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On geodesic mappings of symmetric
pairs

V. Kiosak, O. Lesechko, O. Latysh

Abstract. The paper treats properties of pseudo-Riemannian spaces admit-
ting non-trivial geodesic mappings. A symmetric pair of pseudo-Riemannian
spaces is a pair of spaces with coinciding values of covariant derivatives for
their Riemann tensors. It is proved that the symmetric pair of pseudo-
Riemannian spaces, which are not spaces of constant curvatures, are defined
unequivocally by their geodesic lines. The research is carried out locally,
using tensors, with no restrictions to the sign of the metric tensor and the
signature of a space.

Анотація. Робота присвячена вивченню властивостей псевдоріманових
просторів, які допускають нетривіальні геодезичні відображення. Симе-
тричною парою псевдоріманових просторів називають простори, в яких
значення коваріантних похідних тензорів Рімана тотожні між собою. До-
ведено, що симетрична пара псевдоріманових просторів, відмінних від
просторів сталої кривини, однозначно визначаються своїми геодезични-
ми лініями. Дослідження ведуться локально, в тензорній формі і без
обмежень на знак метричного тензора та сигнатуру простору.

1. INTRODUCTiON
Pseudo-Riemannian spaces with covariant constant Riemann tensor were

taken into consideration by many authors, namely by P. A. Shirokov,
E. Cartan, K. Nomizu [14]. N. S. Sinyukov studied symmetric spaces in
the theory of geodesic mappings [16, p. 88]. He proved that symmetric
pseudo-Riemannian spaces admit non-trivial geodesic mappings only when
they are spaces of constant curvature. This result was cited and generalized
by many authors. The works were carried out along two main directions of
generalization:
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(1) The condition of covariance was imposed not on the Riemann tensor
but on some other tensor.

(2) It was required that some derivative of higher order for a Riemann
tensor equaled to zero.

The first direction was led by J. Mikesh [13], while the second direction
was represented by the works [15,18–21]. Thus, N. S. Sinyukov’s result was
generalized for two symmetric pseudo-Riemannian spaces. Meanwhile, in
case of three symmetric spaces, the proof of the statement that these spaces
admit geodesic mappings only when they are spaces of a constant curvature
contains certain deficiencies. That statement is known as V. Sobchuk’s
hypothesis [15]. Here we introduce a concept of symmetric pairs of pseudo-
Riemannian spaces.

Symmetric pair are two pseudo-Riemannian spaces with equal values of
the first covariant derivatives of Riemann tensor in the common system
of coordinates. The paper treats non-trivial geodesic mappings of these
spaces.

2. SYMMETRiC PAiRS OF SPACES
Pseudo-Riemannian space Vn with metric tensor gij is called symmetric,

when the following conditions are true for this space:
∇mRh

ijk = 0,

where ∇m is a sign of covariant derivative by connection of Vn. The covari-
ant derivative for any tensor Ai1i2...ip

j1j2...jq
can be defined as follows:

∇mA
i1i2...ip
j1j2...jq

= BmAi1i2...ip
j1j2...jq

+ Γi1
αmA

αi2...ip
j1j2...jq

+ ¨ ¨ ¨+
+ Γ

ip
αmA

i1i2...ip´1α
j1j2...jq

´ Γα
j1mA

i1i2...ip
αj2...jq

´ ¨ ¨ ¨ ´ Γα
jqmA

i1i2...ip
j1j2...jq´1α

,
(2.1)

where i1, . . . , ip, j1, . . . jq,m = 1, 2, . . . , n. Note that
Γh
ij = ghαΓijα,

2Γijk = Bjgik + Bigjk ´ Bkgij ,
gij are elements of inverse matrix to |gij | ,
Rh

ijk = BjΓh
ik + Γα

ikΓ
h
jα ´ BkΓh

ij ´ Γα
ijΓ

h
kα.

When covariant derivatives of Riemann tensors of pseudo-Riemannian
spaces Vn and V n have the same values in the common system of coordi-
nates, namely

∇mRh
ijk = ∇mRh

ijk, (2.2)
then these spaces are called a symmetric pair, where ∇m is a sign of covari-
ant derivative by connection V n.
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Wrapping (2.2) by indices h and k, we obtain
∇mRij = ∇mRij , (2.3)

where Rij and Rij are Ricci tensors of Vn and V n respectively, and
Rij = Rα

ijα.

Spaces, in which (2.3) holds are called Ricci-symmetric pair. Thus, a sym-
metric pair of pseudo-Riemannian spaces is a Ricci-symmetric pair.

The following tensor:
W h

ijk = Rh
ijk ´ 1

n´1

(
δhkRij ´ δhjRik

)
. (2.4)

is calle the Weyl tensor. Notice that (2.2) implies (2.3) and the following
identity for Weyl tensor:

∇mW
h
ijk = ∇mW

h
ijk. (2.5)

A pair of spaces in which conditions (2.5) hold are called Weyl-symmetric.
It is known, that if the covariant derivatives of the corresponding Rie-

mann tensors are equal, then the covariant derivatives of the corresponding
Weyl tensors are equal as well, [12]. Thus, the following theorem holds:

Theorem 2.1. Every symmetric pair of pseudo-Riemannian spaces is a
Weyl-symmetric pair.

The inverse statement is not true. In other words the Weyl-simmetric
pair of pseudo-Riemannian spaces is not a symmetric pair.

A pair of space in which the following is true
∇αR

α
ijk = ∇αR

α
ijk,

is called a harmonic pair of pseudo-Riemannian spaces [19].

Theorem 2.2. Every Weyl-symmetric pair of pseudo-Riemannian spaces
is a harmonic pair.

In what follows we will study the problem when a symmetric pair has
common geodesic lines.

3. GEODESiC MAPPiNGS
A bijection between points of pseudo-Riemannian spaces Vn with metric

tensors gij and Vn with a metric tensor gij is called a geodesic mapping, if
the image of each geodesic line of Vn is a geodesic line of Vn.

Pseudo-Riemannian spaces Vn and V n, which admit a geodesic mapping
of one on the other, are called spaces in geodesic correspondence. In this
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case it is convenient to say that those spaces belong to the same geodesic
class.

The necessary and sufficient condition for existence of a geodesic map-
ping between a pair of given pseudo-Riemannian spaces Vn and Vn can be
formulated as follows:

Γ
h
ij = Γh

ij + φiδ
h
j + φjδ

h
i , (3.1)

or, taking into account that a metric tensor is covariantly constant, the
latter identity can be rewritten as follows:

∇kgij = 2φkgij + φigjk + φjgik, (3.2)

where φi is some gradient vector, Γh
ij and Γ

h
ij are Christoffel symbols of Vn

and V n respectively, and δhi is the Kronecker symbol.
Equations (3.1) and (3.2) are equivalent, necessary and sufficient con-

ditions for pseudo-Riemannian spaces Vn and V n to be in geodesic corre-
spondence.

Equations (3.1) are called non-linear form of main equations of theory
of geodesic mappings.

A necessary condition for existence of a geodesic mapping can be written
as follows:

R
h
ijk = Rh

ijk + φijδ
h
k ´ φikδ

h
j , Rij = Rij + (n´ 1)φij .

A geodesic mapping which is not homothetic is called a non-trivial map-
ping. Symmetric pairs belonging to the same geodesic class are called geo-
desic symmetric pairs.

4. GEODESiC SYMMETRiC PAiRS
Consider certain properties of geodesic symmetric pairs.

Theorem 4.1. Both spaces Vn and V n in a geodesic symmetric pair are
spaces of constant curvature.
Proof. By definition (2.1) of a covariant derivative for Riemann tensor of
a space V n we have that

∇mRh
ijk = BmRh

ijk +R
α
ijkΓ

h
αm ´R

h
αjkΓ

α
im ´R

h
iαkΓ

α
jm ´R

h
ijαΓ

α
km.

Differentiating both parts of the latter identity by connection of Vn, and
taking into account (2.4) we get that

∇mRh
ijk = ∇mR

h
ijk ´ 2φmR

h
ijk ´ φiR

h
mjk ´ φjR

h
imk ´ φkR

h
ijm + δhmφαR

α
ijk.
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Then it follows from (3.1) that

∇mRh
ijk = ∇mR

h
ijk + 2φmR

h
ijk+

+ φiR
h
mjk + φjR

h
imk + φkR

h
ijm ´ δhmφαR

α
ijk+

+ δhk (2φmφij + φiφmj + φjφim) ´ δhj (2φmφik + φiφmk + φkφim).

(4.1)

Differentiate further covariantly the equation (3.1) by connection of Vn:

∇mRh
ijk = ∇mR

h
ijk +∇mφijδ

h
k ´ ∇mφikδ

h
j . (4.2)

Now, substituting (4.1) in (4.2) and taking into account (2.2), we get

δhk∇mφij ´ δhj ∇mφik = 2φmR
h
ijk

+ φiR
h
mjk + φjR

h
imk + φkR

h
ijm ´ δhmφαR

α
ijk

+ δhk (2φmφij + φiφmj + φjφim) ´ δhj (2φmφik + φiφmk + φkφim).

Moreover,
δhk (∇jmφi ´ 2φm∇jφi ´ 2φj∇mφi ´ 2φi∇mφj)´

´ δhj (∇kmφi ´ 2φm∇kφi ´ 2φk∇mφi ´ 2φi∇kφm) =

= 2φmR
h
ijk + φiR

h
mjk + φjR

h
imk + φkR

h
ijm ´ δhmφαR

α
ijk.

(4.3)

Wrapping (4.3) by indices h and k, we get
(n´ 1)(∇jmφi ´ 2φm∇jφi ´ 2φj∇mφi ´ 2φi∇mφj)

= 2φmRij + φiRmj + φjRim.
(4.4)

Substituting (4.4) in (4.3) gives us

δhk (2φmRij + φiRmj + φjRim) ´ δhj (2φmRik + φiRmk + φkRim) =

= (n´ 1)(2φmR
h
ijk + φiR

h
mjk + φjR

h
imk + φkR

h
ijm ´ δhmφαR

α
ijk).

(4.5)

Wrapping by indices h and m, we obtain following equation
(n´ 1)φαR

α
ijk = φkRij ´ φjRik, (4.6)

implying that
φαR

α
k = R

nφk,

where R denotes a scalar curvature R = Rαβg
αβ.

Lowering index h in (4.5) we obtain:
ghk(2φmRij + φiRmj + φjRim) ´ ghj(2φmRik + φiRmk + φkRim) =

= (n´ 1)
(
2φmRhijk + φiRhmjk + φjRhimk + φkRhijm ´ ghmR

α
ijkφα

)
,
(4.7)
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where Rhijk = gαhR
α
ijk. Wrapping further by indices i and m, and taking

into account (4.5), we get

φj

(
Rhk ´ R

n ghk
) ´ φk

(
Rhj ´ R

n ghj
)
= 0, (4.8)

which can be rewritten as follows:

φjEhk ´ φkEhj = 0, (4.9)

where Eij is the Einstein tensor defined by formula

Eij = Rij ´ R
n gij . (4.10)

Now choose a vector ξj such that ξαφα = 1 and multiply the equa-
tion (4.9) by this vector and wrap it by index j. Then we get

Ehk = φkEαhξ
α. (4.11)

Performing the same operations with (4.11) and index h, we will obtain
that

Eij = τφiφj , (4.12)
where τ = Eαβξ

αξβ.
Pseudo-Riemannian spaces satisfying (4.12) are called quasi-Einstein.

Their geodesic mappings and other geometric properties were studied in [2,
6–8,10].

Note that we can rewrite the equation (4.8) as follows

φjRhk ´ φkRhj =
R
n (φjghk ´ φkghj) ,

then equation (4.6) reduces to the following one:

φαR
α
ijk = R

n(n´1) (φkgij ´ φjgik) . (4.13)

Furthermore,
φαY

α
ijk = 0,

where Y h
ijk denotes the tensor of concircular curvature, chosen by definition

in such a way that

Y h
ijk = Rh

ijk ´ R
n(n´1)

(
δhkgij ´ δhj gik

)
.

Symmetrizing (4.7) by indices i and h, we obtain that
ghk(2φmRij + φiRmj + φjRim) + gik(2φmRhj + φhRmj + φjRhm)´
´ ghj(2φmRik + φiRmk + φkRim) ´ gij(2φmRhk + φhRmk + φkRhm) =

= (n´ 1)(φiRhmjk + φhRimjk ´ ghmφαR
α
ijk ´ gimφαR

α
hjk).
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Taking into account (4.10), (4.12) and (4.13), the latter identity can be
rewritten as follows

φi

(
Yhmjk ´ 4τ

n´1 (φmφjghk ´ φmφkghj)
)
+

+ φh

(
Yimjk ´ 4τ

n´1 (φmφjgik ´ φmφkgij)
)
= 0,

(4.14)

where Yhmjk = gαhY
α
mjk.

Multiplying equation (4.14) by vector ξi and wrapping it by index i we
obtain

Yhmjk ´ 4τ
n´1

(
φmφjghk ´ φmφkghj

)
+

+ φh

(
ξαYαmjk ´ 4τ

n´1(φmφjξk ´ φmφkξj)
)
= 0.

(4.15)

Multiplying further (4.15) by the vector ξh and wrapping by index h, we
obtain

ξαYαmjk = 4τ
n´1 (φmφjξk ´ φmφkξj) .

Then the equation (4.15) can bwe written as follows:
Yhmjk = 4τ

n´1 (φmφjghk ´ φmφkghj) .

The latter implies that the invariant τ equals to zero. Then, Yhmjk = 0,
which means that the pseudo-Riemannian space Vn is a space of constant
curvature. Theorem is proved. □

5. CONCLUSiONS
Having common geodesic lines is rather a strong condition for pseudo-

Riemannian spaces. Not every pseudo-Riemannian space admits non-trivial
geodesic mappings. Among spaces always admitting non-trivial geodesic
mappings are spaces of constant curvature, equidistant spaces and spaces
Ln. There are many other spaces admitting geodesic mappings only un-
der additional assumptions them which can have inner or other nature.
Moreover, for example, Einstein spaces for n ą 4, quasi-Einstein spaces,
and Ricci solitons admit non-trivial geodesic mappings only under cer-
tain restrictions on vectors of main equations [1, 4, 5, 9, 11, 17, 22]. Also
four-dimensional Einstein spaces, symmetric spaces, geodesic symmetric
spaces [3] admit non-trivial geodesic mappings if they are spaces of con-
stant curvature.

The spaces which do not admit geodesic mappings are defined unequiv-
ocally by their geodesic lines. In this paper, we introduced a concept of
symmetric pairs of pseudo-Riemannian spaces. We investigated a possi-
bility of existence of geodesic mappings for spaces forming a symmetric
pair each onto other. We demonstrated that such a mapping will be non-
trivial only when spaces are of constant curvature. Thus, we proved that
symmetric pairs are unequivocally defined by their geodesic lines.
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