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Cohomology algebra of mapping spaces
between quaternion Grassmannians

Oteng Maphane

Abstract. Let Gi,,(H) for 2 < k < n denote the quaternion Grassmann
manifold of k-dimensional vector subspaces of H™. In this paper we compute,
in terms of the Sullivan models, the rational cohomology algebra of the com-
ponent of the inclusion ¢: G n(H) — Gk ntr(H) in the space of mappings
from Gp,n(H) to Ginir(H) for 7 > 1 and, more generally, we show that
the cohomology of Map(Gg,n(H), Gk n+r(H); ) contains a truncated algebra

Q[m]/m£+"+k2_”k for n > 4.

Amwnoranis. Hexait Gy ,(H), 2 < k < n, — KBaTEpHIOHHWII TpacMaHOBHUIT
MHOTOBIJ k-BAMIpHEIX BeKTOpHHX miampocropis B H". B mamiit pobori, B
repMminax Mmojesieil CysuriBana, 064YUC/IEHO ajaredpy pPaljioHAJIBHUX KOTMOMO-
Jorii KoMuoHeHT BKIOUeHHHA 1 G pn(H) — Gg nir (H) B npocrip Bimobpa-
xkeHb 3 G n(H) B G npr (H) auist 7 = 1. Takoxk mokasaHo, 110 KOrOMOJIOLT
Map(Gr,n(H), Gk, ntr (H); ¢) MicrsiTs ycidery anrebpy Q[x}/xlﬁ"*kz*”k JIs
n = 4.

1. INTRODUCTION

Throughout this paper, we rely on the theory of minimal Sullivan mod-
els in rational homotopy theory for which [5] is our standard reference.
The quaternion Grassmannian Gy ,(H) is the set of k-dimensional vector
subspaces through the origin in H". Moreover, it is a homogeneous space
as

Gin(H) = Sp(n)/(Sp(k) x Sp(n—k)) for1<k<n
for where Sp(n) is the symplectic group (see [6, Page 43]), and of dimension
2m, where m = 2k(n—k). In particular, Gy ,(H) =~ HP*~1 and it is called
the quaternion projective space. There is a canonical inclusion

L Gk,n(H) - Gk,n-ﬁ-r(H)
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which is induced by ¢: H® — H"*" defined by
Wx1,.. . xy) = (1,...,2,0,...,0).

It is known in literature that function spaces have been objects of central
interest of study to homotopy theorists, where an important problem is to
understand the homotopy type of a function space Map(X,Y) by focus-
ing on a path component, denoted here by Map(X,Y; f), for some choice
of map f: X — Y as generally, Map(X,Y) is a disconnected space. The
classification of the homotopy types of components is not an easy task.
However, rational homotopy theory offers a remarkably computational ad-
vantage and has been used intensively in recent years to study function
spaces. The article of [21], started the rational homotopy type of function
spaces in the case where the codomain is an Eilenberg-Maclane space. The
first description of a Sullivan model of function spaces is due to [10]. Fur-
ther, a model of function spaces between complex projective spaces was
studied by Moller and Raussen using the Postnikov tower [15]. However,
there was no explicit and complete description of the homotopy type of
the component of the inclusion for sporadic cases until the recent articles
by [7,17], which describes an explicit and complete description of the ra-
tional cohomology and homotopy type of function spaces between complex
Grassmannians.

On one hand, several authors (see [1,4,8,11]) studied the classification
of self-maps of a complex Grassmann manifold in terms of their induced
endomorphisms of the cohomology algebra. Further details on a similar
study of maps between two distinct (real) Grassmann manifolds can be
found in [12|. The paper [18], studied the existence (or non-existence) of
maps of non-zero degree between two different complex (resp. quaternionic)
Grassmann manifolds of the same dimension, while [19] solved the same
problem for oriented real Grassmann manifolds. Now, in [7,17], it was
shown under some assumptions on r that the cohomology algebra of

Map(Gk,n((c)a Gk,n+r (C)a L)

contains either a polynomial algebra or a truncated algebra over a generator
of degree 2, where

L Gk,n((c) - Gk,n-ﬁ-r(c)

is the canonical inclusion. Our goal in this paper is to show under some as-
sumptions on r that the cohomology algebra of Map(Gy, ,(H), G pr (H); ¢)
contains either a polynomial algebra or a truncated algebra over a genera-
tor of degree 4. In the process, we shall investigate the rational cohomology
algebra of the component of the inclusion ¢: Gj ,(R) — G p1r(R) in the
space Map(Gin(R), Gipnir(R);e), for r > 1 and n > 4.
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2. PRELIMINARIES

Here we fix terminology and recall some standard facts on differential
graded algebras. All vector spaces and algebras are taken over a field Q of
rational numbers.

Definition 2.1. A commutative graded differential algebra (cdga) is a
graded algebra (A, d) such that zy = (—1)!¥lyz and

d(zy) = (dz)y + (—1)Pz(dy) for all € AP,y e AY.
It is said to be connected if H'(A) = Q. If V = @,5, V" with

yeven . @ V27L
=0
and
odd ,__ 2i—1
pold . @yt
i>1

then AV denotes the free commutative graded algebra defined by the tensor
product

AV = S(Veven) ® E(VQdd)7
where S(V'") is the symmetric algebra on Ve and E(V°) is the exte-
rior algebra on V°44,

Definition 2.2. A Sullivan algebra is a commutative differential graded
algebra (AV,d), where

V=[JVk) and V(©0)cV(1)c--
k>0
such that
dV(0)=0 and dV (k)< AV(k—1).

It is called minimal if dV < AZ2V.

If (A, d) is a cdga of which the cohomology is connected and finite dimen-
sional in each degree, then there always exists a quasi-isomorphism from
a Sullivan algebra (AV,d) to (A,d) [5]. To each simply connected space,
Sullivan associates a cdga Apr(X) of rational polynomial differential forms
on X that uniquely determines the rational homotopy type of X [20]. A
minimal Sullivan model of X is a minimal Sullivan model of Apr,(X). More
precisely,

H*(AV,d) = H*(X;Q)
as graded algebras and

VemnX)Q
as graded vector spaces. Let (A, d) be a cdga.



164 O. Maphane

A derivation 6 of degree k is a linear mapping 0: A® — A" * such that
0(ab) = 0(a)b + (—1)*19la(b).
Denote by Derp A the vector space of all derivations of degree k, and

DerA = @ Deri A.
k

The commutator bracket induces a graded Lie algebra structure on DerA.
Moreover, (DerA,d) is a differential graded Lie algebra (see e.g. [20]), with
the differential § defined in the usual way by

0 =dobf+ (—1)hod.

Let (AV,d) be a Sullivan algebra where V' is spanned by {v;...,vx}.
Then, Der AV is spanned by 61, ...,0;, where 6; is the unique derivation
of AV defined by 6;(v;) = 6;5. The derivation 6; will be denoted by (v;, 1).
Let ¢: (A,d) — (B,d) be a morphism of cdga’s.

A ¢-derivation of degree k is a linear mapping 6: A” — B™* for which

0(ab) = 0(a)p(b) + (—1)"p(a)o (D).

We consider only derivations of positive degree. Denote by Dery, (A, B; ¢)
the vector space of ¢-derivations of degree n for n > 0, and by

Der(A, B; ¢) = (—B Dery, (A, B; ¢)

the graded vector space of all ¢-derivations. The differential graded vector
space of ¢-derivations is denoted by (Der(A, B; ¢), 0), where the differential
0 is defined by

00 =dpof+(—1)"10ody.

In the case A = B and ¢ = 1p, the vector space (Der(B, B;1),0) is just a
usual differential graded Lie algebra of derivations on the cdga B (see [14]).
We note that, there is an isomorphism of graded vector spaces

Der(A, B; ¢) =~ Hom(V, B).

If {v;} is a basis of V, then the vector space Der(A, B; ¢) is spanned by the
unique ¢-derivation 6 denoted by (v;, b;) and (v;, 1) such that

0i(v;) = by,
Hi(vj):o, i?éj, biEB.
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3. Lyp-MODELS OF MAPPING SPACES

L, algebras were introduced by Lada in [13] and L, models of function
spaces studied by Félix et al. in |2, 3].

Definition 3.1. Let Sj be the symmetric group. A permutation o € S, is
an (i,k — i) shuffle if (1) < -+ < o(i) and o(i + 1) < -+ < o(k), where
i=1,...,m. The Koszul sign €(c) is determined by

Ty A AT = €(0)To(1) A A Tk,
where the subscripts indicate the degrees of the graded objects 1, ..., zg.

Definition 3.2. [2] An Ly, algebra or a strongly homotopy Lie algebra is
a graded vector space L = @), L; endowed with a collection of linear maps

lp=1,...,]: L% > L
of degree k — 2 for k > 1 called brackets, such that
(i) ¢x are skew-symmetric, that is, for any k-permutation o
[ma(l)v R 7x0(l€)] = SgH(O')E(G') [$0(1)7 s 7xa(k)]7

where sgn(o) is the sign of o;
(ii) the Jacobi identities are generalised as follows;

Z Zsgn(a)e(o)(—1)i(j_1)€j(€i(:cg(1), o T (i))s Tar(ig1)s o Tor(k)) =0,
itj=k+1 o
where o € S(i,k —1).

In particular, if £ = 0 for k > 3, we recover the notion of a differential

graded Lie algebra (L, d), where
[z,y] == la(x,y) and dz={li(x).
There is a bijection between Lo, structures on L and codifferentials
dp: AP (sL) — AP~FHL(sL)
of degree —1 on the coalgebra AsL such that d? = 0, where
d=dy+---+dp+---
and sL is the suspension of the graded vector space L defined by
(sL)* = LF+1

for all k£ [13]. We follow [3] for this definition. Define /D\/er(A,B;QS) as
follows:
Der;(A, B; ¢) 1> 1,

De?”i(A,B;<Z5) = {{9 c Derl(A,B;¢) - 00 = 0}7 7 =1.



166 O. Maphane

Let (A,d) = (AV,d) be a Sullivan algebra and
01,...,0, € Der(AV, B; ¢)
be ¢—derivati9r\1§ of respective degrees ni,...,ng, we define their bracket
[01,...,0k] € Der(AV, B; ¢) of length k by
(61, ., 0k (0) = (1) > D ed(vr... Ty . Ty - 05) 02(v3y) - . O(vs,),
i1y

where dv = > v1...v5, 7 =n1+---+ng_1, and € is the suitable sign given
by the Koszul convention. These operations may be desuspended to define
linear maps ¢, for k > 1 each of degree k — 2 on s~ Der(AV, B; ¢) by

(i(s710) = —s710'0,
ek(8_101, ceey 8_19]6) - (_1)68_1[917 ) ek}v

where

kg_k k—1 .
+ Z(k - Z)W,

=1

8=

see [3]. It is shown in [3], that
(s™' Der(AV, B; ¢), 4y)

is an Ly, algebra.

4. MAPPING SPACES BETWEEN QUATERNION GRASSMANNIANS

Consider the quaternion Grassmannian
Grn(H) = Sp(n)/(Sp(k) x Sp(n —k)) for 1 <k <n
The method to compute a Sullivan model of the homogeneous space Gy, ,, (H)
is given in details in [9,16]. Thus, a Sullivan model of Gy, ,,(H) for 1 < k <n
is given by (see [16])
(A (D4, g, - Dagy T4, T8, Ta(n—i)> Y3, YTs - - - > Yan—1), d)
with
dbi =0= d:rj, dy4p_1 = Z b4p1 * Tdpg s 1< p<n. (4.1)
p1+p2=p
Lemma 4.1. If2 < k < n, then the minimal Sullivan model of Gy, ,,(H) is
given by
(/\(b47 ey b4k‘, y4(n—k)+3, s 7y4n71)5 d)a
where db; = 0 and dys,—i)4+3 € A(b4, ..., bak).
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Proof. Consider the Sullivan model from equation (4.1)

(/\(b47 b87 cee ,b4k,l‘4,ﬂf8, cee )x4(n7k)7 Y3, Y7, .- )y4n—1)7 d)

which is not minimal. Make change of variables and consider the acyclic
ideal

I=(ta,ts, oy tan—t)> Yatn—k)—1)
where
dys =ta, dyr=ts, ..., dYsm—tk)—1 = tatn—t)-
Taking the quotient with the acyclic ideal we obtain the minimal model
(A(bas- -+, baks Ya(n—t)+35 - - » Yan—1), d),

where db; = 0 and dy(,—k)+3 € A (b4, .., bag). O

In the same way, by Lemma 4.1, the minimal Sullivan model of G, 5,1 (H)
for2<k <n+randr >1is given by

(/\ <a'47 <oy A4k, Z4(n+r—k)+37 ey Z4(n+7“)—1)7 d)7

where da; = 0 and dzy(, )43 € A(ag, ..., aq4). We give the following
results.

Theorem 4.2. Ifr >n —1, and n > 4, then Map(Gan(H), G2 ptr(H); )
contains a truncated algebra Q[z]/x} "+,

Proof. The minimal model of Gg ,,,(H) is given by

AV = (A(as, a8, Zantar—5, Zantar—1), d),
where
da; =0 and dzantar—5 € A(ag,ag).
The model of the inclusion ¢: Gy, (H) < Go,,(H) is as follows
¢: (A(as, as, zantar—5, Zantar—1), d) = A(ba, bs)/{dYan—5, dyan—1) = B,
where
plas) =bs,  ¢lag) =bs,  H(2antar—5) = P(2antar—1) = 0.

Moreover,

OYp44r—1 = (Z4n+4rfla 1)7 ﬁ4n+4r75 = (Z4n+4r75a 1)a
XYn+4r—5 = (Z4n+4r71a b4)7 54n+47“79 = (Z4n+47'757 b4)7
Qantar—9 = (Zantar—1,bg), Biantar—13 = (Z4nt4r—5,bg),
AYn+4r—17 = (Z4n+4r71a bin_4)7 B4n+4r721 = (Z4n+4r757 bin_4)a

78 = (as, 1), Y4 = (ag, ba), 04 = (as,1).
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As
p = (078)(24n+4ar—5) and ¢ = (018)(24n+4ar—1)
are polynomials of degree > 4n + 4r — 8, if r > n — 1, then
4dn 4+ 4r — 8 > 8n — 16.

Hence, the polynomials p and ¢ are zero in

(A (a4, as, Zant+ar—5, Zan+ar—1), d).
Thus, dvs = 0, and 0y4 = 064 = 0.
Note that

f=0(vay -y 74) (Zantar—s)
and

9= Le(vas- - 74)(Zan+ar—1)
are polynomial of degree at least 4n + 4r — 4 — 4k. If k <r —n + 3, then
f and g are polynomials of degree > 8n — 16. Hence,

Ue(Vayooyya) =0 for E=2,...,r —n+3.

In C*(s71L), set v = ps. Then, [pfl] #0forj=1,...,r—n+3. O

Theorem 4.3. Consider the inclusion

t: Gop(H) — Gopgr (H).
If r > 3n — 6, and n > 4, then Map(Gapn(H), G ptr(H);t) contains a
polynomial algebra over a generator of degree 4.

Proof. Let

¢: (A(aa,as, zantar—5, Zantar—1),d) — A (b2, ba)/{dyan—s5, dyan—1),
be a model of the inclusion. If r > 3n — 6, and n > 4, then any odd
derivation is of the degree at least
An+4r —5—(8n—16) =4r —4n + 11 > 11.
Hence,
Loy=L;=Ls=---=L;=0.
As L3 = 0, then the derivation v4 = (ag, bs) is a cycle. It is enough to show

that £, (V4, ... ,v4) = 0 for m > 4. We show the case when n+r is even, the
other case follows in the same way. If m > " then £p,(y4,...,7) = 0.

Assume 4 <m < ”I’", and let
. Y
P =l (Va5 -, Ya) angar—1) = D agby ™ 0T
j=zm

P2 = bon(vay ) Gangar—s) = ) B ™ T

j=m
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The polynomials p; and ps are of total degree at least 4n + 4r — 2 — 4m.
But » > 3n — 6, then

n+2r—4>8n—-16=4n+4r—4—-2(n+r) > 8n — 16
=4n+4r —4m — 4 > 8n — 16.

Therefore, £, (Y4, - - - ,v4) = 0 for m > 4. Hence, H*(C®(s7'L)) contains a
polynomial algebra over a generator of degree 4. U

5. THE GENERAL CASE

Here we extend the above results.

Theorem 5.1. If r > nk — k> — n + 2k — 1, then the rational coho-
mology algebra of Map(Gy, ,,(H), Gk ntr(H); ) contains a truncated algebra

Qlx gt TR R o k> 9 and n > 4.
4

Proof. Let
(/\V, d) = (/\(CL4, ooy A4k B4(ndr—k)+35 - -+ Z4(n+7’)71)7 d)7
where da; = 0 and dzy(n1y—k)13 € A(a4,. .., aq) be the minimal Sullivan

model of Gy, ,,(H). Moreover,

B = H*(Grpn(H); Q) = A(ba, - - -, bor) {dYain—1i) 435 - - - » WWan—1)-

A Sullivan model of ¢: Gy, ,,(H) < G i (H) is given by ¢: (AV,d) — B,
where

P(ag) = by, ..., ¢(asx) = bap,
¢(Z4(n+r—k)+3) == ¢(Z4(n+r)—1) = 0.

Let L = Der(AV, B;¢). Note that the lowest odd degree derivation is of
degree 4k — 1, as k > 2, then L3 = 0. Define v4 = (a4, bgr—4). Then 4 is
a cycle. Further,

q1 = gm(’yﬁh cee 774)(Z4(n+7“7k)+3)7

@ = lm (Va5 - -+ 74) (Za(ngr)—1)5
are polynomials of degree at least
dn + 4r — 4k +4 — 4m.
As the manifold Gy, ,(H) is of dimension 4k(n — k), if
m<r4+n+k’+1—nk—k,
then ¢, ..., g are polynomials of degree more than 4k(n — k). Therefore,

bn(Yay - sya) =0 for m=4,...,(r+n+k*>+1—nk—k).
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In C*(s71L), let v§ = wy. Then
(Wil #0 for i=1,....(r+n+k+1-nk—k). O
Theorem 5.2. If r > (n — k)(2k — 1)+ k — 2, and n > 4, then the

cohomology algebra of Map(Gn(H), Gk pir(H);e) for k = 2, contains a
polynomial algebra over a generator of degree 4.

Proof. Let ¢: (AV,d) — B be a Sullivan model of the inclusion
L: Gk,n(H) - Gk,n-ﬁ-r(H)

as given in Theorem 5.1. Assume n > 4, in particular, if » > 2n% — 5n — 6,
then any odd derivation of degree

> 4n 4 4r — 4k + 3 — (4kn — 4k%) = 4r + 4n — 4kn + 4K* — 4k + 3

> 4k — 4k + 3.
Hence,
Ly=Lg=--=1L;=0,

where f = 4k? —4k+3. Define v4 = (a4x, bar_4) as in Theorem 5.1. Then it
suffices to show that £,,(v4,...,74) = 0 for m > 4. Consider n+1r even, the
other case is dealt in the same way. If m > "I then £, (74, ...,74) = 0.
Assume 4 < m < %, and let

1= (Va5 -, 74) (Zanyar—ak+3),

e = (Y4, -+ s V4) (Zansar—1)-
The polynomials p1, ..., pr are of total degree at least 4n+4r —4k+4—4m.
But r > (n—k)(2k — 1) + k — 2, then
2n+2r—4k+4>8n—-16=4n+4r —4k+4—-2(n+r) > 8n — 16
=4dn+4r —4m — 4k 4+ 4 > 8n — 16.

Therefore, £,,(74, - ..,74) = 0 for m > 4. Hence, H*(C®(s~'L)) contains a
polynomial algebra over a generator of degree 4. Il

Remark 5.3. We recall here the minimal Sullivan model of Gy, (H) for
2 < k < n, and the Sullivan model of Gy, (R) for 1 < k < n. We refer
to |6, Corollary 1.86 & 1.90] and [16, Theorem 2| for details. The minimal
Sullivan model of Gy, (H) is given by

(A’ d) = (/\(b47 ooy bag, Y4(n—k)4+35 - - ’y4n71)a d)a
where db; = 0 and dys(n—p)4+3 € A(b4, ..., bax), while for Gy, ,(R), where n
is odd, is given by

(Byd) = (/\(1’4, e ,$4(k_1), UQk,Iil, cee 7x21k7y3ay75 ey y4n—1)7 d)7
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where

dl‘i =0= d;L’] and dy4p_1 = Z Tdr * xilqv 1 < p<n.
r+q=p

Consider the map ¢: (A,d) — (B,d), and the ideal

I=<Zl‘4r'$ﬁ;q>~

r+q=p
Then,
H*(B,d) = A(zly,...,2)/1.

Hence, there is a quasi-isomorphism

Q_S: (A(b4’ N Ya(n—k)+3> - -+ y4n71)7 d) - H*(B,d)a

where

¢(b4) = xz}? sy ¢(b4k) = ‘/L‘ilka

¢(y4(n,k)+3) =0, ..., ¢(Han-1)=0.

The case for n even is treated in the same way. The quasi-isomorphism
¢ implies that G, (H) and Gj,(R) have the same dimension. Thus,
computing the rational cohomology algebra of the component of the in-
clusion ¢: Gin(R) — Gjpntr(R) in the space of mappings from Gy ,(R)
to G ntr(R) one recovers the same results for the inclusion between the
quaternion Grassmannians.
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