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Cohomology algebra of mapping spaces
between quaternion Grassmannians

Oteng Maphane

Abstract. Let Gk,n(H) for 2 ď k ă n denote the quaternion Grassmann
manifold of k-dimensional vector subspaces of Hn. In this paper we compute,
in terms of the Sullivan models, the rational cohomology algebra of the com-
ponent of the inclusion ι : Gk,n(H) ãÑ Gk,n+r(H) in the space of mappings
from Gk,n(H) to Gk,n+r(H) for r ě 1 and, more generally, we show that
the cohomology of Map(Gk,n(H), Gk,n+r(H); ι) contains a truncated algebra
Q[x]/xr+n+k2´nk

4 for n ě 4.

Анотація. Нехай Gk,n(H), 2 ď k ă n, – кватерніонний грасмановий
многовид k-вимірних векторних підпросторів в Hn. В даній роботі, в
термінах моделей Суллівана, обчислено алгебру раціональних когомо-
логій компонент включення ι : Gk,n(H) ãÑ Gk,n+r(H) в простір відобра-
жень з Gk,n(H) в Gk,n+r(H) для r ě 1. Також показано, що когомології
Map(Gk,n(H), Gk,n+r(H); ι) містять усічену алгебру Q[x]/xr+n+k2´nk

4 для
n ě 4.

1. INTRODUCTiON
Throughout this paper, we rely on the theory of minimal Sullivan mod-

els in rational homotopy theory for which [5] is our standard reference.
The quaternion Grassmannian Gk,n(H) is the set of k-dimensional vector
subspaces through the origin in Hn. Moreover, it is a homogeneous space
as

Gk,n(H) – Sp(n)/(Sp(k) ˆ Sp(n´ k)) for 1 ď k ă n

for where Sp(n) is the symplectic group (see [6, Page 43]), and of dimension
2m, wherem = 2k(n´k). In particular, G1,n(H) – HP 4n´1, and it is called
the quaternion projective space. There is a canonical inclusion

ι : Gk,n(H) ãÑ Gk,n+r(H)
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which is induced by ι : Hn Ñ Hn+r defined by
ι(x1, . . . , xn) = (x1, . . . , xn, 0, . . . , 0).

It is known in literature that function spaces have been objects of central
interest of study to homotopy theorists, where an important problem is to
understand the homotopy type of a function space Map(X,Y ) by focus-
ing on a path component, denoted here by Map(X,Y ; f), for some choice
of map f : X Ñ Y as generally, Map(X,Y ) is a disconnected space. The
classification of the homotopy types of components is not an easy task.
However, rational homotopy theory offers a remarkably computational ad-
vantage and has been used intensively in recent years to study function
spaces. The article of [21], started the rational homotopy type of function
spaces in the case where the codomain is an Eilenberg-Maclane space. The
first description of a Sullivan model of function spaces is due to [10]. Fur-
ther, a model of function spaces between complex projective spaces was
studied by Moller and Raussen using the Postnikov tower [15]. However,
there was no explicit and complete description of the homotopy type of
the component of the inclusion for sporadic cases until the recent articles
by [7, 17], which describes an explicit and complete description of the ra-
tional cohomology and homotopy type of function spaces between complex
Grassmannians.

On one hand, several authors (see [1, 4, 8, 11]) studied the classification
of self-maps of a complex Grassmann manifold in terms of their induced
endomorphisms of the cohomology algebra. Further details on a similar
study of maps between two distinct (real) Grassmann manifolds can be
found in [12]. The paper [18], studied the existence (or non-existence) of
maps of non-zero degree between two different complex (resp. quaternionic)
Grassmann manifolds of the same dimension, while [19] solved the same
problem for oriented real Grassmann manifolds. Now, in [7, 17], it was
shown under some assumptions on r that the cohomology algebra of

Map(Gk,n(C), Gk,n+r(C); ι)

contains either a polynomial algebra or a truncated algebra over a generator
of degree 2, where

ι : Gk,n(C) ãÑ Gk,n+r(C)
is the canonical inclusion. Our goal in this paper is to show under some as-
sumptions on r that the cohomology algebra of Map(Gk,n(H), Gk,n+r(H); ι)
contains either a polynomial algebra or a truncated algebra over a genera-
tor of degree 4. In the process, we shall investigate the rational cohomology
algebra of the component of the inclusion ι : Gk,n(R) ãÑ Gk,n+r(R) in the
space Map(Gk,n(R), Gk,n+r(R); ι), for r ě 1 and n ě 4.
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2. PRELiMiNARiES
Here we fix terminology and recall some standard facts on differential

graded algebras. All vector spaces and algebras are taken over a field Q of
rational numbers.
Definition 2.1. A commutative graded differential algebra (cdga) is a
graded algebra (A, d) such that xy = (´1)|x||y|yx and

d(xy) = (dx)y + (´1)|pq|x(dy) for all x P Ap, y P Aq.

It is said to be connected if H0(A) – Q. If V =
À

iě0 V
i with

V even :=
à
iě0

V 2i

and
V odd :=

à
iě1

V 2i´1,

then ^V denotes the free commutative graded algebra defined by the tensor
product

^V = S(V even) b E(V odd),

where S(V even) is the symmetric algebra on V even and E(V odd) is the exte-
rior algebra on V odd.
Definition 2.2. A Sullivan algebra is a commutative differential graded
algebra (^V, d), where

V =
ď

kě0

V (k) and V (0) Ă V (1) Ă ¨ ¨ ¨

such that
dV (0) = 0 and dV (k) Ă ^V (k ´ 1).

It is called minimal if dV Ă ^ě2V .
If (A, d) is a cdga of which the cohomology is connected and finite dimen-

sional in each degree, then there always exists a quasi-isomorphism from
a Sullivan algebra (^V, d) to (A, d) [5]. To each simply connected space,
Sullivan associates a cdga APL(X) of rational polynomial differential forms
on X that uniquely determines the rational homotopy type of X [20]. A
minimal Sullivan model of X is a minimal Sullivan model of APL(X). More
precisely,

H˚(^V, d) – H˚(X;Q)

as graded algebras and
V – π˚(X) b Q

as graded vector spaces. Let (A, d) be a cdga.
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A derivation θ of degree k is a linear mapping θ : An Ñ An´k such that

θ(ab) = θ(a)b+ (´1)k|a|aθ(b).

Denote by DerkA the vector space of all derivations of degree k, and

DerA =
à
k

DerkA.

The commutator bracket induces a graded Lie algebra structure on DerA.
Moreover, (DerA, δ) is a differential graded Lie algebra (see e.g. [20]), with
the differential δ defined in the usual way by

δθ = d ˝ θ + (´1)k+1θ ˝ d.
Let (^V, d) be a Sullivan algebra where V is spanned by tv1 . . . , vku.

Then, Der ^ V is spanned by θ1, . . . , θk, where θi is the unique derivation
of ^V defined by θi(vj) = δij . The derivation θi will be denoted by (vi, 1).
Let ϕ : (A, d) Ñ (B, d) be a morphism of cdga’s.

A ϕ-derivation of degree k is a linear mapping θ : An Ñ Bn´k for which

θ(ab) = θ(a)ϕ(b) + (´1)k|a|ϕ(a)θ(b).

We consider only derivations of positive degree. Denote by Dern(A,B;ϕ)
the vector space of ϕ-derivations of degree n for n ą 0, and by

Der(A,B;ϕ) =
à
n

Dern(A,B;ϕ)

the graded vector space of all ϕ-derivations. The differential graded vector
space of ϕ-derivations is denoted by (Der(A,B;ϕ), B), where the differential
B is defined by

Bθ = dB ˝ θ + (´1)k+1θ ˝ dA.
In the case A = B and ϕ = 1B, the vector space (Der(B,B; 1), B) is just a
usual differential graded Lie algebra of derivations on the cdga B (see [14]).
We note that, there is an isomorphism of graded vector spaces

Der(A,B;ϕ) – Hom(V,B).

If tviu is a basis of V , then the vector space Der(A,B;ϕ) is spanned by the
unique ϕ-derivation θ denoted by (vi, bi) and (vi, 1) such that

#
θi(vi) = bi,

θi(vj) = 0, i ‰ j, bi P B.
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3. L8-MODELS OF MAPPiNG SPACES
L8 algebras were introduced by Lada in [13] and L8 models of function

spaces studied by Félix et al. in [2, 3].
Definition 3.1. Let Sk be the symmetric group. A permutation σ P Sk is
an (i, k ´ i) shuffle if σ(1) ă ¨ ¨ ¨ ă σ(i) and σ(i + 1) ă ¨ ¨ ¨ ă σ(k), where
i = 1, . . . ,m. The Koszul sign ϵ(σ) is determined by

x1 ^ ¨ ¨ ¨ ^ xk = ϵ(σ)xσ(1) ^ ¨ ¨ ¨ ^ xσ(k),

where the subscripts indicate the degrees of the graded objects x1, . . . , xk.
Definition 3.2. [2] An L8 algebra or a strongly homotopy Lie algebra is
a graded vector space L =

À
i Li endowed with a collection of linear maps

ℓk := [, . . . , ] : Lbk Ñ L

of degree k ´ 2 for k ě 1 called brackets, such that
(i) ℓk are skew-symmetric, that is, for any k-permutation σ

[xσ(1), . . . , xσ(k)] = sgn(σ)ϵ(σ)[xσ(1), . . . , xσ(k)],
where sgn(σ) is the sign of σ;

(ii) the Jacobi identities are generalised as follows;
ÿ

i+j=k+1

ÿ

σ

sgn(σ)ϵ(σ)(´1)i(j´1)ℓj(ℓi(xσ(1), ..., xσ(i)), xσ(i+1), ..., xσ(k))=0,

where σ P S(i, k ´ i).
In particular, if ℓk = 0 for k ě 3, we recover the notion of a differential

graded Lie algebra (L, d), where
[x, y] := ℓ2(x, y) and dx = ℓ1(x).

There is a bijection between L8 structures on L and codifferentials
dk : ^p (sL) Ñ ^p´k+1(sL)

of degree ´1 on the coalgebra ^sL such that d2 = 0, where
d = d1 + ¨ ¨ ¨ + dk + ¨ ¨ ¨

and sL is the suspension of the graded vector space L defined by
(sL)k = Lk+1

for all k [13]. We follow [3] for this definition. Define ĄDer(A,B;ϕ) as
follows:

ĆDeri(A,B;ϕ) =

#
Deri(A,B;ϕ) i ą 1,

tθ P Der1(A,B;ϕ) : Bθ = 0u, i = 1.
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Let (A, d) = (^V, d) be a Sullivan algebra and

θ1, . . . , θk P ĄDer(^V,B;ϕ)

be ϕ-derivations of respective degrees n1, . . . , nk, we define their bracket
[θ1, . . . , θk] P ĄDer(^V,B;ϕ) of length k by

[θ1, . . . , θk](v) = (´1)η
ÿ ÿ

i1,...,ik

ϵϕ(v1 . . .xvi1 . . .xvik . . . vj) θ1(vi1) . . . θk(vik),

where dv =
ř
v1 . . . vk, η = n1+ ¨ ¨ ¨+nk´1, and ϵ is the suitable sign given

by the Koszul convention. These operations may be desuspended to define
linear maps ℓk for k ě 1 each of degree k ´ 2 on s´1ĄDer(^V,B;ϕ) by

ℓ1(s
´1θ) = ´s´1B1θ,

ℓk(s
´1θ1, . . . , s

´1θk) = (´1)βs´1[θ1, . . . , θk],

where

β =
k2 ´ k

2
+

k´1ÿ

i=1

(k ´ i)|θi|,

see [3]. It is shown in [3], that
(s´1Der(^V,B;ϕ), ℓk)

is an L8 algebra.

4. MAPPiNG SPACES BETWEEN QUATERNiON GRASSMANNiANS
Consider the quaternion Grassmannian

Gk,n(H) – Sp(n)/(Sp(k) ˆ Sp(n´ k)) for 1 ď k ă n

The method to compute a Sullivan model of the homogeneous spaceGk,n(H)
is given in details in [9,16]. Thus, a Sullivan model of Gk,n(H) for 1 ď k ă n
is given by (see [16])

(^(b4, b8, . . . , b4k, x4, x8, . . . , x4(n´k), y3, y7, . . . , y4n´1), d
)

with
dbi = 0 = dxj , dy4p´1 =

ÿ

p1+p2=p

b4p1 ¨ x4p2 , 1 ď p ď n. (4.1)

Lemma 4.1. If 2 ď k ă n, then the minimal Sullivan model of Gk,n(H) is
given by (^(b4, . . . , b4k, y4(n´k)+3, . . . , y4n´1), d

)
,

where dbi = 0 and dy4(n´k)+3 P ^(b4, . . . , b4k).
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Proof. Consider the Sullivan model from equation (4.1)
(^(b4, b8, . . . , b4k, x4, x8, . . . , x4(n´k), y3, y7, . . . , y4n´1), d

)

which is not minimal. Make change of variables and consider the acyclic
ideal

I = xt4, t8, . . . , t4(n´k), y4(n´k)´1y,
where

dy3 = t4, dy7 = t8, . . . , dy4(n´k)´1 = t4(n´k).

Taking the quotient with the acyclic ideal we obtain the minimal model
(^(b4, . . . , b4k, y4(n´k)+3, . . . , y4n´1), d

)
,

where dbi = 0 and dy4(n´k)+3 P ^(b4, . . . , b4k). □
In the same way, by Lemma 4.1, the minimal Sullivan model ofGk,n+r(H)

for 2 ď k ă n+ r and r ě 1 is given by
(^(a4, . . . , a4k, z4(n+r´k)+3, . . . , z4(n+r)´1), d

)
,

where dai = 0 and dz4(n+r´k)+3 P ^(a4, . . . , a4k). We give the following
results.

Theorem 4.2. If r ą n ´ 1, and n ě 4, then Map(G2,n(H), G2,n+r(H); ι)

contains a truncated algebra Q[x]/xr´n+4
4 .

Proof. The minimal model of G2,n+r(H) is given by
^V =

(^(a4, a8, z4n+4r´5, z4n+4r´1), d
)
,

where
dai = 0 and dz4n+4r´5 P ^(a4, a8).

The model of the inclusion ι : G2,n(H) ãÑ G2,n(H) is as follows
ϕ :
(^(a4, a8, z4n+4r´5, z4n+4r´1), d

) Ñ ^(b4, b8)/xdy4n´5, dy4n´1y = B,

where
ϕ(a4) = b4, ϕ(a8) = b8, ϕ(z4n+4r´5) = ϕ(z4n+4r´1) = 0.

Moreover,
α4n+4r´1 = (z4n+4r´1, 1), β4n+4r´5 = (z4n+4r´5, 1),

α4n+4r´5 = (z4n+4r´1, b4), β4n+4r´9 = (z4n+4r´5, b4),

α4n+4r´9 = (z4n+4r´1, b8), β4n+4r´13 = (z4n+4r´5, b8),

. . . . . .

α4n+4r´17 = (z4n+4r´1, b
2n´4
4 ), β4n+4r´21 = (z4n+4r´5, b

2n´4
4 ),

γ8 = (a8, 1), γ4 = (a8, b4), θ4 = (a4, 1).
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As
p = (Bγ8)(z4n+4r´5) and q = (Bγ8)(z4n+4r´1)

are polynomials of degree ě 4n+ 4r ´ 8, if r ą n´ 1, then
4n+ 4r ´ 8 ą 8n´ 16.

Hence, the polynomials p and q are zero in
(^(a4, a8, z4n+4r´5, z4n+4r´1), d

)
.

Thus, Bγ8 = 0, and Bγ4 = Bθ4 = 0.
Note that

f = ℓk(γ4, . . . , γ4)(z4n+4r´5)

and
g = ℓk(γ4, . . . , γ4)(z4n+4r´1)

are polynomial of degree at least 4n + 4r ´ 4 ´ 4k. If k ă r ´ n + 3, then
f and g are polynomials of degree ą 8n´ 16. Hence,

ℓk(γ4, . . . , γ4) = 0 for k = 2, . . . , r ´ n+ 3.

In C8(s´1L), set γ4̊ = ρ4. Then, [ρj4] ‰ 0 for j = 1, . . . , r ´ n+ 3. □

Theorem 4.3. Consider the inclusion
ι : G2,n(H) ãÑ G2,n+r(H).

If r ą 3n ´ 6, and n ě 4, then Map(G2,n(H), G2,n+r(H); ι) contains a
polynomial algebra over a generator of degree 4.
Proof. Let

ϕ :
(^(a4, a8, z4n+4r´5, z4n+4r´1), d

) Ñ ^(b2, b4)/xdy4n´5, dy4n´1y,
be a model of the inclusion. If r ą 3n ´ 6, and n ě 4, then any odd
derivation is of the degree at least

4n+ 4r ´ 5 ´ (8n´ 16) = 4r ´ 4n+ 11 ě 11.

Hence,
L9 = L7 = L5 = ¨ ¨ ¨ = L1 = 0.

As L3 = 0, then the derivation γ4 = (a8, b4) is a cycle. It is enough to show
that ℓm(γ4, . . . , γ4) = 0 form ě 4. We show the case when n+r is even, the
other case follows in the same way. If m ą n+r

4 , then ℓm(γ4, . . . , γ4) = 0.
Assume 4 ď m ď n+r

4 , and let

p1 = ℓm(γ4, . . . , γ4)(z4n+4r´1) =
ÿ

jěm

αjb
j´m
8 ¨ bm4 bn+r´2j

4 ,

p2 = ℓm(γ4, . . . , γ4)(z4n+4r´5) =
ÿ

jěm

βjb
j´m
8 ¨ bm4 ¨ ¨ ¨ bn+r´1´2j

4 .
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The polynomials p1 and p2 are of total degree at least 4n + 4r ´ 2 ´ 4m.
But r ą 3n´ 6, then

2n+ 2r ´ 4 ą 8n´ 16 ñ 4n+ 4r ´ 4 ´ 2(n+ r) ą 8n´ 16

ñ 4n+ 4r ´ 4m´ 4 ą 8n´ 16.

Therefore, ℓm(γ4, . . . , γ4) = 0 for m ě 4. Hence, H˚(C8(s´1L)) contains a
polynomial algebra over a generator of degree 4. □

5. THE GENERAL CASE
Here we extend the above results.

Theorem 5.1. If r ą nk ´ k2 ´ n + 2k ´ 1, then the rational coho-
mology algebra of Map(Gk,n(H), Gk,n+r(H); ι) contains a truncated algebra
Q[x]/xr+n+k2´nk

4 for k ě 2 and n ě 4.
Proof. Let

(^V, d) = (^(a4, . . . , a4k, z4(n+r´k)+3, . . . , z4(n+r)´1), d
)
,

where dai = 0 and dz4(n+r´k)+3 P ^(a4, . . . , a4k) be the minimal Sullivan
model of Gk,n+r(H). Moreover,

B = H˚(Gk,n(H);Q) = ^(b4, . . . , b2k)/xdy4(n´k)+3, . . . , dy4n´1y.
A Sullivan model of ι : Gk,n(H) ãÑ Gk,n+r(H) is given by ϕ : (^V, d) Ñ B,
where

ϕ(a4) = b4, . . . , ϕ(a4k) = b4k,

ϕ(z4(n+r´k)+3) = ¨ ¨ ¨ = ϕ(z4(n+r)´1) = 0.

Let L = Der(^V,B;ϕ). Note that the lowest odd degree derivation is of
degree 4k ´ 1, as k ě 2, then L3 = 0. Define γ4 = (a4k, b4k´4). Then γ4 is
a cycle. Further,

q1 = ℓm(γ4, . . . , γ4)(z4(n+r´k)+3),

. . .

qk = ℓm(γ4, . . . , γ4)(z4(n+r)´1),

are polynomials of degree at least
4n+ 4r ´ 4k + 4 ´ 4m.

As the manifold Gk,n(H) is of dimension 4k(n´ k), if
m ă r + n+ k2 + 1 ´ nk ´ k,

then q1, . . . , qk are polynomials of degree more than 4k(n´ k). Therefore,
ℓm(γ4, . . . , γ4) = 0 for m = 4, . . . , (r + n+ k2 + 1 ´ nk ´ k).
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In C8(s´1L), let γ4̊ = ω4. Then
[ωi

4] ‰ 0 for i = 1, . . . , (r + n+ k2 + 1 ´ nk ´ k). □

Theorem 5.2. If r ą (n ´ k)(2k ´ 1) + k ´ 2, and n ě 4, then the
cohomology algebra of Map(Gk,n(H), Gk,n+r(H); ι) for k ě 2, contains a
polynomial algebra over a generator of degree 4.
Proof. Let ϕ : (^V, d) Ñ B be a Sullivan model of the inclusion

ι : Gk,n(H) ãÑ Gk,n+r(H)

as given in Theorem 5.1. Assume n ě 4, in particular, if r ą 2n2 ´ 5n´ 6,
then any odd derivation of degree

ě 4n+ 4r ´ 4k + 3 ´ (4kn´ 4k2) = 4r + 4n´ 4kn+ 4k2 ´ 4k + 3

ě 4k2 ´ 4k + 3.

Hence,
L1 = L3 = ¨ ¨ ¨ = Lf = 0,

where f = 4k2´4k+3. Define γ4 = (a4k, b4k´4) as in Theorem 5.1. Then it
suffices to show that ℓm(γ4, . . . , γ4) = 0 for m ě 4. Consider n+r even, the
other case is dealt in the same way. If m ą n+r

4 , then ℓm(γ4, . . . , γ4) = 0.
Assume 4 ď m ď n+r

4 , and let
p1 = ℓm(γ4, . . . , γ4)(z4n+4r´4k+3),

. . .

pk = ℓm(γ4, . . . , γ4)(z4n+4r´1).

The polynomials p1, . . . , pk are of total degree at least 4n+4r´4k+4´4m.
But r ą (n´ k)(2k ´ 1) + k ´ 2, then

2n+ 2r ´ 4k + 4 ą 8n´ 16 ñ 4n+ 4r ´ 4k + 4 ´ 2(n+ r) ą 8n´ 16

ñ 4n+ 4r ´ 4m´ 4k + 4 ą 8n´ 16.

Therefore, ℓm(γ4, . . . , γ4) = 0 for m ě 4. Hence, H˚(C8(s´1L)) contains a
polynomial algebra over a generator of degree 4. □
Remark 5.3. We recall here the minimal Sullivan model of Gk,n(H) for
2 ď k ă n, and the Sullivan model of Gk,n(R) for 1 ď k ă n. We refer
to [6, Corollary 1.86 & 1.90] and [16, Theorem 2] for details. The minimal
Sullivan model of Gk,n(H) is given by

(A, d) = (^(b4, . . . , b4k, y4(n´k)+3, . . . , y4n´1), d),

where dbi = 0 and dy4(n´k)+3 P ^(b4, . . . , b4k), while for Gk,n(R), where n
is odd, is given by

(B, d) = (^(x4, . . . , x4(k´1), u2k, x
1
4, . . . , x

1
4k, y3, y7, . . . , y4n´1), d),
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where
dxi = 0 = dxj and dy4p´1 =

ÿ

r+q=p

x4r ¨ x1
4q, 1 ď p ă n.

Consider the map ϕ : (A, d) Ñ (B, d), and the ideal

I =
@ ÿ

r+q=p

x4r ¨ x1
4q

D
.

Then,
H˚(B, d) = ^(x1

4, . . . , x
1
4k)/I.

Hence, there is a quasi-isomorphism
ϕ̄ :
(^(b4, . . . , b4k, y4(n´k)+3, . . . , y4n´1), d

) Ñ H˚(B, d),

where
ϕ̄(b4) = x1

4, . . . , ϕ̄(b4k) = x1
4k,

ϕ̄(y4(n´k)+3) = 0, . . . , ϕ̄(y4n´1) = 0.

The case for n even is treated in the same way. The quasi-isomorphism
ϕ̄ implies that Gk,n(H) and Gk,n(R) have the same dimension. Thus,
computing the rational cohomology algebra of the component of the in-
clusion ι : Gk,n(R) ãÑ Gk,n+r(R) in the space of mappings from Gk,n(R)
to Gk,n+r(R) one recovers the same results for the inclusion between the
quaternion Grassmannians.
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