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The flow-curvature of spacelike
parametrized curves in the Lorentz plane

Mircea Crasmareanu

Abstract. We introduce and study a new frame and a new curvature
function for a fixed parametrization of a spacelike curve in the Lorentz plane.
This new frame is called flow-frame since it involves the time-dependent
rotation of the usual Frenet flow.

Анотація. Ми вводимо та досліджуємо новий репер та нову функцію
кривини для фіксованої параметризації просторовоподібної кривої на
площині Лоренца. Цей новий репер називано потоковим, оскільки він
включає залежне від часу обертання звичайного потоку Френе.

1. PRELiMiNARiES
The theory of geometric flows is a new, fascinating field of research in

geometric analysis. The most simple of them is the curve shortening flow
and already the excellent survey [4] is twenty years old. Recall that the
main geometric tool in this last flow is the well-known curvature of plane
curves. Hence, to give a re-start to this problem seams to search for variants
of the curvature, or in terms of [8], deformations of the usual curvature.
The goal of this short note is to propose such a deformation, not in the
plane Euclidean geometry, but in its Lorentzian counterpart.

The setting of this paper is the Lorentz plane R2
1 := (R2, x¨, ¨yL):

#xu, vyL = ´x1y1 + x2y2,

u = (x1, y1) P R2, v = (x2, y2) P R2.
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The Lorentzian norm is defined through }u}2L := |xu, uyL| and then a vector
is called spacelike if }u}2L ą 0. The infinitesimal generator of the Lorentz
rotations in R2

1 is the linear vector field:
ξL(x, y) := y B

Bx + x B
By ,

The first integrals of ξL are the functions: fα(x, y) = α(x2 ´ y2), α P R.
For an arbitrary vector field X = A(x, y) B

Bx+B(x, y) B
By its Lie bracket with

ξ is:
[X, ξL] = (A´ xAx ´ yAy)

B
Bx + (B ´ xBx ´ yBy)

B
By ,

where the subscript denotes the variable corresponding to the partial de-
rivative. For example, ξL commutes with the radial (or Euler) vector field
E(x, y) = x B

Bx+y
B

By , which is also a complete vector field having as integral
curves the Euclidean homotheties γEu0(t) = etu0 for all t P R and u0 P R2.

Note also that ξL can be expressed in another terms. Let (R2, ¨, j) be the
two-dimensional paracomplex algebra, [5]. By definition, it has the basis
x1, jy such that j2 = 1. In particular, the multiplication in that algebra is
given by (a+ bj) ¨ (c+ jd) := (ac+ bd) + j(ad+ bc) for all a, b, c, d P R, so
j can be regarded as the linear isomorphism j : R2 Ñ R2, j(x, y) = (y, x),
exchanging coordinates. Then one can write

ξL(x, y) = j ¨ E(x, y).

Let us remark that our framework can be found in the literature with the
some alternative names: Lorentz-Minkowski or simple Minkowski plane; see
our references.

Now, fix an open interval I Ď R and consider a spacelike parametrized
curve C Ă R2 given by the equation:

#
C : r(t) = (x(t), y(t)) = x(t)̄i+ y(t)j̄, ī = (1, 0), j̄ = (0, 1),

xr1(t), r1(t)yL ą 0, t P I.
The Frenet apparatus of the curve C is provided by the vector fields

(T,N) along C and the curvature kL is defined by:
$
’’’’’’’&
’’’’’’’%

T (t) =
r1(t)

}r1(t)}L ,

N(t) = j ¨ T (t) = 1

}r1(t)}L (y
1(t), x1(t)),

kL(t) =
1

}r1(t)}L xT 1(t), N(t)yL.

Here T is a unit spacelike vector field along C while N is a unit timelike
vector field along C. We denote by XC the set of vector fields along the
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curve C. The curvature function can be expressed using a 2ˆ2 determinant:

kL(t) =
1

}r1(t)}3L
xr2(t), jr1(t)yL

=
1

}r1(t)}3L
[x1(t)y2(t) ´ y1(t)x2(t)] = 1

}r1(t)}3L

ˇ̌
ˇ̌x1(t) y1(t)
x2(t) y2(t)

ˇ̌
ˇ̌ ,

and the difference to the Euclidean curvature consists in the ratio in front of
this determinant. In the Euclidean case there stands the Euclidean norm
}r1(t)}´3. The Frenet equations can be unified by means of the column
matrix F(t) =

(
T
N

)
(t) in the following way:

d

dt
F(t) = ´}r1(t)}L kL(t)R1

L(0)F(t), R1
L(0) P so(1, 1) (1.1)

with R1
L(0) the derivative at t = 0 of the Lorentz rotation RL(t) P SO(1, 1),

the Lie group of the Lie algebra so(1, 1), given by the symmetric matrices:

RL(t) :=

(
cosh t sinh t
sinh t cosh t

)
, R´1

L (t) :=

(
cosh t ´ sinh t

´ sinh t cosh t

)
, t P R,

Explicitly, the formula (1.1) can be written as follows:
d

dt

(
T
N

)
(t) = ´}r1(t)}L

(
0 kL(t)

kL(t) 0

)(
T
N

)
(t).

The Lorentz rotated curve jC : rj(t) := j ¨ r(t) = (y(t), x(t)) is a timelike
curve since

xr1
j(t), r

1
j(t)yL = ´xr1(t), r1(t)yL.

2. THE FLOW-FRAME AND THE FLOW-CURVATURE
This short note defines a new frame and correspondingly a new curvature

function for C:

Definition 2.1. The flow­frame of C consists of the pair of vector fields
Ef1 , E

f
2 P XC given by:

E(t) :=
(
Ef1
Ef2

)
(t) = RL(t)F(t) =

(
cosh tT (t) + sinh tN(t)
sinh tT (t) + cosh tN(t)

)

the letter f being the initial of the word “flow”. The flow­curvature of C is the
smooth function kLf : I Ñ R given by the flow­equations as the flow-variant
of (1.1):

d

dt
E(t) = ´}r1(t)}L kLf (t)R1

L(0) E(t).
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Before starting its study we point out that this work is dedicated to the
memory of Academician Radu Miron (1927-2022). He was always interested
in the geometry of curves and besides his theory of Myller configurations
([10]) he generalizes also a type of curvature for space curves in [9]. Re-
turning to our subject we note as theoretical result:

Proposition 2.2. Ef1 is a unit spacelike vector field and Ef2 is a unit
timelike vector field. The expression of the flow-curvature is:

kLf (t) = kL(t) ´ 1

}r1(t)}L ă kL(t).

If the decomposition of the position vector r(t) with respect to the Frenet
frame is r(t) = A(t)T (t)+B(t)N(t) with the smooth functions A,B : I Ñ R,
then its decomposition with respect to the flow-frame is:

r(t) = [A(t) cosh t´B(t) sinh t]Ef1 (t)+
+ [B(t) cosh t´A(t) sinh t]Ef2 (t).

(2.1)

Proof. We have directly in the flow-frame:
´}r1(t)}LkLf (t)R1

L(0) = r1
L(t)R

´1
L (t) ´ }r1(t)}L kL(t)RL(t)R1

L(0)R
´1
L (t).

Then the conclusion follows by comparing the elements in the 2ˆ2 matrices
of both sides. Also the decomposition (2.1) follows immediately from direct
calculus. □
Examples 2.3. i) If C is the line r0+tu, t P R with the spacelike vector
u ‰ 0̄ = (0, 0) then both kL and kLf are constant:

kLf = ´ 1

}u}L = const ă 0 = kL.

In particular, if u is a unit spacelike vector then kLf = ´1.
ii) The Euclidean plane geometry corresponding to the circles

C(O,R ą 0)

is provided by the equilateral hyperbola as integral curve of ξL:
$
’’&
’’%

He(R) : x
2 ´ y2 = R2, kL = const = ´ 1

R ă 0,

T (t) = (sinh t, cosh t), N(t) = 1
Rr(t) = (cosh t, sinh t),

(RL(u) ˝ r)(t) = r(t+ u) = (RL(t) ˝ r)(u).
The parametrization by arc-length of He(R) is:

re(s) = R
(
cosh s

R
, sinh s

R

)
.
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The new frame and curvature are:
$
’&
’%
Ef1 (t) = T (2t), Ef2 (t) = N(2t), kLf = ´ 2

R
,

r(t) = (´R sinh t)Ef1 (t) + (R cosh t)Ef2 (t).

We note that He(R) is called pseudo-circle in [11, p. 110] and is denoted
H1(´R).

iii) The quarter-circle C1/4 : r(t) = R(cos t, sin t), t P (´π
4 ,

π
4

)
has:

#
T (t) = 1?

cos 2t(´ sin t, cos t), N(t) = 1?
cos 2t(cos t,´ sin t),

kL(t) =
1

R(cos 2t)
3
2

ą 0.

Its flow-curvature and total flow-curvature are:

kLf (t) =
2 sin2 t

R(cos 2t) 3
2

ě 0,

ż π
4

´π
4

kLf (t)dt =
2

R

(
2.66435...ˆ 108

)

and the minimum value of kLf , namely 0, is attained at t = 0.
iv) The previous example of the equilateral hyperbola suggests to con-

sider the curve t P I Ñ Ef2 (t). Since

x(Ef2 )1(t), (Ef2 )
1(t)yL =

[
1 ´ }r1(t)}LkL(t)

]2
,

it follows that this new curve is spacelike if and only if the initial curve C
is not Lorentzian flow-flat, which means that kLf ” 0.

v) Fix a smooth function f : I Ñ R and its graph Γf : r(t) = (t, f(t)).
This curve is spacelike if and only if the range of the derivative of f is
included in (´8,´1) Y (1,+8) and then its curvatures are:

kL(t) =
f2(t)

[(f 1(t))2 ´ 1]
3
2

,

kLf (t) =
f2(t)

[(f 1(t))2 ´ 1]
3
2

´ 1

[(f 1(t))2 ´ 1]
1
2

.

Looking for a flow-flat graph we obtain the Lorentz version of the Grim-
Reaper:

f(t) = ´ ln(sinh t), t P (0,+8), f 1(t) = ´cosh t
sinh t ă ´1. (2.2)

Without the minus sign this curve appears in [2, Corollary 5.1, p. 761]
and in [1, Eq. (5), p. 4]. We point out that another curve is also called
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Lorentzian grim-reaper in [3, Corollary 8.1, p. 769]. The usual curvature of
the graph of (2.2) is:

kL(t) = sinh t = 1

}r1(t)}L .

Since sinh(ln(1 +
?
2)) = 1, we compute two integrals:

ln(1+
?
2)

∫
0

f(t)dt = 0.955202 . . . ,
ln(1+

?
2)

∫
0

kL(t)dt =
?
2 ´ 1 = 0.41421 . . .

The frames of this flow-flat graph are:
#
T (t) = (sinh t,´ cosh t), N(t) = (´ cosh t, sinh t),
Ef1 = (0,´1), Ef2 = (´1, 0).

Remark 2.4. i) An important tool in dynamics is the Fermi-Walker deri-
vative. Then the Lorentz Fermi-Walker derivative is the hyperbolic variant
of derivative from [6], namely ∇FW

L : XC Ñ XC :

∇FW
L (X)(¨) := d

dt
X ´ }r1(¨)}L kL(¨)

[xX,NyL ¨ T ´ xX,T yL ¨N]

where (¨) marks the application on a fixed time t P I. It is natural to
make here a remark concerning rotation-minimizing fields X P XC i.e. fields
satisfying:

d

dt
X(t) = λ(t)T (t), xX(t), T (t)yL = 0,

for a smooth function λ = λ(t). Then the Fermi-Walker derivative of such
X is parallel with the tangent vector field T :

(
∇FW
L (X)

)
(t) =

[
λ(t) ´ }r1(t)}L kL(t) xX(t), N(t)yL

]
T (t).

Computing the Fermi-Walker derivative on our frames we get:

∇FW
L (T ) = ∇FW

L (N) = 0,

∇FW
L (Ef1 ) = Ef2 , ∇FW

L (Ef2 ) = Ef1 .

With the matrix notation we can express these relations in the following
way:

∇FW
L (F) = ( 00 ) , ∇FW

L (E) = R1
L(0) E

and the Fermi-Walker derivative can be expressed in terms of kLf as:

∇FW
L (X) =

d

dt
X ´ (}r1}L kLf + 1)

[xX,NyL ¨ T ´ xX,T yL ¨N].
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ii) The nature and the relationship between our frames can be put in
the framework of moving frames of [7, p. 32]. Recall that the set of all
orientation-preserving Lorentzian isometries forms a Lie group

L(2) := R2 ˆ SO(1, 1)

so that the standard projection π1 : L(2) Ñ R2 onto the first factor is an
SO(1, 1)-principal bundle. A moving frame along C is a map F : I Ñ L(2)
such that π1 ˝F = r. But C defines also a 1-parameter family of bijections
of SO(1, 1):

#
LC : I Ñ Bijections(SO(1, 1)),

t Ñ [
LC(t) : SO(1, 1) Ñ SO(1, 1), A Ñ RL(t)A

]
.

Then our frames are
F : I Ñ L(2), F(t) = (r(t), T (t), N(t)),

E : I Ñ L(2), E(t) = (r(t), (LC(t) ˝ π2 ˝ F)(t)).

3. NEW VARiANTS OF THE CURVE SHORTENiNG FLOW
We finish this note with the problem raised in the beginning: find possible

variants of the curve shortening flow. Note that the self-similar solutions
in the hyperbolic variant of this problem are studied in [12]. Recall that
the (Lorentzian) setting of this question consists in a 1-parameter family of
plane curves Cu : r = r(t, u) satisfying:

Br(t, u)
Bu = kL(t, u)N(t, u) (3.1)

and due to the commutativity of partial derivatives with respect to t and
u we have the u-variation of the Frenet frame:$

’’&
’’%

BT (t, u)
Bu = ´}r1

t(t, u)}L k2L(t, u)T (t, u) +
BkL(t, u)

Bt N(t, u),

BN(t, u)

Bu =
BkL(t, u)

Bt T (t, u) ´ }r1
t(t, u)}L k2L(t, u)N(t, u).

This immediately implies the following expression in terms of flow-apparatus:
Br(t, u)

Bu =

(
kLf (t, u) +

1

}r1
t(t, u)}L

)[´ sinh t Ef1 (t, u) + cosh t Ef
2 (t, u)

]
.

The first variant which we propose as an open problem is to study the
flow-variant of (3.1):

Br(t, u)
Bu = kLf (t, u)E

f
2 (t, u) (3.2)
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while the second variant is to restrict only to the normal component of Ef2 :
Br(t, u)

Bu = kLf (t, u) cosh tN(t, u). (3.3)

We point out that a solution to the Lorentzian curve flow (3.1) is pro-
vided by the 1-parameter family of equilateral hyperbolas with an initial
equilateral hyperbola He(R0 ą 0):

He(u) : x
2 ´ y2 = R2

0 ´ 2u, 0 ď u ă R2
0

2
, kLf (u) =

´2a
R2

0 ´ 2u

for which the expression defined in (3.2) is:
Br(t, u)

Bu ´kLf (t, u)Ef2 (t, u) =
1a

R2
0 ´ 2u

(2 cosh 2t´cosh t, 2 sinh 2t´sinh t)

and the expression of (3.3) is:
Br(t, u)

Bu ´ kLf (t, u) cosh tN(t, u) =
cosh 2ta
R2

0 ´ 2u
(cosh t, sinh t) = timelike.

Acknowledgements. I am very grateful to an anonymous referee for se-
veral useful corrections to an initial version of this work. Thanks also, to
the Technical Editor for providing me some writing improvements.

REFERENCES
[1] Muhittin Evren Aydin and Rafael López. Ruled translating solitons in Minkowski 3-

space. J. Geom. Phys., 170:Paper No. 104392, 10, 2021. doi:10.1016/j.geomphys.
2021.104392.

[2] Ildefonso Castro, Ildefonso Castro-Infantes, and Jesús Castro-Infantes. Curves in
the Lorentz-Minkowski plane: elasticae, catenaries and grim-reapers. Open Math.,
16(1):747–766, 2018. doi:10.1515/math-2018-0069.

[3] Ildefonso Castro, Ildefonso Castro-Infantes, and Jesús Castro-Infantes. Curves in the
Lorentz-Minkowski plane with curvature depending on their position. Open Math.,
18(1):749–770, 2020. doi:10.1515/math-2020-0043.

[4] Kai-Seng Chou and Xi-Ping Zhu. The curve shortening problem. Chapman & Hal-
l/CRC, Boca Raton, FL, 2001. doi:10.1201/9781420035704.

[5] Mircea Crasmareanu. Para-mixed linear spaces. Acta Univ. Sapientiae Math., 9(2):275–
282, 2017. doi:10.1515/ausm-2017-0020.

[6] Mircea Crasmareanu and Camelia Frigioiu. Unitary vector fields are Fermi-Walker
transported along Rytov-Legendre curves. Int. J. Geom. Methods Mod. Phys.,
12(10):1550111, 9, 2015. doi:10.1142/S021988781550111X.

[7] Gary R. Jensen, Emilio Musso, and Lorenzo Nicolodi. Surfaces in classical geometries.
Universitext. Springer, Cham, 2016. A treatment by moving frames. doi:10.1007/
978-3-319-27076-0.

[8] B. Mazur. Perturbations, deformations, and variations (and “near-misses”) in geometry,
physics, and number theory. Bull. Amer. Math. Soc. (N.S.), 41(3):307–336, 2004. doi:
10.1090/S0273-0979-04-01024-9.



The flow-curvature of spacelike parametrized curves in the Lorentz plane 109

[9] R. Miron. Une généralisation de la notion de courbure de parallelisme. Gaz. Mat. Fiz.
Ser. A, 10(63):705–708, 1958.

[10] Radu Miron. The geometry of Myller configurations. Editura Academiei Române,
Bucharest, 2010. Applications to theory of surfaces and nonholonomic manifolds, With
an appendix containing reprints of three original papers in French by Alexandru Myller,
Translated from the 1966 Romanian original.

[11] Amani Saloom and Farid Tari. Curves in the Minkowski plane and their
contact with pseudo-circles. Geom. Dedicata, 159:109–124, 2012. doi:10.1007/
s10711-011-9649-1.

[12] Eric Woolgar and Ran Xie. Self-similar curve shortening flow in hyperbolic 2-space.
Proc. Amer. Math. Soc., 150(3):1301–1319, 2022. doi:10.1090/proc/15770.

Received: May 12, 2022, accepted: September 4, 2022.

Mircea Crasmareanu
FACULTY OF MATHEMATiCS, UNiVERSiTY ”AL. I. CUZA”, IASi, 700506, ROMANiA
Email: mcrasm@uaic.ro
ORCID: 0000-0002-5230-2751


