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Abstract. We consider special topological vector spaces with a commutative
multiplication for some of elements of the spaces and monogenic functions
taking values in these spaces. Monogenic functions are understood as con-
tinuous and differentiable in the sense of Gateaux functions. We describe
relations between the mentioned monogenic functions and harmonic vectors
in the three-dimensional real space and establish sufficient conditions for in-
finite monogeneity of functions. Unlike the classical complex analysis, it is
done in the case where the validity of the Cauchy integral formula for mono-
genic functions remains an open problem.

Amnorargis. Posrisnarorbest crerniajbHi TOMOJOrYHI BEKTOPHI MPOCTOPH 3
KOMYTATUBHUM MHOXKEHHSAM JIJIsI JESKUX €JIEMEHTIB IIPOCTOPIB i MOHOTeHHI
byukIil, mo npuitMaroTh 3HAYEHHS B X Tpoctropax. Momnorenui dynkiil
po3yMitoThcst IK HemepepBHi 1 audepentiiiiosri 3a ['ato dynkmil. Onucyro-
ThCS 3B’I3KU MiK BKa3aHUMHU MOHOT€HHUMHU (DYHKISIMA i TADMOHIYHUMHA Be-
KTOpaM{ B TPUBUMIPHOMY [ ICHOMY IIPOCTOPI Ta BCTAHOBJIIOIOTHCS JIOCTATHI
YMOBH JIJIsT HeCKiHYeHHOT MOHOreHHOCTI (byukii. Ha BigMiny Bij Kacudanoro
KOMILJIEKCHOT'O aHAJIi3y, Iie 3p00JIeHO Y BUIIQJIKY, KOJI IIUTAHHS IIPO CIIpaBe-
umBicThb inTerpaspHol dopmysn Komri s monorennnx yHKIiH 3aumiae-
ThCHA BIIKPUTOIO ITPOOIEMOIO.
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1. PRELIMINARY INFORMATION

It is well-known that every doubly continuously differentiable function
u(x,y, z) satisfying the three-dimensional Laplace equation

(52 - a2>u(w,y,z):0 (1.1)

Azu(z,y, z) = P + o + py
generates the vector-function V = grad u, which is a solution of the system
of equations

divV =0, rotV =0 (1.2)
that we rewrite also in the following expanded form:

61)1 81)2 61}3 o

o Ty T Y
(1.3)
vy va g 0w v Ovz Ou
oy 0z oz  ox ox oy

where V := (v1,v9,v3) and vy := vg(z,y,2) for k = 1,2,3 are real scalar
functions of Cartesian coordinates z, v, z.

Doubly continuously differentiable functions satisfying equation (1.1) are
called spatial harmonic functions, and solutions of system (1.2) are called
harmonic vectors.

It is evident that in the case of plane field, where v3 = 0 and the functions
v1, v2 do not depend on z, the system (1.3) turns into the classical Cauchy-
Riemann conditions for components u = v1, v = —vy of complex potential

F(z +1iy) = u(x,y) +iv(x,y)

being an analytic function of the complex variable x + iy. Moreover, every
analytic function F'(x + iy) satisfies the two-dimensional Laplace equation

2 2
(22t o) Flotin) = F'(o+in) 02 + ) =0
ox oy

due to the equality 12 + i? = 0 for the unit 1 and the imaginary unit i of
the algebra of complex numbers.

Analytic function methods in the complex plane for plane potential fields
inspire searching analogous effective methods for solving spatial and mul-
tidimensional problems of mathematical physics. Many such methods are
based on mappings of hypercomplex algebras.

Gr. Moisil and N. Théodoresco [5], R. Fueter [1] considered generaliza-
tions of system (1.3) for functions taking values in the algebra of quater-
nions.

I.P. Mel'nichenko [4] considered the problem on finding a commutative
algebra such that differentiable in some sense functions with values in this



Monogenic functions and harmonic vectors 61

algebra have components generating solutions of system (1.3). This prob-
lem has relations to the problem considered by P. W. Ketchum [2] on finding
commutative harmonic algebras. P. W. Ketchum called a commutative al-
gebra harmonic if in this algebra there exists a harmonic triad {e1, e, es}
of linearly independent vectors satisfying the equality

e} +e3+e3=0. (1.4)
Let
Es:={( =xe1 +yea + ze3 | z,y,z € R}

be the linear span of the vectors eq, es, e3 over the real field R. We will use
the same denotation € for a domain Q < R? and for the domain in E3 that
is congruent to the domain §2.

I. P. Mel'nichenko [4] used differentiable in the sense of Gateaux func-
tions when solving the mentioned problems. Using the Gateaux differential,
L.P. Mel'nichenko suggested to consider the Gateaux derivative as a func-
tion defined in the same domain as a given function.

In what follows, we shall consider concrete Hausdorff topological vector
spaces. Let A be such a space in which a commutative multiplication £¢ is
defined for all £ € A and all ( € E3 < A.

Definition 1.1 (cf. I. P. Mel'nichenko [4]). A function ®: Q — A given in
a domain ) < Fs is called differentiable in the sense of Gateaux at a point { € ) if
there exists an element ®(() € A such that

lim (®(¢+ 6h) —®(¢)) 6! = hd,(¢)  Vhe Es.

§—0t
We will call ®(,(() the Gateaux derivative of the function ® at the point (.
To formulate results obtained by I.P. Mel’nichenko [4], consider a concept

of monogenic function.

Definition 1.2 (cf. [6,7]). Say that a function ®: Q — A is monogenic in a
domain Q) < E3 if ® is continuous and differentiable in the sense of Gdteaux
at every point ¢ € ).

Let us formulate in the following statement the results obtained by
I.P. Mel'nichenko [4]:

Theorem 1.3 (L.P. Mel'nichenko, [4]). The commutative associative al-
gebra A over the complex field C is harmonic, if the multiplication table for
the basis {e1, e, e3} is of the following form:

exel = ey, k=1,2,3;
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e = Sinw)es + 2 (cosw)
egeg = ——e1 — —(sinw)es + —(cosw)e
2€2 56175 2+ 3 3,
ege3 = i(COS w)eg + §(smw)eg,

= —= + *Z. (S' ) — *Z. (C()S )
ese (& muw)e w)e
363 92 1 92 2 92 3

where i is the imaginary complex unit and w € C. Moreover, if a function
d: Q — A is monogenic in a domain ) < FEs, then the components Uy : ) —
C, k=1,2,3, of expansion

3
q)(xel + ye2 + Z€3> = Z Uk(m7yaz)eka (x,y,z) € Qa
k=1

generate the harmonic vectors

1 1 1 1
vV, = <ReU1, —3Rely, —iReUg), V, = (ImVl, —5Imba, —ilmV};)

However, it is impossible to obtain all spatial harmonic functions as com-
ponents of monogenic functions taking values in finite-dimensional commu-
tative algebras (see, e.g. [3,12]). Moreover, for each such algebra there are
spherical functions that are not components of monogenic functions taking
values in this algebra.

In the papers [6,12], we considered an infinite-dimensional commutative
Banach algebra F over the real field and established that any spherical
function is a component of some monogenic function taking values in this
algebra.

Note that the algebra F is contained in a vector space considered by
P. W. Ketchum [3]. This vector space is not an algebra, though.

P. W. Ketchum proved that a set of components of functions taking val-
ues in the mentioned space includes all analytic solutions of equation (1.1).
M. N. Rosculet [10] considered an other infinite-dimensional vector space
and functions generating solutions of equation (1.1).

In the paper [8], we considered a topological vector space containing the
algebra IF and proved that all spatial harmonic functions are components of
monogenic functions taking values in this space. We described some rela-
tions between the mentioned monogenic functions and harmonic vectors in
the three-dimensional real space. We also proved similar results for mono-
genic functions taking values in a topological vector space whose support
coincides with the vector space considered by M. N. Rosculet, [10]. The
consideration of such topological vector spaces is motivated by the need
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to describe all spatial harmonic functions as components of hypercomplex
monogenic functions.

In this paper, we continue studies of relations between monogenic func-
tions and harmonic vectors that were started in the paper [8]. We prove
that for every harmonic vector there exist monogenic functions generating
this vector in a way similar to that described in Theorem 1.3. Using this
fact and some properties of harmonic vectors, we establish sufficient condi-
tions for the Gateaux derivatives of all orders of a monogenic function to
be monogenic. Unlike the classical complex analysis, it is done in the case
where the validity of the Cauchy integral formula for monogenic functions
remains an open problem.

2. INFINITE-DIMENSIONAL HARMONIC ALGEBRA F AND A TOPOLOGICAL
VECTOR SPACE F CONTAINING THE ALGEBRA F

Consider an infinite-dimensional commutative Banach algebra

a0 a0
IF::{g:chek|ck€R,Z|ck]<oo}

k=1 k=1

over the real field R with the norm

o0

gl := ) lexl

k=1

and the basis {ej};” |, where the multiplication table for elements of basis
is of the following form:

1

€n€1 = €n, €2n+1€2n = 56471 Vn = 1,

1
€2n+1€2m = 5 <€2n+2m - ( €2n 2m> Vn>m > 1,

1
€2n+1€2m = 5 (6’2n+2m —|— " em— 2n> Ym>n =1,

1
€n+1€2m+1 = §<ezn+2m+1 + (—1)m62n—2m+1) Vn>=mz>=1,
1

Caneam = 3 <—€2n+2m+1 + (—1)m62n—2m+1> Vn=m>=1.

It is evident that the elements eq, es, e3 form a harmonic triad of vectors,
i.e., they satisfy the equality (1.4).
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Note that the algebra F is isomorphic to the algebra F of absolutely
convergent trigonometric Fourier series

a0
g(1) = ap+ Z (akik cos kT + byi¥ sin kT)
k=1

0
with real coefficients ag, ax, by and the norm | gllg := |ao| + X, (Jak| + [bk|),
k=1
and we have the isomorphism
eop_1 < i1 cos(k — 1), eop < iFsinkr

between the elements of bases.
Let us embed the algebra F in the topological vector space

o0
INF::{g:chek:ckeR}

k=1

with the topology of coordinate-wise convergence.
Note that F is not an algebra since the product of elements g1, g2 € F is
not always defined. However, for all

g= Z cpex € F and ¢ = xey + yea + zes,
k=1

one can define the product

o0
— e _& _25> _ G
gl =C(g: x;10k6k+y< 2e1+(01 5 €9 263

0 1 o0
Z Cok—1 — C2k+3)€2k — 5 Z (cor—2 + 02k+2)€2k+1>

2 k=2

l\')M—A

1 0
+ z<—c2361 - %462 + (61 - %5) €3 + 5 /;1(Ck_2 - Ck+2)ek>-

Thus, the notion of differentiability in the sense of Gateaux defined in
Definition 1.1 is applied to functions ®: 2 — F given in a domain 2 ¢ Fj3
and taking values in the space F. In the considered case, for a monogenic
function ®: Q — F, the Gateaux derivative . (¢) takes values in the space
F for all ¢ € €.

Essentially, P. W. Ketchum [3] considered the space F though he did not
use the notion of topological vector space as well as the differentiability in
the sense of Gateaux.
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3. SOME CONDITIONS FOR THE EXISTENCE OF HARMONIC VECTORS

Before describing the relationship between monogenic functions taking
values in the space F and harmonic vectors, consider the following property
of solutions of system (1.3):

Proposition 3.1. For every spatial harmonic function vy : Q2 — R defined
on a simply connected domain Q < R3, there exists a harmonic vector
Vy = (vl,vg,vg) in the domain Q). Moreover, for any ball G < Q) centered
at any point (xo, Yo, 20) € Q and for any vector V := (v1,va,v3) harmonic
in O, the components vo,v3 are determined accurate within the real part
and the imaginary part of any function h(t) holomorphic in the domain

{t=z+1y: (z,y,2) € U}
of the complez plane, i.e., for all (z,y,z) € U, the following equalities hold:
va(z,y, 2) = v8(2,y, 2) + Re h(z + iy),
v3(z,y, 2) = v§(2,y, 2) + Imh(z + iy).

Proof. Let us show that there exists a spatial harmonic function u: 2 — R
such that v (z,y, 2) = du(z,y, z)/0x for all (z,y,z) € Q.

First of all, for (z,y, z) belonging to a ball U < Q centered at any point
(0, Yo, 20) € §2, we shall find this function in the form

T

u(z,y,z) = jvl(T,y,z)dT+ﬂ(z,y). (3.1)

Substituting expression (3.1) into equation (1.1) and taking into account
that v; is a spatial harmonic function in the domain U, we obtain the
two-dimensional Poisson equation

02 0%\ . ovi(x,y, z)
(5 + 5 e =522

for finding the function @. It is clear that the function u is determined
accurate within a summand that is a harmonic function in the domain
{(z,y): (x,9,2) € U} c R2

Further, we use the standard continuation of harmonic function (3.1)
along a curve. We start with a fixed function (3.1) defined in the mentioned
spheric neighborhood U of a fixed point (zg,yo0,20) € £ and extend this
function along any curve via harmonic functions of form (3.1) that are
defined in small overlapping balls covering that curve. Since the domain €2
is simply connected, taking into account the uniqueness theorem for spatial
harmonic functions (see, e.g., A.F. Timan and V.N. Trofimov [13, p. 88]),

T=x0
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as a result we get the function u defined in the domain 2. By construction,
w is a spatial harmonic function in  and vy (x,y, 2) = du(z,y, z)/dz for all
(2,y,2) € Q.

Then Vg := grad u, i.e.,

0§ = du(z, y,2) /3y, o = du(z, y, 2)/02,

for all (z,y,z) € Q.

In addition, for any vector V := (v1,v2,v3) harmonic in the ball U,
consider the harmonic vector V—V in U. It is evident that its coordinates
(0,v2 — vY,v3 — 1Y) satisfy equations (1.3), which take the form

A=) ows — ) A=) ows— )
0z N oy oy N oz
O(vg —vg) _ O(vg —vg) _
or =0, ox =0.

Therefore, the functions vy — v9 and vs — v§ are the real part and the
imaginary part of a function h(t) holomorphic in the domain

{t=z+1y: (z,y,2) € U}
of the complex plane, respectively. [l

Let us formulate two analogous properties of solutions of system (1.3)
that are similarly proved to Proposition 3.1.

Proposition 3.2. For every spatial harmonic function v : @ — R in a
simply connected domain Q < R3, there exists a harmonic vector
Vo := (09, v9,03)

in the domain ). Moreover, for any ball G < Q) centered at any point
(z0,Y0,20) € Q and for any vector V := (v1,v9,v3) harmonic in U, the
components vs,v1 are determined accurate within the real part and the
imaginary part of any function h(t) holomorphic in the domain

{t=z+iz:(x,y,2) € U}
of the complez plane, i.e., for all (z,y,z) € U, the following equalities hold:
v3(z,y, 2) = v3(2,y, 2) + Re h(z +i2),
vi(z,y,2) = v)(z,y, 2) + Im h(z + iz).
Proposition 3.3. For every spatial harmonic function vs : @ — R in a
simply connected domain Q < R3, there exists a harmonic vector

Vo = (v?,vg,vg)
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in the domain ). Moreover, for any ball G < Q centered at any point
(x0,Y0,20) € Q and for any vector V := (vi,ve2,v3) harmonic in U, the
components vo,v1 are determined accurate within the real part and the
imaginary part of any function h(t) holomorphic in the domain
{t=a+iy:(v,y,2) € U}
of the complez plane, i.e., for all (z,y,z) € U, the following equalities hold:
va(@,y, 2) = vy (2, y, 2) + Re h(x + iy),

vi(2,y,2) = 0] (z,y,2) + Imh(z + iy).

4. RELATION BETWEEN MONOGENIC FUNCTIONS TAKING VALUES IN THE
SPACE F AND HARMONIC VECTORS

Now, consider the expansion
e}
() = ). Upl,y, 2) ex, (4.1)
k=1

of a function ®: Q — F with respect to the basis {ex},, where it is
assummed that the functions Uy : Q — R are differentiable in €. This
assumption implies the continuity of function (4.1).

It is proved in the paper [8] that in this case, in order that the function
® be monogenic in a domain 2 ¢ Fj, it is necessary and sufficient that the
following conditions be satisfied in €Q:

oup 10U 10U

oxr 20y 2 0z =0
oUs Uy Uy 10U Uy 10U;
dy 0z =90, 0y+20x =9 8z+26:€ =90, (42)
Vs OUsk—a _ 0Uzk—y OUst1 _ OUsk—2 _ 0Usk '
or 0z oy ' ox oy oz
Vs OUsky1 _ OUsk— Uz | OUskt1 _ U2k
0z oy oxr ' oy 0z oxr '

k =2,3,.... Note that conditions (4.2) are similar by nature to the Cauchy-
Riemann conditions for holomorphic functions of a complex variable.

One can observe that equations (1.3) for the coordinate functions of the
vector V = (U, —%UQ,—%Ug) coincide with the first four equations of
system (4.2).

Therefore, the following statement formulated in the paper [8] is true:
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Theorem 4.1. Suppose that in expansion (4.1) of a function ®: Q — F
monogenic in a domain ) < FEs, the functions Uy : @ — R are differentiable
in Q. Then the function ® generates a harmonic vector

V= (U17 _%U2a _%U?))
i the domain Q.

Thus, between harmonic vectors and monogenic functions taking values
in the space IF', there is the same relation as in Theorem 1.3 proved by
I.P. Mel'nichenko [4].

Some relations between solutions of system (4.2) and spatial potential
fields are studied in the papers [6,12], but monogenic functions taking values
in the space F are not considered there. Based on these relations, we estab-
lished in the paper [8] that for every spatial harmonic function Uy : @ — R
in a simply connected domain €2  R3, there exists a monogenic function
®: Q — F such that U; is the first component of expansion (4.1). More-
over, all components Uy, in expansion (4.1) are spatial harmonic functions
in €. This result is analogous to the corresponding result obtained by
P. W. Ketchum [3].

In the next theorem we prove that all harmonic vectors V := (v, vg,v3)
with continuously differentiable coordinate functions vy, ve, v have a rela-
tNion to monogenic functions taking values in the topological vector space
F.

Theorem 4.2. Suppose that for a harmonic vector V := (v1,va,v3) in
a simply connected domain @ < R3, the components v, : Q@ — R are
continuously differentiable functions in Q for k = 1,2,3. Then there exists
a momnogenic function ®: Q — F such that the functions

U1 = U1, U2 = —2’02, U3 = —21}3

are the first three components of expansion (4.1). Moreover, all components
Uy in expansion (4.1) are spatial harmonic functions in .

Proof. Since the functions v, ve, v3 are continuously differentiable in the
simply connected domain 2 and the equality rotV = 0 holds in €2, there
exists a function u: 2 — R such that V = grad u. Moreover, u is a spatial
harmonic function in the domain Q due to the equality divV = 0 in Q.
Therefore, v1, v, v3 are also spatial harmonic functions in €.

Let us show that there exists a solution of system (4.2) for components of
expansion (4.1) of the sought-for monogenic function ®, where the spatial
harmonic functions Uy := vy, Uy := —2vy, Us := —2v3 are the first three
components of expansion (4.1). It is clear that the first four equations of
system (4.2) are satisfied.
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Now, let us show that the last four conditions of system (4.2) allow
to determine the functions Usy, Usgy1, if the spatial harmonic functions
Us,Us,...,Us,_1 are already determined. Indeed, integrating the fifth
equation and the sixth equation of system (4.2), we obtain the expressions

T

0Usi_o(T,y, oUsp—1(1,y, -
UQk(xaywz) = _J< 2k Z(ZT 4 Z) + 2k g:(yT y Z>>d7+u2k(z7y)7

o
T

6U — ) aU — o ~
Uskt1(2,y, 2) = f< 2273, 2) —— 1(r,y Z))d7+u2k+1(2'7y)

oy 0z
X0
for (x,y,z) belonging to a certain ball U < ) centered at any point
(33'0, Yo, ZO) € Q.

Substituting these expressions into the two latter equations of the sys-
tem (4.2) and taking into account that Usg_o, U1 are spatial harmonic
functions in the domain U, we obtain the following inhomogeneous Cauchy-
Riemann system (see, e.g., the monograph by I. N. Vekua [11, p. 23]) for
finding the functions oy, Uogi1:

aa?k(27 y) N 6ﬂ2k+1(z, y) _ aUQk—Q(:’Ua Y, Z)
0z oy ox

ok (z,y) n Oligh41(2,y) _ OUsp—1(2,y, )
oy 0z ox

Solutions of system (4.3) are determined accurate within the real part and
the imaginary part of any function holomorphic in the domain

ft=z+iy: (w.y.2) V)

r=x0

of the complex plane.

Since Usy_o, Usi_1 are spatial harmonic functions in the domain U, tak-
ing into account equalities (4.3), it is easy to establish that the functions
Usi, Uagt1 satisfy equation (1.1) in U, i.e., Usg, Usg4q are also spatial har-
monic functions in the domain . Therefore, inasmuch as the domain 2 is
simply connected, taking into account the uniqueness theorem for spatial
harmonic functions (see, e.g., A. F. Timan and V. N. Trofimov [13, p. 88]),
in such a way as it was made for the function u in the proof of Proposi-
tion 3.1, it is easy to continue the functions Usg, Usgy1 defined in the ball
O into the domain ). O

Remark 4.3. It follows from the proof of Theorem 4.2 that for any fixed
k = 2 and for any spatial harmonic functions Usy_9,Usr_1 in a ball U <
centered at any point (xg,yo, z0) € €2, the functions Usy, Usky1 satisfying
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the last four conditions of system (4.2) are determined accurate within
the real part and the imaginary part of any function h(t) holomorphic in
the domain {t = z + iy : (z,y,2) € U} of the complex plane, i.e., for all
(z,y, z) € U, the following equalities hold:

UQk(x)y7 Z) = ng(.%',y, Z) + Re hk(z + Zy)v
Usi1 (%9, 2) = U1 (2, 2) + Im by (2 + iy),

where ng, ng 41 are functions forming a partial solution of the last four
equations of system (4.2).

5. MONOGENEITY OF GATEAUX DERIVATIVES

It is evident that if in expansion (4.1) of a function ®: Q — F monogenic
in a domain Q c Ej3, the functions Uy : 2 — R have continuous second-
order partial derivatives in €2, then function (4.1) is doubly differentiable
in the sense of Gateaux and, therefore, satisfies equalities

A3®(() = DG(C)(e] + €5 +€3) =0 (5.1)

for all { = xe; + yea + zeg € Q because the harmonic triad {e1, e, es}
satisfies equality (1.4).

Let us show that equalities (5.1) hold under weaker conditions on the
functions Uy, in expansion (4.1).

Theorem 5.1. Suppose that in expansion (4.1) of a function ®: Q — F
monogenic in a domain ) < FEs, the functions Uy : Q@ — R are differentiable
in Q and, in addition, the first component Uy is a spatial harmonic function

in Q. Then the Gdteaur n-th derivative @g) is a monogenic function in
the domain 2 for any n.

Proof. Consider any point (o = zge1 + yoea + zpesz € 2 and a ball U < Q
centered at the point (y, where (z9, o, 20) € R3.

Taking into account Theorem 4.1 and Proposition 3.1, we can state that
the functions v1 = Uy, vy = —Us/2, v3 = —Us /2 satisfying system (1.3) are
spatial harmonic functions in the ball U as well as the functions Uy, Us, Us.

Now, it follows from the proof of Theorem 4.2 that for all k = 2,3,...,
the functions Usg, Usgi1, which form a solution of system (4.2) together
with the functions Uy, Us, Us, are also harmonic in the domain O.

Thus, in the expansion

Pe(C) =

o0
(z OUR\L, Y, Z)
R

k=1
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all components oUy(z,y, z)/0x are continuously differentiable functions sat-
isfying, in turn, a system of form (4.2) in the domain . Therefore, the
Gateaux derivative @, is a monogenic function in the domain U.

By virtue of the arbitrariness of the choice of the point {y and the ball
U, we can state that the Gateaux derivative ®¢, is a monogenic function in
the domain €.

Finally, it is established in the same way that the Gateaux n-th derivative

CID(C?) is also a monogenic function in the domain 2 for any n. O

Theorem 5.2. Suppose that in expansion (4.1) of a function ®: Q — F
monogenic in a domain ) < FEs, the functions Uy : @ — R are differentiable
in Q and, in addition, the first three components Uy, Us, Us are continuously

differentiable in Q). Then the Gateauz n-th derivative @g) 1S a monogenic
function in the domain 2 for any n.

Proof. By Theorem 4.1, the monogenic function ® generates a harmonic
vector V := (Uq, —%Ug, —%Ug) that implies the equality rotV = 0 in the
domain Q.

Consider any point (o = wge1 + yoea + zpe3 € Q, where (z9, yo, 20) € R?,
and a ball U < € centered at the point (p. Since the ball U is a simply
connected domain and the functions Uj, Us, Us are continuously differen-
tiable in €2, there exists a spatial harmonic function u: O — R such that
V = gradu in U. Therefore, the functions Uy, Us, Us are also spatial har-
monic functions in the ball U.

Further, Theorem 5.2 is proved in the same way as Theorem 5.1. [l

Remark 5.3. Thus, under the conditions of either Theorem 5.1 or Theo-
rem 5.2, equalities (5.1) hold for all {( = ze; +yea+ zes € 2. In this case, all
components Ug(z,y, z) in expansion (4.1) are spatial harmonic functions,
i.e., they satisfy equation (1.1).

Remark 5.4. In [9], we considered a complexification Fe of the topological
vector space F and proved that each monogenic function ®: Q — F can
be extended from the given domain 2 < Fj3 to a monogenic function in
some domain of a certain four-dimensional real space E4 < F¢. We proved
also analogues of the Cauchy integral theorem and the Cauchy integral
formula as well as analogues of the Morera theorem and Taylor theorem for
monogenic functions given in domains of the space F4 and taking values in
the space INFC.

However, unlike the classical complex analysis, an analogue of the Cauchy
integral formula, which is proved in [9], can not be applicable for proving
Theorem 5.2 because it requires additional assumptions about the function
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®. In addition, the mentioned formula deals with an integration along a
curve not located in FEjs.

At the same time, the validity of the Cauchy integral formula using an
integration along a curve located in F3 for monogenic functions @: 2 — F
remains an open problem.

6. INFINITE-DIMENSIONAL TOPOLOGICAL VECTOR SPACE G WITH A
COMMUTATIVE MULTIPLICATION

Let us consider a topological vector space with a commutative multiplica-
tion such that analogues of the Cauchy-Riemann conditions for monogenic
functions taking values in this space include only equations of form (1.2).

Consider an infinite-dimensional topological vector space

0
@I:{g: 2 ckek:ckeR}

k=—o0

with the topology of coordinate-wise convergence and the basis {ex};_ .
We set that the elements of basis are multiplied by rules

€n€l = €n, €2n+1€m = €2n+m, €2n€2m = —€2n4+2m—3 — €2n4+2m+1

for all integer n and m.

It is evident that the elements eq, e2, e3 form a harmonic triad of vectors,
i.e., they satisfy equality (1.4).

Essentially, M. N. Rosculet, [10] considered the space G though he did
not use the notion of topological vector space as well as the differentiability
in the sense of Gateaux. It is proved in [10] that every spherical function
is a component of the expansion with respect to the basis of the function
A", where ) € G.

Note that G is not an algebra because the product of elements g1, g2 € G
is defined not always. But for all

g= 2 cper € G and ¢ = ze1 + yea + zes,

one can define the product

0
g=Cg=2 ), ckert

k=—00

o0 0 ¢] o0
—i—y( D correa— Y (coa +02k+2)e2k+1> +z ) craen.

k=—00 k=—0o0 k=—0
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Thus, the notion of differentiability in the sense of Géateaux defined in
Definition 1.1 is applied to functions ®: Q — G given in a domain ) ¢ Fj3
and taking values in the space G. In the considered case, for a monogenic
function ®: Q — G, the Gateaux derivative P (¢) takes values in the space
G for all ¢ € Q.

7. RELATION BETWEEN MONOGENIC FUNCTIONS TAKING VALUES IN THE
SPACE G AND HARMONIC VECTORS

Now, consider the expansion

o0

(I)(C): Z Uk(l’,y,Z) €k, (71)

k=—0

of a function ®: Q@ — G with respect to the basis {ex}ie ., where it is
assummed that the functions Uy : €2 — R are differentiable in 2. This
assumption implies the continuity of function (7.1).

It is proved in the paper [8] that in this case, in order that the function
® be monogenic in a domain 2 ¢ FEj3, it is necessary and sufficient that the
following conditions be satisfied in ) for all integer m:

oUsm 0Uzm Uz,
emt2 | OUsmyr  OUs

=0
or oy 0z ’
0Uzm  0Uzms _ 0
oy 0z ’ (72)
Uiz Usm _ 0
0z oxr
OUsmi1 _ OUzmyaz _ 0
or oy ’

Thus, every monogenic function ¢: Q) — G generates a family of harmonic
vectors V := (Uzm+2, Usm+1, U2y) in the domain 2 for all integer m.

Conditions (7.2) are similar by nature to the Cauchy-Riemann conditions
for holomorphic functions of a complex variable and include only equations
(1.2) for the vectors V := (Uapm+2, Uam+1, Uam) for all integer m.

We established in the paper [8] that for every spatial harmonic function
Up: Q — Rin a simply connected domain €2 © R3, there exists a monogenic
function ®: Q — G such that U is a component of expansion (7.1). More-
over, all components Uy, in expansion (7.1) are spatial harmonic functions

in €.
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In the next theorem, we prove that all harmonic vectors V := (v1, va, v3)
with continuously differentiable coordinate functions vy, v9, v3 have a rela-
tion to monogenic functions taking values in the topological vector space

G.

Theorem 7.1. Suppose that for a harmonic vector V := (v1,v2,v3) in a
simply connected domain < R3, the components vi: Q@ — R are con-
tinuously differentiable functions in Q for k = 1,2,3. Then there exists a
momnogenic function ®: Q — G such that the functions

Uy = v3, Ui = vo, U =1

are the components of expansion (7.1). Moreover, all components Uy in
expansion (7.1) are spatial harmonic functions in Q.

Proof. Since the functions vq, vo, v3 are continuously differentiable in the
simply connected domain €2 and the equality rotV = 0 holds in 2, there
exists a function u: 2 — R such that V = grad u. Moreover, u is a spatial
harmonic function in the domain €2 due to the equality divV = 0 in Q.
Therefore, v1, vo, v3 are also spatial harmonic functions in 2.

Let us show that there exists a solution of system (7.2) for components of
expansion (7.1) of the sought-for monogenic function ®, where the spatial
harmonic functions Uy := v3, Uy := vg, Uy := v; are the components of
expansion (7.1).

First of all, let us show that conditions (7.2) allow to determine the
functions Usgpyy1, Uzm+2 if the function Uy, is already determined for some
positive integer m. Indeed, in this case there exists a harmonic vector
Vom = (Vam+2, Vam+1, U2 ) in the domain © due to Proposition 3.3. Then,
we set Ugpt1 = VYam+1, Uam+2 = Vam+2, and these functions are spatial
harmonic functions in the domain §2.

Finally, let us also show that conditions (7.2) allow to determine the
functions Usyy,, Uzm+1 if the function Uy, is already determined for some
negative integer m. Indeed, in this case there exists a harmonic vector
Vom+1 = (Uzam+2,V2m+1,V2m) in the domain © due to Proposition 3.1.
Then, we set Usp, := vom, Usm+1 := Vam+1, and these functions are spatial
harmonic functions in the domain §2.

Thus, the functions Uy obtained in such a way satisfy system (7.2) and
form function (7.1) monogenic in the domain §2. O

Let us establish sufficient conditions for infinite monogeneity of a function
: Q- G.

The next theorem is analogous to Theorem 5.1 for monogenic functions
in the space F.
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Theorem 7.2. Suppose that in the expansion (7.1) of a function ®: Q — G
monogenic in a domain ) < Fs, the functions Uy : @ — R are differentiable
in 0 and, in addition, the component Uy, is a spatial harmonic function

in Q for some integer kg. Then the Gdteauxr n-th derivative <I>(Gn) s a
monogenic function in the domain Q for any n.

Proof. Consider any point (o = zge1 + yoea + zpesz € 2 and a ball U <
centered at the point (y, where (z9, o, 20) € R3.
It follows from system (7.2) that the vector

V = (Uzam+2, Uzm+1, Uam)

is harmonic in the domain U, where Us,, = Uy, in the case kg = 2m or
Uam+1 = Uy, in the case kg = 2m + 1 for some integer m. Moreover,
Usm+2, U2m+1, Uy, are spatial harmonic functions in U due to Proposi-
tion 3.3 in the case kg = 2m and Proposition 3.2 in the case kg = 2m + 1.

Now, using Proposition 3.3, we see that for all integer £ > m and for the
given spatial harmonic function Uy, the functions Usgio, Usk41 satisfying
system (7.2), in which k is substituted instead of m, are also harmonic
in the domain ©. Similarly, using Proposition 3.1, we obtain that for all
integer k < m and for the given spatial harmonic function Usy, the functions
Usk—1, Ugg—o satisfying system (7.2), in which (k — 1) is substituted instead
of m, are also harmonic in U.

Thus, all components Uy in expansion (7.1) are spatial harmonic func-
tions satisfying system (7.2) in the domain U. Therefore, in the expansion

0P E oUR(x, Y,
v = 2 oy, Hlnv)

k=—00

all components 0U(x, y, z) /0z are continuously differentiable functions sat-
isfying, in turn, a system of form (7.2) in the domain U. Thus, the Gateaux
derivative ®¢, is a monogenic function in the domain U.

By virtue of the arbitrariness of the choice of the point {y and the ball
U, we can state that the Gateaux derivative ®, is a monogenic function in
the domain (2.

Finally, it is established in the same way that the Gateaux n-th derivative

<I>(Gn ) is also a monogenic function in the domain ) for any n. O

The next theorem is analogous to Theorem 5.2 for monogenic functions
in the space F.

Theorem 7.3. Suppose that in the expansion (7.1) of a function ®: Q — G
momnogenic in a domain §2 < Es, the functions Uy, : 2 — R are differentiable
in 2 and, in addition, the components Usy,, Uaky+1, Uaky+2 are continuously
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differentiable in 0 for some integer ko. Then the Gateaux n-th derivative
(I)(C?) 18 a monogenic function in the domain Q) for any n.

Proof. It follows from system (7.2) that the monogenic function ¢ gener-
ates a harmonic vector V := (Uag,+2, Uaky+1, U2k, ) that implies the equality
rotV = 0 in the domain €.

Consider any point (o = mge1 + yoea + zpe3 € Q, where (z9, yo, 20) € R?,
and a ball U < € centered at the point (p. Since the ball U is a simply
connected domain and the functions Usg,, Usky+1, Uzk,+2 are continuously
differentiable in €, there exists a spatial harmonic function u: U — R such
that V = gradu in O. Therefore, the functions Usg,, Uskg+1, U2ky+2 are
also spatial harmonic functions in the ball U.

Further, Theorem 7.3 is proved in the same way as Theorem 7.2. Il

Remark 7.4. Thus, under the conditions of either Theorem 7.2 or Theo-
rem 7.3, equalities (5.1) hold for all ( = ze; +yea+ zes € 2. In this case, all
components Ug(z,y, z) in expansion (7.1) are spatial harmonic functions,
i.e., they satisfy equation (1.1).
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