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Abstract. The present work considers the properties of generally convex
sets in the plane known as weakly 1-convex. An open set is called weakly 1-
convex if for any boundary point of the set there exists a straight line passing
through this point and not intersecting the given set. A closed set is called
weakly 1-convex if it is approximated from the outside by a family of open
weakly 1-convex sets. A point of the complement of a set to the whole plane
is called a 1-nonconvexity point of the set if any straight passing through the
point intersects the set. It is proved that if an open, weakly 1-convex set has
a non-empty set of 1-nonconvexity points, then the latter set is also open. It
is also shown that the non-empty interior of a closed, weakly 1-convex set in
the plane is weakly 1-convex.

Анотація. У роботі розглядаються властивості узагальнено опуклих
множин на площині, які називаються слабко 1-опуклими. Відкрита мно-
жина називається слабко 1-опуклою, якщо через довільну точку межі
множини проходить пряма, яка цю множину не перетинає. Замкнена
множина називається слабко 1-опуклою, якщо вона апроксимується ззов-
ні сім’єю відкритих слабко 1-опуклих множин. Точка доповнення множи-
ни до всієї площини називається точкою 1- неопуклості множини, якщо
довільна пряма, яка проходить через цю точку, перетинає задану мно-
жину. Доведено, що непорожня множина точок 1-неопуклості відкритої,
слабко 1-опуклої множини на площині відкрита. Також доведено, що не-
порожня внутрішність замкненої, слабко 1-опуклої множини на площині
слабко 1-опукла.
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1. INTRODUCTiON
We consider sets in the real plane R2. Let us use the following standard

notations. For a subset A Ă R2 let A be its closure, IntA be its interior,
and BA = AzIntA be its boundary.

Definition 1.1 ([6]). A subset E Ă R2 is called 1-convex if for any point
x P R2zE there exists a straight line γ such that x P γ and γ X E = ∅.

Definition 1.2 ([7]). An open subset E Ă R2 is called weakly 1-convex
if for any point x P BE there exists a straight line γ such that x P γ and
γ X E = ∅.

Lemma 1.3 ([2]). Any component of an open weakly 1-convex subset E Ă
R2 is convex.

Definition 1.4 ([1]). A set A is approximated from the outside by a
family of open sets Ak, k P N, if Ak+1 is contained in Ak, and A =

Ş
k Ak.

It can be proved that any set approximated from the outside by a family
of open sets is closed.

Definition 1.5 ([2,7]). A closed subset E Ă R2 is called weakly 1-convex
if it can be approximated from the outside by a family of open weakly 1-
convex sets.

Thus, any weakly 1-convex set A is either open or closed. Among closed
weakly 1-convex sets there are also sets with empty interior:

A = A = AzIntA = BA.
Lemma 1.6 ([4]). Let E Ă R2 be a closed subset with a finite number of
components and such that IntE ‰ ∅. If E is weakly 1-convex, then IntE
is weakly 1-convex.

A simple example showing that not every closed set with weakly 1-convex
interior is also weakly 1-convex is the following. Take any closed convex
set in the plane and connect any two of its boundary points with a curve
contained in the complement of the set to the whole plane. The union of the
curve and the convex set is not a weakly 1-convex set whereas its interior
is weakly 1-convex, obviously.

Denote the classes of 1-convex and weakly 1-convex sets in R2 by C2
1

and WC2
1, respectively. Any open set of the class C2

1 clearly belongs to
the class WC2

1. The converse statement is not true. It turns out that the
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classWC2
1zC2

1 of open weakly 1-convex but not 1-convex sets is not empty.
Moreover, the following proposition holds:

Lemma 1.7 ([2]). An open set of the class WC2
1zC2

1 consists of at least
three connected components.

The examples of open and closed sets of the class WC2
1zC2

1 with three
and more connected components are constructed in [3, Examples 1-4]. It is
also proved in [4] that the closed sets of the class WC2

1zC2
1 consist of not

less than three connected components.

Definition 1.8 ([5]). A point x P R2zE is called a 1-nonconvexity point
of a subset E Ă R2 if any straight passing through x intersects E.

The set of all 1-nonconvexity points of a subset E Ă R2 is denoted by
E△. Thus, a set E is not 1-convex iff E△ ‰ ∅.

Lemma 1.9 ([5]). Let E Ă R2 be an open subset of the class WC2
1zC2

1

with a finite number of components. Then E△ is open.
In the present work, Lemmas 1.6 and 1.9 are proved without any restric-

tions on the number of components of the sets.
The main results were presented at the Seminar of Complex Analysis

and Potential Theory Department of Institute of Mathematics of NAS of
Ukraine. The authors are grateful to all participants of this seminar for
suggesting valuable improvements and remarks to the text of the manu-
script.

2. TOPOLOGiCAL PROPERTiES OF OPEN AND CLOSED WEAKLY 1-CONVEX
SETS iN THE PLANE

Given two points x, y P R2, we will denote by |x ´ y| the length of the
straight segment between those points. Also, for ε ą 0, let

U(y, ε) := tx P R2 : |x´ y| ă εu
be the ε-neighborhood of a point y P R2.

Let
γα(y) := t(t cosα+ y1, t sinα+ y2) : ´8 ă t ă +8u, α P [0, 2π),

be a straight line passing through a point y = (y1, y2) P R2. Evidently,
γα(y) = γα+π(y), α P [0, π).

Lemma 2.1. Let E Ă R2 be an open, not 1-convex subset and let Ej,
j P N Ď N, be the connected components of E. Then for any point y P E△
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there exists a subset
G(y) =

ď

jPM(y)

Ej , M(y) Ă N,

such that M(y) is finite and y P G(y)△.
Proof. Regard R2 as the complex plane C and let O P C be the origin. Let
also S1 = tz : |z| = 1u be the unit circle. Consider the homeomorphism
ϕ : CztOu Ñ S1 ˆ (0,+8), defined by the formula

ϕ(z) =
( z

|z| , |z|
)
.

Denote by σ1 : S1 ˆ (0,+8) Ñ S1 the central projection on the circle, i.e.,

σ1(z) = z

|z| ,
and let

σ2(z) = σ1(z)eiπ.
Then σ1 is continuous and open as the projection on a coordinate and so is
σ2(z).

Now fix a point y P E△. Without loss of generality, assume that y = O.
Then the images σ1(Ej), σ2(Ej) of each component Ej , j P N , are either
open arcs of S1 or the whole S1. Moreover,

ď

jPN

(
σ1(Ej) Y σ2(Ej)

)

is a cover of the unit circle S1. By the Heine-Borel theorem, there exists a
finite subcover of S1 of the formď

iPM 1(y),
jPM2(y)

σ1(Ei) Y σ2(Ej),

where M 1(y) Ă N and M2(y) Ă N .
Then the corresponding set G(y), whereM(y) =M 1(y)YM2(y), is what

we need. Indeed, M(y) is finite and y P G(y)△, since there is a one-to-one
correspondence between the lines γα(O), α P [0, 2π), and pairs of antipodal
points of S1. □

Denote by DxA the set of all points of the straight lines passing through
a point x P R2zA and intersecting a subset A Ă R2. If A is not empty, then
x P DxA. If A is open, then the set DxAztxu is open.

Lemma 2.2. Let E Ă R2 be open and not 1-convex subset and y P E△.
Then for any line γα(y), α P [0, 2π), there exists a point xα(y) P γα(y) XE
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such that U
(
xα(y), d(y)

) Ă E, where d(y) ą 0 depends only on y and does
not depend on α.
Proof. Let Ej , j P N Ď N, be the components of E. Fix y and consider a
subset G =

Ť
jPM

Ej Ă E satisfying the conditions of Lemma 2.1.

Consider two groups of the components Ej , j P M . The first group
consists of the components Ej , j P M 1, such that DyEjztyu, j P M 1, are
open angles of values ď π, and the second one consists of the components
Ej , j P M2, such that DyEj , j P M2, coincide with R2. Moreover, since
Ej , j P M , are open and connected, we have that M 1 YM2 =M .

Consider the first group. Let
Di,j = DyEi X DyEj , i, j P M,

see Figure 2.1а). As y is a 1-nonconvexity point of G, for any index i P
M 1 there exist the indices j(i) P M such that Di,j(i) ‰ ∅. Since the
vertical angles DyEiztyu, i P M 1, are open, we can reduce them so that the
intersections of the reduced angles remain non-empty. Denote the reduced
angles by rDyEi. Then

rDyEi Ă DyEi, i P M 1.

The boundary of each rDyEi, i P M 1, consists of two straight lines passing
through y. Denote them by γα1

i
(y), γα2

i
(y), see Figure 2.1b). Moreover,

γα1
i
(y), γα2

i
(y) Ă DyEi,

and thus,
γα1

i
(y) X Ei ‰ ∅, γα2

i
(y) X Ei ‰ ∅.

FiGURE 2.1.
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The we can take any points
x1i P γα1

i
(y) X Ei, x2i P γα2

i
(y) X Ei, (i P M 1),

and choose any curves λi Ă Ei connecting x1i and x2i .
Now consider the second group. Let also x1i , x2i , i P M2 be points of Ei,

i P M2, such that a curve λi Ă Ei connecting them, satisfies the condition
Dyλi = DyEi = R2.

Consider the following function of x P Ei, i P M :
di(x) = inf

x0PBEi

|x´ x0|.
It is continuous in its domain. Then its restriction to the compact λi reaches
its minimum di ą 0 on this compact, i.e.,

di = min
xPλi

di(x), i P M.

Since G has finite number of components, there exists
d = min

iPM di ą 0.

Then U(x, d) Ă G Ă E for any point x P λi, i P M . Moreover, for any
α P [0, 2π) there exists i P M , such that γα(y) X λi ‰ ∅ by construction.
Lemma is proved. □

Theorem 2.3. Let E Ă R2 be an open subset of the classWC2
1zC2

1. Then
E△ is open.
Proof. Let Ej , j P N Ď N, be the components of E. Fix an arbitrary
point y P E△ and prove that it is an inner point of E△. Since E is weakly
1-convex, y R BE. Then there exists a number ε1 ą 0 such that

U(y, ε1) Ă (R2zE).

By Lemma 2.2, for the fixed y there exist a constant d ą 0 and points
xα P γα(y) X E, α P [0, 2π), such that U(xα, d) Ă E.

Let ε = mintε1, du. Consider the neighborhood U(y, ε) of the point y.
Let z P U(y, ε) and γα(z), α P [0, 2π), be an arbitrary line passing through
the point z. Draw the line γα(y) parallel to γα(z). Since

U(xα, ε) Ď U(xα, d) Ă E

for the point xα corresponding to γα(y), it follows that
γα(z) X U(xα, ε) ‰ ∅

and, therefore, γα(z) X E ‰ ∅ for any α P [0, 2π), see Figure 2.2а). Since
the point z was chosen arbitrarily, all points of U(y, ε) are 1-nonconvexity
points of E. Thus, y is an inner point of E△. □
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FiGURE 2.2.

Theorem 2.4. Let E Ă R2 be a closed subset such that IntE ‰ ∅. If E
is weakly 1-convex, then IntE is weakly 1-convex.
Proof. Suppose that IntE is not weakly 1-convex. Then there exists a
1-nonconvexity point y P BE of the set IntE.

By Lemma 2.2, for the point y there exist a constant d ą 0 and points
xα P γα(y) X IntE, α P [0, 2π), such that U(xα, d) Ă IntE.

Consider the neighborhood U(y, d) of the point y, see Figure 2.2b). Since
E is weakly 1-convex, there exists a family of open weakly 1-convex sets
Gk, k ě 1, approximating E from the outside. Then one can find an index
k0 such that BGk X U(y, d) ‰ ∅ for all k ě k0. For each k ě k0 choose
a point zk P BGk X U(y, d) and draw an arbitrary line γα(zk), α P [0, 2π),
through zk. Consider the line γα(y) parallel to γα(zk). Since

U(xα, d) Ă IntE Ă E

for the point xα corresponding to γα(y), it follows that

γα(zk) X U(xα, d) ‰ ∅

and therefore
γα(zk) X E ‰ ∅.

As Gk Ą E, k P N, we have that

γα(zk) XGk ‰ ∅, k ě k0.

Since the line γα(zk) is arbitrary, the point zk P BGk is a 1-nonconvexity
point of Gk for all k ě k0, which gives a contradiction. Thus, the assump-
tion is wrong and theorem is proved. □



On weakly 1-convex sets in the plane 49

REFERENCES
[1] L. A. Aĭzenberg. The expansion of holomorphic functions of several complex variables

in partial fractions. Sibirsk. Mat. Ž., 8:1124–1142, 1967.
[2] H. K. Dakhil. The shadows problems and mappings of fixed multiplicity. Candthesis,

Kyiv, Institute of Mathematics of NASU, Kyiv, 2017. in Ukrainian.
[3] T. M. Osipchuk. On topological properties of weakly m-convex sets. Proceedings of the

Institute of applied mathematics and mechanics of NAS of Ukraine, 34:75–84, 2020.
doi:10.37069/1683-4720-2020-34-8.

[4] T. M. Osipchuk. On closed weakly m-convex sets. Proc. Int. Geom. Cent., 15(1):50–65,
2022. doi:10.15673/tmgc.v15i1.2139.

[5] T. M. Osipchuk. Topological and geometric properties of the set of 1-nonconvexity
points of a weakly 1-convex set in the plane. Ukrainian Math. J., 73(12):1918–1936,
2022. doi:10.1007/s11253-022-02038-w.

[6] Y. Zelinskii.Multivalued mappings in analysis. Naukova Dumka, Kyiv, 1993. in Russian.
[7] Y. Zelinskii and I. Momot. On (n,m)-convex sets. Ukrainian Math. J., 53(3):482–487,

2001. doi:10.1023/A:1012352607365.

Received: January 11, 2023, accepted: March 27, 2023.

Tetiana M. Osipchuk
INSTiTUTE OF MATHEMATiCS OF THE NATiONAL ACADEMY OF SCiENCE OF UKRAiNE,
TERESCHENKiVS’KA STR. 3, KYiV, 01024, UKRAiNE
Email: osipchuk.tania@gmail.com

Maksym V. Tkachuk
INSTiTUTE OF MATHEMATiCS OF THE NATiONAL ACADEMY OF SCiENCE OF UKRAiNE,
TERESCHENKiVS’KA STR. 3, KYiV, 01024, UKRAiNE
Email: maxim.v.tkachuk@gmail.com


