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Canonical quasi-geodesic mappings of
special pseudo-Riemannian spaces
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Abstract. Studying diffeomorphisms of pseudo-Riemannian spaces, that
belong to the class of quasi-geodesic mappings with the reciprocity condition
and almost geodesic mappings of the 2nd type, we arrived at the quasi-
geodesic mapping (QGM) f :

(
Vn, gij , F

h
i

) Ñ (
V n, gij , F

h
i

)
of the spaces

with generalized-recurrent affinor structure [I. N. Kurbatova and M. Pistruil,
2020].

Quasi-geodesic mappings are divided into two types: general and canoni-
cal. In this article, canonical quasi-geodesic mappings of recurrent-parabolic
spaces are considered [I. N. Kurbatova and D. V. Lozienko, 2017]. Namely,
the basic questions of the theory of such mappings are solved. Using methods
developed in the theory of geodesic mappings [N. S. Sinyukov, 1979], the basic
equations of canonical QGMs of recurrent-parabolic spaces are reduced to a
form that allows effective study. The fundamental theorems of the theory of
canonical quasi-geodesic mappings of recurrent parabolic spaces are proved.

Also considered the canonical quasi-geodesic mapping of the recurrent-
parabolic space

(
Vn, gij , F

h
i

)
onto the semisymmetric space

(
V n, gij , F

h
i

)
.

Анотація.Досліджуючи дифеоморфізми псевдоріманових просторів, що
належать до класу квазі-геодезичних відображень з умовою взаємності
та майже геодезичних відображень 2-го типу, автори прийшли до ква-
зі-геодезичного відображення f :

(
Vn, gij , F

h
i

) Ñ (
V n, gij , F

h
i

)
просторів

з особливою афінорною структурою, яку назвали узагальнено-рекурен-
тною [І. М. Курбатова та М. Піструіл, 2020].

Квазі-геодезичні відображення можуть бути двох типів: загального
виду і канонічні. В представленій статті досліджуються канонічні квазі-
геодезичні відображення рекурентно-параболічних просторів [І. М. Кур-
батова та Д. В. Лозієнко, 2017]. А саме, вирішуються базові питання
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теорії таких відображень. За допомогою методів теорії геодезичних ві-
дображень [Н. С. Синюков, 1979], основні рівняння канонічних квазі-
геодезичних відображень рекурентно-параболічних просторів приводя-
ться до вигляду, який допускає ефективне дослідження. Доведено тео-
реми, які дозволяють для будь-якого рекурентно-параболічного просто-
ру (Vn, gij , F

h
i ) або знайти всі простори (V n, gij , F

h
i ), на які Vn допускає

канонічне квазі-геодезичне відображення, або довести, що таких просто-
рів немає. Також розглянуто канонічне квазі-геодезичне відображення
рекурентно-параболічного простору

(
Vn, gij , F

h
i

)
на напівсиметричний

простір
(
V n, gij , F

h
i

)
.

1. INTRODUCTiON
We have studied diffeomorphisms of pseudo-Riemannian spaces that be-

long to the intersection of classes of quasi-geodesic mappings [5–7,9,10,12]
with the reciprocity condition and almost-geodesic mappings of the second
type [2–4,11,13–15]. We have obtained the basic equations of such a map-
ping f : (Vn, gij , F h

i ) Ñ (V n, gij , F
h
i ) in the common coordinate system (xi)

with respect to the mapping f [9]:

Γ
h
ij(x) = Γh

ij(x) + ψ(i(x)δ
h
j) + ϕ(i(x)F

h
j)(x), (1.1)

F h
i (x) = F

h
i (x),

giαF
α
j = ´gjαFα

i , giαF
α
j = ´gjαFα

i ,

F h
(i,j) = q(iF

h
j), (1.2)

F h
αF

α
i = eδhi , e = 0,˘1, (1.3)

i, h, j, . . . = 1, 2, . . . , n,

where Γh
ij , Γ

h
ij are the Christoffel symbols of Vn, V n, respectively, ψi(x),

ϕi(x), qi(x), pi(x) are certain covectors, F h
i (x) is affinor, brackets (i, j)

denote the symmetrization with respect to the corresponding indices, and
comma «,» is a sign of the covariant derivative in respect to the connection
of Vn.

If in (1.1) ϕi = 0 and ψi = 0, then the quasi-geodesic mapping degener-
ates into an affine mapping, and for ϕi = 0 and ψi ‰ 0, into a geodesic one.
For ϕi ‰ 0 and ψi = 0, the quasi-geodesic mapping is called canonical.

An affinor structure that satisfies condition 1.3 is called:
(1) elliptic if e = ´1,
(2) hyperbolic if e = +1,
(3) m-parabolic when e = 0, rankF = m, 2m ă n,
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(4) parabolic when e = 0, rankF = m, 2m = n.

1.1. If in conditions (1.2) qi = 0, the affinor F h
i defines a K-structure [1].

In [5, 14] were studied quasi-geodesic mappings of Riemannian spaces
(Vn, gij , F

h
i ) with a K-structure of elliptic and hyperbolic types (i.e., this

K-structure satisfies (1.3) for e = ˘1).
In [10], a recurrent-parabolic structure was introduced, which is deter-

mined by the conditions:
F h
αF

α
i = 0, giαF

α
j = ´gjαFα

i , F h
i,j = qjF

h
i . (1.4)

The article [8] is devoted to some issues that concern canonical quasi-
geodesic mappings of recurrent-parabolic spaces.

1.2. We call an affinor structure F h
i that satisfies conditions (1.2) a gene-

ralized-recurrent structure (of elliptic, hyperbolic, or parabolic type) [9].
It is obvious that the K-structure and the recurrent-parabolic structure

are the special cases of generalized-recurrent structure.
In [9] the properties of a generalized-recurrent structure of parabolic type

were studied. We call the vector qi in (1.2) the generalized recurrence vector
of the structure F h

i , and in the case F h
i,j = qjF

h
i , the recurrence vector.

Note that under the condition that the vector qi is gradient, the affinor
F̃ h
i = e´qF h

i , where qi = Bq(x)
Bxi , defines a K-structure in the generalized-

recurrent space (Vn, gij , F
h
i ), and a Kählerian structure in the recurrent-

parabolic space.

1.3. Further, let us define an operation of contraction with an affinor,
which is called conjugation with respect to the corresponding index and is
denoted as follows:

T ...
j1...jk´1αjk+1...jr

Fα
i = T ...

j1...jk´1ijk+1...jr
,

T j1...jk´1αjk+1...jr
... F h

α = T j1...jk´1hjk+1...jr
... .

1.4. The integrable parabolic structure F h
i in some neighborhood of the

point Vn can be reduced to the form

(F h
i ) =

(
0 0
Im 0

)
,

where Im is the identity matrix of order m = n
2 .

Further, the auxiliary tensor Ah
i , will be useful to us, which is determined

in the adapted coordinate system by the matrix

(Ah
i ) =

(
0 Im
0 0

)
.
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It is easy to check that

F β
αA

α
β = m, Ah

αA
α
i = 0, F h

αA
α
i +Ah

αF
α
i = δhi . (1.5)

1.5. The integrability conditions for the equations F h
i,j = qjF

h
i give

F h
i,[jk] = q[j,k]F

h
i ,

i.e. based on the Ricci identity

Rh
ijk ´Rh

ijk
= F h

i q[j,k], (1.6)

and in particular
Rh

ijk
= 0.

Here Rh
ijk are components of the Riemann tensor of the space Vn and

square brackets denote the operation of alternation with respect to the
corresponding indices.

Let us conjugate (1.6) in the index k and contract it with Ai
h with respect

to the indices h, i. Taking into account (1.5),we obtain

Rkj =
n

4
qkj ,

where qjk = q[j,k].
According to the last relation and (1.4), contraction (1.6) with respect

to the indices h, k, and symmetrization with respect to i, j, gives us

Rji = ´Rij

for n ‰ 4. Here Rij are the components of the Ricci tensor of the space Vn.

1.6. In [9] we proved that the integrable affinor structure of the generali-
zed-recurrent space (Vn, gij , F h

i ) is characterized by the following properties:

Fα
i,α = 0,

F h
j,i

= F h
j,i

= F h
j,i = 0, qi = 0. (1.7)

Note that, in contrast to hyperbolic and elliptic types, an integrable
generalized-recurrent structure of parabolic type (in particular, a parabolic
K-structure) need not be Kählerian, i.e., relations (1.7) do not imply that
the affinor F h

i is covariantly constant.
Further in this paper, we consider only the integrable affinor structure.
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1.7. In [8] it is proved that the image of a recurrent-parabolic space under
a canonical quasi-geodesic mapping is also a recurrent-parabolic space with
the same recurrence vector qi, i.e.

F h
i|j = qjF

h
i , (1.8)

where «|» is the sign of the covariant derivative with respect to the con-
nection of the space Vn, and that the vector ϕi in equations (1.1) satisfies
the condition

ϕi = 0. (1.9)
In this paper, we consider the canonical quasi-geodesic mapping (QGM)

of recurrent-parabolic spaces with an integrable affinor structure.
The investigation is carried out in tensor form, locally, in the class of

real sufficiently smooth functions.

2. A NEW FORM OF THE BASiC EQUATiONS OF THE CANONiCAL QGM
OF RECURRENT-PARABOLiC SPACES

2.1. A recurrent-parabolic space (Vn, gij , F
h
i ) admits a canonical QGM

onto the space f : (Vngij , F h
i ) Ñ (V n, gij , F

h
i ) if and only if in the coordinate

system (xi) the basic equations of this mapping are satisfied:

Γ
h
ij(x) = Γh

ij(x) + ϕi(x)F
h
j + ϕj(x)F

h
i , (2.1)

F h
i (x) = F

h
i (x),

ϕi = 0, (2.2)

F h
αF

α
i = 0, (2.3)

giαF
α
j = ´gjαFα

i , giαF
α
j = ´gjαFα

i , (2.4)

F h
i,j = F h

i|j = qjF
h
i , (2.5)

i, h, j, . . . = 1, 2, . . . , n.

In other words, the mapping f : (Vn, gij , F h
i ) Ñ (V n, gij , F

h
i ) is a canoni-

calQGM if and only if under conditions (2.2)–(2.5) in the space (Vn, gij , F h
i )

the system of nonlinear differential equations in partial derivatives of the
first order (2.1) with respect to the components of the tensor gij(x) and
the vector ϕi ‰ 0 has a solution.

The modern theory of differential equations does not provide regular
methods for studying the conditions for the existence and uniqueness of
solutions to such a system. Using methods that developed in the theory
of geodesic mappings of Riemannian spaces [13], we reduce the basic equa-
tions (2.1)–(2.5) to a form that allows an effective study.
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The following holds:

Theorem 2.1.1. A recurrent-parabolic space (Vn, gij , F
h
i ) admits a non-

trivial canonical QGM if and only if it contains a nonsingular symmetric
tensor aij of type (0, 2) satisfying the equations

aij,k = λiFjk + λjFik,

λi = 0

and
aiαF

α
j = ´ajαFα

i , det }aij} ‰ 0,

for some covector λi ı 0.
Proof. Since gij|k = 0 in V n, equation (2.1) can be written in an equivalent
form:

gij,k = ϕiF jk + ϕjF ik,

F ik = giαF
α
k .

(2.6)

Let us introduce the nondegenerate tensor

aij = gαβgαigβj . (2.7)

Since giαgαh = δhi , we have giα,kgαh = ´giαgαh,k . Therefore, from (2.7)
and (2.6) it follows:

aij,k = ´gγδ,kgγαgδβgαigβj = ´ (
ϕγF δk + ϕδF γk

)
gγαgδβgαigβj .

In this way
aij,k = λiFjk + λjFik, (2.8)

where
λi = ´ϕγgγαgαi. (2.9)

It is easy to check that in view of (2.2) and (2.4)
λi = 0 (2.10)

and
aiαF

α
j = ´ajαFα

i , det }aij} ‰ 0. (2.11)
Thus, if a pseudo-Riemannian space (Vn, gij , F h

i ) with a recurrent-parabolic
structure F h

i admits a non-trivial canonical QGM on (V n, gij , F
h
i ), then it

necessarily contains a nonsingular symmetric tensor aij that satisfies (2.8),
(2.10), (2.11) for some nonzero vector λi.

The converse is also true. Indeed, if aij and λi satisfy (2.8), (2.10), (2.11),
then (2.2), (2.4), (2.6) hold for gij = aαβgαigβj and ϕi = ´λαgαβgβi. □
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Note that Theorem 2.1.1 was formulated in [8] without proof. We con-
sidered it appropriate to present its proof here.

The equation (2.8) is a new form of the basic equations of the theory of
canonical QGMs of recurrent-parabolic spaces.

3. FUNDAMENTAL THEOREMS OF CANONiCAL QGMS
OF RECURRENT-PARABOLiC SPACES

3.1. Let a recurrent-parabolic space (Vn, gij , F
h
i ) be given, i.e., its metric

tensor gij(x) and affinor F h
i (x) satisfying conditions (2.3)–(2.5) are known.

The question of the existence of a canonical QGM of the space (Vn, gij , F h
i )

is reduced to the study of differential equations (2.8) with respect to the
tensor aij and the vector λi, which satisfy conditions (2.10) and (2.11).

To study this question, we consider the integrability conditions for the
equations (2.8), which, taking into account the Ricci identity and (2.5),
have the form:

aα(iR
α
j)kl = Fl(iLj)k ´ Fk(iLj)l, (3.1)

where
Lil = λi,l + λiql. (3.2)

Note that from (3.2), in view of (2.5), (2.10), it follows:
Lil = 0. (3.3)

Let’s introduce the tensor
Aij = Ai

αg
αj .

We contract (3.1) with Akj with respect to the indices k, j and conjugate
with respect to the index i. Taking into account (3.3), we obtain

Lil =
2

n+2 aα(iR
α
γ)βl

Aβγ . (3.4)

Contraction (3.1) with Akj over indices k, j gives us
aα(iR

α
γ)βlA

βγ = n
2Lil + LiνA

ν
l ´ µFil.

Then based on (3.4):
n
2Lil = aα(iR̃

αγ
γ)l + µFil, (3.5)

where
R̃hk

il = Rh
iβνA

βk
(
δνl ´ 2

n+2A
ν
l

)
,

µ = LαβA
βα.

From (3.5) we find
n
2λi,l = ´n

2λiql + µFil + aα(iR̃
αγ
γ)l. (3.6)
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3.2. Integrability conditions for (3.6), taking into account (2.8), have the
form:

n
2λαR

α
ilk = n

2 (λi,[lqk] + λiq[k,l]) + µ,[lFk]i + µq[lFk]i

+(λαFik + λiFαk)R̃
αγ
γl + (λαFγk + λγFαk)R̃

αγ
il

´ (λαFil + λiFαl)R̃
αγ
γk ´ (λαFγl + λγFαl)R̃

αγ
ik + aα(iR̃

αγ
γ)[l,k]

or in view of (3.6)

(µ,[l + 2µq[l)Fk]i + λαT̃
α
ikl + aαβT̃

αβ
ikl = 0, (3.7)

where
T̃α
ikl =

n
2 δ

α
i q[k,l] ´ n

2R
α
ikl + R̃αγ

γ[kFl]i + R̃αγ
i[kFl]γ + δα(iR̃

βγ
γ)[kFl]β,

T̃αβ
ikl = δβ(i

(
R̃αγ

γ)[lqk] + R̃αγ
γ)[l,k]

)
.

Comparing the result of cycling (3.7) by i, k, l with the original relations,
we get:

2
(
µ,i + 2µqi

)
Flk + λα

(
T̃α
(ikl) ´ 2T̃α

ikl

)
+ aαβ

(
T̃αβ
(ikl) ´ 2T̃αβ

ikl

)
= 0.

From here, after contraction with Akl with respect to the indices l, k, we
find

µ,i = aαβT
αβ
i + λαT

α
i ´ 2µqi, (3.8)

where

Tαβ
i =

(
T̃αβ
(iσγ) ´ 2T̃αβ

iσγ

)
Aσγ ,

Tα
i =

(
T̃α
(iσγ) ´ 2T̃α

iσγ

)
Aσγ .

Relations (2.8), (3.6) and (3.8) form a closed system of the first order
partial differential equations of Cauchy type with respect to the unknown
functions aij , λi, µ. Let us denote it by (B). In the theory of differential
equations regular methods have been developed for such systems. Thus,
we proved

Theorem 3.2.1. A pseudo-Riemannian space (Vn, gij(x), F
h
i (x)) with an

integrable recurrent-parabolic structure F h
i (x) admits a canonical QGM if

and only if the system of differential equations (B) has a non-trivial solution
aij(x), λi(x) ı 0, µ(x),

satisfying the conditions
aij(x) = aji(x), det }aij(x)} ‰ 0, aiαF

α
j = ´ajαFα

i , λi(x) = 0.
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3.3. As is known from the theory of differential equations, system (B) has
at most one solution for each set of initial Cauchy values

aij(x0) = a̋ij , λi(x0) =
˝
λi, µ(x0) = µ̋.

However, this system is consistent if and only if the set of integrability
conditions (B) and their differential prolongations are consistent.

The integrability conditions for the first group of equations (B), taking
into account (3.1), (3.2), (3.5), can be represented in the form

aαβS
αβ
ijkl = 0, (3.9)

where
Sαβ
ijkl = δα(iR

β
j)kl +

n
2

(
δβi R̃

αγ
γ[l + R̃αβ

i[l

)
Fk]j +

n
2

(
δβj R̃

αγ
γ[l + R̃αβ

j[l

)
Fk]i.

The integrability conditions for the second group of equations (B), taking
into account (3.7), (3.8), have the form

aαβP
αβ
ikl + λαP

α
ikl = 0, (3.10)

where
Pα
ikl = T̃α

ikl +
(
T̃α
(lσγ) ´ 2T̃α

lσγ

)
AσγFki ´

(
T̃α
(kσγ) ´ 2T̃α

kσγ

)
AσγFli,

Pαβ
ikl = T̃αβ

ikl +
(
T̃αβ
(lσγ) ´ 2T̃αβ

lσγ

)
AσγFki ´

(
T̃αβ
(kσγ) ´ 2T̃αβ

kσγ

)
AσγFli.

Finally, the integrability conditions for the third group of equations (B),
taking into account (2.5), (3.6), (3.8), can be represented in the form:

aαβQ
αβ
lk + λαQ

α
lk + µQlk = 0, (3.11)

Qαβ
lk = Tαβ

[l,k] + 2Tαβ
[l qk] +

2

n
δα(σR̃

βγ
γ[kT

σ
l] ,

Qα
lk = Tα

[l,k] + Fβ[kT
αβ
l] ´ Tα

[kql],

Qlk = 2
(
q[k,l] +

1
nFα[kT

α
l]

)
.

Denote the integrability conditions for the system (B), (3.9)–(3.11) by
(B0), and their differential prolongations by (B1), (B2), (B3), . . . As we
see, (B0), (B1), (B2), (B3), . . . is a system of linear homogeneous algebraic
equations for aij(x), λi(x) ı 0, µ(x) with coefficients from Vn. Since the
number of unknown functions is finite, there is a natural number s such that
(Bs) and subsequent continuations will be consequences of (B0), (B1), (B2),
(B3), . . . , (Bs´1). In accordance with the analytical theory of differential
equations, the system (B) has a non-trivial solution in the neighborhood
of the point M0 if and only if the system of equations (B0), (B1), (B2),
(B3), . . . , (Bs´1) has a non-trivial solution at this point.
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Hence, we have the following theorem.

Theorem 3.3.1. A pseudo-Riemannian space (Vn, gij(x), F
h
i (x)) with an

integrable recurrent-parabolic structure admits a canonical QGM if and
only if the system of homogeneous algebraic equations (B0), (B1), (B2),
(B3), . . . , (Bs´1) has a non-trivial solution in (Vn, gij , F

h
i )

aij(x), λi(x) ı 0, µ(x),

satisfying the conditions
aij(x) = aji(x), det }aij(x)} ‰ 0, aiαF

α
j = ´ajαFα

i , λi(x) = 0.

Theorems 3.2.1 and 3.3.1 together supply us with a regular method
that enables us to decide effectively whether a recurrent-parabolic space
(Vn, gij , F

h
i ) admits non-trivial canonical QGM or not, and in the affir-

mative case, we are in principle able to find all recurrent-parabolic spaces(
V n, gij , F

h
i

)
that can serve as images of Vn under the mappings considered.

Hence, Theorems 3.2.1 and 3.3.1 turn out to be the fundamental theorems
of the theory of canonical QGMs.

4. CANONiCAL QGM OF RECURRENT-PARABOLiC SPACES
ONTO SEMiSYMMETRiC SPACES

4.1. Let us assume that the recurrent-parabolic space (Vn, gij , F h
i ) admits

a non-trivial canonical QGM onto semisymmetric space (V n, gij , F
h
i ), that

is, Rh
ijk,[lm] = 0. Based on the Ricci identity, this is equivalent to the fol-

lowing conditions

´R
α
ijkR

h
αlm +R

h
αjkR

α
ilm +R

h
iαkR

α
jlm +R

h
ijαR

α
klm = 0. (4.1)

The dependence between the components of the Riemannian tensors of
the recurrent-parabolic spaces Vn and V n under the canonical QGM can
be written as

R
h
ijk = Rh

ijk + F h
i ϕ̃[kj] + F h

k ϕ̃ij ´ F h
j ϕ̃ik, (4.2)

where
ϕ̃ij = ϕi,j + ϕiqj .

In view of (1.9), (2.2), (2.5) we have

ϕ̃ij = 0.

Recall that in the recurrent-parabolic space Vn for n ‰ 4:
Rij = ´Rij .
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We substitute (4.2) into (4.1). In the obtained relations, we lower the
index h in Vn, symmetrize with respect to the indices h, i, then contract
with gkl with respect to k, l, and symmetrize the result in j, m:

2
(
ϕ̃jiϕ̃hm + ϕ̃miϕ̃hj + ϕ̃mhϕ̃ij + ϕ̃jhϕ̃im

)

+ ϕ̃ijRhm + ϕ̃imRhj + ϕ̃hjRim + ϕ̃hmRij

+ Fhj

(
ϕ̃iαR

α
m + ϕ̃iαϕ̃

α
m. + ϕ̃αβg

αβϕ̃im
)

+ Fhm

(
ϕ̃iαR

α
j + ϕ̃iαϕ̃

α
j. + ϕ̃αβg

αβϕ̃ij
)

+ Fij

(
ϕ̃hαR

α
m + ϕ̃hαϕ̃

α
m. + ϕ̃αβg

αβϕ̃hm
)

+ Fim

(
ϕ̃hαR

α
j + ϕ̃hαϕ̃

α
j. + ϕ̃αβg

αβϕ̃hj
)
= 0.

(4.3)

Conjugation (4.3) with respect to the index m gives us
ϕ̃imRhj + ϕ̃hmRij + Fhjϕ̃iαR

α
m + Fijϕ̃hαR

α
m = 0. (4.4)

4.2. If ϕ̃im ‰ 0, then there are vectors ai, bj such that
aαϕ̃αm ‰ 0 and aαbβϕ̃αβ = 1.

Let’s contract (4.4) with aibm in the indices i, m, and then with ah in h.
As a result, we get

Rhj + ξFhj + ajch = 0, (4.5)
where

ξ = aβbγϕ̃βαR
α
γ ,

ch = bγϕ̃hαR
α
γ ´ (

ϕ̃hβb
β
)(
aδbγϕ̃δαR

α
γ

)
.

We symmetrize (4.5) with respect to the indices h, j
ajch + ahcj = 0. (4.6)

If cj ‰ 0, then there is a vector dh such that dαcα = 1. Then after
contraction (4.6) with dh and then with dj , we find

aj + aαd
αcj = 0, aαd

α = 0.

Hence, aj = 0. Similarly, it can be proved that if aj ‰ 0, then cj = 0.
Now (4.5) takes the form:

Rhj = ´ξFhj .

Contraction this equality with Ajh in the indices h, j gives us ξ = R
n and

hence
Rjh = R

nFjh.

Here R is the scalar curvature of Vn.
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4.3. If ϕ̃ij = 0, then from (4.3) we obtain

ϕ̃i(jRm)h + ϕ̃h(jRm)i ´ ϕ̃iαR
α
(mFj)h ´ ϕ̃hαR

α
(mFj)i = 0. (4.7)

Cycling (4.7) by h, j, m gives us:

Rimϕ̃(hj) +Rihϕ̃(mj) +Rijϕ̃(hm)

+ FijR
α
(hϕ̃m)α + FihR

α
(mϕ̃j)α + FimR

α
(jϕ̃h)α = 0.

(4.8)

Suppose that
ϕ̃ij = ´ϕ̃ji. (4.9)

Then, after contraction (4.7) with Aji in the indices i, j, we get
ϕ̃mαR

α
h = ´ϕ̃hαRα

m.

In view of the obtained equality, the result of contraction (4.8) with Aji

with respect to i, j gives us
nϕ̃hαR

α
m = 2

(
ϕ̃βαA

βα
)(
Rhm + R

nFhm

)
+Rϕ̃hm. (4.10)

Based on (4.9), (4.10), we represent (4.8) in the form
aijbhm + ahmbij + ahjbim + aimbhj = 0. (4.11)

Here
aij = nϕ̃ij ´ ϑFij , ϑ = 2ϕ̃αβA

βα, bij = nRij +RFij .

From (4.11) it follows that either aij = 0 or bij = 0, i.e for ϕ̃ij = ´ϕ̃ji
one of the following conditions holds:

a) ϕ̃ij =
ϑ
nFij ; b) Rji =

R
nFji.

4.4. Assume as before ϕ̃ij = 0, but ϕ̃ij ‰ ´ϕ̃ji. Let us multiply equal-
ity (4.8) by Aβiϕ̃(βk), sum over the index i, and cycle the result in the
indices k, j, h, m. As a result, we get

ϕ̃(hj)ckm + ϕ̃(hm)ckj + ϕ̃(km)cjh

+ ϕ̃(kj)chm + ϕ̃(jm)ckh + ϕ̃(kh)cjm = 0,
(4.12)

where
ckm = Rα

(kϕ̃m)α ´ ϕ̃α(mR
α
k).

Since ϕ̃(ij) ‰ 0 holds, then there are vectors ai, bi such that

ϕ̃(αi)b
α ‰ 0, ϕ̃(αβ)a

αbβ = 1.

From (4.12) by the suitable contraction with the vectors ah, bj we obtain
ckm = 0, i.e.

Rα
(kϕ̃m)α = ϕ̃α(mR

α
k).
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Contracting (4.8) with Ami and then taking into account the last equality,
we obtain

Rα
(jϕ̃h)α = R

n ϕ̃(hj).

Hence, equation (4.8) takes the form
bimϕ̃(hj) + bihϕ̃(mj) + bijϕ̃(hm) = 0, (4.13)

where bij = nRij +RFij .

Using the vectors ai, bi, it is easy to show that (4.13) implies
Rji =

R
nFji.

Sections 4.2–4.4 imply the next result.

Theorem 4.4.1. If a recurrent-parabolic space (Vn, gij , F
h
i ), n ‰ 4 admits

a non-trivial canonical QGM on a semisymmetric space V n, then at least
one of the following relations holds:

a) ϕ̃ij =
ϑ
nFij ; b) Rji =

R
nFji.

5. CONCLUSiON
The main problem in studying mappings f : (Vn, gij , F h

i ) Ñ (V n, gij , F
h
i )

is to find out if the given space (Vn, gij , F
h
i ) admits the specified mapping.

The question of existence of a canonical QGM of the recurrent-parabolic
space (Vn, gij , F

h
i ) reduces to the study of differential equations (2.8) with

respect to the tensor aij and the vector λi, which satisfy conditions (2.10)
and (2.11). Theorems 3.2.1 and 3.3.1 allow for any recurrent-parabolic
space (Vn, gij , F h

i ) either to find all spaces (V n, gij , F
h
i ) on which Vn admits

a canonical quasi-geodesic mapping or prove that there are no such spaces.
However, for large n, the direct solution of this problem is technically rather
complicated.

In addition, many questions concerning the features of canonical QGMs
cannot be solved using the fundamental Theorems 3.2.1 and 3.3.1 and re-
quire the use of other methods. As an example, we present the problem
of existence of a canonical quasi-geodesic mapping of a recurrent parabolic
space onto a semisymmetric space.
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