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Topological structure of optimal flows on
the Girl’s surface

Maria Loseva, Alexandr Prishlyak

Abstract. We investigate the topological structure of flows on the Girl’s
surface which is one of two possible immersions of the projective plane in
three-dimensional space with one triple point of self-intersection. First, we
describe the cellular structure of the Boy’s and Girl’s surfaces and prove that
there are unique images of the project plane in the form of a 2-disk, in which
the opposite points of the boundary are identified and this boundary belongs
to the preimage of the 1-skeleton of the surface. Second, we describe three
structures of flows with one fixed point and no separatrices on the Girl’s
surface and prove that there are no other such flows. Third, we prove that
Morse-Smale flows and they alone are structurally stable on the Boy’s and
Girl’s surfaces. Fourth, we find all possible structures of optimal Morse-Smale
flows on the Girl’s surface. Fifth, we obtain a classification of Morse-Smale
flows on the projective plane immersed on the Girl’s surface. And finally, we
describe the isotopic classes of these flows.

Amnorarisi. B po6oti 10C/TiIzKy€eThCsT TOMOMOTIYHA CTPYKTypa MOTOKIB Ha
moBepxHi ['bOJH, siKa € OMHUM 3 JIBOX 3aHYPEHb MTPOEKTUBHOI ILIOMNMHU B
TPUBUMIPHMIA [IPOCTIP 3 OJIHIE€I0 MOTPIHOI TOYKOIO camoneperuny. Croua-
TKY OIKMCAHO CTPYKTYPY KJIITKOBUX KOMILJIEKCIB MOBepxOoHb bost m ['bosi Ta
JIOBEJICHO iCHYBAHHS Ta €IWHICTH 300pazKe€Hb MPOEKTUBHOI ITIJIONUHU Y BUT-
JIAMl 2-7TMCKa, Y SKOTO OTOTOXKHEHI IPOTUJIE’KHI TOUYKHM MeEXKi, a cama MexKa
HaJIeZKUTh IPoo6pa3y 1-kicTsaka nmosepxHi. Jlasi, onucano Tpu CTpyKTyPH I10-
TOKIB 3 OJIHIEI0 HEPYXOMOIO TOYKOIO Ta 6e3 cemaparpuc Ha HoBepxHi I'bosin
Ta JOBEJIEHO, IO 1HIITNX TAKUX ITOTOKIB HeMa€e. B poboTi TaKoXK JI0BEIEHO, 1110
noroku Mopca-Cmeiisa i jmiie BOHU € CTPYKTYPHO CTIIKUMU HA MOBEPXHAX
Bog u I'vou Ta 3HalIEHO BCI MOXKJIMBI CTPYKTYPH ONTHUMAJILHUX MOTOKIB
Mopca-Cweiina na noepxui ['vomm. Kpim Toro, orpumano kiacudikariio
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norokiB Mopca-Cwmeitnia Ha TPOEKTHUBHIN IIJIOMIMHI, 0 3aHYPIOIOTHCS Ha, 110~
BepxHIO ['boJTH, Ta OmmcaHO i130TOMYHI KJIaCH TAKUX MOTOKIB.

INTRODUCTION

The Boy’s [2] and Girl’s |5, 6] surfaces are certain immersions of the real
projective plane in a three-dimensional space. They are unique possible
immersions with a single triple point and connected set of self-intersections.

We consider the Boy’s and Girl’s surfaces as stratified sets and CW-
complexes. A Morse-Smale flow is one of the main instruments in the
Morse theory on manifolds and stratified sets.

A smooth flow on a closed manifold is always generated by a smooth
vector field, but on a manifold with boundary (a stratified set) vector field
has to be tangent to the boundary (every strata). Then all the concepts
that are introduced for dynamical systems (flow) can be applied to vector
fields. Let f! be the flow generated by a vector field X.

Two vector fields (flows) X, Y on M are called topologically equivalent if
there exists a homeomorphism h: M — M sending each trajectory of X
onto a trajectory of Y preserving their orientations.

A flow f! on a closed manifold is called structurally stable if, for any
sufficiently close flow ¢?, there exists a homeomorphism h sending orbits of
the system g to orbits of the system f%, [21].

Fixed (singular) points and closed trajectories of a dynamical system are
called critical elements.

A singular point p of a vector field X = {Xi,...,X,} is called non-
degenerate or hyperbolic, if in some local coordinates (z1,...,z,) at p the

n
Jacobi matrix (‘gf?) does not contain eigenvalues with zero real part.
i /ij=1

We not give the definition for a periodic orbit, e.g. [41], because it is not
used in the paper.
A stable manifold S(p) of a critical element p is the following set

S(p) ={z e M : lim d(f(z),p) = 0}.
Similarly, the set U(p) = {x € M : tlir_noo d(ft(x),p) = 0} is called the

unstable manifold of p.

A point p € M is wandering for f! if there exists a neighborhood V of p
and a number n > 0 such that f4(V) nV = ¢ for any t > n.

A fixed point y € M is called an a-limit (resp. an w-limit) point for
x € M if there exists a sequence {¢;} such that t; — +oo (resp. t; - —0o0)
and fli(z) — y.

A flow is called Morse-Smale, e.g. |41], whenever
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(1) its non-wandering set consists of finitely many singular points and
periodic orbits,

(2) each of which is hyperbolic,

(3) their stable and unstable manifolds intersect transversally.

If M is a closed two-manifold, then a flow is structurally stable if and
only if it is Morse-Smale, [20].

The set of all a-limit points (resp. w-limit points) of z is called the a-limit
(w-limit) set. Condition (1) of the definition of Morse-Smale dynamical
system can be replaced by the following condition

(1") for each point € M its a-limit and w-limit sets are contained in
the union of critical elements.

For vector fields on two-dimensional manifolds there are three types of
non-degenerated (hyperbolic) singular points: sinks, sources and saddles.
Condition (3) in this case is equivalent to the statement that there are no
trajectories whose a-limit and w-limit sets are saddle points.

There is a lot of papers on structural classification of Morse-Smale vector
fields on surfaces. Most known are [3,14,15,18,22].

A Morse-Smale flow without closed orbit is called a Morse flow. We say
that flow is optimal if it has the lowest number of fixed points among all
flows of that type on the surface. The Morse flow on the closed surface
is optimal if and only if it has only one sink and one source, [12]. Such a
flow is also called a polar Morse flow. The topological structure of polar
(optimal) Morse flows on closed 2- and 3-manifolds was described in [4,11,
12,17,24,27,28, 32, 36|.

For flows on a stratified set, their restriction to each two-dimensional
stratum has the same structure as flows on a surface with boundary. This
situation has been investigated in [30,31,34,35,37,38|. Structural stability
of Morse-Smale flows was proved for closed manifolds in [20, 42| and for
manifolds with boundary in [23,40].

Morse fields are topologically equivalent to gradient fields of Morse func-
tions [42]. Moreover, the structure of the Morse field coincides with the
structure of the Morse function, in which all points of the same index have
equal function values [1]. The structure of an arbitrary Morse function can
be described by the structure of the Morse flow with the given value of the
function in fixed points. The classification of functions on two-manifolds
was obtained in [7-10,13,16, 26,29, 39]

The formula for the sum of indices of fixed point is useful for calculating
their number for flow on a stratified set, [30].

In [33], it was described the structure of next optimal flows on the Boy’s
surface:

(1) flows with one fixed point,
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(2) Morse-Smale flows,
(3) Morse-Smale projective flows.

The purpose of our article is to describe the structure of such flows on
the Girl’s surface, as well as to study these flows with respect to homotopy,
that is, to describe the linearly connected components of the set of such
flows. The constructed flow invariants are graphs embedded in the surface.
To encode them, one can use a rotation system as in topological graph
theory or a graph with a list of words as in [25].

Our paper has the following structure. In Section 1, we describe the
cellular structure of the Boy’s and Girl’s surfaces and prove that there are
unique representations of the projective plane in the form of a 2-disk, which
has opposite boundary points identified and this boundary belongs to the
inverse image of the 1-skeleton of the surface. In Section 2, we find three
flow structures with one fixed point and no separatrices on the Girl’s sur-
face and prove that there are no other such flows. Section 3 is devoted to
the proof that Morse-Smale flows and only they are structurally stable on
Boy’s and Girl’s surfaces. In Section 4, all possible structures of optimal
Morse-Smale flows on the Girl’s surface are described. In Section 5, we con-
struct a classification of optimal Morse-Smale projective flows on the Girl’s
surface. Finally, in Section 6, for each of the Boy’s and Girl’s surfaces, we
prove formulas relating the numbers of topologically non-equivalent flows,
symmetric flows, and non-isotopic flows.

1. NATURAL STRUCTURES OF CW-COMPLEXES ON THE BOY’S AND
GIRL’S SURFACES

Here we describe the natural CW-structures of the Boy’s and Girl’s sur-
faces, as well as the resulting CW-structures of the projective plane. In this
case, we use a model of the projective plane in the form of a 2-disk, in which
opposite points on the boundary are identified (glued). The corresponding
CW-structures are planar models of these surfaces.

On each surface there is one triple dot, which we call null-point, and three
loops formed by double points. Denote them by A, B, C. These loops lie at
the coordinate angles of different planes and touch the coordinate axes at
their common point. We set the direction of movement along them so that
the corresponding speed vectors at the null-point coincide when moving
from C to B, from B to A, and from A to C. The structure of a CW-
complex for each surface consists of one 0-cell — null-point, three 1-cells —
A, B, C and four 2-cells. The neighborhoods of the 1-skeleton are shown
in Figure 1.1. They determine the gluing of 2-cells.

We enumerate the angles at the null-point of this neighborhood with
integers from 1 to 12 as in Figure 1.2.
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FIGURE 1.1. Neighborhoods of self-intersections on the
Boy’s (left) and Girl’s (right) surfaces

FIGURE 1.2. Angle numbering

Two one-dimensional cells on the projective plane, which are mapped to
the 1-cell A on the Boy’s and Girl’s surfaces, will be denoted by A and A/,
so that A contains the intersection of angles 1 and 4, and A’ contains the
intersection of 9 and 12. By analogy, B contains the intersection of 10 and
11, and B’ of 2 and 3, C of 1 and 2, and C’ of 5 and 6.

The gluing of each 2-cell is determined by the sequence of angles and 1-
cells that occur when bypassing its boundary. So in the Boy’s surface there
are three small 2-cells that lie in the coordinate angles and are bounded by
1-cells:

9A’9, 3B’3, 5C'5, 1A6C'8B11C2B'4A7B10A’12C1.

After gluing three small cells to this nonagon to the hatched sides, we get
a hexagon as in Figure 1.3 on the left.
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Boy Girl

FIGURE 1.3. Planar model of the Boy’s and Girl’s surfaces

On the Girl’s surface, the 1-cells are connected by the angles:

A:1-6, 417, A’:9-9, 1210,
B: 7-10, 8 — 11, B':3-3,4-2,
C:12-2, 111, C':5-6, 8—5.

We get the following boundaries of 2-cells:
9A’9, 3B’3, 1A6C'5C'8B11C1, 2C12A'10B7A4B’2.

After gluing all sides except C’, we get the planar model of the Girl’s surface
in Figure 1.3 on the right.

Lemma 1.1. Figure 1.3 gives a unique (up to homeomorphism) represen-
tation of the projective plane in the form of a 2-disk with glued opposite
boundary points and such that the boundary is mapped to the 1-skeleton of
the Boy’s and Girl’s surfaces, respectively.

Proof. If we glue the other sides of the first planar model then we ob-
tain the Md&bius band that cannot be placed on the plane. In the second
model, any other gluing leads to gluing of C’ and then its neighborhood is
homeomorphic to the Mobius band. O

We introduce further notations for regions on the Girl’s surface:

LD (Left Disk) is a region, which contains 9 (9A’9-cell),
RD (Right Disk) contains 3 (3B’3-cell),

BR (Boundary Region) contains 5 (LA6C’5. .. -cell),
CR (Central Region) contains 7 (TA4B’2...-cell).

CW-structures on Boy’s and Girl’s surfaces form their stratifications,
where the stratas correspond to the cells.



190 M. Loseva, A. Prishlyak

2. FLOWS WITH A SINGLE FIXED POINT

By analogy with the Boy‘s surface, the null-point is a fixed point for a
flow on the Girl’s surface [33]. The 1-stratas (1-cells) consist of fixed points
and flow trajectories. A flow cannot have closed trajectories or oriented
cycles, because if such exist, there will be a second fixed point inside them.
So, each trajectory begins and ends at the null-point. Cutting the surface
by 1-cells and separatrices, we get regions that can be of two types:

(1) elliptical: all its trajectories begin and end in one corner (loops)
(2) polar: trajectories begin and end in different corners.

Here a separatriz is a trajectory belonging to the boundary of a hyper-
bolic corner and the interior of a 2-strata. So, we do not regard trajectories
of 1-stratas as separatrices.

Our aim is to find all the flows (up to topological equivalence) without
separatrices. Since axial symmetry with respect to the vertical axis is a
topological equivalence, each flow with a direction of C' from 2 to 12 is
equivalent to a flow with a direction of C from 12 to 2. Therefore, we fix
one direction of C: from 12 to 2.

By —A and —B we denote the orientations inverse to the given orien-
tations A and B as in Figure 1.3 right. There are four possible flows with
different orientation of 1-strata A and B:

(1) with given orientations A and B,
(2) with orientations —A and B,

(3) with orientations A and —B,

(4) with orientations —A and —B.

FiGuRE 2.1. Flows with one fixed point

In all the cases, LD and RD are elliptical regions.
In the case (1), BR has angle 8 as the source and angle 6 as a sink and it
is therefore polar. However, the CR region has two sources — angles 4 and
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12, as well as two sinks — angles 2 and 10, so there is at least one separatrix
in that region connecting 4 and 12 or 2 and 10.

In the case (2), in the BR there is a source angle 8 and a sink in angle 1,
in CR — 7 is a source, and 2 is a sink. So both regions are polar and there
is only one structure of such a flow.

In the case (3), the angle 11 is a source and 6 is a sink for BR, while 12 is
a source and 7 is a sink for the region CR. So, there is one flow structure.

In the last case (4), 11 is a source and 1 is a sink for BR, while 10 is a
source, 4 is a sink for CR. So, there is only one flow structure.

To sum up, we have

Theorem 2.1. There are three different flow structures with one fized point
and no separatrices on the Girl’s surface (see Figure 2.1).

3. STRUCTURAL STABILITY OF MORSE-SMALE FLOWS

A function (a map, a flow) is smooth on the Boy’s or Girl’s surface if
it smooth in any 2-stratum and for any point p belonging to a 1-stratum
or O-stratum, for each 2-stratum S containing p in its boundary, there is a
neighborhood U of p such that for any component C' of U n S there is a
2-manifold M pe C = M, dM = & and the function (the map, the flow)
can be extended to a smooth function (a map, a flow) on M.

A vector field (flow) F is structural stable if in the space of all vector field
on the Boy’s (Girl’s) surface with C'!' topology there exist a neighborhood
U that any G € U is topologically equivalent to F'.

A point p belonging to a 1-stratum or O-stratum is hyperbolic if for each
2-stratum S containing p in its boundary, there is a neighborhood U of
p such that the restrictions of flow to any component C of U n S can be
extended to a flow on a manifold M with inner hyperbolic point p € C' < M,
oM = .

A smooth flow on the Boy’s or Girl’s surface is called a Morse-Smale
flow whenever

(1) all its critical elements (singular points and closed trajectories) are
hyperbolic,

(2) the limit sets of each trajectory are critical elements,

(3) there are no separatrices connecting the saddles.

By a separatriz we mean a trajectory that belongs to the interior of a
2-stratum and a stable or unstable manifold of a saddle point.

To prove structural stability of Morse-Smale flows on the Boy’s and Girl’s
surfaces we need the following lemma:
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Lemma 3.1. Suppose that the angle o in a neighborhood of null-point is
given by the inequalities ¢ = 0,y = 0 with respect to some coordinate system
(z,y). Then in the angle o, a smooth vector field F' of a flow is given by
{xf(z,y), yg(z,y)}, where f and g are smooth functions. In the case of a
Morse-Smale vector field, we have that f(0,0) # 0 and g(0,0) # 0.

Proof. Let F' = {X(x,y),Y (x,y)} be the coordinate functions of F. The
assumption that F' is tangent to the axis = means that Y(x,0) = 0. As in
Hadamard’s Lemma,

1
Y(z,y) = ({ Y ty) gy — ({ ¥z, ty)ydt = yg(z,y),
,ty

where g(z,y) = &ay(x Y gt Similarly, X (z,y) =z f(x,y). Then

2(0,0) = £(0,0), 55(0,0) =0, £5(0,0)=0, 2(0,0) = g(0,0),

and the condition of non-degeneration of the singular point implies that
£(0,0) # 0 and ¢(0,0) # 0. O

Theorem 3.2. A smooth flow on the Boy’s or Girl’s surface is structurally
stable if and only if it is a Morse-Smale flow.

Proof. It is necessary to show that there does not exist a small bifurcation
of Morse-Smale flow and that it exists for other flows. If a bifurcation does
not occur at 0-stratum, then it is the same as on a surface with a boundary.
Therefore, we can take advantage of the structural stability of Morse-Smale
flows on a surface with a boundary, [19]. Consider a flow in an angle with
a vertex in the O-strata. For any flow in the angle we have a representation
of the form {xf(z,y), yg(x,y)} as in the Lemma 3.1. With a small change
of the flow, the condition f(0,0) # 0 and g(0,0) # 0 does not change.
Then the Morse-Smale flows are structurally stable in O-stratum. Using
the family of flows {z(c + f(z,v)), y(c + g9(z,y))}, with small changes to
the parameter ¢, any flow can be brought in the neighborhood of (0,0) to
the Morse-Smale flow. It remains to prove that there are no other flows,
with the same structure as Morse-Smale flows and without bifurcations.
Let the flow {zf(z,y), yg(z,y)} has f(0,0) = 0 and (0,0) is an isolated
fixed point like for the Morse-Smale flows. Consider the family

{a(c® —cx + f(z.y) = fle.y), yg(z.y)}, ce[0,1].

Then with any ¢ > 0 the resulting flow has two fixed points (0,0) and (c, 0).
Therefore, it is not topologically equivalent to the original flow (at ¢ = 0).
If g(0,0) = 0, then the bifurcation formula is similar:

{zf(x,y), y(@ —cy+g(z,y) — f(x,¢)}, ce0,1]. O
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4. OPTIMAL MORSE-SMALE FLOWS

As with the Boy’s surface, [33], each Morse-Smale flow has at least one
fixed point in every 1-cell. If a 1-stratum consisted of a single trajectory,
then it would be a homoclinic trajectory. It is well known that Morse-
Smale flows do not contain such trajectories, since such trajectories must
lie in the a or w-limit sets of trajectories intersecting some neighborhood of
the corresponding strata, which contradicts the definition of a Morse-Smale
flow.

Say that a fixed point is a potential source (sink) if it is simultaneously
an o-limit (resp. w-limit) point for two trajectories belonging to the same
1-cell. We indicate potential sources in red as well as by the letter R.
Potential sinks well be colored in green (G). Separatrices will be colored in
the same color as their limit points.

Theorem 4.1. On the Girl’s surface each optimal Morse-Smale flow has
exactly 4 fized points: null-point and one point in each of three 1-cells. In
total, there are 534 non-homeomorphic and 1058 non-homotopic optimal
Morse-Smale flows.

Proof. Let us designate the singular points of the flow on the planar model
by a,b,c,d,e, f,g as in Figure 4.1. Since ¢, d and ¢ are glued together at
the same point, they have the same color. Assume for definiteness that
they are green. Similarly, points b and f are colored with one color, as well
as one color of points a and e. Therefore, three options are possible:

(i) a is red and b is green,
(ii) both a and b are red,
(iii) both a and b are green.

In the first case (i) (a is red and b is green, see Figure 4.1), to calculate the
total number of flow structures n, we will find the number of flow structures
ny in BR and the number of flow structures n. in CR. Then n = nyn.. If
there are no red separatrices in BR, then each of the points b, ¢, d, g can
be a sink. So we have four different flow structures in BR in this case.

If there is a red separatrix, then it should be unique and end up at a. If
it starts at angle 8, then it splits BR into two regions in each of which have
two green points: b, g for the inner region and ¢, d for the outer region.
Thus, in each of these areas there can be two sinks and the total number
of flows with a separatrix 8 — a is 2 -2 = 4. Separatrices 11 — a and
5 — a split BR into two regions, one with a green point and the other with
three green points. Then, the total number of options for each of them is
1-3 = 3. Adding everything together, we get that np =4+4+ 3+ 3 = 14.
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FIGURE 4.1. Morse-Smale flows, case (i)

If there are no red separators in CR, then the three green points on the
boundary give 3 options. If there is one separatrix 2 — e, 2 —> a, a — e or
e — a, then it splits CR into two regions with one and two green points.
Thus, we have 4 - 2 = 8 variants of flows with one separatrix. If there are
two red separatrices in CR (2 — a, 2 — e¢), then only one such flow is
possible. In total, we have n. = 3+ 8 + 1 = 12. The total number of
non-homeomorphic flows for the first diagram is n = 14 - 12 = 168.

In the cases (ii) and (iii), it is necessary to take into account cases that
are symmetric with respect to the vertical axis of symmetry. We denote
by bs the number of symmetric flows in BR and by b,, the number of non-
symmetrical ones. Similarly, we denote by c¢; and ¢, the corresponding
numbers for the region CR. Then the total number of flow structures can
be calculated by the formula

n = bscs + bs ¢, + by cs + 2by, ¢y

Consider the case (ii) (a and b are red, see Figure 4.2, left). If there is no
red separatrix in BR, then the version with a sink in g is symmetrical, and
versions with a sink in ¢ or d are not symmetrical. The last two versions are
homeomorphic to each other. If there is only one red separator, it may end
in a or b. These cases are symmetrical (homeomorphic), so we consider only
the first of them. Then there are two cases of separatrix 5 — a or b — a,
which divide BR into two regions with one and two possible options for a
sink. So, we have 4 non-symmetrical flow structures. If there are two red
separators in BR (5 — a, 5 — b), then the flow is unique and symmetrical.
Summing up, we get by = 2, b, = 5.
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FIGURE 4.2. Morse-Smale flows, cases (ii) and (iii)

In CR, the symmetric flow must contain the green separatrix g — 7.
Then the sources can be in 1) a and b or 2) e and f. Thus, ¢ = 2.
Another option for arranging sources (e.g., a, e) for this separatrix is non-
symmetrical. For the separatrix ¢ — we have three versions of the sources
(a,b, e), and if there are no separators, then two non-homeomorphic versions
of the source (b, e). Summing up, we get ¢, = 6.

Then the total number of non-homeomorphic flow structures for the sec-
ond optionisn=2-24+2-64+5-2+2-5-6 = 86.

For the third case (iii) (@ and b are green, see Figure 4.2, right), sym-
metric flows for each of the two regions should have a sink in g, and for
non-symmetric ones there are two non-homeomorphic possibilities for the
location of the sink. Therefore, by =1, b, =2, ¢cs =1, ¢, = 2, and

n=1-1+2-1+1-2+2-2-2=13.

Summing up all three options, we have 168 4+ 86 + 13 = 267 flows
with green ¢, d and the same number with red, that is, only 534 non-
homeomorphic ms-flows. O

5. PROJECTIVE MORSE-SMALE FLOWS

A Morse-Smale flow on the real projective plane is projective if it projects
to a flow on the Girl’s (or Boy’s) surface.

Theorem 5.1. An optimal projective Morse-Smale (OPMS) flow of the
Girl’s surface has three sources, three sinks and five saddles on the projective
plane. There are 118 non-homeomorphic OPMS flows on the Girl’s surface.
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Proof. Consider the first case where 0-cell is the source for all three cor-
responding vertices on the projective plane. Three cases are possible for e
and f:
(i) they are both sinks,
(ii) e is a sink, f is a saddle,
(iii) they are both saddles.

FIGURE 5.1. Projective Morse-Smale flows, cases (i)
and (ii)

Consider case (i), (see Figure 5.1, left). Since two sinks are known (e and
f), the third sink lies within or at the boundary of the BR. This situation
splits into the four subcases.

Subcase (a): the third sink is inside BR. Then BR has symmetrical
structure, and therefore the other two sinks must be separated by a stable
manifold in the CR. Assume that one of its separatrices come out of 12.
Then for the other there are three options: 4, 7, 10. The options when the
first of the separators comes out of 2 are homeomorphic to those considered.
So there are three non-homeomorphic flow structures in this case.

Subcase (b): ¢ = d are sinks. Since they must be separated by a stable
manifold of saddle in BR, one of the separatrices included in BR starts at
5, and for the other there are four possibilities. There are three options
for CR, as in the previous case. So, for the subcase (b) we have 3 -4 = 12
non-homeomorphic flows.

Subcase (c): ¢ is a sink. In this case, one of the separatrices starts at
12 and the other starts at 2. Such non-homomorphic pairs are possible,
specifying two saddles inside the CR:

(1) 2—4, 10 — 12 (symmetrical flow),
(2) 2—7,7— 12 (symmetrical flow),
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(3) 2—4,7—12,
(4) 2—4,4—12,
(5) 2— 12,2 — 4,
(6) 2—12,2—7,
(7) 2—12, 2 — 10.

So we have 7 flow structures.
Subcase (d): a is a sink. The following options are possible:

1) 4—7,2—4, 7) 4-10, 4 — 2, 13)2-4,2-7,

2) 4—7,12— 4, 8) 4—10,4—12 14) 2—4,12 -7,
3)4-7,2-1, 9) 4—10,10 -2, 15) 2 — 4, 2 — 10,
4)4-7,12-7, 10) 4 —10, 10 — 12, 16) 2 — 4, 12 — 10.
5) 4—7,2—10, 11) 4—12,7 — 12,

6) 4—7,12— 10, 12) 4 —12,10 — 12

We have 16 possibilities. Thus in total, there are 3 4+ 12 + 7 4+ 16 = 38
flow structures (two of them are symmetrical).

Consider the second case (ii) when e is a sink, f is a saddle (Figure 5.1,
right). The situation is similar to the case (i). We consider the variations
of the location of the sink in BR. There are five cases:

(a) if the sink is internal, then we have one flow structures,

(b) if ¢ = d are sinks, the we have 4 flow structures (inner saddle in BR,
one separtrix enters it from 5, and for the second point there are 4
options),

(c) if g is a sink, then we have 4 flow structures (inner saddle in CR,
one separtrix enters it from 12, and for the second point there are 4
options),

(d) if b is a sink, then we have 4 cases (10 — 2, 4, 7, or 12),

(e) if a is a sink, then we have 2 -3 = 6 cases (7 or 10 — 2, 4 or 12).

Thus, in total, there are 1 +4 + 4 + 4 4+ 6 = 19 flow structures.

In the third case (iii) (e, f are saddles, Figure 5.2) the sink lies on the
boundary of BR and CR. There are two possible subcases of the location
of the sink: points a and ¢. In each case, the flow is unique in each region.
Therefore, there are two flow structures (the first of which is symmetrical).

Summing up, there are 2 (384-19+42) = 118 projective non-homeomorphic
flows. O

6. FLOW ISOTOPY

Two flows are called isotopic if there exists a topological equivalence
between them isotopic to the identity map.
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FIGURE 5.2. Projective Morse-Smale flows, case (iii)

Lemma 6.1. A topological equivalence ¢ of flows on the Boy’s or Girl’s
surface M is isotopic to the identity map iff it sends each 1-stratum X into
itself and the restriction of ¢|x preserves orientation of X.

Proof. Necessity. Note that each homeomorphism of M is cellular, i.e. it
sends i-cells to i-cells, i = 0,1, 2. In particular, if ¢, : M — M, t € [0;1], is
an isotopy of M, then all ¢; yield the same permutation of cells, and map
them with the same orientation. If in addition ¢q is the identity map, then
each ¢; leaves invariant each cell and preserves its orientation.

Sufficiency. Since each 2-strata is determined by the list of 1-stratas
included in its boundary, it follows from the preservation of 1-strats that
each 2-strata is mapped onto itself. Any homeomorphism of a segment that
preserves the orientation is isotopic to the identity. Thus, at the boundary
of each 2-strata we have an isotopy between the given and the identical
mapping. It can be extended to the isotopy of the 2-strata in the same way
as from the boundary of the 2-disk to its interior. Together, we obtain the
desired isotopy of the surface. O

Each homeomorphism of a Boy’s or Girl’s surface induces a permutation
on a set of 1-stratas, and after such permutations the lists of words defining
2-strata must be preserved. Then on the Boy’s surface, except for the
identical one, the following substitutions are possible.

(1) Two letters change between places (3 ways of choosing two letters).
In this case, we have a mapping that interchanges two 1-stratas and
reverses the orientation on the third 1-strata.

(2) Letters are rearranged cyclically (2 ways).

On the Girl’s surface, one substitution is possible: the letters A and B
are swapped. This observation together with Lemma 6.1 imply that on the
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Boy’s surface each class of topological equivalence contains no more than 6
flows that are not isotopic each other, while on the Girl’s surface, there are
no more than two such flows.

A flow is called symmetric if its topological equivalence to itself exists,
which is not isotopic to the identity mapping.

Theorem 6.2. Let V' be one of the sets of vector fields (flows) which we
considered above, n s the total number of topological structures from V
and ng is the number of symmetric structures from V, then the number of
non-isotopic structures is given by the formula

m = 2n — ng
on the Girl’s surface and by formula
m=3-(2n —ny)
for optimal flows on the Boy’s surface.

Proof. If the flow diagram is not symmetrical, then symmetry about the
vertical axis result in a non-isotopic flow. Therefore, the total number of
flow structures must be multiplied by two. In this case, we counted the
symmetric flows twice. Hence, the number of symmetric threads must be
subtracted from the total number. Taking into account that there are no
Zs invariant flows among the optimal flows on the Boy’s surface, we see
that the total number of flows must be multiplied by three. O

By analogy, how this was done in Theorem 4.1, we check each of the
described structures on symmetry. We do the same for structures on the
Boy’s surface in [33]. Then, using the formulas in the last theorem, we
calculate the number of non-isotopic structures. The resulting number of
structures are given in the Table 6.1.

surface | 1 fixed point | Morse-Smale | projective
Boy’s 18/108 342/2004 80,/438
Girl’s 3/6 534/1058 118/230

TABLE 6.1. Numbers of optimal flows structures up to
homeomorphism /isotopy
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