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On geodesic mappings of symmetric
pairs

V. Kiosak, O. Lesechko, O. Latysh

Abstract. The paper treats properties of pseudo-Riemannian spaces admit-
ting non-trivial geodesic mappings. A symmetric pair of pseudo-Riemannian
spaces is a pair of spaces with coinciding values of covariant derivatives for
their Riemann tensors. It is proved that the symmetric pair of pseudo-
Riemannian spaces, which are not spaces of constant curvatures, are defined
unequivocally by their geodesic lines. The research is carried out locally,
using tensors, with no restrictions to the sign of the metric tensor and the
signature of a space.

Amnoraitgisg. Pobora npucBsdyeHa BUBYEHHIO BJIACTUBOCTEN ICEBIOPIMAHOBUX
[IPOCTOPIB, K JOMYyCKaOTh HETPHUBiaJbHI reoe3ndHi Bijmobparkenns. Cume-
TPUIHOIO MAPOI0 TICEBIOPIMAHOBUX MPOCTOPIB HAMBAIOTH ITPOCTOPHU, B KX
3HAYEHHS KOBaPIaHTHUX IMOXIJHUX TeH30piB PiMama ToroxHi Mixk coboro. J1o-
BEJIEHO, 110 CUMETPUYHA I1apa ICEBJIOPIMAHOBUX ITPOCTOPIB, BiAMIHHUX Bij
MPOCTOPIB €TaJI0] KPUBWHM, OJTHO3HAYHO BH3HAYAIOTHCSI CBOIMU €0/ Ie3UIHI-
vu iaigMu. JlocmimKeHHsST BeIyThCs JIOKAJBHO, B TE€H30pHIN dopmi i 6e3
0OMeKeHb HA 3HAK METPUYHOTO TEH30pa Ta CUTHATYPY IPOCTOPY.

1. INTRODUCTION

Pseudo-Riemannian spaces with covariant constant Riemann tensor were
taken into consideration by many authors, namely by P. A. Shirokov,
E. Cartan, K. Nomizu [14]. N. S. Sinyukov studied symmetric spaces in
the theory of geodesic mappings [16, p. 88]. He proved that symmetric
pseudo-Riemannian spaces admit non-trivial geodesic mappings only when
they are spaces of constant curvature. This result was cited and generalized
by many authors. The works were carried out along two main directions of
generalization:
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(1) The condition of covariance was imposed not on the Riemann tensor
but on some other tensor.

(2) It was required that some derivative of higher order for a Riemann
tensor equaled to zero.

The first direction was led by J. Mikesh [13], while the second direction
was represented by the works [15,18-21]. Thus, N. S. Sinyukov’s result was
generalized for two symmetric pseudo-Riemannian spaces. Meanwhile, in
case of three symmetric spaces, the proof of the statement that these spaces
admit geodesic mappings only when they are spaces of a constant curvature
contains certain deficiencies. That statement is known as V. Sobchuk’s
hypothesis [15]. Here we introduce a concept of symmetric pairs of pseudo-
Riemannian spaces.

Symmetric pair are two pseudo-Riemannian spaces with equal values of
the first covariant derivatives of Riemann tensor in the common system
of coordinates. The paper treats non-trivial geodesic mappings of these
spaces.

2. SYMMETRIC PAIRS OF SPACES

Pseudo-Riemannian space V;, with metric tensor g;; is called symmetric,
when the following conditions are true for this space:

V. R

where V,, is a sign of covariant derivative by connection of V,,. The covari-

ant derivative for any tensor A]l1 ]22 .} can be defined as follows:

ijk —

V Azlm p a Azlzz ip +le Aazg ip 4oy

J1J2---Jq J1J2---Jq am*~j1j2...q
(2.1)
ip 1192...0p 10 P 1112...9p o a 1112...7p
+ Fa‘mzéljljl-dq FJIWA&D -Jq FquAjljz Jg—100
where i1,...,%p,j1,...J¢,m = 1,2,...,n. Note that

Il = g"Tija,
2Lk = 059k + 0igjk — OkYij,
gij are elements of inverse matrix to |g;;|,
h h h

When covariant derlvatlves of Rlemann tensors of pseudo-Riemannian
spaces V,, and V', have the same values in the common system of coordi-
nates, namely

ViRl = Vin R, (2.2)

then these spaces are called a symmetric pair, where V, is a sign of covari-
ant derivative by connection V.
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Wrapping (2.2) by indices h and k, we obtain

VinRij = Vi Rij, (2.3)
where R;; and Eij are Ricci tensors of Vj, and V,, respectively, and
R;; = Riaja.

Spaces, in which (2.3) holds are called Ricci-symmetric pair. Thus, a sym-
metric pair of pseudo-Riemannian spaces is a Ricci-symmetric pair.
The following tensor:

Wi = Rl — 727 (01 Rij — 0 Rr). (2.4)

is calle the Weyl tensor. Notice that (2.2) implies (2.3) and the following
identity for Weyl tensor:

VWi = VWi (2.5)

A pair of spaces in which conditions (2.5) hold are called Weyl-symmetric.
It is known, that if the covariant derivatives of the corresponding Rie-

mann tensors are equal, then the covariant derivatives of the corresponding

Weyl tensors are equal as well, [12]. Thus, the following theorem holds:

Theorem 2.1. Every symmetric pair of pseudo-Riemannian spaces is a
Weyl-symmetric pair.

The inverse statement is not true. In other words the Weyl-simmetric
pair of pseudo-Riemannian spaces is not a symmetric pair.
A pair of space in which the following is true

VaRir = Vol
is called a harmonic pair of pseudo-Riemannian spaces [19].
Theorem 2.2. Every Weyl-symmetric pair of pseudo-Riemannian spaces
18 a harmonic pair.

In what follows we will study the problem when a symmetric pair has
common geodesic lines.

3. GEODESIC MAPPINGS

A bijection between points of pseudo-Riemannian spaces V,, with metric
tensors g;; and V,, with a metric tensor g,j is called a geodesic mapping, if
the image of each geodesic line of V,, is a geodesic line of V;,.

Pseudo-Riemannian spaces V;, and V,,, which admit a geodesic mapping
of one on the other, are called spaces in geodesic correspondence. In this
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case it is convenient to say that those spaces belong to the same geodesic
class.

The necessary and sufficient condition for existence of a geodesic map-
ping between a pair of given pseudo-Riemannian spaces V,, and V,, can be
formulated as follows:

—h
L= thj + 901'5? + Wjézhv (3.1)

or, taking into account that a metric tensor is covariantly constant, the
latter identity can be rewritten as follows:

ViGi; = 2¢19:5 + Gk + €Tk (3.2)

where ¢; is some gradient vector, I‘?j and f?j are Christoffel symbols of V,

and V, respectively, and 51}-‘ is the Kronecker symbol.

Equations (3.1) and (3.2) are equivalent, necessary and sufficient con-
ditions for pseudo-Riemannian spaces V;, and V,, to be in geodesic corre-
spondence.

Equations (3.1) are called non-linear form of main equations of theory
of geodesic mappings.

A necessary condition for existence of a geodesic mapping can be written
as follows:

—h
Riji = Rijy, + 010 — ¢ind; Rij = Rij + (n = 1)gij.

A geodesic mapping which is not homothetic is called a non-trivial map-
ping. Symmetric pairs belonging to the same geodesic class are called geo-
desic symmetric pairs.

4. GEODESIC SYMMETRIC PAIRS

Consider certain properties of geodesic symmetric pairs.

Theorem 4.1. Both spaces V,, and V,, in a geodesic symmetric pair are
spaces of constant curvature.

Proof. By definition (2.1) of a covariant derivative for Riemann tensor of
a space V,, we have that
= —h =h  =a =h =h =a =h =a =h =a
VinRijie = Om By + Bijielom — Rojilim — RiaklUjm — BijaLkm-
Differentiating both parts of the latter identity by connection of V,, and
taking into account (2.4) we get that

— —h —h —h —h —h —h —
VinRiji = Vi Ry — 20m Riji, — @iRuji — €5 Rime — PrBijm + 57}29%1%?]'1@-
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Then it follows from (3.1) that
VR, = Vi Ri, + 20m Rl +
+ iR + 0 Rir, + Ok Ry — 0o R+ (4.1)
+ SR (20mpij + Pioms + ©iPim) — O (2PmPik + Piomk + PrPim)-
Differentiate further covariantly the equation (3.1) by connection of Vj;:
YRk = Vin Rl + Vo — Vim0l (4.2)
Now, substituting (4.1) in (4.2) and taking into account (2.2), we get
SpVm i — O Vi = 20m R
+ SDiRZ"ij + QDJ'R?mk + @kthjm - 5219004R%k
+ 03 (20m@ij + Pioms + P5Pim) — 61 (20mPik + LiPmk + PrPim)-
Moreover,
S (Vim @i — 20m Vi — 20 Vinpi — 20 Vin ;) —
— 01 (Vhm @i — 20mVk@i — 20k Vimpi — 20 Vi om) = (4.3)
= QSOmthjk + ‘PiRZ@jk + iRl + @kRZ‘m - 5fn¢a3%k~
Wrapping (4.3) by indices h and k, we get
(n = 1)(Vimei — 20m Vi — 20 Vinpi — 20iVin@;)
= 2¢mRij + @i Rmj + @ Rim-
Substituting (4.4) in (4.3) gives us
02 (2¢pmRij + piRmj + ¢ Rim) — 5?(24meik + @iRmk + @pRim) =
= (n— 1) 2pm Rl + iRy ji + 05 Rl + kRl — 0 0aRy).
Wrapping by indices h and m, we obtain following equation
(n — Do Ry, = orRij — pjRik, (4.6)
implying that
PR = By,

where R denotes a scalar curvature R = Raggo‘ﬂ .
Lowering index h in (4.5) we obtain:
Ik (20mRij + ©iRmj + 0 Rim) — gnj(2omBRik + @i Rk + orRim) =

(4.7)
= (n —1) (20mRuiji + LiRnmjk + @i Rhimk + €k Rhijm — ghm Rijr0a) »
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(67

where Rp;jr = gahRij.
into account (4.5), we get

Wrapping further by indices ¢ and m, and taking

©i (Rui — Zgni) — i (Rij — Zgnj) =0, (4.8)
which can be rewritten as follows:
©jEny — orEnj =0, (4.9)

where E;; is the Einstein tensor defined by formula
El'j = Rij — %gij. (4.10)

Now choose a vector & such that £%p, = 1 and multiply the equa-
tion (4.9) by this vector and wrap it by index j. Then we get

Ehk = (pkEahfa. (411)
Performing the same operations with (4.11) and index h, we will obtain
that
Eij = T(,Digpj, (412)
where 7 = Eagéo‘fﬁ.

Pseudo-Riemannian spaces satisfying (4.12) are called quasi-Einstein.
Their geodesic mappings and other geometric properties were studied in |2,
6-8,10].

Note that we can rewrite the equation (4.8) as follows

iRk — exRnj = B (0ignk — orgnj) »

then equation (4.6) reduces to the following one:

pallij, = n(%n (Prgij — jigik) - (4.13)
Furthermore,
Pa ’L?k‘ = 07

where ng denotes the tensor of concircular curvature, chosen by definition
in such a way that

Yi?k = R?jk - ﬁ (0 gij — ) gir)-
Symmetrizing (4.7) by indices ¢ and h, we obtain that
Ink(20mRij + @iRmj + 0 Rim) + 9ir(20m Bij + onRmj + 05 Rim ) —
— 9nj 2em Rk + 0i Rk + PrRim) — 9ij(20m Bak + onBmk + O Rpm) =
= (n — D(@iRumjk + onRimjk — GhmPaliisr, — gimPaRpji)-
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Taking into account (4.10), (4.12) and (4.13), the latter identity can be
rewritten as follows
i Yimjk — 2 (Om@ighk — PmPkIns))+ (4.1
+ o (Yimje — -5 (@m@jgik — em@rij)) =0,
where Yy, jr = gahY;{jk.
Multiplying equation (4.14) by vector £ and wrapping it by index i we
obtain

4
Yimik = 727 (OmPignk — PmPrgn;)+ (4.15)

+ on (£ amjk — 25 (Omilk — emeré)) = 0.
Multiplying further (4.15) by the vector £* and wrapping by index h, we
obtain

faYamjk = % (@m@jfk - @m@kfj) .
Then the equation (4.15) can bwe written as follows:

Yimjk = 7t (Gm@ighk — CmPrgh;) -
The latter implies that the invariant 7 equals to zero. Then, Y., x = 0,

which means that the pseudo-Riemannian space V;, is a space of constant
curvature. Theorem is proved. [l

5. CONCLUSIONS

Having common geodesic lines is rather a strong condition for pseudo-
Riemannian spaces. Not every pseudo-Riemannian space admits non-trivial
geodesic mappings. Among spaces always admitting non-trivial geodesic
mappings are spaces of constant curvature, equidistant spaces and spaces
L,. There are many other spaces admitting geodesic mappings only un-
der additional assumptions them which can have inner or other nature.
Moreover, for example, Einstein spaces for n > 4, quasi-Einstein spaces,
and Ricci solitons admit non-trivial geodesic mappings only under cer-
tain restrictions on vectors of main equations [1,4,5,9,11,17,22]. Also
four-dimensional Einstein spaces, symmetric spaces, geodesic symmetric
spaces [3] admit non-trivial geodesic mappings if they are spaces of con-
stant curvature.

The spaces which do not admit geodesic mappings are defined unequiv-
ocally by their geodesic lines. In this paper, we introduced a concept of
symmetric pairs of pseudo-Riemannian spaces. We investigated a possi-
bility of existence of geodesic mappings for spaces forming a symmetric
pair each onto other. We demonstrated that such a mapping will be non-
trivial only when spaces are of constant curvature. Thus, we proved that
symmetric pairs are unequivocally defined by their geodesic lines.
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