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Pseudocompact and precompact
topological subsemigroups
of topological groups

Julio César Hernandez Arzusa

Abstract. It is known that every pseudocompact topological group is pre-
compact, we extend this result to a class of subsemigroup of topological
groups. Then we use this results to prove that cancellative locally compact
countably compact topological semigroups with open shifts are topological
groups and to give a sufficient condition under which a locally compact mono-
thetic topological semigroup is a compact topological group.

Amnorarig. Bimomo, mo KoKHA MCEBIOKOMITAKTHA TOMOJIOTIIHA TPYIIA € TIe-
penkoMmakTHO. B maniit poboTi 1eil pe3ysbTaT MOmMpEeHo Ha KJiac ITigHa-
MiBIPYH TOIIOJIONIYHUX IPYI. B KOCTI 3acTOCYBaHHS II0KA3aHO, 110 JIOKAJIHHO
KOMITAKTHI 3/Ii4€HHO KOMIIAKTHI TOIIOJIOIiYHI HAIIIBIPYIIN i3 CKODOYEHHAMH Ta
BIIKDUTUMU 3CYyBaMH € TOIIOJIOTIYHUMU TPYIIAMU, & TAKOXK OTPUMAHO JIOCTa-
THIO YMOBY, 33 SKOI JIOKQJIbHO KOMIIAKTHA MOHOTETUYHA TOIOJIOTIYHA HAITIB-
rpyla € KOMIAKTHOIO TOIOJIOTIYHOI0 I'PYIIO0.

1. INTRODUCTION

The literature exhibits a variety of sufficient conditions for a cancellative
topological semigroup S to be a topological group. The first of them is
given in [12]|, where it was proven that every cancellative Hausdorff com-
pact topological semigroup is a topological group. A similar result can be
found in [5], where it is used sequential compactness instead of compact-
ness. In [16] it is proven that every cancellative countably compact sequen-
tial topological semigroup is a topological group. The problem of when a
cancellative topological semigroup is a topological group was recently ad-
dressed in |2], where the authors proved that a polybounded cancellative T}
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topological semigroup is a topological group. In [9], it was recently proven
the following fact.

Theorem 1.1. Every commutative cancellative locally compact pseudocom-
pact topological semigroup with open shifts is a compact topological group.

In this paper we expanded this list of results in Section 3, for that we use
pseudocompactness, precompactness and local compactness mainly. The
fact that every commutative cancellative semigroup can be embedded in a
group (see [8]) plays a crucial role in the proof of Theorem 1.1, in Theo-
rem 3.11 we removed the commutativity but we use countable compactness
instead of pseudocompactness.

2. PRELIMINARIES

Let X be a topological space. We say that X is pseudocompact if each
continuous function f : X — R is bounded. X is called feebly compact if
every locally finite family of open sets in X is finite. By [11, Theorem 1.1.3],
feebly compact is equivalent to pseudocompact for Tychonoff spaces. If X
is a Tychonoff space, we denote by 8X the Cech-Stone compactification of
X. If X is a Tychonoff topological semigroup such that X x X is pseu-
docompact, [4, Theorem 2.2] tells us that the semigroup operation of X
extends to a continuous semigroup operation on SX. If is pseudocompact,
locally compact and 75, then X x X is pseudocompact.

A subset A of X is said to be a retract of X if there exists a continuous
mapping f : X — A such that f(a) = a for every a € A. If A is a clopen
in X, then A is a retract of X. If A is a retract of X and f: A —> Y isa
continuous map, then f extends a continuous mapp on all of X. Therefore,
each retract of a pseudocompact space is pseudocompact too.

A family F of subsets of X has finite intersection property (FIP) if for
every finite subset A of F, we have that (A # . A space X is countably
compact if each countable family of closed sets in X, with the FIP, has non-
empty intersection. Countable compactness implies pseudocompactness for
any, non-necessary Tychonoff, space.

Let S be a semigroup, an element x € G is called idempotent if 2% = z.
If S has neutral element, we say that S is a monoid and its neutral element
will be denoted by 1g. If S is a topological monoid, we will denote by U
the set of neighbourhoods of 1g. If G is a topological group, U7, will be
denote the set of symmetric neighbourhoods of 1. The mapping from G
to G defined by = +— 271, for every x € X, will be denoted by Ing.

A subset A of topological group G is precompact if for a given U € Uy,
there exists a finite subset F' of G such that A < (FU) n (UF). If A and
B are precompact subsets of G, then AB, A and B~! are precompact sets.
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Moreover, if C' € B, then C' is precompact too. Obviously, each compact
topological group is precompact.

If G is a topological group, V € U, and A < G, we say that A is V-
disjoint if a ¢ bV for all distinct a,b € A. The Zorn’s Lemma allows us to
have a maximal A € G, V-disjoint.

A topological semigroup S has open shifts, if for each a € S the left shift
S — S, x — ax and the right shift S — S, z — xa are open.

3. MAIN RESULTS

Every topological semigroup is assumed to be nonempty and Tp. If X
is a topological space and A € X, then clx(A), or simply A, if there is no
possibility of confusion, denotes the closure A in X.

Lemma 3.1 (|1, Lemma 3.7.26]). Let A be a precompact subset of a topo-
logical group G. If {xy, : n e N} € A, then

lg € cg({miz; ' i < j,i,j e N}).

Lemma 3.2. If S is a precompact subsemigroup of a topological group G,
then S is a submonoid of G.

Proof. Note that S is a subsemigroup of G. Let z € S. Then
{z" :neN}c S,

and by Lemma 3.1, 15 € {7 :n e N}. But Ing is a homeomorphism,
therefore

le =Ing(lg) e Ing({z™ :neN}) =Ing({z " : ne N})
={z":neN}c S,
whence S is a submonoid of G. O

Now [13, Corollary 3.4] tells us that the closure of any subgroup of a
precompact topological group is a group, since subgroups of precompact
topological groups are precompact too, then the following theorem gener-
alizes this result.

Theorem 3.3. If S is a precompact subsemigroup of a topological group
G, then S is a subgroup of G

Proof. Since S is a submonoid of G, to prove that Sisa subgroup of G it
is enough to show that = € S for any = € S. Indeed, let z € S, since that

xS is a precompact subsemigroup of G and 2S5 = xS, then by Lemma, 3.2
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we have that .5 is a monoid, then 1¢ € x5, hence there exists y € S, such
that 2y = 1g, then 27! =y e S. O

If S is an open precompact subsemigroup of a topological group G, then
Lemma 3.3 implies that S is an open subsemigroup of the topological group
S. By [9, Corollary 4] we have that S is a closed subgroup of G. This
together with Theorem 3.3, give us the following corollary.

Corollary 3.4. Let S be a precompact subsemigroup of a topological group
G. If S is either open or closed in G, then S is a closed subgroup of G.

If G =R/Z, then S = (Z 4 +/2N)/Z is a precompact subsemigroup of G
that fails to be a subgroup. This proves that closedness can not be removed
in Theorem 3.3.

From [11, 2.3.1] it is known that every pseudocompact topological group
is precompact, the next two theorems extend this result to a class of sub-
semigroups of topological groups.

Theorem 3.5. Fach open pseudocompact submonoid of a topological group
18 precompact.

Proof. Let S be an open pseudocompact submonoid of a topological group
G. Put H = S n S™!. Then H is an open subgroup of G and therefore
H is closed. So that H is open and closed in S. Then it is a retract of
S, thus we have that H is a subgroup pseudocompact and hence H is also

precompact. Hence
S = U xH

zeS
is a topological sum of the family of pseudocompact topological spaces
{xH : x € S}. The pseudocompactness of S and |7, Theorem 3.10.25]
n

imply that there are xy,z2,...2, € S such that S = J ;H, then S is
i=1
precompact, being a finite union of precompact sets. O

We adapted the argument used in the proof of [11, 2.3.1] to prove the
following result.

Theorem 3.6. FEach open pseudocompact subsemigroup of an abelian to-
pological group is precompact.

Proof. Let S be an open subsemigroup of an abelian topological group G
and zo € S. Let U € Uy such that U < 2y 1S. Then there exists V € RUP

such that V2 € U. We can also choose W € U7, such that Wic V. By
Zorn’s Lemma there exists a maximal V-disjoint subset A of G. By the
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proof of [11, Lemma 2.3.1], it is known that G = AV = AU and also that
{aW : a € A} is discrete. If z € S, then = = au, where a € A and u € U,
thus

1

a=xu :coxal € mmo_lxoU_l = xxala:OU c

c acacalS = xale c 1:615.
Therefore a € A N (z5'S), and thus S < (J{aU : a € A n (z5'S)}. Now,
since
{aW:ae An(z;'S)} < {aW :a€ A}
we have that
{aW :ae An(z;'9)}
is discrete. If a € A n (25'S) and w € W, then a = x;'s for some s € S
and therefore
aw = x5 sw e .CCalSW CaytsWh caglsV < aptsV?
c xalsU c x&QSS c :EaQS,
so that aW < xaQS.
This proves that {aW :ae A n (z;'S)} is a discrete family of open sets
in x, 28, but Ty 28 is pseudocompact, therefore A N (xy 19) is a finite set.
We have proven that for each U € U7, such that U € z 1S, there exists a

finite subset A of GG such S € AU. Let us see that S is precompact, indeed
let U € Uy, then U n (z51S) € V. We can find V e U7, such that

VeUn (z,'S) cayts

by what we have proven, there exists a finite subset A of G such that
S € AV < AU, this proves that S is precompact. O

Corollary 3.7. Let S be a subsemigroup of an abelian topological group G
such that S x S is pseudocompact. Then S is a precompact subgroup of G.

Proof. Since S x S is pseudocompact and G is abelian, we have that
K =881

is a pseudocompact topological group, therefore it is precompact due to [11,
Lemma 2.3.1]. Notice that S is _precompact, because it is a subset of K,
hence Theorem 3.3 implies that S is a precompact subgroup of G. O

Theorem 3.8. Let S be a pseudocompact subsemigroup of a topological
group G. Then S is a subgroup of G provided that one of the following
conditions holds:

(i) G is abelian and S is open;
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(ii) S is an open monoid;

(iii) S x S is pseudocompact, G is abelian and S is closed.

Proof. Let us prove (i). From Lemma 3.2 together with Theorem 3.6 we
have that S is a subgroup of G. Therefore S is an open subsemigroup of the
precompact topological group S. Then [9, Corollary 1] implies that S is a
subgroup of G. We can apply a similar argument to prove (ii). Finally, (iii)
follows immediately from Corollary 3.7. U

A topological semigroup S is said to be monothetic if there is z € S such
that

S ={z" :neN}
In this case, x is called a generator of S.
From [15, Theorem 3.2 b) iii)] it is known that every compact monothetic

semigroup with two distinct generators is a topological group, now we can
extend this result to locally compact pseudocompact monothetic semigroup.

Corollary 3.9. FEach locally compact pseudocompact monothetic semigroup
with two distinct generators is a compact topological group.

Proof. Let S be a locally compact pseudocompact monothetic semigroup
with two distinct generators a and b. It is not hard to prove that a and b are
generators of 3S. By [15, Theorem 3.2 b) iii)|, 55 is a topological group.
The local compactness of S implies that S is an open pseudocompact of the
abelian topological group 35, therefore we have that .S is closed topological
subgroup of 8.5, thus S is compact. O

By [15, Theorem 3.2 b) ii)] every compact monothetic connected topo-
logical semigroup is a group, this result can be easily extended to locally
compact pseudocompact monothetic connected topological semigroup S,
because if S is connected, 8S is a connected compact topological group
and therefore S is an open pseudocompact subsemigroup of an abelian to-
pological group and we can apply Theorem 3.6 and say that S is a compact
topological group.

Corollary 3.9 is framed within the context of Koch’s problem, which asks
whether every locally compact monothetic monoid is compact, we give a
positive answer in terms of the pseudocompactness. Even when negative
answers are already known for this problem, [3] contains positive answers
in special cases.

By [6, Theorem 1.8] we have that each compact topological semigroup
contains an idempotent, in the following lemma, we extend this result to
countably compact locally compact topological semigroups.
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Lemma 3.10. A locally compact countably compact topological semigroup
contains an idempotent.

Proof. Let S be a locally compact countably compact topological semigroup
and let © € S. Since S is a compact topological semigroup, from [10,
Lemma 9.17] we have that

ﬁ clgs ({xk tk > n})

n=1

is a compact subgroup of 55. Note that {cls ({mk k= n}) }new is a count-
able family of closed subgroups in S with the FIP, therefore

ﬁ s ({a" 1k = n}) # @,

n=1
but
e} 0
ﬂ clg ({a:k tk > n}) = ﬂ(clﬁs({xk tk=n}tnS))
n=1 n=1
0
= (ﬂ Cl,BS ({xk k= n})) NS
n=1
a0
since S is open in 3S, we have that () clg ({xk k= n}) is an open sub-
n=1

a0
semigroup of the compact group () clgs ({xk k= n}), hence
n=1

ﬂ clg({:nk :k=n})
n=1

is a subgroup of S. The element neutral of each subgroup of S is an
idempotent in S, this proves that S contains an idempotent. O

Finally we present a modification of Theorem 1.1.

Theorem 3.11. Fach locally compact countably compact cancellative to-
pological semigroup with open shifts is a compact topological group.

Proof. Let S be locally compact countably compact cancellative topologi-
cal semigroup with open shifts. In order to show that S is a group, we
will prove that xS = S = Sx for every x € S. Indeed, let x € S, from
Lemma 3.10, S has an idempotent which is the neutral element 15 because
S is cancellative. Now, the openness and continuity of the shifts imply that
xS is a locally compact countably compact topological semigroup, we can
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apply Lemma 3.10 again to say that xS has an idempotent which coincides
with 1g. Thus there exists y € .S such that xy = 1g, then

S =155 = (zy)S = z(yS) < x5,

this implies that S = xS. Similarly it is proven that Sx = .5, so that S is
a compact group. ]

In [16] it is proven that cancellative countably compact sequential topo-
logical semigroup is a group, in Theorem 3.11 we give a similar result, but
we have change sequentialness by local compactness plus openness of the
shifts.

The Wallace’s problem asks whether every 75 cancellative countably
compact topological semigroup is a topological group. A negative answer
to this problems is given in [14]. Theorem 3.11 gives us a positive answer
in terms of local compactness.
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