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Abstract. The present paper continues the study of quasi-geodesic map-
pings f : (Vn, gij, FI') — (Vn,gij, F!") of pseudo-Riemannian spaces V,, Vs,
with a generalized-recurrent structure F* of parabolic type. By a generalized
recurrent structure of parabolic type on V;, we mean an almost Hermitian
affinor structure of parabolic type for which the covariant derivative of the
structural affinor F* satisfies the condition F(’; )= q(iF;ﬁ.

In the previous paper by the authors [Proc. Intern. Geom. Center, 13:3
(2020) 18-32] it was proved that the class of pseudo-Riemannian spaces with
generalized-recurrent structure of parabolic type is closed with respect to the
considered mappings and the generalized recurrence vectors in (Vy, gij, Fih)
and (Vn,gij,Fih) may be distinct. In this article, it is assumed that the
mapping f preserves the generalized recurrence vector g;.

We construct geometric objects that are invariant under the quasi-geodesic
mapping of generalized-recurrent spaces of parabolic type and recurrent-
parabolic spaces. A number of conditions are given on these objects, which
lead to the fact that a generalized-recurrent space of parabolic type admits
a parabolic K-structure, and a recurrent-parabolic space admits a Kéhlerian
structure of parabolic type.

We study special types of these mappings that preserve some tensors of
an intrinsic nature.

Amnorargisg. Y cTarTi IpOAOBKYIOTHCS [TOCTIIZKEHHST KBa3i-T€OIe3NIHUX Bi-
nobpaxens f : (Vi,gij, FI') — (Vn,gij,Fih) [ICEB/IOPIMAHOBUX IIPOCTOPIB
Vi, Vi 3 y3araabHEHO-PEKYPEHTHOIO CTPYKTypoio Fj mapaGosivnoro Tumy.
V3arajibHEHO-PEKYPEHTHOI CTPYKTYPOIO MapaboiTHOro TUly Ha V,, Ha3u-
BAETbCS Maiizke epMmiToBa adiHOpHA CTPYKTypa HapabOidHOrO TUILY, JJIsd
AKo0l KoBapiaHTHa HOXigHa cTpyKTypHoro adimopa FJ' 3amoBosbHsge yMOBi
F(hiyj) = q(,-th). B monepenniit po6ori asropie [Proc. Intern. Geom. Center,
13:3 (2020) 18-32] moBemeno, MO KJIAC TICEBIO-PIMAHOBUX MPOCTOPIB 3 y3a-
raJIbHEHO-PEKYPEHTHOIO CTPYKTYPOIO MapaboivHOrO TUIy 3aMKHEHWH Bif-
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pexyperTHOCTi TipocTopit (Vi, gij, Fi') i (Vn,gij,Fih) MOXKYTh BUSIBUTHCh
HE TOTOXKHUMHU. ¥ Tl CTATTI MPUIYCKAETHCs, MO Bimobpaxkenus f 30epirae
BEKTOD y3araJibHEeHOI PEKYPEHTHOCTI ;.

Mu 6ymyemo reomerputi 06’€eKTH, iIHBapiaHTHI 11010 KBa3i-re0Ie3nTHOIO
Bi1OOparKeHHs y3arajbHEHO-PEKyPEHTHUX IIPOCTOPIB MapaboivaHOro THILY, a
TaKOXK PEKypeHTHO-mapabosigaux mpocropiB. HaBomurbes psm ymoB Ha 1ii
00’eKTH, fKi TapaHTyIOTh, 0 y3arajJbHEHO-PEKYPEHTHUI IPOCTIp mapabosti-
YHOTO THUITYy JOIycKae mapabosiuny K-CTpPyKTypy, a peKypeHTHO-mapabosTi-
YHUN TPOCTIP MOIMYCKAE KEIEPOBY CTPYKTYPY MapabOiTHOTO THUILY.

Bupueno crieniasibai Tanm mux BimobpazkeHb, Mo 30€piraloTh JesKi TEH30-
PY BHYTPIIIHBOI'O XapaKTePY.

1. INTRODUCTION

In [8] we considered diffeomorphisms of pseudo-Riemannian spaces be-
ing quasi-geodesic mappings (QGM). Also in [5-7,9, 11] such maps were
studied under the reciprocity condition, while almost-geodesic mappings of
the second type were considered in [2—4,10,12-14]. Say that a QGM

f : (VnagZ]7F17,h) - (Vnayij7Fih)

satisfies the reciprocity condition whenever its inverse f~! is a QGM as well.

The basic equations of such a mapping f : (V,, gi5, FM — (Vn,gij, FM
in the common coordinate system (z°) with respect to the mapping f have
the form:

h

Ty () = T (x) + ()0l + da(x) Fly(x), (1.1)

Fl'(x) = ~Fi(2) (1.2)

9oL = =g F7, 9iaFj* = —gja Fy, (1.3)

F(};'J) - q(iF]%’ (1.4)

FhEe =eflt,  e=0,+1, (1.5)

where i, h,j,... = 1,2,...n, I‘?j,ﬁlj are the Christoffel symbols of V,, and

V respectively; ¥;(x), ¢i(z), ¢;(z) are certain covectors; F/*(z) is affinor;
brackets (i, j) denote the symmetrization with respect to the corresponding
indices; and comma «,» is a sign of the covariant derivative in respect to
the connection of V,,. If in (1.1) ¢; # 0 and v¢; = 0, the quasi-geodesic
mapping is called canonical.
Condition (1.5) defines an e-structure, which is called

e ellipticif e = —1,

e hyperbolic if e = +1,

e m-parabolic when e = 0, rank(F') = m, (2m < n),
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e parabolic when e = 0, rank(F') = m, (2m = n).

1.1. In [5] were studied QGM of pseudo-Riemannian spaces (V;,, gj, F)
with a K-structure [1] of elliptic and hyperbolic types, i.e. when F' satis-
fies (1.5) for e = +1, and the following differential condition holds:

h
Figp =0

1.2. An affinor structure F* satisfying conditions (1.4) will be called a
generalized-recurrent (GR-) structure of elliptic, hyperbolic or parabolic
type depending on the values of e.

Obviously, the K-structure is a special case of a generalized-recurrent
structure.

Another special case of the GR-structure is the recurrent-parabolic (RP-)
structure, which was determined in [9] by the conditions

FI'EX =0, gia P = —gjaFy, Fly = q;F). (1.6)

In [8], we described properties of parabolic GR-structure (GRP). We call
qi in (1.4) the generalized recurrence vector of the GR-structure F*. Note
that GR-structure is a K-structure, whenever ¢; = 0. Moreover, under the

condition ¢; = %4(z) GR-space (Vp, gij, F*) admits the K-structure

oxt
Fho_ —qph
Fl = eaph,

1.3. To make the calculations easier, let us introduce an operation of con-
jugation in (Vy, gij, ) :

T; o

J1e-Jk—10Jk+1---Jr™ L

J1eJk—11Jk41---Jr
. . . . . .k_li. .
J1-Jk—10Fk1--Jr R i1 35T T hkpn g
T "Ey =T .

In (Vy, gi5, Fz-h) with integrable parabolic structure F Z-h, there exists a local
coordinate system (adapted to the affinor), in which the structure tensor
can be reduced to the form

(F) = (1.6)

where I, is the identity matrix of order m = 3.
Further, we will use the auxiliary tensor A?, which in the adapted system

is defined by the matrix
h P Iy
(A = (5. "),
where P is an arbitrary square matrix of order m.

It can be checked that components of tensor A satisfy the following
identities:

FPAS =m, Al A2 =0, FlA®  Ahpe = oh. (1.7)
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1.4. In [8], the properties of a parabolic type generalized-recurrent struc-
ture were studied. It was proved that the Riemannian tensor of the GR-
space (V, gij, F") satisfies the relations

3(Rpjni + By + Ry + Bujaz) = 2Qinki + Qjni — Qnii (1.8)
where
Qhnjki = Qnj1Fri + Qi Py Frj = gha 5"
For ¢; = 0 the GR-structure Fih is a K-structure. Therefore, in the
K-space, the Riemannian tensor has the following property:

Ry i + Rygi + By + Ry = 0 (1.9)

In [8] it was proved that in the GRP-space (V;,, gij, F') equality (1.9)
holds if and only if the generalized recurrence vector ¢; is a gradient, i.e.
there exists a K-structure F* = e 9F" in V.

1.5. The affinor structure of a GRP-space (V},, gi5, Fih) provided that it is
integrable has the following properties [8]:

Fifya = O,
- 1.10)
h _ ph _ ph _ A (
Fh = Fh = Fl =0, g;=0.

Note that, in contrast to the hyperbolic and elliptic types, an integrable
GR-structure of parabolic type (in particular, a parabolic K-structure) may
be not Kahler, i.e. covariant constancy of the affinor Fl-h does not follow
from relation (1.10). Further in this paper, we consider only an integrable
affinor structure.

1.6. In [8] it was proved that the image of a GRP-space under QGM is also
a GRP-space, that is,
iy = G5
where
g = q — Vi + ¢,

«|» is a sign of a covariant derivative in respect to the connection of V,,. In
other words, the affinor Fz-h in the space V,, also defines a GRP-structure.

Under the condition ¢; = ¢; we will say that QGM preserves the gene-
ralized recurrence vector. In this case, the vectors v; and ¢; in the basic
QGM equations (1.1) are related by the following identity:

Vi = 5. (1.11)
Hence, contracting (1.1) with respect to h and j, we get:

Ty =T + (n+ 2)1,
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that is, v; is locally a gradient:

(n+ 2 = 242, #(o) = 1]

In what follows, we construct geometric objects that are invariant with
respect to the QGM of parabolic type generalized-recurrent spaces which
preserve generalized recurrence vector. We will also study some special
types of these mappings provided that the affinor structure is integrable.

The investigations are carried out in tensor form, locally, in the class of
real sufficiently smooth functions.

2. SOME GEOMETRIC OBJECTS THAT ARE INVARIANTS UNDER QGM or
GRP-srACES
2.1. Assume that there exists a QGM
f : (Vn7 ng? Eh) - (an g@]? Flh)
between GRP-spaces. Then, the following basic equations hold:

=h
(@) = T (@) + 9 ()3} + o (2) Fjj (), (2.1)
giaF}'a = _gjan‘av giaFja = _gjaﬂav (2'2)

FlhEe =0, Fl 5y = aGFh. (2.3)
Contracting (2.1) with respect to h,j we find that
¢i = %H(fiaa - F?a)‘

Let us multiply (2.1) by A? and contract for indices h and j. Then,
according to (2.3) and (1.7), we get
¢i = 75 (Tis — I Aq.
Substituting ¢; and v; into (2.1), we can rewrite them in the following form

h

h
1_;]_TZ]7

where
h _ 1h 1 h h
Th =T — a5 (T80 + 24505, F). (2.4)
Analogously we define T;Lj in V,,. In this way, we have proved the invari-
ance of geometric object (2.4) under QGM of GRP-spaces. This object is
similar to the Thomas parameters of the theory of geodesic mappings. The
equality of Thomas-like objects (2.4) is ~a necessary and sufficient condition
for existence of QGM between V,, and V.
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2.2. Due to (2.1), we can written a relationship between components of the
curvature tensors V,, and V,, in the following form:

Rz]k = Rl + pabij — 60 + F b+
+ Ffldij — F g + ¢iF ) + onF)y — 65 FfY,
where we have introduced
Vij = i — Vi, Gij = Gij — G — O,

and [i, j] denotes an alternation with respect to the corresponding indices.
Multiplying (2.5) by F} b and contracting it with respect to h, we get:

(2.5)

Rz]k Rzgk‘i‘Fk”%y Fipig. (2.6)

Multiplying (2.6) by A} and contracting it with respect to h and k, we
obtain

75 —
Vij = g (Rijs — Bijg) Aa-
Substituting ;; into (2.6) and after simple computation we find that

! h
Til;'k = Tijk»
where
1
Ruk (Fk}:L 178 FthkB)A (27)

1
We also define T?jk in V,, in a similar way.
1
The last equation tells that tensor T[]Lk is preserved under the QGM of

GRP-spaces. Its preservation is only a necessary condition for existence of
QGM between V,, and V,,.

2.3. Multiplying (2.5) by F} and contracting it with respect to i, we get:

h h h h
z]k = Ry + Fi gy — g + ik g - (2.8)
Due (2.1) and (1.11), the following relations hold:
Gilk = ik — 46Vk)> 2.9
h .
F’L|] FiJ"

Multiplying (2.8) by ¢, and symmetrizing the resulting equality with re-
spect to 1,7, we will get from (2.9) that:

2 2
h ol
7—‘lijk - Tlijk?
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where
2

h = h, =h
Tiije = a3y, + 40Ty,

h 2 ABpa ph
wk Rz]k a3 da I [F/c]’ (2.10)

~h [ h pa B
Tl = Flog) + ws (FEFR 5 — FUF ) Ao
2

J

Analogously we define TZ-jk in V.
2
The last equation shows that the tensor T[fjk is preserved under the

QGM of GRP-spaces. Its preservation is only a necessary condition for the
existence of QGM between V,, and V.
Thus, we have established the following

Theorem 2.3.1. Geometric objects (2.4), (2.7), (2.10) are invariant under
QGM of GRP-spaces.

2.4. Let V,, be a GRP-space in which Thk vanishes. Then (2.7) can be
written as follows:

Rl — 25 (Flag; — Flag) =0,
where
aij = Rfé]ﬁAg
Lowering the index h in V;, we get
Rﬁijk + %(Fhkai]‘ - thaik) =0. (2.11)
Alternating the latter by h,i, j, k, we get the equation:
Fhia[jk] + ija[hi] =0. (2.12)
Let us multiply (2.12) by ¢"*A? and contract with respect to h,i. Mul-

tiply further the result by gjO‘A]; and contract with respect to j, k. This
will gives us:

San + Firg™ Alagg, =0,
gﬂaAZya[ﬂv] =0.
Hence
afjr) = 0-
Substituting this to (2.11), we get
Ry i + Bygis + By + Bz = 0.
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The latter means that the generalized recurrence vector ¢; is gradient, i.e.
there exists a K-structure ﬁ’ih = e‘quh in the GRP-space V,,.

Note that multiplying (1.9) by ¢’* and contracting with respect to j, k
we obtain that the Ricci tensor of K-space (as well as of GRP-space with
gradient generalized recurrence vector) satisfies the following conditions:

Ry, = —Ry5. (2.13)

Let us multiply (2.13) by gha‘Af; and contract it with respect to h, k. Then
we will obtain that B
R5AG =3,
where R is the scalar curvature Raﬁgaﬁ = R. Obviously, if Rﬁj = (, then
R=0.
Multiplying (2.11) by g% and contracting it with respect to 4, j, we get

ng + %(aaﬁgaﬁFhk + aﬁk) =0. (2.14)

Hence, taking into account (2.13), we have

Uk = ~O%n-
The latter identity together with (2.13) implies that
aaﬁgo‘ﬁ = %, gaVaWAg = % (2.15)

Multiplying (2.11) by gi AL, contracting it with respect to i, j, and tak-
ing into account (2.14) and (2.15), we obtain

Ry = & Fyp. (2.16)

Theorem 2.4.1. If in a GRP-space V,, the equality
1
T =0
holds, then its Ricci tensor satisfies the following condition:

_ _ R
th*anh

and the generalized recurrence vector q; is gradient, i.e. there is a K-
structure F' = e 9F" in V,,,

3. GEOMETRIC OBJECTS THAT ARE INVARIANTS OF QGM oF RP-SPACES

3.1. QGM between the RP-spaces f : (V,, gij, FI') — (Vn,gij,Fih) is cha-
racterized by basic equations

—=h
(@) = (@) + 9 (@)3) + o (2) Fjj (x),

giaFja = _gjaFiav
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giozF]q = —gjaF}",
F'E* =0
and
Fl; = Fll = ¢;F". (3.1)
According to (3.1), the Riemanman tensor in the RP-space satisfies the
following relations, see [6]:

RUk R! ik F 414,k)
which is the same as
ijk + Ryiin = Fingpjx (3.2)
3.2. Due to (2.1), (2.2), (2.3) and (3.1) we can written a relationship bet-

ween components of the curvature tensors Rl L, and R jk in the following
form

Ry, = Rl + 0fij — 0k + Fltdyy) + Flidig — Fldur, (33)
where
iz = Yij + iy,
Gij = bij — Vidj — bjdi + big;.
Taking into account 1; = ¢7, we get
03 = Vij-

Let us multiply (3.3) by Afb and contract it with respect to h, k. Then

contracting further the result with Ff with respect to i, we get:

RjgAL = R AL + (i — ia) AT+ (3.4)
+ (dja — Vja) AY + 23 — bij,
RipAL = R(;BAQ + 25245, (3.5)

Alternation (3.4) with respect to the indices i, j, and subsequent contraction
of the result with Flj in the index j gives us:

Ryjifa = R A% + 5201, (3.6)
R AL = R A+ 52 (07 — i) (3.7)

Taking into account (3.4)-(3.7), we get:

%_zwij - (RZJ,B RZO;/B)AQ’

#ggij = nTH(Riajﬁ - Rwﬂ)A (RBJZ joi)Ag_
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. 8
— (Rayi — Riy) Ajy Ao
Substituting 1;; and g?)ij into the equations (3.3), we represent them in the

form
3 3

=h
Ti’}k = Tijlm
where
h h h
Th, = mdgh _ nt? (6R RS 5 — 67 RS, ) A+ (3.8)
+ F'Dyjy) — FJ'Dyj + F}' Dy,
_ 2
Dij = ("32R{j5 — R3; — Ri5aA)) AL (3.9)
3

Analogously we define T?jk in V,.
3
The last equation shows that the tensor T ik is preserved under the QGM

of RP-spaces. Again, its preservation is only a necessary condition for
existence of QGM between V,, and V. So, we proved the following

Theorem 3.2.1. Geometric object (3.8) is an invariant of QGM of RP-
spaces.

3
3.3. Let V,, be a RP-space in which Tf;k vanishes. Then taking to ac-

count (3.8) we obtain the following relation:

niARh, = 42 (6k RS 5 — 07 RS, 5) AD + /' Diyj) + Fi Dij — F}' Diy,.
Lowering further the index h in V,, we get
Rpijr = HTH(ghkR%ﬁ - thleﬁ)A +
+ FriDjj) + FriDij — FrjDig.

n?—4

(3.10)

Cycling (3.10) by indices h,i, k, and contracting it with gho‘A& in the
indices h and j, we get

D;, = 0. (3.11)
Taking account of (3.10) and (3.11) we obtain
h
R, = (3.12)

We will call a GRP-space V,, almost flat if the Riemannian tensor R” i of
V,, satisfies the condition (3.12). According to (3.2), it follows that the
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recurrence vector ¢; of almost flat RP-space V,, is gradient. Therefore, an
almost flat V,, admits the K&hler structure

Pho_ _—q(z) ph . _ 9q(z)
Fi *eq()Fia qi = oxt °

Symmetrizing (3.10) with respect to h,i and taking account (3.11) we get:
FppDij + Fi. Dpj — FyjDyy, — FijDpy = 0.

Contracting the latter with g"*A¥ we obtain:
Dyj = DFy,

where D = %DQBQMAQ.
Substituting further D;; into 3.10, one can write down it in the follows
form:

Rhijk =K (FhkFij — thFik -+ QFMij) , (3.13)

where K = n%? 1- The latter means that R;; = 0, that is, the space is
Ricci-flat.

3
Taking account to (3.13) and (3.8) we obtain Tz};k = 0. Thus, we have
proved the following

3
Theorem 3.3.1. An object TZ]‘k in the RP-space V,, satisfies the equation
3
T}}k = 0 if and only if its Riemannian tensor has the form (3.13).

2

It was proved in [9] that the Riemannian tensor of a RP-space V,, ad-
mitting QGM on a flat space, has the form (3.13), and K = Ce2()
C = const, ¢; = agg(;).

It was also shown in [9] that such a RP-space is symmetric, that is,
thjk:,l = 0, and the components of metric tensor of all such spaces are

found.

3
3.4. Let V, be a RP-space in which T{J‘k vanishes. Then taking to ac-
count (3.8) we obtain the following identity:

-2
"2 Ry, = (FunRS 5 — Fiug RS, ) A (3.14)
Lowering the index h and cycling with respect to indices h, k, j, we get
(FuRS 5 + Fig RS, 5 + Fjn RS, ;) AL = 0. (3.15)
Conjugating (3.15) in the index j, we obtain

B —
RE AP =0,
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Also, contraction (3.15) with g"*A¥ in the indices h, k gives us

—4 B —
The latter and (3.14) imply that
h _
7k = 0

provided n # 4, i.e. if the object TZJ’ 1. of a RP-space V,, satisfies the condition
3
T{]Lk =0, then V,, is almost flat.

3
3.5. Let V,, be a RP-space in which TZ’]‘E vanishes. Then taking to ac-

count (3.8) we obtain the following;:

24 2
BB, — P2 (S, — PR — gn RS ) A=

) , (3.16)
— nT (FhiR,BjE + thRﬁiE)Aa =0.
Conjugating (3.16) in the index j, we obtain:
R AP =0. (3.17)

i e

Multiplying (3.16) by g" A7, and contracting it in the indices h,j, and
taking into account (3.17), we find

B _— B
R%cﬁAa = R%iﬁAa. (3.18)
Cycling further (3.16) in the indices h,1i,;j we get
, ) ) » ) B —
(Fhk:R%B + FZkR;}hB + F]kR%zﬂ + FhZR%jﬂ + Fzg %hﬂ + F]h %zﬂ)Aa =0.
Symmetrizing the latter in the indices ¢, j taking into account (3.18), and
contracting with ¢"*A¥ in the indices h, k, we obtain

B _
R% BAa =0.
Hence (3.16) can be rewritten as follows:
+2 —
nTha‘jE - (FhijoE + thRZig)Ag = 0.
Alternating this equality in the indices 7, j we will see that
Rthi =0,

i.e. V, is almost flat.
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3
3.6. Let V,, be a RP-space in which Tz};k vanishes. Then taking to ac-
count (3.8) we obtain the following identity:

Rl — 725 (Flay — Fllag) =0, (3.19)
where
aij = R%BAQ.

In §2.4 it is proved that in this case a;; = a;;.
In view of (3.19), relation (3.2) can be written as follows:

Rpraij — Frjaix — Figanj + Fijapg = Friqpp- (3.20)
Contraction (3.20) with ¢"*A? in the indices 4, h gives us
qik) = O-

Therefore, cycling (3.20) in the indices h, j and contracting it further with
ghaAf; in the indicgs h,k, we obtain that a;; = 0 for n # 4. It then follows
from (3.19) that R?jk = 0, that is, the RP-space V}, is almost flat.

One easily checks that in an almost flat RP-space the following identity
holds:

3 3 3
h _ mh _ mh
T = T = Tigw =0

Thus, we have established the following

Theorem 3.6.1. FEach of the following conditions:

3 3 3
o T{;k =0 provided n # 4, J TZJLE =0, o Z;k = 0 provided n # 4,

in the RP-space V,, holds if and only if V,, is almost flat, i.e. Riﬁjk = 0.
Therefore, in that cases the recurrence vector q; of V,, is gradient, that is,
V.. admits a Kdhler structure

~ _ E
B = @R, 5=%9.
4. SPECIAL TYPE QGM oF GRP-SPACES

In this section, we consider the QGM of GRP-spaces under certain con-
ditions on their Riemannian tensors.
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4.1. Suppose that a QGM of GRP-spaces f : (Vn,gij,Fih) — (Vn,gij,Fih)
satisfies the following condition

h —h

Ez’jk — R = R?jkz - R%k (4.1)

The relation between the components of the Riemannian tensors R?jk and
E?jk of GRP-spaces under QGM has the form (2.5).
Since in (2.5)
VYij = Yij — Yy,
Gij = Gij — G — Qi,

&7 =i
we get the following equality:
b7 = Yij — da k. (4.2)
Taking into account (4.1), (2.6), (2.8), (2.3) and (4.2) we get
FloaFS — FrooFSy + 20 Fly, — bigg, F]g =0. (4.3)

Symmetrizing (4.3) with respect to the indices 7, j and contracting with
¢y, with respect to the index h, we obtain that

Vida iy + ¥jaFy — 2qp10ih; = 0.

As tp; # 0 under QGM, there exists a certain vector a’ such that 1,a® =1L
Contracting the last equality with a* in the index i, and then with a’ in
the index j, we find that

GaF + Vj0aF§ ra’ — 2q11p5 = 0,

2(¢aFgra’ — qp) = 0.
The latter together with (4.3) implies that

Thus, if the QGM mapping of GRP-spaces
f : (Vn7 Gij, Eh) - (Vna gzga th)

satisfies the condition (4.1), then V,, and V, are RP-spaces. It can be
verified that (4.1) is satisfied identically for the QGM of RP-spaces.
The following statement is true

Theorem 4.1.1. Suppose a GRP-space (Vy, gij, FI*) admits a QGM onto

a GRP-space (Vn, 7, EM). Then the following condition

B _Bh _ ph h
Riji, — Rij = Rigy — Iy
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is satisfied if and only if the GRP-structure of V,, and V, is in fact a
RP-structure.

4.2. Suppose that a QGM of the GRP-spaces
f : (Vn, Gij, szh) - (an gij: th)
satisfies the following condition

R =h  =h sh 7

> ! v _ h h h
Rije — Rije — Rigp — Ryjp = Ry, — 15, — Rz — R (4.4)
Taking into account (2.5), (4.4) and (4.2) we obtain
h h h
F; (¢jk - ¢k§ - ¢Ej + ¢jE) + Fj (¢Ek + ¢i%) — Fy, (¢Zj + ¢i3)_ (4 5)

— Uk + U F — iF ) = 0.

Let us lower the index h in V,,, symmetrize it with respect to the indices
h, 1, and then cycle for the indices h,,j. Then we will get that

Fhibij + Figbjp + Fjrbp; = 0, (4.6)
where
bij = ¢z + O5 + &5+ 05 + V).

Contracting (4.6) with g**A” in the indices h,k we get bj; = 0. The
latter together with (2.3) means that

dij = —dji,
dij = ¢;5 + iy
Contracting (4.5) with ¢;, and taking into account (2.3) and (4.7), we
obtain

(4.7)

%bjdz'k + ¢kdji + 277Z)idjk; =0. (4.8)
Since ¥; # 0 (QGM is not canonical), there exists a certain vector.azi
such that a®y, = 1. Contracting (4.8) with a’ in the index ¢ and with a'a’
in the indices i, j, we find d;; = 0, or
b5 = —ij. (4.9)
Then (4.5) can be written as follows

FloaF — FloaFf, — FloaF g — okE + 0iFly — 0iFf ) = 0.

Contracting this equation with A% in the indices i, h and with AgL inj,h
we obtain a system of equations, from which taking into account (2.3) by
certain algebraic transformations we get that:

o Fy = Yiqr.
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Hence, according to (4.9) and (4.2) we can rewrite (4.5) as follows:
Gi(Ff g — aeF + G F) + 05 (Bl = anF)) = (B — g5 F) = 0.
Lowering the index h in V,, and symmetrizing with respect to h, k, we get

Uk (Fhij — 4iFni) + ¥n(Frij — 4 Fri) = 0.

If we compare this equation with the result of its sequential contraction
with a¥, a with respect to the indices k, h respectively, we will see that

Thus, we obtain that a GRP-structure Fih of the space V,, turns out
to be a RP-structure. It can be verified that under condition (4.10) the
relations (4.4) are satisfied identically.

The following statement is true

Theorem 4.2.1. Suppose a GRP-space (V,, gi;, FM) admits a quasi-geodesic
mapping onto (Vn,gij, FM). Then the condition
—=h —h —h —h 7 h h
Rijk - Rijk - Ri}k - Rij% = Rijk -, - R

©j ijk

h
RijE
is satisfied if and only if the GRP-structure of V,, and V, is in fact a
RP-structure.

Note that [8, Theorem 3.3] is a consequence of the Theorem 4.2.1.

4.3. Note that for a canonical QGM of the GRP-spaces Theorems 4.1.1
and 4.2.1 do not hold. Namely, if a GRP-space (Vn,gij,Fih) admits a

canonical QGM onto (Vy, g5, Fl1), i.e. satisfies one of the conditions (4.1)
or (4.4), then the condition

ho_ h
Fig = 96y
does not necessarily degenerate into

h h
F, ij — 4 Fi.
In particular, a parabolic K-space V,, admitting a canonical QGM does
not necessarily degenerate into parabolic Kéahler.
At the same time, it is easy to show that the canonical QGM of RP-
spaces satisfies the condition (4.4) for ¢, = 0, and the condition (4.1) is

holds identically.
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5. CONCLUSION

1 2
In the present article, the geometric objects TZZ‘, Tfjlk, T}}z?jk, being in-
3

variant with respect to QGM of the GRP-spaces, and Tjjlk, being invariant

with respect to QGM of the RP-spaces, are constructed, see Theorems 2.3.1
and 3.2.1.

1
It is proved, see Theorem 2.4.1, that if Tjj‘k = 0 holds in a GRP-space
Vi, then the Ricci tensor satisfies the condition

R
Ry = Fen

and the generalized recurrence vector of the GRP-structure ¢; is gradient,
i.e. there exists a K-structure ' = e 9F!, ¢; = ag;f) in V,.
3 3
Moreover, the object TZ]Z ;. satisfies the condition T[}k = 0 in a RP-space
V., if and only if its Riemannian tensor has the form

Ryijie = K (FuiFij — FpjFe + 2Fp Fy;)

where K is a certain invariant, see Theorem 3.3.1. In that case V,, is Ricci-
symmetric, and the recurrence vector ¢; of the RP-structure is gradient,
that is, V}, admits a Ké&hler structure Fih = e*‘I(“)Fih, see Theorem 2.4.1.

Further, in Theorem 3.6.1 it is proved that each of the following condi-
tions:

3 3 3
o T}?k =0 provided n # 4, e j—;,;E =0, o Tl-};-k = 0 provided n # 4

in a RP-space V,,, is satisfied if and only if V, is almost flat, that is, Riﬁj =0
in V;,. Therefore, the recurrence vector ¢; of the RP-space V,, is gradient,
that is, V;, admits a Ké&hler structure Fih = e_‘Y(“)Fih.

Further, we investigated QGM between GRP-spaces V,,, V,, which pre-
serve one of the tensors

h h h h h h

It turns out that if such a mapping exists, then the GRP-space V,, is
recurrent-parabolic, that is the condition F{;j) = q(jFi’)l degenerates into

Fl'. = q,;F!",

Z7j =
see Theorems 4.1.1 and 4.2.1.
Note that the later property does not hold for canonical QGM. That
is, if under the canonical QGM between GRP-spaces V,, and V, either of
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the tensors (5.1) is preserved, then GRP-structure F* does not necessarily
degenerate into RP-structure.

From the above it follows that it makes sense to further study canonical
QGM of GRP-spaces preserving (5.1), and also QGM of RP-spaces with
non-gradient recurrence vector.

Naturally, the question arises about the existence of RP-spaces that are
not reducible to Kahler spaces, that is, RP-spaces with a non-gradient
recurrence vector. We give an example of such a space V. Let us put

ds® = 2032 dat da® + 26x1+“2(d:c1da;4 — dx?dz?),

(q;) = (—%(1 + :U4e_rl_12), %( T

A direct calculation of the Christoffel symbols of V4 and the covariant
derivative of the affinor, shows that Flh] = quih. Moreover, the vector g; is

292
oxl-”

—1),0,0).

non-gradient, since g% #
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