
p=i+2
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Taking into account Jordan’s inequality, we have

2 .
i+1
Aim+j > ;ij + R

$i+2

Tim+j < K + ijrle-l + -+ k‘mJTH—l.

1—2
Thus, for z < 1j/(K +1;), where [; = 2k; — kji1 — kji2 — -+ — Ky, the

following inequality holds:

i+2

2 i+1 € i+1 i+1
Qimtj > ;kij_ =K + ki B > i

1—=x

Moreover, if x < I/(K + 1), where [ :1£rli<rl lj, then a, > ry, for any n € N.
JMm

Thus, due to Kakeya’s result, the set F(a,) is a Cantor-type set. |

Example 3.8. For k; = 4 and k2 = 1 we have that K =5 and |} = 8/7—1,
lo = 2/m. Then, according to the Theorem 3.7, for any value x satisfying
the condition
2/
TE ————
5+2/m
the set E(ay,) is a Cantor-type set. Consequently, for the series

n+1 n+1
Asi 1 . 1 Asi 1 [2] . 1 [2]
sin <10> + sin (10) + -+ 4sin <10) + sin (10> +e

where x = 1/10, the set of subsums is a Cantor-type set.

4. OPEN PROBLEMS AND HYPOTHESIS

As a result of the paper we find a certain sufficient condition for F(a,)
to be an interval, Cantor-type set or Cantorval. However, there still exist
a few open problems:

e for some values of the parameter z the topological type of E(a,,) is still
unknown (e.g. for 2k, /(7K + 2kp,) < z < d/(K +d));

e it is not clear how to compute the Lebesgue measure of Cantorvals gen-
erated by main series;

e we can’t still find the necessary and sufficient condition for E(a,,) to have
a zero Lebesgue measure;

e t is also not clear how to compute the Hausdorff-Besicovitch dimension
of E(ay,) in the case when it has zero Lebesgue measure.

We also described some properties of the set of subsums for the se-
ries (3.1) in the Section 3 by means of properties of its terms

2z" .
kj— < kjsina™ < kjz"
T
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forany ne N, j € {1,2,...,m} and 0 < =z < 1. Let us note that terms of
the series (3.1) are located between terms of two multigeometric series (2.1)
with g1 = 2z /7 and g2 = x. These observations lead to the following main
hypothesis.

o0 o0

Conjecture 4.1. Let Z an and Z b, be convergent positive series with the
n=1 n=1

same types of the set of subsums (a finite union of intervals, a Cantor-type

0
set or a Cantorval). Ichn satisfies the conditions

n=1
oo
by, <71l = Z A,
an < ¢, < by and 0 n=1 (4.1)
Z b; = rfb < ap,
1=n-+1

for any n € N, then E(ay,), E(b,), E(cy) have the same topological type.

It is easy to prove this statement for case when F(a,) and E(b,) are
both a finite union of closed intervals. We also can prove the hypothesis for
case when inequalities a,, < 7% and b, < rfl hold only for finite numbers of
n. In general case this hypothesis is not obvious and not so easy to prove.
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