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Canonical quasi-geodesic mappings of
special pseudo-Riemannian spaces

M. I. Pistruil, I. M. Kurbatova

Abstract. Studying diffeomorphisms of pseudo-Riemannian spaces, that
belong to the class of quasi-geodesic mappings with the reciprocity condition
and almost geodesic mappings of the 2nd type, we arrived at the quasi-
geodesic mapping (QGM) f: (Va, gij, Flh) — (Vn,gij,Ff‘) of the spaces
with generalized-recurrent affinor structure [I. N. Kurbatova and M. Pistruil,
2020].

Quasi-geodesic mappings are divided into two types: general and canoni-
cal. In this article, canonical quasi-geodesic mappings of recurrent-parabolic
spaces are considered [I. N. Kurbatova and D. V. Lozienko, 2017]. Namely,
the basic questions of the theory of such mappings are solved. Using methods
developed in the theory of geodesic mappings [N. S. Sinyukov, 1979, the basic
equations of canonical QG M s of recurrent-parabolic spaces are reduced to a
form that allows effective study. The fundamental theorems of the theory of
canonical quasi-geodesic mappings of recurrent parabolic spaces are proved.

Also considered the canonical quasi-geodesic mapping of the recurrent-
parabolic space (Vn, Gijs F! ) onto the semisymmetric space (Vn,gij, Fih).

Amnotanis. Jocaimxyroan mndeomopdizmu nceBAOPiMAHOBUX IIPOCTOPIB, 110
HaJIeZKaTh 0 KJIACY KBa3i-TeOe3WTHNX BiOOpaKeHb 3 YMOBOIO B3a€MHOCTI
Ta MaiiKe reofle3UYHUX BiT0OpakeHb 2-TO THILY, aBTOPH HPHIIILIN 10 KBa-
3i-re01e3MIHOTO BimoOpaskeHHs f (Vn, Gij, Fih) — (V,“yi j,Fi) [IPOCTOPIB
3 0c00MBOI0 aPiHOPHOIO CTPYKTYPOIO, SIKY HA3BAJM y3araJbHEHO-DEKYPEeH-
troio [I. M. Kyp6arosa ta M. Ilicrpyin, 2020].

KBazi-reonesnyni BigobpakeHHsS MOXKYTb OyTH JIBOX THUIIB: 3araJibHOTO
BULy i KaHOHIUHI. B mpejacraBieniit ctaTTi JTOCTIKYIOTHCSA KAHOHITHI KBa3i-
reoje3ndni Bimobpazkennsa pekypenTHo-napabosnianux npocropis [I. M. Kyp-
6arosa ta 1. B. Jlosienko, 2017|. A came, BupimyoThcs 6a30Bi mUTAHHS
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Teopil TakWx BigoOparkeHb. 3a JOMOMOIOI0 METOIB TeOpil MeoIe3UdHNX Bi-
nobpaxens [H. C. Cumokos, 1979], ocHOBHI piBHAHHS KAHOHIYHUX KBa3i-
Pe0JIE3NYHUX Bi0OpaskeHb PEKYpPEHTHO-IIAPabOJidHUX TPOCTOPIB IIPUBO/IsA-
ThCA JI0 BUIVISANLY, KUl nonyckae edpeKTUBHE JlociiizkeHHd. [loBesieHO Teo-

peMH, fKi JO3BOJISIOTH It Oy [b-SKOr0 PEKYPEHTHO-IapabOiTHOrO IIPOCTO-

by (Vi gij, F') abo smaiiTu BCi mpocropu (Vny Gz F!"), ma sxi V,, pomyckae

KaHOHIYHe KBa3i-reosie3uyHe BigoOparkeHHsI, ab0 JOBECTH, 1[0 TAKUX IIPOCTO-
piB HeMae. TakoXK pPO3IVIAHYTO KAHOHIYHe KBa3i-TeO/le3MYHE BilOOpasKeHH:
peKypeHTHO—Hapa6OiLIi‘IHOI‘O IIPOCTOPY (Vn,gi]-,Fih) Ha HAIIIBCUMETPUIHUI
IIPOCTip (Vn,gij,Fi).

1. INTRODUCTION

We have studied diffeomorphisms of pseudo-Riemannian spaces that be-
long to the intersection of classes of quasi-geodesic mappings [5-7,9,10,12]
with the reciprocity condition and almost-geodesic mappings of the second
type [2—4,11,13-15]. We have obtained the basic equations of such a map-
ping f: (Va, gij, ") — (Vn,gij,F?) in the common coordinate system (z?)
with respect to the mapping f [9]:

T h h h
Iy (@) = Tj5(2) + ¥a(@) 03 + o) Fjy (), (1.1)
h —=h
giaF]q = _gjozFia7 yiaF]q = _gjaF’ia7
ho_ h
Fig) = 26t5), (1.2)
F'E* =edl,  e=0,+1, (1.3)
i,hj,...=1,2,....,n,
where F?j, f?j are the Christoffel symbols of V,,, V,,, respectively, 1;(x),
#i(z), qi(z), pi(z) are certain covectors, F*(x) is affinor, brackets (i, ;)
denote the symmetrization with respect to the corresponding indices, and
comma «,» is a sign of the covariant derivative in respect to the connection
of V,.

If in (1.1) ¢; = 0 and 1; = 0, then the quasi-geodesic mapping degener-
ates into an affine mapping, and for ¢; = 0 and v; # 0, into a geodesic one.
For ¢; # 0 and ; = 0, the quasi-geodesic mapping is called canonical.

An affinor structure that satisfies condition 1.3 is called:

(1) elliptic if e = —1,
(2) hyperbolic if e = +1,

(3) m-parabolic when e = 0, rank F' = m, 2m < n,
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(4) parabolic when e = 0, rank F' = m, 2m = n.

1.1. If in conditions (1.2) ¢; = 0, the affinor F* defines a K-structure [1].
In [5, 14] were studied quasi-geodesic mappings of Riemannian spaces
Vi, 935, Fih) with a K-structure of elliptic and hyperbolic types (i.e., this
K-structure satisfies (1.3) for e = £1).
In [10], a recurrent-parabolic structure was introduced, which is deter-
mined by the conditions:

F'FO =0, goF? = —guF?,  Fl=gFP. (1.4)

)

The article [8] is devoted to some issues that concern canonical quasi-
geodesic mappings of recurrent-parabolic spaces.

1.2. We call an affinor structure F* that satisfies conditions (1.2) a gene-
ralized-recurrent structure (of elliptic, hyperbolic, or parabolic type) [9].

It is obvious that the K-structure and the recurrent-parabolic structure
are the special cases of generalized-recurrent structure.

In [9] the properties of a generalized-recurrent structure of parabolic type
were studied. We call the vector ¢; in (1.2) the generalized recurrence vector
of the structure Fl-h, and in the case Flh] = qul-h, the recurrence vector.

Note that under the condition that the vector ¢; is gradient, the affinor

Fih = e*qFl-h, where ¢; = agff), defines a K-structure in the generalized-
recurrent space (Vj,, gij, Fl-h), and a Kahlerian structure in the recurrent-

parabolic space.

1.3. Further, let us define an operation of contraction with an affinor,
which is called conjugation with respect to the corresponding index and is
denoted as follows:

T: a

Jle-Jk—1QJk41---Jr " 1

Tl 1841 --dr”

TI1+-Jk—10Tk+1-+-0r R le-ujk—lﬁjk-klmjr
(0% *

1.4. The integrable parabolic structure Fih in some neighborhood of the
point V,, can be reduced to the form

= (7 0):

where I, is the identity matrix of order m = 3.
Further, the auxiliary tensor A?, will be useful to us, which is determined

in the adapted coordinate system by the matrix

an=(y ).
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It is easy to check that
FPAS =m, Al AY =0, FlhA® 4 Al pe = st (1.5)
1.5.  The integrability conditions for the equations Flh] = quih give

h h
Filin = aym i

i.e. based on the Ricci identity

Rl — Rgbjk = Fl'qpj ), (1.6)
and in particular
ho
R;jk =0.

Here thjk are components of the Riemann tensor of the space V,, and
square brackets denote the operation of alternation with respect to the
corresponding indices.

Let us conjugate (1.6) in the index k and contract it with A} with respect
to the indices h, i. Taking into account (1.5),we obtain

n
REj VAL

where ;i = q[j 4-

According to the last relation and (1.4), contraction (1.6) with respect
to the indices h, k, and symmetrization with respect to i, j, gives us

Rj =Ry

for n # 4. Here R;; are the components of the Ricci tensor of the space V,.

1.6. In [9] we proved that the integrable affinor structure of the generali-
zed-recurrent space (V;,, gij, F*) is characterized by the following properties:

F’LO,[O( — 0,
ijl = th =F' =0, g = 0. (1.7)

Note that, in contrast to hyperbolic and elliptic types, an integrable
generalized-recurrent structure of parabolic type (in particular, a parabolic
K-structure) need not be Kéhlerian, i.e., relations (1.7) do not imply that
the affinor Fih is covariantly constant.

Further in this paper, we consider only the integrable affinor structure.
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1.7. In [8] it is proved that the image of a recurrent-parabolic space under
a canonical quasi-geodesic mapping is also a recurrent-parabolic space with
the same recurrence vector ¢;, i.e.

Fi’\lj = QjFiha (1'8)

where «|» is the sign of the covariant derivative with respect to the con-
nection of the space V;,, and that the vector ¢; in equations (1.1) satisfies
the condition
¢7; = 0. (1.9)

In this paper, we consider the canonical quasi-geodesic mapping (QGM )
of recurrent-parabolic spaces with an integrable affinor structure.

The investigation is carried out in tensor form, locally, in the class of
real sufficiently smooth functions.

2. A NEW FORM OF THE BASIC EQUATIONS OF THE CANONICAL QGM
OF RECURRENT-PARABOLIC SPACES

2.1. A recurrent-parabolic space (Vj,, gij,Fih) admits a canonical QGM

onto the space f: (V,gi5, F') — (Vn, Gijs F?) if and only if in the coordinate
system (%) the basic equations of this mapping are satisfied:

T (x) = Tl (2) + i (2) FI! + ¢ () F, (2.1)
Fl(x) = F; (),

¢; =0, (2.2)

FLFS =0, (2.3)

9iaFj" = =gja b7, Gk} = —gjaFi (2.4)

(2.5)

h _ ph _ h
F; _Fi\j = ¢ Iy,
ihj,...=1,2,...,n.

In other words, the mapping f: (Vn, gij, FI*) — Vi, Gijs F?) is a canoni-
cal QG M if and only if under conditions (2.2)—(2.5) in the space (V,,, gi;, F}*)
the system of nonlinear differential equations in partial derivatives of the
first order (2.1) with respect to the components of the tensor g;;(x) and
the vector ¢; # 0 has a solution.

The modern theory of differential equations does not provide regular
methods for studying the conditions for the existence and uniqueness of
solutions to such a system. Using methods that developed in the theory
of geodesic mappings of Riemannian spaces [13], we reduce the basic equa-
tions (2.1)—(2.5) to a form that allows an effective study.
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The following holds:

Theorem 2.1.1. A recurrent-parabolic space (Vn,gij,Fih) admits a non-
trivial canonical QGM if and only if it contains a nonsingular symmetric
tensor a;j of type (0,2) satisfying the equations

aijk = NiFjk + AjFik,
A=0

- =
and

ainF® = —ajoFY,  det]a| # 0,
for some covector \; # 0.

Proof. Since g;;;, = 0in V., equation (2.1) can be written in an equivalent
form:

Gijr = OiFjk + ¢ Fa,

_ (2.6)
Fir = G;oFy; .
Let us introduce the nondegenerate tensor
aij = 5 goigp;- (2.7)
Since G,,g*" = o, we have §m’k§ah = —gmgj‘“kh. Therefore, from (2.7)
and (2.6) it follows:
ije = —Trsk9 T 9ai9j = — (04 F sk + b6 Fyi) 7T gaigs;-
In this way
aij i = NiFjp + A\ Fi, (2.8)
where
Ai = =797 Gai- (2.9)
It is easy to check that in view of (2.2) and (2.4)
A =0 (2.10)
and
aiaFf = —ajoFY,  det|ag] # 0. (2.11)

Thus, if a pseudo-Riemannian space (V4,, gi5, Fl-h) with a recurrent-parabolic
structure F* admits a non-trivial canonical QG M on (Vn,yij, th ), then it
necessarily contains a nonsingular symmetric tensor a;; that satisfies (2.8),
(2.10), (2.11) for some nonzero vector A,.

The converse is also true. Indeed, if a;; and \; satisfy (2.8), (2.10), (2.11),

then (2.2), (2.4), (2.6) hold for g;; = a®Pgaigs; and ¢; = —Aagaﬁgﬁi. O
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Note that Theorem 2.1.1 was formulated in [8] without proof. We con-
sidered it appropriate to present its proof here.

The equation (2.8) is a new form of the basic equations of the theory of
canonical QGMs of recurrent-parabolic spaces.

3. FUNDAMENTAL THEOREMS OF CANONICAL QG M
OF RECURRENT-PARABOLIC SPACES

3.1. Let a recurrent-parabolic space (V,, gij, F*) be given, i.e., its metric
tensor g;;(x) and affinor F*(x) satisfying condltlons (2.3)-(2.5) are known.
The question of the existence of a canonical QGM of the space (V,,, gi;, F*)
is reduced to the study of differential equations (2.8) with respect to the
tensor a;; and the vector \;, which satisfy conditions (2.10) and (2.11).

To study this question, we consider the integrability conditions for the
equations (2.8), which, taking into account the Ricci identity and (2.5),
have the form:

aa (iR = FiaLjyk — Fraljy, (3.1)
where
Ly = Xig + Niqr- (3.2)
Note that from (3.2), in view of (2.5), (2.10), it follows:
L =0. (3.3)

Let’s introduce the tensor
Aij — Aggaj
We contract (3.1) with A* with respect to the indices k, j and conjugate

with respect to the index i. Taking into account (3.3), we obtain

Ly = 335 R 5 A7, (3.4)

Contraction (3.1) with A¥ over indices k, j gives us
a(zR )BIAB’y 7Lzl + LWAZ ,U*Fil'
Then based on (3.4):
%Lil = aa(iRV)l + uki, (35)

where

Rzl - RlBVAﬁk (511/ - %HA?),

= LaﬁAﬂa.

From (3.5) we find

SXig = —5Niq + pFy + aa(iR:;l- (3.6)
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3.2. Integrability conditions for (3.6), taking into account (2.8), have the
form:

sAaRiE = 5 (Nipar) + Nidpry) + 1 Frgi + papFr
+ (AaFik + AiFar) RS+ (M Fyi + Ay For) R
— MaFit + NiFa) R — AaFo + M Fa) Ry + an R
or in view of (3.6)
(/117[1 + 2MQ[1)F]€]1 + A Tkl -+ aangl = O (37)
where
T = 56 Qe — 5 R + Ra&ﬂ]i + R?[ZFM + 551:35%5]5,
/3
T = 00 (RS + RSy p9)-

Comparing the result of cycling (3.7) by i, k, [ with the original relations,
we get:

2(H,i + 2#%) Fii; + Aa (T(O{M) - QTz‘Ofd) + aaﬂ( (ikl) 2Tﬁ§) =0.

From here, after contraction with A* with respect to the indices I, k, we
find

1 = aas TP + AT — 2ug;, (3.8)
where
8 _ B
Tia (T(w"y) - 2T£"y> AJV

ﬂa = (T(?i{aw) 2111%7) AT,

Relations (2.8), (3.6) and (3.8) form a closed system of the first order
partial differential equations of Cauchy type with respect to the unknown
functions a;;, Ai, . Let us denote it by (B). In the theory of differential
equations regular methods have been developed for such systems. Thus,
we proved

Theorem 3.2.1. A pseudo-Riemannian space (Vy, gij(z), Fl'(x)) with an
integrable recurrent-parabolic structure th(:c) admits a canonical QGM if
and only if the system of differential equations (B) has a non-trivial solution

satisfying the conditions

aij(z) = aji(z), detfai(2)]| #0, @ik} = —ajali, A(z)=0.

(2
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3.3.  Asis known from the theory of differential equations, system (B) has
at most one solution for each set of initial Cauchy values

aij(z0) = aij, Ai(mo) = Ai, o) = i
However, this system is consistent if and only if the set of integrability
conditions (B) and their differential prolongations are consistent.

The integrability conditions for the first group of equations (B), taking
into account (3.1), (3.2), (3.5), can be represented in the form

aap S5 =0, (3.9)
where
B oy | pab 8 pary
Soih = SR + 5 (VR + BY) B+ 5 (RS + RS P

The integrability conditions for the second group of equations (B), taking
into account (3.7), (3.8), have the form

aaﬂpiol;zﬁ + APy =0, (3.10)
where
RZCI;Z = Tﬁ:l + (T(?U'y) - 27:}%'7) AGVFkJi - (T&a ) QTI?JV)AU’YEM

Pyl = Ti + (T4, - 2000 ) A7 By — (T, — 217

koy > A% .

Finally, the integrability conditions for the third group of equations (B),
taking into account (2.5), (3.6), (3.8), can be represented in the form:

Q. + MaQff, + 1Qu = 0, (3.11)

pBY
I —T[ }+2 [ Pa + 5(R[ i

Qix = Ty + F,B[kT} Than,
Qi = Q(Q[k,z] + gFa[kTq )-

Denote the integrability conditions for the system (B), (3.9)—(3.11) by
(Bp), and their differential prolongations by (B1), (B2), (B3),... As we
see, (By), (B1), (B2), (B3),... is a system of linear homogeneous algebraic
equations for a;j(z), \i(x) #0, p(xr) with coefficients from V;,. Since the
number of unknown functions is finite, there is a natural number s such that
(Bs) and subsequent continuations will be consequences of (By), (B1), (B2),
(B3),...,(Bs—1). In accordance with the analytical theory of differential
equations, the system (B) has a non-trivial solution in the neighborhood
of the point Mj if and only if the system of equations (Bjy), (B1), (Ba),
(B3),...,(Bs—1) has a non-trivial solution at this point.
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Hence, we have the following theorem.

Theorem 3.3.1. A pseudo-Riemannian space (Vy, gij(z), F'(x)) with an
integrable recurrent-parabolic structure admits a canonical QGM if and
only if the system of homogeneous algebraic equations (By), (B1), (B2),
(Bs3),...,(Bs—1) has a non-trivial solution in (Vy, gij, F*)

aij(), Ai(x) #0, (z),
satisfying the conditions
aij(z) = aji(x), det]aj(2)] #0, @k} =—ajul}, Nlz)=0.

Theorems 3.2.1 and 3.3.1 together supply us with a regular method
that enables us to decide effectively whether a recurrent-parabolic space
Vo, 95, ') admits non-trivial canonical QGM or not, and in the affir-
mative case, we are in principle able to find all recurrent-parabolic spaces
(Vn, §ij,F?) that can serve as images of V;, under the mappings considered.
Hence, Theorems 3.2.1 and 3.3.1 turn out to be the fundamental theorems
of the theory of canonical QG Ms.

4. CANONICAL QGM OF RECURRENT-PARABOLIC SPACES
ONTO SEMISYMMETRIC SPACES

4.1. Let us assume that the recurrent-parabolic space (V},, gij, th) admits

a non-trivial canonical QGM onto semisymmetric space (Vn,gij, F;), that

is, R?jk,[lm} = 0. Based on the Ricci identity, this is equivalent to the fol-
lowing conditions
—a =h —h S« —h s« —h Sa
- Riijozlm + Rajk‘Rilm + Riak glm + RijaRk:lm =0. (41)

The dependence between the components of the Riemannian tensors of
the recurrent-parabolic spaces V,, and V,, under the canonical QGM can
be written as

7h ~ ~ ~
Ry = Rl + Fl'bpj + Flidij — Fl di, (4.2)

where

bij = i j + big;-
In view of (1.9), (2.2), (2.5) we have

0.

i
Recall that in the recurrent-parabolic space V,, for n # 4:
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We substitute (4.2) into (4.1). In the obtained relations, we lower the
index h in V,,, symmetrize with respect to the indices h, ¢, then contract
with g* with respect to k, 1, and symmetrize the result in j, m:

Q(QEﬁQma + ‘J;miﬁghj + émﬁqgﬁ + &jﬁﬁgim)
+ Fhj (&iaR;ln + diadiy, + éaﬂga’gém)

+ Frn ($ia RS + 00 + &aﬂgaﬁéf;g) -
+ Fij (QghaR% + Qghaég%. + &aﬁgaﬂﬁghm)
+ Fim (¢ha RS + dnad + &aﬁgaﬂéhj) =0.
Conjugation (4.3) with respect to the index m gives us
&ingj + QghﬁR{j + Fpjbia RS + Fijbna RS = 0. (4.4)

4.2. If éiﬁ # 0, then there are vectors a’, ¥/ such that
a%am #0 and a®b? éaﬁ =1.
Let’s contract (4.4) with a’b™ in the indices i, m, and then with a” in h.
As a result, we get
Rﬁj + thj + ajCh = 0, (45)
where ~
¢ = b dpa R,
n = 56 — (G (087G ).
We symmetrize (4.5) with respect to the indices h, j
azcn + age; = 0. (4.6)
If ¢; # 0, then there is a vector d" such that d®c, = 1. Then after
contraction (4.6) with d* and then with d7, we find
a; + agd®c; =0, agd® = 0.
Hence, a; = 0. Similarly, it can be proved that if aj # 0, then ¢; = 0.
Now (4.5) takes the form:
Contraction this equality with 47" in the indices h, j gives us & = % and

hence
_ _Rp
th = Fjp.

n
Here R is the scalar curvature of V,,.
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4.3. If éﬁ = 0, then from (4.3) we obtain
éi(ij)E + éh(ij)f - éiaR((mej)h - &haR(()ij)i =0. (47)
Cycling (4.7) by h, j, m gives us:

R, 0(hj) + Bip@(my) + By (am) s

Suppose that } )
bij = —dji- (4.9)
Then, after contraction (4.7) with A7* in the indices 4, j, we get
ngaRg = _&haR%-
In view of the obtained equality, the result of contraction (4.8) with A/
with respect to i, j gives us

nonaRe = 2(¢5aA) (Ry;, + ZFpm) + Rpm. (4.10)
Based on (4.9), (4.10), we represent (4.8) in the form
@ijbnm + apmbi; 4 apibim + aimbp; = 0. (4.11)
Here
aij = ngij — VFy;, ¥ = 20,5 AP, bij = nRy; + RF;.

From (4.11) it follows that either a;; = 0 or b;; = 0, i.e for gZ;ij = —qgjz-
one of the following conditions holds:

a) 6ij = 3 Fyj; b) Ry = L Fji.

n

4.4. Assume as before qsﬁ = 0, but qgij # —qgji. Let us multiply equal-

ity (4.8) by Aﬁiq;(ﬁk), sum over the index ¢, and cycle the result in the

indices k, j, h, m. As a result, we get
b ~cm+~ m)C @ m)Cj
P (hg) Chm + Pm)Chij + Pem) ik (4.12)
+ B (kj)Chim + P(jm)Chh + P(kn)Cim = 0,

where ~ R
Ckm = R?}gqu)a - ¢04(ng)'
Since g?s(m # 0 holds, then there are vectors a’, b such that
(Z;(ai)ba # 0, é(aﬁ)aabﬁ =1.

From (4.12) by the suitable contraction with the vectors a”, 1/ we obtain
Ckm = 0, ie.

R?k Q’;m)a = (;a(ng) .
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Contracting (4.8) with A™ and then taking into account the last equality,
we obtain

¢5h B b h)-
Hence, equation (4.8) takes the form
bim®(hg) + bin(mg) + bijb(m) = 0, (4.13)

where b;; = njo + RE};.
Using the vectors a’, V', it is easy to show that (4.13) implies

R
R = 3 Fji-
Sections 4.2-4.4 imply the next result.

Theorem 4.4.1. If a recurrent-parabolic space (Vn,gZ],F ), n # 4 admits
a non-trivial canonical QGM on a semisymmetric space V,, then at least
one of the following relations holds:

) ¢z] = n l]a b) Rﬂ - %Fﬂ

5. CONCLUSION

The main problem in studying mappings f: (Vy, gij, F') — (Vn, Gij» Fh)

is to find out if the given space (V,, gij, F; ) admits the specified mapping.

The question of existence of a canomcal QGM of the recurrent-parabolic
space (Vn, gij, FI') reduces to the study of differential equations (2.8) with
respect to the tensor a;; and the vector \;, which satisfy conditions (2.10)
and (2.11). Theorems 3.2.1 and 3.3.1 allow for any recurrent-parabolic
space (Vn, gij, F]') either to find all spaces (Vy,gy;, F; ) on which V;, admits
a canonical quasi-geodesic mapping or prove that there are no such spaces.
However, for large n, the direct solution of this problem is technically rather
complicated.

In addition, many questions concerning the features of canonical QGM's
cannot be solved using the fundamental Theorems 3.2.1 and 3.3.1 and re-
quire the use of other methods. As an example, we present the problem
of existence of a canonical quasi-geodesic mapping of a recurrent parabolic
space onto a semisymmetric space.
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