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Abstract. The present work considers the properties of generally convex
sets in the plane known as weakly 1-convex. An open set is called weakly 1-
convez if for any boundary point of the set there exists a straight line passing
through this point and not intersecting the given set. A closed set is called
weakly 1-convex if it is approximated from the outside by a family of open
weakly 1-convex sets. A point of the complement of a set to the whole plane
is called a 1-nonconvezity point of the set if any straight passing through the
point intersects the set. It is proved that if an open, weakly 1-convex set has
a non-empty set of 1-nonconvexity points, then the latter set is also open. It
is also shown that the non-empty interior of a closed, weakly 1-convex set in
the plane is weakly 1-convex.

AHotamisi. Y poboTi pO3IJIfnaoThCs BJIACTUBOCTI y3arajbHEHO OILyKJINX
MHOKUH Ha IJIONIUHI, fKi HA3UBAIOThCs cJ1abko 1-omykymmu. Binkpura MHO-
JKUHA HAa3WBAETHCS €Aa0K0 1-onyk.aoto, SIKIIO depe3 IOBLIBHY TOYKY MexKi
MHOXKWHU TIPOXOJUTH TPsIMa, SKa [0 MHOXKWHY HE MEPETHHAE. 3aMKHEHA
MHOXKWHA HA3UBAETHCS CAGOKO0 1-0nYyK.A010, AKIIO BOHA AIIPOKCUMYETHCS 330B-
Hi ciM’€10 BiAKPUTHX CJIA0KO 1-OMyKIMX MHOKHUH. TOUYKa JIOTIOBHEHHST MHOYK -
HHU JIO BCi€l IJIONUHA HA3UBAETHCA MOYK010 1- HeonyKA0Cmi MHOKIHHA, STKIIIO
JOBLJIbHA TIPSIMA, sIKA MTPOXOJWUTH 9€PE3 II0 TOUKY, MEPETUHAE 3aJAHy MHO-
xkuny. JloBejieHo, 1110 HEITOPOXKHS MHOXKMUHA TOYOK 1-HEOIyKJIOCTI BiJIKPUTOT,
cJ1abKo 1-0IyKJIOl MHOYKUHU Ha IUIOIMIMHI BifiKpuTa. TakoxK JI0BEJIEHO, 10 He-
MOPOXKHS BHYTPINMTHICTD 3aMKHEHOT, CJIa0KO 1-0mMyKJ/101 MHOXKWHU HA TLIOMIWHI
cjrabko 1-omykJia.
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1. INTRODUCTION

We consider sets in the real plane LRQ. Let us use the following standard
notations. For a subset A < R? let A be its closure, Int A be its interior,
and A = A\Int A be its boundary.

Definition 1.1 ([6]). A subset E = R? is called 1-convez if for any point
r € R?2\E there exists a straight line v such that x € v and yn E = 2.

Definition 1.2 ([7]). An open subset E = R? is called weakly 1-convex
if for any point x € OF there exists a straight line v such that x € v and
ynE=0.

Lemma 1.3 ([2]). Any component of an open weakly 1-convex subset E <
R? is convex.

Definition 1.4 ([1]). A set A is approzimated from the outside by a
family of open sets Ay, k € N, if Apy1 is contained in Ay, and A =, Ak.

It can be proved that any set approximated from the outside by a family
of open sets is closed.

Definition 1.5 ([2,7]). A closed subset E — R? is called weakly 1-convex
if it can be approximated from the outside by a family of open weakly 1-
convex sets.

Thus, any weakly 1-convex set A is either open or closed. Among closed
weakly 1-convex sets there are also sets with empty interior:

A=A=A\Int A= 0A.

Lemma 1.6 ([4]). Let E < R? be a closed subset with a finite number of
components and such that Int E # &. If F is weakly 1-convez, then Int E
1s weakly 1-convezx.

A simple example showing that not every closed set with weakly 1-convex
interior is also weakly 1-convex is the following. Take any closed convex
set in the plane and connect any two of its boundary points with a curve
contained in the complement of the set to the whole plane. The union of the
curve and the convex set is not a weakly 1-convex set whereas its interior
is weakly 1-convex, obviously.

Denote the classes of 1-convex and weakly 1-convex sets in R? by C?
and WC?, respectively. Any open set of the class C? clearly belongs to
the class WC?. The converse statement is not true. It turns out that the
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class WC?\C? of open weakly 1-convex but not 1-convex sets is not empty.
Moreover, the following proposition holds:

Lemma 1.7 ([2]). An open set of the class WCI\C? consists of at least
three connected components.

The examples of open and closed sets of the class WC\C? with three
and more connected components are constructed in [3, Examples 1-4]. It is
also proved in [4] that the closed sets of the class WC%\C? consist of not
less than three connected components.

Definition 1.8 ([5]). A point x € R?\E is called a 1-nonconvexity point
of a subset E c R? if any straight passing through = intersects E.

The set of all 1-nonconvexity points of a subset £ — R? is denoted by
E®. Thus, a set F is not 1-convex iff E® # @.

Lemma 1.9 ([5]). Let E = R? be an open subset of the class WC3\C?
with a finite number of components. Then E® is open.

In the present work, Lemmas 1.6 and 1.9 are proved without any restric-
tions on the number of components of the sets.

The main results were presented at the Seminar of Complex Analysis
and Potential Theory Department of Institute of Mathematics of NAS of
Ukraine. The authors are grateful to all participants of this seminar for
suggesting valuable improvements and remarks to the text of the manu-
script.

2. TOPOLOGICAL PROPERTIES OF OPEN AND CLOSED WEAKLY 1-CONVEX
SETS IN THE PLANE

Given two points x, y € R?, we will denote by |z — y| the length of the
straight segment between those points. Also, for € > 0, let

Uy,e) :i={zeR?: |z —y| <e}

be the e-neighborhood of a point y € R?.
Let

Ya(y) :={(tcosa+yi,tsina+yz) : —0 <t < 40}, «ac€l0,2m),
be a straight line passing through a point y = (y1,y2) € R%. Evidently,
Ya(¥) = Yatx(y), a€[0,m).

Lemma 2.1. Let E c R? be an open, not 1-convexr subset and let E;,
je N C N, be the connected components of E. Then for any point y € E®
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there exists a subset

Gy) = |J B, M@y) <N,
JjeM(y)

such that M (y) is finite and y € G(y)>.

Proof. Regard R? as the complex plane C and let O € C be the origin. Let
also S! = {z : |z| = 1} be the unit circle. Consider the homeomorphism
¢: C\{O} — S x (0,+00), defined by the formula

6(=) = (7 41):

Denote by ¢’: S! x (0,+00) — S* the central projection on the circle, i.e.,

and let
o"(z) = o'(2)e'™.
Then ¢’ is continuous and open as the projection on a coordinate and so is
a’(2).
Now fix a point y € E2. Without loss of generality, assume that y = O.
Then the images o'(E;), 0”(E;) of each component E;, j € N, are either

open arcs of S or the whole S'. Moreover,

U (U/(Ej) U cr”(Ej))
JjEN
is a cover of the unit circle S*. By the Heine-Borel theorem, there exists a
finite subcover of S' of the form
U o'(B)ud(Ey,
ieM’(y),
JeM" (y)
where M'(y) € N and M"(y) < N.
Then the corresponding set G(y), where M (y) = M'(y) u M"(y), is what
we need. Indeed, M(y) is finite and y € G(y)*, since there is a one-to-one

correspondence between the lines v,(0), a € [0, 27), and pairs of antipodal
points of ST O

Denote by D, A the set of all points of the straight lines passing through
a point x € R?\ 4 and intersecting a subset A = R2. If A is not empty, then
x € DyA. If A is open, then the set D, A\{z} is open.

Lemma 2.2. Let E c R? be open and not 1-convex subset and y € E®.
Then for any line v4(y), a € [0,27), there exists a point x4(y) € Ya(y) N E
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such that U(za(y),d(y)) < E, where d(y) > 0 depends only on y and does
not depend on a.

Proof. Let E;, j € N € N, be the components of E. Fix y and consider a
subset G = | J E; c E satisfying the conditions of Lemma 2.1.
jeM

Consider two groups of the components Ej, j € M. The first group
consists of the components F;, j € M’, such that D,E;\{y}, j € M’, are
open angles of values < 7, and the second one consists of the components
E;, j € M”", such that D,E;, j € M”", coincide with R%. Moreover, since
E;, j € M, are open and connected, we have that M’ v M” = M.

Consider the first group. Let

DiJ‘ = DyEi N Dij, i,j € M,

see Figure 2.1a). As y is a l-nonconvexity point of G, for any index i €
M there exist the indices j(i) € M such that D;;; # @. Since the
vertical angles Dy, E;\{y}, i € M’, are open, we can reduce them so that the
intersections of the reduced angles remain non-empty. Denote the reduced
angles by Dy F;. Then

D,E; c DyE;, ie M.
The boundary of each f)yEi, 1 € M’, consists of two straight lines passing
through y. Denote them by v,1(y), 7,2(v), see Figure 2.1b). Moreover,

Yol (¥):Va2(y) © Dy Ei,
and thus,

FIGURE 2.1.
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The we can take any points
@ € Va1 (y) N Ei, x € 1a2(y) N Ei, (i€ M),

and choose any curves \; © E; connecting acll and xf
Now consider the second group. Let also z}, 22, i € M" be points of E;,
1€ M”, such that a curve \; € E; connecting them, satisfies the condition
D,)\; = D,F; = R%
Consider the following function of x € E;, i € M:
‘I

di(z) = inf |z —
i(x) xolen&E-|x x

It is continuous in its domain. Then its restriction to the compact \; reaches
its minimum d; > 0 on this compact, i.e.,

d; = mind;(zx), i€ M.

IE)\Z‘

Since G has finite number of components, there exists

d =mind; > 0.
€M

Then U(z,d) € G < FE for any point = € \;, i € M. Moreover, for any
a € [0,2m) there exists i € M, such that v,(y) N A; # @ by construction.
Lemma is proved. O

Theorem 2.3. Let E < R? be an open subset of the class WC3\C?. Then
E® is open.

Proof. Let Ej, j € N < N, be the components of E. Fix an arbitrary
point y € E® and prove that it is an inner point of E2. Since F is weakly
1-convex, y ¢ 0F. Then there exists a number €; > 0 such that

Uly,e1) c (RA\E).

By Lemma 2.2, for the fixed y there exist a constant d > 0 and points
ZTa € Ya(y) N E, a €[0,27), such that U(z,,d) c E.

Let & = min{ej,d}. Consider the neighborhood U(y,¢) of the point y.
Let z € U(y,¢e) and v4(2), a € [0,27), be an arbitrary line passing through
the point z. Draw the line 7,(y) parallel to v4(z). Since

U(za,e) € U(xq,d) c E
for the point z,, corresponding to v, (y), it follows that
Yo(2) N U(xgy€) # @

and, therefore, v,(z) N E # & for any a € [0,27), see Figure 2.2a). Since
the point z was chosen arbitrarily, all points of U(y, ) are 1-nonconvexity
points of E. Thus, y is an inner point of E2. O
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FIGURE 2.2.

Theorem 2.4. Let E < R? be a closed subset such that Int E # @. If E
is weakly 1-convex, then Int E is weakly 1-convex.

Proof. Suppose that Int E is not weakly 1-convex. Then there exists a
1-nonconvexity point y € 0F of the set Int E.

By Lemma 2.2, for the point y there exist a constant d > 0 and points
ZTa € Ya(y) nInt E, a € [0, 27), such that U(z,,d) < Int E.

Consider the neighborhood U(y, d) of the point y, see Figure 2.2b). Since
FE is weakly 1-convex, there exists a family of open weakly 1-convex sets
G, k = 1, approximating E from the outside. Then one can find an index
ko such that 0G, n U(y,d) # @ for all k > ko. For each k > ko choose
a point z; € 0G N U(y,d) and draw an arbitrary line v,(zx), o € [0, 27),
through z;. Consider the line v, (y) parallel to v4(zx). Since

U(zg,d) cInt Ec E
for the point z, corresponding to v4(y), it follows that
Ya(zk) NU(2q,d) # &

and therefore
Yalzk) N E # @.
As G, o E, k € N, we have that

Yo(zk) N G # D, k = k.

Since the line v,(zx) is arbitrary, the point z; € dGy is a l-nonconvexity
point of Gy, for all k > kg, which gives a contradiction. Thus, the assump-
tion is wrong and theorem is proved. O
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