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On transversely holomorphic foliations
with homogeneous transverse structure

Liliana Jurado, Bruno Scardua

Abstract. In this paper we study transversely holomorphic foliations of
complex codimension one with a transversely homogeneous complex trans-
verse structure. We prove that the only cases are the transversely additive,
affine and projective cases. We shall focus on the transversely affine case
and describe the holonomy of a leaf which is “at the infinity” with respect to
this structure and prove this is a solvable group. Using this we are able to
prove linearization results for the foliation under the assumption of existence
of some hyperbolic map in the holonomy group. Such foliations will then be
given by simple-poles closed transversely meromorphic one-forms.

Amnorargisi. B poboTi BUBYAIOTHCSI TPAHCBEPCAJIBHO-TOJIOMOPQHI IapyBaH-
He KOMIIJIEKCHOI'O KOBAMIpy 1 3 TpaHCBepCaJIbHO-OJHOPITHOIO KOMIIJIEKCHOIO
TpaHCBePCaabHOIO CTPyKTypomw. llokazano, Taki mapyBanHs PO3OUBAIOTHCS
Ha TakKi TpHM KJACU: TPAHCBEPCAJbHO-aIMTUBHI, TpaHCBEpcaJbHO-adiHHI Ta
TpaHCBEPCaIbHO-TIPOEKTUBHI. [[J1sT TpaHcBepcaaIbHO-a(hIHHOTO BUMAIKY OIIH-
CaHO TPYHHU TOJIOHOMIi JINCTIB, dKi 3HAXOIATHCS «HA HECKIHYECHHOCTI» BiJI-
HOCHO IIi€l CTPYKTYPH, i ITIOKA3aHO, IO JJIs IUX JIUCTIB 1X TPYIH TOJIOHOMI
€ po3B’ga3HUMHU. B gKOCTI HAC/TIIKY OTPUMAHO PE3YJIbTaTH JiHeapu3aril s
[mapyBaHHs 33 YMOBH ICHYBaHHS JESKOrO TilepboidHOro BimoOparkeHHs B
rpymi rosoromil. BusBuiocs, mo Taki mapyBaHHS 33JaI0ThCSA ITPOCTUMH TT0-
JIIOCAMH 3aMKHYTHUX TPaHCBEPCaJIbHO MepoMopdHUX 1-opm.

1. INTRODUCTION

Transversely homogeneous foliations have been studied by Blumenthal
in his pioneering work [3]. Since then this has proved to be a valuable
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notion used to describe a number of cases where a foliation can be well-
described. In this paper we study transversely holomorphic foliations of
complex codimension one with some hypothesis on the transverse structure.

A real codimension two smooth foliation F of a differentiable manifold
M*™2 is transversely holomorphic of (complex) codimension one if its holo-
nomy pseudogroup is given by biholomorphic maps between open subsets
of C (see [13]). In [5] and [9] one finds the complete classification of trans-
versely holomorphic flows on closed 3-manifolds. This paper deals with the
case £ = 2, i.e., when the leaves of F have real dimension £ > 2. Due to the
lack of some ingredients that play a fundamental role in the case of flows,
as harmonic time parametrizations and classification of compact complex
surfaces, we make additional hypothesis on the foliation F. The idea is to
classify, at a first moment, the simplest transversely holomorphic foliations
of codimension one. From the structural point of view the simplest folia-
tions are those with a homogeneous transverse structure compatible with
the transversely holomorphic structure. These will be called C-transversely
homogeneous foliations. Examples are given by foliations with C-additive,
affine or projective transverse structure. We shall prove that these are the
only cases (cf. Proposition 3.4). Examples are constructed, and we intro-
duce a notion of Riccati foliation compatible with our framework. In these
examples the transverse structure is defined in the complement of some
compact invariant set A < M.

We shall focus on the C-affine case. We then describe the holonomy of
a leaf which is at the infinity with respect to this structure, i.e., of a leaf
L < A. For this we assume that there is a hyperbolic map in the holonomy
group and obtain:

Theorem 1.1. Let F be a transversely holomorphic foliation of codimen-
sion one on M given by a transversely holomorphic integrable 1-form €.
Assume that F is C-transversely affine on M\L, for a compact leaf L, = M
such that:

(i) Lo contains a hyperbolic map in its holonomy group;

(i) the leaf L, is given by some equation L,: {f = 0}, where f: M — C
is transversely holomorphic with isolated singularities;

(iii) any closed transversely holomorphic one-form in M is exact.

Then the holonomy group of L, is abelian. In particular F is logarithmic
near L,, i.e., given by a closed transversely meromorphic 1-form & with
simple poles in a neighborhood of L, in M.

We recall that C* = C\{0} is the group of nonzero complex numbers
with usual multiplication.
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For our next result we shall recall the notion of codimension one holo-
morphic foliation with singularities we refer to. Given a complex manifold
M by a codimension one holomorphic foliation with singularities on M we
shall mean a pair F = (F,,S) where S ¢ M is a codimension > 2 analytic
subset, F, is a codimension one holomorphic foliation (in the usual sense)
in the open subset M\S.

We shall refer to S as the singular set of F and write sing(F) = S.
The leaves of the foliation F are defined as the leaves of the (nonsingular)
foliation F, on M\sing(F). The holonomy group of a leaf L, of F is defined
as the holonomy group of the corresponding leaf of F,.

As an application of our techniques we prove:

Theorem 1.2. Let F be a codimension one holomorphic foliation with
singularities in a complex Stein manifold M of dimension n > 2. Suppose
that F has an affine transverse structure in M\A where A < M is an
irreducible analytic invariant subset of codimension one. Let A M be
a relatwely compact open subset with smooth simply-connected boundary

= 0A transverse to F. Also assume that some leaf Lo € A := A n M
of the restriction F = .7-'|M contains a hyperbolic map in its holonomy
group. Then the holonomy group of the leaf L, = A\sing(F) of F is abelian
linearizable. In particular, F is locally logarithmic, i.e., it is given by

a closed meromorphic one-form with simple poles, in a neighborhood of
AuUL,in M.

In Theorem 1.2 we are assuming that the affine structure exists in the
complement of an invariant irreducible analytic subset of codimension one
A < M. Notice that the intersection A = A n M may contain several
connected components, i.e., it may consist of several compact leaves of the
induced foliation F = F |ar on M. Nevertheless, by the irreducibility of A
the complement M\sing(F) is a leaf of F. So, all these leaves in A — M are
related in the sense that a global closed meromorphic one-form will have
same residues at each of these leaves.

We may partially reduce our hypotheses by assuming the existence of
structure only for the restriction F in M\A. Nevertheless, the price we
must pay is to assume that A is connected, i.e., it is a single compact leaf
of 7. We have the following result:

Theorem 1.3. Let F be a codimension one holomorphic foliation with
singularities in a complex Stein manifold M of dimension n > 2. Let
Ac M be a relatively compact open subset with smooth simply-connected
boundary M = 0A transverse to F. Suppose that the induced foliation
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F = Flu has a C-affine transverse structure in M\L where L, < M
is a compact leaf of the form Lo = A n M and A < M is analytic of
codimension one and invariant by F. Also assume that the leaf L, of F
contains a hyperbolic map in its holonomy group. Then F is logarithmic in

a neighborhood of A in M.

2. FIXED POINTS, NONSOLVABLE AND ABELIAN SUBGROUPS OF Diff(C, 0)

We shall denote by Diff(C, 0) the group of germs of complex diffeomor-
phisms f fixing 0 € C, say

a0
= \z + Z a;2’,
i=1

Let G < Diff(C,0) be a subgroup. Denote by [G,G] the subgroup of G
generated by the commutators [f, g] = f~1og~ o fog of elements f,g € G.
We recall that G is solvable if the sequence

G' =[G, a], G = [G",G"], n =2,

is trivial for n € N big enough. According to the well-known literature
(|8, 15] for instance) we have:

Theorem 2.1 ([8,15,18|). Let G < Diff(C,0) be a finitely generated sub-
group. Then the following conditions are equivalent:

(i) G is solvable;
(ii) the group of commutators G1 = |G, G| is abelian;
(iii) the subgroup G1 < G of elements tangent to the identity (i.e, elements
f € G with f'(0) =1) is abelian;
(iv) there is a unique k € N such that every map f € G1\{Id} tangent to but
o0

not equal to the identity, writes as f =z+ >, ajzj with ag1q1 # 0.
Jj=k+1
In other words, all nontrivial elements tangent to the identity have the
same order of tangency. If GG is solvable and nonabelian then G admits a
formal embedding into one group
Az

H = Z) = T
k {90( ) (1 + quk:)l/k
This embedding converges except if G is exceptional which means that its
group of commutators is cyclic. A group containing a hyperbolic map is
not exceptional.

Regarding the dynamics of nonsolvable groups in Diff(C, 0) we have:

)\GC*,MG(C}.

Theorem 2.2 (|2,16,20,23|). Suppose G is non-solvable.
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(i) The basin of attraction of (the pseudo-orbits of) G is an open neigh-
borhood of the origin 0 € Q, (cf. [16, Theorem 1, page 570]).

(ii) Either G has dense pseudo-orbits in some neighborhood V' of the origin
or there exists an invariant germ of analytic curve A (equivalent to
S2F = 0 for some k € N) where G has dense pseudo-orbits and also G
has dense pseudo-orbits in each component of VAA (cf. [16, Theorem 3
page 571]).

(iii) There exists a neighborhood 0 € V < §, where G has a dense set of
hyperbolic fixed points (cf. |2, Theorem 1| or [23, Theorem 1]).

Thus, according to this result, a subgroup G' < Diff(C, 0) having discrete
pseudo-orbits outside the origin or without many fixed points close to the
origin must be solvable. Combining this with [15] we obtain:

Proposition 2.3. If G < Diff(C,0) is solvable non-abelian and has discrete
set of fixed points off the origin, then G must have discrete pseudo-orbits
and is either formally conjugate to some group

G? .= (zaz, z—z/(1 +z”)%>
where a¥ has order 2; or it is analytically conjugate to some group
G?,J =(zwaz, 2 z/(1+ z”)%, z—z/(14 TZV)%>
where a¥ has order 2 and T € C\R; or finally it is analytically conjugate to
some group
Gy :={zmaz, z— z/(1 +z”)%>
where a¥ has order n € {3,4,6}.

Finally, we shall make use of the following lemma:

Lemma 2.4 (Linearization of abelian groups). Let G < Diff(C,0) be an
abelian subgroup. If G contains some hyperbolic element f € G such that
|f/(0)| # 1, then G is analytically linearizable, i.e., there exits an analytic
diffeomorphism ¢ € Diff(C,0) conjugating G to a subgroup of the linear
group C*.

Proof. Given a hyperbolic map f € G according to Poincaré-Lyapunov
linearization theorem we may an analytic coordinate in which f is linear.
Let us then assume that f(z) = Az. Given a map g € Diff(C,0) that

m .
commutes with f, we write g(z) = >} ¢;27. From go f = f o g we obtain
j=1

giN = )\gj, VjeN.
Since M # \,Vj > 2, we conclude that g; = 0, Vj > 2. O
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3. TRANSVERSELY HOLOMORPHIC FOLIATIONS WITH HOMOGENEOUS
TRANSVERSE STRUCTURE

Let F be a transversely holomorphic foliation of codimension one on
M2, Thus, any point p € M has an open neighborhood p € U ¢ M
where we have local coordinates (z,z) € RY x C in which F is given by
z = ¢ € C. We can, as in [5], introduce the sheaf O(F) (respectively
M(F)) of transversely holomorphic(resp. meromorphic) functions on M
as given by the functions defined on open subsets of M which are locally
constant along the leaves of F and transversely holomorphic. This means
that such a function f(z, z) does not depend on z, and the induced function
f(2) = f(z, ) is holomorphic.

Similarly, we can introduce the sheaf Q!(F) (respectively, QL (F)) of
transversely holomorphic/meromorphic one-forms on M.

Definition 3.1. A smooth foliation F of real codimension two has a holo-
morphic homogeneous transverse structure if there exist a complex Lie
group G and a connected closed complex subgroup H < G such that F
admits an atlas of submersions y;: U; € M — G/H satisfying y; = gi; 0 y;
for some locally constant map g;;: U; n U; — G for each U; nU; # &.

In other words, F has a transversely holomorphic atlas of submersions
whose transition maps are given by left translations on G and submersions
taking values on the homogeneous space G/H. In particular F is trans-
versely holomorphic. We shall say that F is C-transversely homogeneous
of model G/H.

The foliation is C-transversely additive whenever there are maps g;; in the
definition of holomorphic homogeneous transverse structure which are of the
form g¢;;(2) = 2+byj, bj; € Clocally constant in U;nUj. If g;;(2) = ai; 2+bij,
for locally constant a;; € C* and b;; € C we say that F is C-transversely
a;;2+bi;
Cijz+dij

affine and it is C-transversely projective if g;;(z) = with locally

constant (Zj ZZ) e SL(2,C).
Next we give a couple of examples of these structures.

Example 3.2. We will define a C-transversely affine (transversely holo-
morphic) foliation on a compact manifold. This will be a non-singular
foliation with dense leaves which are biholomorphic to C* x C* or cylinders
(C*/Z) x C*.

We begin with a general construction inspired in [21]. Let M be a com-
pact differentiable manifold of real dimension n, equipped with a nonsin-
gular smooth closed one-form w. Define a one-form € on M x C* by

Qz,t) = tw(z), x € M,t e C*.
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Then we have d2 = n A Q, where n(z,t) is defined by n(z,t) = %. This
shows that Q A d2 = 0, i.e., Q is integrable. The one-form 2 defines
a codimension one transversely holomorphic foliation F in the product
M x C*. Since dn = 0 and 7 is transversely holomorphic, the foliation
Fis C-transversely affine as a consequence of Proposition 5.1.

Assume now that we have a smooth diffeomorphism f: M — M such
that f*w = Aw for some A € R* with |[A| # 1. In this case we consider the

action
¢:Zx(MxC)— M xC*
n-(z,t) — (f"(z),A\7"t) .

This is a locally free action generated by the transversely holomorphic
diffeomorphism

@: M x C* - M x C*, o(x,t) = (f(x), \71t).

Notice that the action of ¢ preserves F as well as its C-affine transverse
structure. Indeed, we have

©* Qz,t) = XM w(z) = Q(z, 1)

and ¢*n = 7. In particular, F induces a codimension one transversely
holomorphic foliation F on the quotient manifold V' = (M x C*)/Z. The
foliation F inherits the C-affine transverse structure induced by the pair
(©,7n). This is a pretty general construction. Let us give a more concrete
one.

We consider a variant of the Furness example (see also [19]). Consider
the unimodular map

11
U=<1 2>:R2—>R2; Ulz,y) = (z+y,7 +2y).

This map induces a biholomorphism f: T2 — T2, where T? = S x S1. Let
@ := (1 ++/5)dx — 2dy in R2. Then U*Q& = A&, where \ = % and U is
Z x 7 invariant (Z x Z acts on R? by the natural product action) so that it
induces a one-form w in the torus 72. The one-form w satisfies f*w = Aw,
and the foliation induced on

V=(MxC*/Z=(T* xC*)/Z
is C-transversely affine.

Example 3.3 (Riccati and Bernoulli foliations). We consider a Riccati
foliation on M3 = S' x S? as follows. Recall that

S =RP!' =R u {0}
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and
S? =CP'=C=Cu {0}
Given affine coordinates z € R = S' and z € C — S?, consider the differen-
tial equation
i =p(x), 2 = a(x)z? +b(z)z + c(z)
where p(z),a(x),b(z),c(x) € R[x] are polynomials. In real coordinates we

may write 2 = 2 +i2y, where 21, 22 € R and i?> = —1, and rewrite the above
ODE as follows:

& = p(),
4 = a(w) (2] — 25) + b(x)z1 + (),
2o = 2a(x)z129 + b(x) 29,

which defines a polynomial vector field Z on R xR? c M?3. This polynomial
vector field induces a transversely holomorphic foliation F(Z) on M?3\S for
a finite singular set S © M3 given in the affine space by the pairs (z;, 2;)
such that p(z;) = 0 and a(xj)zjz +b(xj)z; + c(x;) = 0.

The foliation F(Z) has the following property: F(Z) is transverse to the
fibers of the fibration

Stx 83— st
(x,2) > x

except for a finite number of such fibers (those given in the affine part by
p(z) = 0 and perhaps the fiber z = 00).

This implies, together with Ehresmann theorem on fibrations [10] that
F(Z) is transverse to the fibers of the fiber bundle S x $? — S! except
for those mentioned fibers. All these non-transverse fibers are invariant by
F(Z). In particular, if A = M3 denotes the union of these invariant fibers,
then the restriction F(Z)[yss\4 is conjugate to the suspension of a certain
representation

@: m1(SM\o) — Diff(S?).
Since the foliation is clearly transversely holomorphic, in a way compatible
with the holomorphic structure of the fibers of the bundle M3 — S', we
conclude that the image ¢(m1(S\o)) = Diff(S?) consists of holomorphic
diffeomorphisms of the Riemann sphere, i.e., we have a suspension of a
group of Moebius maps G < SL(2,C). This shows that F(Z) is indeed,
transversely projective in M\A.

Now assume that c¢(x) = 0. Then we have a foliation with a C-affine
transverse structure out of the set

AU (z=0)c M.
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Indeed, a subgroup of SL(2,C) with a common fixed point is affine. More
generally, we can consider pull-backs of such Riccati foliations by maps of
the form
(2,2) = (x,2"*)

and obtain Bernoulli foliations which are given by expressions of the form

& =p(z),

s =a(z)2" 4 b(x)z.
These are foliations with a C-affine transverse structure out of a set of the
form A U (z =0) € M as above.

The proof of the next proposition follows the one in [19].

Proposition 3.4. Let F be a codimension one transversely holomorphic
foliation on M. If F is holomorphically transversely homogeneous, then F
is holomorphically transversely additive, affine or projective.

Proof. By the hypotheses the quotient R = G/H is a Riemann surface.
We may assume that R is simply-connected (otherwise we consider the
universal covering of R and lift the submersions to this space).

By the Riemann-Koebe Uniformization theorem we have a conformal
equivalence R = C, C or D the unitary disc. This implies that G is a
subgroup of one of the following groups:

Aut(C) =PSL(2,C), Aut(C) = Aff(C), Aut(D)=PSL(2,R).
The proposition follows. O

4. THE TRANSVERSELY ADDITIVE CASE

In what follows we study the following situation: JF has a C-additive
transverse structure on M\A, where A ¢ M is a finite union of compact
leaves of F. This means that there is an open cover of M\A by open sets
Uj, where are defined submersions y;: U; — C such that

e Fly, is given by dy; = 0,
e and for each intersection U; n U; we have that y; = y; + a;; for some
locally constant a;;.

Taking the differential dy; = dy; we conclude that there exists a closed
transversely holomorphic one-form w on M\A such that F[yn, is given
by w = 0 and, by construction, w|Uj = dy;. Thus, w is invariant with
respect to the holonomy pseudogroup of F in M\A. Our aim is to study
the holonomy group of a leaf L € 7, L c A.

Proposition 4.1. The holonomy group of each leaf L < A is solvable.
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Proof. Given a transverse disc
Dc M, DnA=DnL={p}, DhF,
consider the holonomy representation
Hol(F, L, D,p) =~ G < Diff(C, 0)

as a subgroup of the group of germs of holomorphic diffeomorphisms fixing
the origin 0 € C. Assume by contradiction that Hol(F, L, D,p) is not
solvable.

By [15,16] we may find in D a dense subset of points ¢ € D being
hyperbolic fixed points for some elements f, € Hol(F, L, D, p). Given such
a fixed point f,(q) = g, choose a local chart z,: V < D — C, taking ¢ to
0 € C and such that f,(z,) = Azg with || # 1, i.e., f; is linear. The leaf
L, € F containing ¢ has therefore the homotopy class v € m1(Lg, ¢) that
originates the holonomy map

fw = fq|V € HOI(F, qu V,q)

As we have seen, there exists a closed transversely holomorphic one-form
w on M\A such that F| M\ Is given by w = 0 and, by construction, w is
invariant by the holonomy pseudogroup of F in M\A. In particular, we
must have that f¥(w|y) = wly. Write w|y = g(24) dz, to obtain

Pel)=wly = M) =gz) = g(zq>:qu_1 (4.1)

0 .

for some constant g_1 € C*: indeed, write g(z,) = Y, gj 25 in Laurent
J=0

series, then the middle equation in (4.1) is equivalent to

o0 o0
2N =) g = (W =1)g =0 VeV
j=—00 Jj=—00

Since |A| # 1, this implies g; = 0, Vj # —1. Thus, wly = g_ldz—’j’.

Therefore, either g_1 = 0, or w|y has a pole of order one at z, = 0, i.e., at
g. Since the set of poles of the restriction w|y is discrete and by Nakai’s
density theorem the set of hyperbolic fixed points ¢ € D of the holonomy
group is dense in D (assuming that this group is nonsolvable), we must
have g_1 = 0 and w|y = 0. This implies w = 0 in M\A, which gives a
contradiction. [l

If we add a dynamical hypothesis, then more can be said:

Proposition 4.2. Let F be a transversely holomorphic codimension one
foliation on M and suppose that F is holomorphically transversely additive



202 L. Jurado, B. Scardua

in M\A, where A c M is a finite union of compact leaves. Then F is given
by a closed transversely meromorphic 1-form w with simple poles and polar
divisor (w)e = A provided that each leaf L < A contains a hyperbolic map
in its holonomy group.

The proof is a straightforward consequence of the following lemma;:

Lemma 4.3 (extension lemma). If w is a closed transversely holomorphic
1-form defining F in W* = W\A, then w extends to a transversely mero-
morphic 1-form in W provided that the holonomy group Hol(F, L) contains
a hyperbolic map for each leaf L — A.

Proof. We may assume that A = L is a single compact leaf of . Choose a
C® tubular neighborhood U of A fibered by holonomy holomorphic discs,
we may also assume that &/ = W; the extension is a local problem around
A. Let m: W* — W* be the universal covering of W* with transversely
holomorphic projection. Lift w to a A-form & = 7*(w) in W*. Then @ is
closed, transversely holomorphic, and therefore & = dF for some function
F: W* — C which is transversely holomorphic.

Thus, w = dF for a multivalued transversely holomorphic function F' in
W* (notice that F' is not actually a function in W*). Given a point p € A,
consider the corresponding disc D, 3 p and the corresponding punctured
disc D = Dp\{p} = W*. Then

* O T .
Dy ~D*={2eC;0 < |2] <1}
by conformal equivalence. Therefore, the restriction
T r1(ppy ' (D}) — D}

is a holomorphic covering of the punctured unit disc D*. We may there-
fore consider a holomorphic covering I1: D — D*, a lift f: D — D of the
restriction to D* of the hyperbolic holonomy diffeomorphism

DD, f(z) =)z

the restrictions w|px, and @lp = d(F|p).
The lift f preserves the foliation F = 7*(F) and therefore it satisfies

F(f(2) =F(3), VzeD.
We have I1(2) = 627”;2 = 2z so that if A = 2™ then f(Z) = p + % we may
assume. Therefore, F'(Z) satisfies
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Since |A| # 1, we have € R and therefore dF(%) gives a holomorphic
differential one-form in the complex 1-torus C/(Z @ pZ). Hence, dF(%)
must be linear, i.e., dF(%) = a.dZ for some « € C*.
This implies that
- d(log z) a dz
Ww=0—F = -
2 2m 2
and therefore w(z) = cdz—z for some constant c e C*.
This proves the existence of an extension of w|p+ to D. By Hartogs’
Extension Theorem w extends to a transversely meromorphic one-form on
W with polar set (w)e = A of order one. O

Lemma 4.3 will be useful also in the C-affine case. For the moment we
state a natural consequence of Proposition 5.9 above:

Corollary 4.4. If F is transversely holomorphically additive in M\A as
in Proposition 4.2 and each L < A contains some hyperbolic map in its
holonomy group, then Hol(F, L) is abelian linearizable, i.e., it is analytically
conjugate to a subgroup of the multiplicative group C*.

Proof. The main point is that the foliation is defined by a simple poles

closed meromorphic 1-form w in M, having polar set (w),, = A. For

our purposes we may assume that A consists of a single compact leaf and

dim M = 2. Then there is an open cover | J U; of A in M by connected
jedJ

open sets U; such that on each U; we have local coordinates

(z,y;): U; — C?

in which A n U; = {y; = 0} and w|y, = a%j for some a € C* (the residue

of win A). In each nonempty intersection U; n U; # & we have % = %_j
which implies that y;/y; is a locally constant function. This proves the
statement. (I

Notice that this is not clear at first sight and shows that an additive trans-
verse holomorphic structure can “degenerate” into a multiplicative struc-
ture.

5. THE TRANSVERSELY AFFINE CASE

Let F be a real codimension 2 foliation on M‘*2. The foliation F is
C-transversely affine if there exists a transversely holomorphic atlas of sub-
mersions y;: U; — C for F such that if U; n U; # & then y; = a;; y; + byj
for locally constant maps a;j;, b;j: U; nU; — C.
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The following proposition is a characterization of the existence of such
structure in terms of differential forms.

Proposition 5.1. (i) The possible C-affine transverse structures for F in
M are classified by the collections (25,7;) of differential one-forms defined
in the open sets U;j < M such that:

e () and n; are transversely holomorphic,
) is integrable and defines F in Uj,
dQ; =n; A and dnj = 0 in Uj,
if Uy nUj # O, then Q; = g, Q5 and n; = n; + (i]gg for non-vanishing
transversely holomorphic function g;;: U; n U; — C*.

(i) Two such collections (Q,n;) and (S¥,m;) define the same affine trans-
verse structure for F in M if and only if Q) = g;Q; and n; = n; + d,%;_j for
some transversely holomorphic non-vanishing functions g;: U; — C*.

Proof. First we prove (i). Assume that F is C-transversely affine with
transversely holomorphic atlas of submersions y;: U; — C. Given any
transversely holomorphic non-singular one-form €2; defining F in U; we
have Q; = g; dy; for some transversely holomorphic function g;: U; — C*

and we define n; = % I U; f\Uj # (7 then Q; = Gij Qj and y; = Qij Yj —f—bZ]
J
imply dy; = a;j dy; and therefore a;; g; = g; gi; . Thus

doi _ dg; | dgy
gi gj Gij

in U; nU; . Clearly dn; =0, d€; =n; AL); and n; = n; + dg%j - This proves

(). Item (ii) is proved similarly and we refer to [19]. O

As an immediate corollary we have:

Proposition 5.2. Let F be a transversely holomorphic foliation of codi-
mension one on M given by a transversely holomorphic integrable 1-form
Q. Then F is C-transversely affine on M if and only if there exists a
transversely meromorphic one-form n in M which is closed and satisfies
the equation d2 =n A €.

Holonomy. From now on in this section we consider the following situ-
ation. We have a transversely holomorphic foliation F/ on M having a
C-affine transverse structure in M\A for some compact analytic set of di-
mension one A € M. We shall study the holonomy groups of leaves L < A.
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As we have shown, in the C-additive case, the holonomy groups are solv-
able. A similar result holds for the C-affine case. Nevertheless, the proof
requires more technical features as we will see below.

Theorem 5.3. Let F be a transversely holomorphic foliation of codimen-
sion one on M2 given by a transversely holomorphic integrable 1-form
Q. Assume that F has a C-transversely affine structure on MT\A for a
finite union of compact leaves A = M. Given any leaf L = A the holonomy
group of L is solvable.

Proof. According to Proposition 5.2 there exists a closed transversely holo-
morphic one-form 7 in M\A such that dQ =n A Q in M\A. Given a point
p € M\A, we may consider a small open simply-connected neighborhood

Up 2 p in M\A where we can write 7|y, = % for some transversely holo-
morphic non-vanishing function g,: U, — C*. Then

=) ()

in U, implies Q = g, dF}, for some transversely holomorphic function
F,: U, —C,
which is a local first integral for F in U, . If we choose another
peUsc M\A
then in case U, n Up # 0 we have F; = o F, + 8 for some affine mapping

(z — az + (). We introduce therefore the multiform function F' on M\A

Q
by writing FF = | — or also dF = % This is a locally well-defined

eSﬂ e)
transversely holomorphic function (F]Up = F), as above) which lifts to a
well-defined transversely holomorphic function on the universal covering
M\A of M\A.

Fixing a point p € M\A, any local determination Fj, of F', and a path
v:[0,1] - M\A, we may consider the transversely analytic continuation
F,~ of F, along 7. If v is closed, i.e., 7(0) = (1), then F},, depends only
on the homotopy class [y] € 71 (M\A;p). Let

A(F) == {F, ;7] € m(M\A; p)}
be the set of such transversely analytic continuations and
P~!(p) = {determinations F,, on F at p}.

Then 71 (M\A;p) acts transitively on P~!(p). There exists therefore a
regular covering A(F') - M\A with total space A(F') such that fiber over
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p equal to P~!(p) and covering automorphisms group is isomorphic to
T (M\A;p) / Py (1 (A(F), Fp) =: M(F).

We will call M(F) the monodromy group of F.

The canonical projection p: m(M\A;p) — M(F) is called the mon-
odromy map of F and associates to each homotopy class [y] € w1 (M\A;p)
the corresponding determination F),,; at the point (1) = p.

Given any leaf Ly c A, we fix a point pg € Ly and a small holomorphic
holonomy disc Dy such that DyhF and Dy n Ly = {po} so we have a
holonomy representation

HOI(JT", Lo, Dy, p()) - Diff(Do;po).

Given a C* tubular neighborhood r: N — Lg fibered by holomorphic
holonomy discs D, = r~1(q), g € Lo with r~1(py) = Dy, and

N* = N\L = N\A,

we obtain, by restriction a C* fibration r*: N* — Lg fiber, a punctured
disc D* = D — {0}. The homotopy sequence for this fibration gives the
exact sequence below:

0 Z T (N*, po) — m1(Lo;p) —=0
\ _—
71 (D¥)

where pgp € N* is a fixed base point with r(pg) = po.
Denote by A(F)|n+ |—> N* the natural restriction of A(F) — M\A
P

N*
and by A(F)|y* the connected component which contains the local deter-

mination Fj,. As above, we denote by

T (N*, Po)
Py (mi (AF) | s Fpy )

I

p: T (N¥, po) — M(F)(N¥)

the monodromy map. We shall use the following lemma:

Lemma 5.4 ([17]). There ezists a unique morphism () which makes com-
mutative the following diagram

0 HZHTF:L(N*,P?O) *>7F1(L07P0) —0
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We finally define u(F'; Lg) := M(FT;N*) as the monodromy of F' associated
to Lo and call the morphism

(1) : m1(Los p) — M(F; Lo)

the monodromy mapping of F relatively to Lg. Now we use

Lemma 5.5 ([17]). There exists a surjective morphism o which makes
commutative the following diagram

m1(Lo; o)
Hol (1)

Hol(F, Lo, D) . M(F; Lo)

Given any local determination ¢(y) of F| p#» where y is a holomor-
phic coordinate on Dg, denote by E(y)h] its analytic continuation along
[7] € m1(Lo;po). Then we get an element £(y),) = (o o Hol)([7]) of the
monodromy group M(F'; Lg). Also, we need:

Lemma 5.6 ([17]). For each [y] € m1(Lo, po) we have £(y)jy = ajyy + by
for some affine mapping (2 — a2z + bly)). In particular M(Fo; Lo) is
solvable.

Since the exact sequence
0 — ker(a) — Hol(F, Lo, Dy) — M(F; Dg) — 0

has M(F; D) solvable and ker(«) abelian, we conclude that Hol(F, Lo, Do)
is solvable. O

Extension. We keep on considering the situation of the previous para-
graph. Moreover, let F be given in M by a transversely holomorphic inte-
grable 1-form . Our first step is the following;:

Proposition 5.7. Let L < A a leaf whose holonomy group contains a
hyperbolic map. Then we may find a fibered neighborhood W of L by
holonomy discs D as above and a transversely meromorphic 1-form nr in
W such that:

e 1)1|p is a meromorphic 1-form written as np|p(y) = %@—i-%g, a€C,in

a suitable holonomy holomorphic coordinate y in D for which Q = gdy;

If L has abelian holonomy we may take a = 0 and if L is non abelian
then a = k + 1 for some k € N, and we have an analytic imbedding of

Hol(F, L, D) into the group Hj = {gp(z) = %, AeC* ue (C}.
nz
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Proof. We already know from Theorem 5.3 that the holonomy group of
each leaf L < A is solvable. Given a point p € L consider a transverse disc
YcMtoFwith¥nA=YXnL=/{p}

We put G = Hol(F, L, %, p). By means of a local holomorphic coordinate
z € ¥ we may consider G as a subgroup of Diff(C, 0).

Remark 5.8. There is a germ of a holomorphic vector field X'(z) in 3 such
that for any g € G we have g, X = ¢, M for some constant ¢, € C* = C*.

Indeed, it is well-known that a solvable subgroup G < Diff(C, 0) admits
such a formal vector field which is projectively invariant. Moreover, this
vector field is convergent in the case the group contains some nonresonant

hyperbolic for instance) map |[8|, [15]). Now we may write, up to an ana-
Yy Yy

k+1 d
li—azk dz"

Skl g kL g
SN I (.
9= 14 azk dz IN1+azk dz

for some constant ¢, € C* = C*. Consider two cases.

G is abelian. In this case, because it contains a hyperbolic (analyti-
cally linearizable) map, the group G is analytically linearizable. We may
therefore construct a closed meromorphic one-form w with simple poles,
(w)e = L, in a neighborhood W of L in M. The form w is given in any lin-
earizing transverse coordinate z by w(z) = dz—z. In this case we have ) = gw
for some transversely meromorphic one-form g in W. Since Q/g is closed,
we have that ny, := %g satisfies dQ2 =n A Q.

G is solvable non-abelian. If we have ¢, = 1 for every element g € G
then the vector field

lytic change of coordinates in X, X(z) = Then for any g € G we

have

P an S
T 1+azF dz
is invariant under the action of G. As it is well-known this implies that G
is abelian (see for instance the survey part in [18]). Hence, there must be
some g € G with ¢, # 1. This together with g.X(2) = ¢, (z) implies by
straight computation that a = 0, i.e., X' (z) = 2F*! %. Integrating now the

equation g*(zkﬂd%) = cy (21 d%) we obtain an analytic embedding

Az
G — H;. = [ — ,
g {(z \k/1+uzk>}

(compare with Theorem 2.1, see [18] for a more detailed exposition). Using
this we cover a neighborhood of L = M by local charts (z,z2) € R x C,
where F is given by dz = 0, and the coordinate z gives the embedding
of the holonomy group as a subgroup of Hj. If we write on each chart

X(2)
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Q(x, z) = gdz, then let us put

dg dz
== k+1)—.
n(z, z) g+(+)z

On each intersection of two such coordinate charts (z,z) and (Z,Z2), we
have:

Taking derivatives in the second equation we have
dz dz
Tl Zkghtl
Replacing this in the first equation we conclude that gzFtl = \egzF+1,
Hence, d1n §zFt! = dln g2**1, ie.,
dz dg dz d
E+1D)ZE+ Y —kr )=+ Y
z g z g
This defines the one-form 7, on each coordinate system by
dz dg
=k+1)—+—
mlaz) = (ke )2+
and that one-form satisfies the equation d2 = n, A Q. O

Now we prove the following extension result:

Proposition 5.9. Let F be C-transversely affine on M\A and given in M
by Q. Suppose also that each leaf L < A contains a hyperbolic map in its
holonomy group. Then there is a closed transversely meromorphic 1-form n
in M with polar set (n)ow = A of order one such that dQ = n A . Moreover,
for any leaf L ¢ A we have that

(i) if Respn=a ¢ {2,3,4,...}, then Hol(F, L) is abelian linearizable.

(ii) if Hol(F, L) is not abelian linearizable, then Resyn = k+1 with k€ N
and Hol(F, L) embeds analytically into

e (e )
V1 + pzk
Proof. The existence of a C-affine structure in M\A gives us (via Propo-
sition 5.1) a form 7 defined in M\A with the properties announced. The
problem is to show the existence of an extension of n to A. For this sake
we consider the restriction of  to W\A = W\L =: W*. In W* we have

dQ=nArQ=nr A Q = n —ng = hQ

for some transversely meromorphic function ~ in W* such that d(h$2) = 0.
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If n —nr # 0, then Q|+ admits h as an integrating factor. Let us
prove the existence of an extension of n to L. We have the following two
possibilities.

15, Hol(F, L) is abelian. In this case, since it contains a linearizable hy-
perbolic map, Hol(F, L) is abelian linearizable (Lemma 2.4) and F is given
by a closed transversely meromorphic one-form £ in a fibered neighborhood
W of L in M as above. Moreover, &|p writes as £|p(z) = % in suitable
holonomy holomorphic coordinates z in D. Since Hol(F, L) contains a hy-
perbolic element, there exists no meromorphic first integral for F in W.
Therefore, we must have £ unique, up to multiplicative constants. Hence,
w(z) =p_1 % and

Mo(2) = meln() + o1 Z = nelp(z) + e Elo(z).

Therefore, n = nr, + c¢£ in W for some constant c € C.

27d. Hol(F, L) is solvable but not abelian. In this case there exists a
holomorphic imbedding Hol(F, L, D) — Hj, for a unique k € N and Flw
cannot be given by a closed transversely meromorphic one-form. Therefore,
w=0and n=mng in W. O

6. PROOF OF THEOREM 1.1

Before proving Theorem 1.1 we make some general considerations. Let
F be a transversely holomorphic foliation of codimension one on M given
by a transversely holomorphic integrable 1-form 2. Assume that F is C-
transversely affine on M\A for some compact leaf L, of F. Also assume
that:

(i) The holonomy group of the leaf L, contains a hyperbolic map.
(ii) Each closed transversely one-form in M is exact.
(iii) The leaf L, is given by some equation L,: {f = 0} where f: M — C
is transversely holomorphic and with isolated singularities.

By Propositions 5.2 and 5.9 there is a closed transversely meromorphic
1-form 7 in M, with polar set (1), = A of order one, such that dQ2 = n A Q.

We consider the above situation in the case when A = L, is a single leaf
of F. Let a € C be the residue Resy, n of nin L,. Let us prove that the
holonomy group Hol(F, L,) is abelian, which will imply Theorem 1.1. If
this is not the case, then, according to Proposition 5.9(i), we must have
that a = k + 1 for some k € N. This case is dealt with via the following
lemma:

Lemma 6.1. Suppose that any closed transversely holomorphic 1-form on
M is exact and A = L, = {f = 0} for some transversely holomorphic
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function f: M — C. Then F is given in a neighborhood of A by a closed
transversely meromorphic 1-form having only simple poles w and defined in
a neighborhood U > A of A in M.

Proof. Since Resy,n = k + 1, we consider the one-form © :=n — (k + 1)%
in M. This is a closed transversely holomorphic one-form with empty polar
set.

By hypothesis, we must have then © = dy for some transversely holomor-
phic function ¢: M — C. Hence, n = (k+1) % + dp for some transversely
holomorphic function ¢: M — C. The equation d2 = n A € implies

Q
(77e) -

Thus, w = f,ﬁ% is closed transversely meromorphic and defined F in
M with polar set (w)o, = L. But this implies, as in the case of holomorphic
foliations given by closed meromorphic one-forms ([18]), that Hol(F, L,) is
abelian. Since this holonomy group contains a hyperbolic map, it is there-
fore analytically linearizable (Lemma 2.4). Using well-known techniques
from [1,6,7] one can construct a transversely meromorphic one-form w, with
order one polar set (w)s, = A, in a neighborhood U of A in M, such that
F|u is given by w. Namely, given any holonomy disc D with DnA # ¢ and
any holomorphic coordinate z € D that linearizes Hol(F, A, D), we define

w|p : % and extend it constant along the leaves of the foliation. ]

Proof of Theorem 1.1. Theorem 1.1 is now a consequence of the above ar-
gumentation. Recall that we are assuming that F is C-transversely affine in
the complement M\L, of a compact leaf admitting a hyperbolic holonomy
map. (I

7. APPLICATIONS: PROOF OF THEOREMS 1.2 AND 1.3

In this section we prove Theorems 1.2 and 1.3 as applications of the
techniques we have introduced. We start with the following situation: F
is a holomorphic foliation of codimension one and with singularities on a
complex manifold M of dimension n > 1. Assume that G is defined by an
integrable one-form € in M, having singular set of codimension > 2. Sup-
pose also that F is transversely affine (as a singular holomorphic foliation)
(see [1,19]) on M \/NX for some irreducible analytic invariant codimension
one subset A ¢ M. According to [19] (or Proposition 5.2) there exists a
closed holomorphic one-form 7 defined in M \A such that dQ = 7j A Q.

Let M < M be a real closed hypersurface that we suppose to be trans-
verse to F (see [14]). Then the induced foliation F = F|y is transversely
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holomorphic of codimension one with a holomorphic affine transverse struc-
ture on M\A, and A := A n M is a finite union of compact leaves of F
(recall that M is compact).

Lemma 7.1. In the above situation for F, A, F, A, M, and M, suppose
that some leaf L, = A of the induced foliation F contains a hyperbolic
map in its holonomy group. Then 7 extends to a meromorphic form in M,
having simple poles and the polar set (7)o = A.

Proof. We put Q = Q|y; and n = 7j|5s. Since L, is an isolated irreducible
component of the intersection A n M, there is a neighborhood W of L, in
M such that A~ W ~ M = Lg. Let us now observe that, since 7 is already
defined in M\A, it is therefore defined in W\ Lg. Then, by Proposition 5.9,
the one-form 7 admits an extension to Lg. This implies that 7 extends to
W and W n A # . By Levi’s extension theorem ([22]) this implies (recall
that A < M is irreducible) that 77 extends to A proving the lemma. U

Proof of Theorem 1.2. We proceed under the additional assumption that
M is simply-connected. Recall that since M is Stein, the irreducible ana-
lytic subset A © M is given by a global equation, i.e., A : (f =0) for some
holomorphic function f: M — C.

Remark 7.2. The holonomy group Hol(F, L) of the leaf L, = A\sing(F)
of F is abelian linearizable.

Proof. We have (7)o = (f = 0) of order one. Let a = ResAf] € (C* (this
residue is well-defined since A is irreducible). Thus, © :=7 — a f is holo-

morphic and closed in M. Since by hypothesis M is simply-connected, we
may obtain a holomorphic function h: W (M) — C in a tubular neighbor-
hood W (M) of M in M such that © = dh in this neighborhood. By Levi’s
Extension Theorem [22] (recall that M is a Stein manifold) the function
h extends to a holomorphic function to W U A, and we have P = dh on
W o A

Thus, 77 — = dh and therefore

\"k‘ax
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15t case. 2 < a =k + 1 for some k € N. In this case

dQ=71Q = d~i =0
Fht1

T hus F is given by a closed meromorphic one-form on W U A. But, since

ka has polar set {f = O} and of order k + 1 > 2, we must integrate it (as

above for ©) and obtain fk = = dF, where F: WU A — Cis meromorphlc

with polar set (f)o = {f = 0} of order k. Thus, actually we have F = f

for some holomorphic function G: W U A — C. This gives
Q= fitig G\ _ [M(fRG — GrfEla )
]Fk f%

I

whence
Q= fdG — kGdf.

Since Q is the pull-back of a linear 2-dimensional foliation, the holonomy
of its analytic leaves, and in particular of the leaf { f = 0}, is abelian
linearizable. Alternatively, observe that since the holonomy group of the
leaf L, = A\sing(F) contains by hypothesis some hyperbolic element, this is
not compatible with the model Q = f dG — kGd f because this later admits
a meromorphic first integral. Hence, we have concluded that this case does
not occur.

27d case.a —1¢ N={1,2,3,...}.

In this case by [19, Section 3| the holonomy group of the {f = 0} is
abelian linearizable. Indeed, we may find local coordinates (zj,y;) € U;
covering a neighborhood of {f = 0} in W U A such that:

{sz}mUj:{yj:O}, _7:“|Uj:dyj:()

- _ dg; dy;

A(xj,y5) = gjdy;, i(zj,y;) = =2 +a—L.
gj Yj

Since in each intersection U; n U; # & of two such charts we have

{gi dy; = gj dy
dyi | dgi _ W 4 dg;
a7y + 9i —aijJr ng

we must also have (for a — 1 ¢ N) that y; = ¢;; y; for some locally constant
cij in U; 0 Uj ([19]). The claim is proved. O

It remains to prove the existence of a logarithmic one-form & defining
F in a neighborhood of A U L, where L, is the leaf of F contained in A.
Indeed, using Claim 7.2 and the construction in [6, § 2] (see for instance
the proof of Proposition 1 therein) we can construct a closed meromorphic
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one-form ¢ defined F in a neighborhood W (L,) of L, in M, such that &
defines F outside the polar set (é Joo = L, which is of order one. Let us now
check that we may extend this one-form € to a neighborhood of A in M.
Notice that, given a non-singular point p € A and a transverse disc %
to A at p = A 0 2, we may choose a holomorphic coordinate z € ¥ such
that the holonomy group Hol(]—" Ly ,p) is linearized by the coordinate
z: (2,p) — (C,0). Then, we have €|y = dz. Now, the dynamics of F
near M allows to extend 5 to a neighborhood of M. Indeed, note that
the holonomy of any leaf of F not contained in A is abelian linearizable (a
subgroup of Af f(C) with a fixed point at 0 € C). Therefore, we may write
locally é = % and extend the function y to a “multivalued” holomorphic
function constant on the leaves of F. Since the only nontrivial dynamics of
F is concentrated on A we conclude that this extension is coherent. Hence,
we may take é as dﬂ for such an extension which gives the desired extension

of £ (see [4] for a smnlar argumentation on the extension).

Finally, { extends by transversality to a neighborhood W of M in M and
by Levi’s Extension Theorem it extends to W u A. Thus, we have obtained
a closed meromorphic one-form £ in W( o) U W U A with simple poles so
that (€)e = Lo. O

Now we complete our study with the proof of Theorem 1.3.

Proof of Theorem 1.3. The situation is similar to the one addressed in The-
orem 1.2. The main difference is that we only assume an existence of an
affine transverse structure for the restriction F = F|5;. On the other hand,
we compensate by assuming that the intersection L, = A n M consists of a
single leaf of F. Preserve the notation in the proof of Theorem 1.2 above.
Then we are in the above situation for F, M, G, A and M and assume
that the leaf L, of F contains a hyperbolic map in its holonomy group. Put
Q= Q] m and consider n as given by the C-affine transverse structure of F
in M\L,. By Proposition 5.9 the one-form L, extends to M.

Remark 7.3. There is an extension 7 of 1 to a neighborhood W(LO) of
Lo in M. This extension is closed meromorphic, satisfies dQ =17 A Q, and
also has simple poles and the polar set (77)y = A.

Proof. For each regular point g € M\singF we have that Q = gdf for some
meromorphic function g and some holomorphic function f, both defined in
a neighborhood U of ¢ in the complex manifold M. Furthermore, in U n M

we have
d d
If | s N 9|M+d%
“Fiar " alm
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for some transversely holomorphic function ¢ : UnM — C. From the above
writing and from dQ2|y; = n A Q|pr we get that dp A Q}M = 0. Using a local
flow box for F around ¢ we can extend ¢ and therefore n to U. Indeed, ¢
is extended as a holomorphic first integral for G in U. Two such extensions,
n in U and 7' in U’, are related by n — ' = h{), where h is holomorphic
in U n U’ and d(hQ2) = 0. Therefore, h§2 = di) for some holomorphic first
integral ¢ for G in U n U’, and since (n — ') |u~vranm = 0, it follows that
1 is constant in U n U’ n M. Since M is transverse to g|UmU,, it follows
that dip = 0 and therefore n = i’ in U n U’. Thus, we can extend 7 to a
neighborhood of M\(singF n M). Using now classical Hartogs’ extension
theorem ([11,12]) we can extend 7 to a neighborhood W/ < W of M in M

(recall that singF has codimension > 2 in M). O

The proof of Theorem 1.3 is then completed by applying Theorem 1.1

and the arguments in the final part of the proof of Theorem 1.2. O
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