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Geodesic Ricci-symmetric
pseudo-Riemannian spaces

V. Kiosak, L. Kusik, V. Isaiev

Abstract. We introduced special pseudo-Riemannian spaces, called geo-
desic A-symmetric spaces, into consideration. It is proven that there are no
geodesic symmetric spaces and no geodesic Ricci symmetric spaces, which
differ from spaces of constant curvature and Einstein spaces respectively.
The research is carried out locally, by tensor methods, without any limita-
tions imposed on a metric and a sign.

Amnorariis. Beemeno B po3rmiisin criemiagbHi MCEBIOPIMAHOBI TPOCTOPH, sIKi
HA3UBAIOTHCA reoe3ndno A-cumerpuanumu. JoBeseno, mo He icHye reoje-
3UYHO CUMETPHYHUX IIPOCTOPIB Ta reofe3nvHo Pivdi cuMerpryHux npocTopis
BIAMIHHEX BiJ] MPOCTOPIB CTasI0l KpUBUHE Ta IpocTopi Eifamreiina Binmosia-
wo. Jlocmimkents BeayThCA JIOKATBHO, TEH30PDHUMHI METOaMu 6e3 00MeKeHb
Ha METPUKY Ta CUTHATYDY.

1. INTRODUCTION

The work of T. Levi-Civita [16] holds a particular place among the studies
on the geodesic mappings of pseudo-Riemannian spaces. There, starting
from equations of dynamics, he formulated the problem and obtained the
main equations. He constantly applied tensor methods.

Since tensor methods took over the field of differential geometry, H. Weyl,
L. P. Eisenhart, V. F. Kagan, G. I. Kruchkovich, A. S. Solodovnikov and
others built an elegant theory of geodesic mappings of pseudo-Riemannian
spaces, invariant in relation to a choice of coordinate system [2,4,15,25-27].

A new impulse to this theory was given by M. S. Sinyukov, who reduced
the problem to the study of a linear system of differential equations [20)].
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Recall that a bijection between points of pseudo-Riemannian spaces V,
with a metric tensor g;; and V,, with a metric tensor gij is called a geodesic
mapping, when it results in a situation, when every geodesic line of V,,
corresponding to a geodesic line of Vj,.

Pseudo-Riemannian spaces V;, and V},, which permit a geodesic mapping
of one on the other, are called spaces, which are in geodesic correspondence,
or, in other words, spaces, which do belong to a single geodesic class [8,9].

The necessary and sufficient condition of a geodesic mapping one onto
the other for a pair of given pseudo-Riemannian spaces V;, and V,, can be
formulated as follows:

where F?j and f‘?j are connections of Vj, and V,, respectively, (5? are Kro-
necker symbols, and ¢; = 0;p is a gradient vector.

A geodesic mapping, which is not homothetic is called non-trivial.

In the course of research, it turned out that there are large classes of
pseudo-Riemannian spaces, which do not permit non-trivial geodesic map-
pings. In other words, these spaces are unequivocally defined by their
geodesic lines [6,18].

Pseudo-Riemannian space V;,, which contains a tensor A;,;,. ;, satisfying

Airiging =0, (1.2)

is called A-symmetric. Here comma ‘‘, ‘‘ is a sign of the covariant derivative

by the connection of V,.

Namely, if the condition (1.2) is true for Riemann tensor of V;,, then
spaces are called symmetric. Also, if the condition (1.2) is true for Ricci
tensor, then the given spaces are called Ricci-symmetric.

Tensors of Riemann and Ricci, respectively, are defined as follows:

Rl = 0Tl + TGTh — 0,T) — T8,
Rij = R%,.

It is already known that symmetric spaces, which are not spaces of constant
curvature, as well as Ricci-symmetric spaces, which are not Einstein spaces,
do not permit non-trivial geodesic mappings [10,21-24].

A Geodesic A-symmetric space is a pseudo-Riemannian space, in which
the condition (1.2) is true for a covariant derivative by the connection of a
pseudo-Riemannian space V,,, which is in a geodesical correspondence with
the given space V,,. Namely, when the following condition is true for the
Ricci tensor of a pseudo-Riemannian space

ViRij =0, (1.3)
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(where V}, is a sign of the covariant derivative by the connection of V;,),
the space is called Ricci-symmetric.
This paper treats the spaces of this type.

2. PROPERTIES OF GEODESIC RICCI-SYMMETRIC SPACES

In the case, when a tensor field S belongs to type (%), the covariant deri-
vative by the connection of V;, in any system of coordinates (z',22,...,2")
can be defined as follows:

St () = 9, S ()4

J1j2---Jg,k J1j2---Jq
+ T (@) S5 77 () 4 4+ T (2) S ()= (2.1)
8 11%2...9 B i192...%
Fk]l( )853'2--~j:(x) o _ijq( )SJ1J2 JZ; 15( )

for i1,...,ip,J1,-. . Jo, Kk =1,2,...,n -
The following identity holds for a space V,, and covariant derivative V
in the latter space, in a common system of coordinates:

v Szlzg zp( )_akszlzg zp( )+

J1J2---Jq J1J2---Jq
O @S0 @) 4 AT @S T @) (22)
B 11%2...1 =3 1112...7
= Den @)Sg 30 (@) = =T (@) S50 (@),

foriy,...,ip, j1,...Jjg, k =1,2,...,n. Subtracting (2.1) off (2.2) and taking
into account (1.1) we get:

VSt gtz (6,?% + 62}%) R A

J1j2---Jq J1jz.--Jqk J1j2---Jq
) 1192...0p—1Q B8 1112...1 _ _
+ (5;% + 559%) Siviongs T~ (% @i+ 5j1‘Pk> Ssjacds ~

B ] ] 11%2...7
B <5k Pig T 5J'q80k> Sjl]’2-~]§—1f3’
for i1,...,%p,J1,...Jg k = 1,2,...,n. Applying further the latter formula
to the Ricci tensor and taking into account (1.1) and (1.3), we obtain
Rijr = 2¢pRij + 0iRji + 0 Rig. (2.3)
Wrapping the latter by indices ¢, j:
R = 2Rpi + 20 Ry,
and then by i, k:
R}, = 3paRj + Ryj,
we get that
YaR* =0 (2.4)
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and R
i =2 7y
R SO
or
Oilog|R| = 2¢;.

Here R is a scalar curvature, chosen so that R = Raggo‘ﬂ , g” are elements
of the matrix inverse to the matrix |g;;|, and R; = Rujg™.
Wrapping the equation (1.1) by indices h,j we get the following expres-
sion:
19, (x) = [ (2) + (n + Dipi(a). (2.5)
The rules of differentiating the determinant imply that in every pseudo-
Riemannian space V,, the following formula holds:

1
%, (2) = 54log]gl,

where g = det|g;j|. Then, when constructing a geodesic mapping for
Riemannian space, (2.5) implies that

2(n+ 1)p; = 0;log

_ Z‘ (2.6)

Since the ratio < is invariant, then (2.6) implies that vector ¢; is gradient.

g
This allows us to see that, in case of geodesic Ricci-symmetric spaces, deter-
minants of matrices of metric tensors, which are in geodesic correspondence,
are proportional.

3. GEODESIC MAPPINGS

Definition of geodesic Ricci-symmetric spaces implies that they permit
non-trivial geodesic mappings. In other words, the following equation
Gijk = Nigjk + Ajgik (3.1)
has a solution with respect to the tensor a;; = aj; # cg;; and the vector
Xi=A; =0\ #0, [20].
Integrability conditions for (3.1) can be written as follows:

a0i i + aaj Rijy = Nigjk + NjGik — Akigjt — AkjGits (3:2)
where \;; = A; j. The latter implies
aajRg - aakR? = 0. (33)

Differentiating (3.3) and taking into account (2.3), we get
AaRigji + Rik (Aj + 0aa5) — XaRS gri — Rij (A + aaf) =
= pjaj Rai — praj Rai,



114 V. Kiosak, L. Kusik, V. Isaiev

i.:

where a ;

aa;9*. Differentiating (3.2) we obtain
)‘aR?klgim + Aiijkl + aaiR?kLm + )\aRﬁclgjm + )‘ijikl“‘
+ @aj Rijim = MNim8ik + Nijm8ik — Mkimdjt — Mjm9it-
Wrapping the latter identity by indices [ and m we get

MRSy + NiRjk + af Ry 5 + MRSy + A Ri+

o1 N . (3.5)
T a5 Ryin g = Aai, ik T Ao, ik — Mkij — Ay
where )\Mk = )\magak_
Recall that the Riemann tensor satisfies the following identities:
h h h

Ryl + R j + R = 0. (3.6)

Wrapping it by indices h and I:
ko = Rijr — Rik - (3.7)

and substituting the latter into (3.5), we will arrive to
)\aR]Q‘ki + )\iRjk + a?Rkj@ — a?Rka,j + AaRzC‘ij + AjRik+
+ a5 Riio — 5 Riai = Aoy Gk + Ao Gike — Mg — Mg
Now, taking into account (2.3), we see that
)\QR;-)M + )\QR%U + )\iRjk + )\jRik + a?(paRkj + a?‘waRki—
— @jai Rk — 0ia§ Rok = Ao Gk + Aoy Gik — Meij — Meji-
Alternating further by indices j and k, we also get
AN RS+ Rik (Aj + 0aaf) — Rij (M + paaf)) +
+ ‘pkagRai - @jagRai = )\a]’,.agik - Aak’.agijﬂ
Substituting (3.4) into the latter identity:

AN Ry + AR5 gri — ML 0i5 = Ay ik — Ao 9ij- (3.8)
and then wrapping it by indices ¢ and k, we can see that
o« Nn+3
)‘aj,. - m/\aR?

Now (3.8) implies that

(6% 1 (0% (6%
Aaltiiy = —— (AaBTgin = AaRigis) - (3.9)
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Multiplying (3.9) by A and wrapping by index i we get
1
n—1

e} 1 Q

Since A, # 0, we can choose a vector £¥ so that ¢\, = 1, which implies
that

1 o
m)\aRj = BAj, (3.10)
where B = ﬁ/\aRgffB. Substitute (3.10) into (3.9):
AaRi, = B (Akgij — Ajgik) - (3.11)

Multiplying (3.2) by vector A\ and wrapping by index [ we get from (3.11)
that

(Ba§ha — AX*Xai) gjk + (Ba§Aa — A*Aaj) gik =

(3.12)
= Nj(Bag; — A\gi) + Ni(Bagj — Agj)-
Wrapping (3.12) by indices j and k we obtain
(Baf‘/\a — Aa)\m‘) = —,u/\i, (3.13)

where —p = L (Baag — Aag)g®”.
Substitute now (3.13) into (3.12):

Aj (ngir + Bag; — ki) + N (ugjk + Baj, — )\kj) = 0. (3.14)
Alternate further by indices j and k:
Aj (Hgik + Bagi — Aki) — Mk (1gij + Bagi — Aji) = 0,
and also swap indices ¢ and k:
Nj (pgri + Bagi — Mii) — Ni (pgij + Bajr, — Aji) = 0.
Then adding the latter identity to (3.14) we obtain that
Aj (pgir + Bagi — \gi) =0,
which implies that
)‘i,j = ugij + Baij. (315)
Differentiating (3.11) and taking into account (3.15), we get that
[iRpije + Baan Rl + MRy, =
= Bp(Aegij — Ajgik) + B(Mengis — Ajngin),
where BZ = Bﬂ' = (EZB

Cycling by indices h, j, k, we pass to the following expression

Br(Mkgij — Ajgix) + Bj(Angit — Aegin) + Be(Njgin — Angij) = 0.

(3.16)
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Finally, wrapping it, we get the following identity:
(n — 2)(Bh)\k — Bk/\h> = O,
whence
By, = 1A, (3.17)
where 7 = B,£“.
Lemma 3.1. For geodesic Ricci-symmetric pseudo-Riemannian spaces the
system of equations (3.1), (3.15), (3.17) always has a solution.

Multiplying (3.10) by vector ¢/, wrapping further by j, and taking into
account (2.4), we will get the following identity:

Bap® = 0.

Suppose B # 0. Then A,p® = 0. In other words, the vectors A\; and ¢;
are orthogonal. Differentiating (3.10) we obtain

ﬁ (,LLRZ‘j + Bam-R?‘) + 2B(pi)\j + B(pj/\i = T)\Z'/\j + B,ugij + BQCLU. (3.18)
Alternating (3.18), and taking into account that B # 0, we arrive at
PiNj — pjAi = 0. (3.19)

The equation (3.19) multiplied by vector ¢/ and wrapped by index j, can

be re-written as follows:

23 Z’}'/\Z’, (3.20)

where T = Val®.

Substituting (3.20) into (2.4) and comparing it with (3.10), we get a
contradiction, whence B = 0. Therefore the equations (3.15) should be
re-written in the following way

>\i,j = Kgij- (321)

Differentiating (3.21) and alternating the latter while taking into ac-
count (3.11) and the fact that B = 0 we obtain the expression:

prgi; — Higik = 0,
which is the same as

. = 0. (3.22)

Lemma 3.2. For geodesic Ricci-symmetric pseudo-Riemannian spaces con-
tain the system of equations (3.1), (3.21), (3.22) always has a solution.
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Pseudo-Riemannian spaces V,,, admitting non-trivial geodesic mappings
and satisfying (3.15), are called spaces V,,(B) [19].

In the case when the system (3.1) has known solutions, the metric tensor
V,, and vector ¢;, which defines non-trivial geodesic mappings on it, can be
found from the following formulas

=] —2¢ 1] i i
gJ:e Spaja A= —a Pas

where ¥ = aaggo‘igo‘j ;AP = A\g®, and g are elements of the matrix
inverse to |gi;|-
Differentiating the latter, it is easy to see that equations (3.15) imply
the following formula
Pij = Bgij — Bgij, (3.23)
where

B=—% (A + 1), ij = Pij — PiPj-

It is known that pseudo-Riemannian spaces V,,(B) are closed in respect
to non-trivial geodesic mappings. Namely, a pseudo-Riemannian space V;,
which is in a geodesic correspondence with a space V,,(B), is a space V,,(B)
as well. Meanwhile, if B = const, then B is also some constant [19]. Let
us remind that is was proved above that B = 0, which implies B = const,
[7,12].

For geodesic Ricci-symmetric spaces equations (3.23) can be rewritten
as follows:

vij = Bgij.

Existence of geodesic mappings implies the following relation between

tensors of geodesic Ricci-symmetric spaces:

Rij = Rij + (n — 1)gij.
If B =0, then

R;j = Rij + (n — 1)Bg;. (3.24)
Differentiating (3.24) by the connection of V;, and taking into account (1.3),
it is easy to see, that V,, is a Ricci-symmetric space. However, Ricci symmet-

ric spaces, which are not Einstein spaces, do not admit non-trivial geodesic
mappings. So the following theorem is true.

Theorem 3.3. Fvery geodesic Ricci-symmetric space is an Einstein space.

Let us turn our attention to pseudo-Riemannian spaces V,,, where geo-
desic symmetry is observed in relation to Riemann tensor, namely

ViR, = 0. (3.25)

We will call these spaces geodesic symmetric.
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Wrapping (3.25) it can be seen that geodesic symmetric spaces are also
geodesic Ricci-symmetric spaces. It implies that geodesic symmetric spaces
exist only when they are Einstein spaces, namely

Rl'j = %gij, R = const.

Geodesic mappings of Einstein spaces and their properties were studied
in [1,3,6,17]. Einstein spaces admitting non-trivial geodesic mappings
are spaces V,,(B) with B = %. The class of Einstein spaces can be
extended via the notion of quasi-Einstein spaces. Their geodesic mappings
were described in [5,11,13,14].

Taking (1.1) into account, one can rewrite (3.25) as follows:

R?]km + 5219%3%19 = 2@mthjk + SOinnjk + SOijhmk + SOlehjm-
Wrapping by indices h and m, we obtain the following expression for Ein-
stein spaces

SDaqujk: =0
implying
Rljkm = 20m Ry + @iRiyji + 0 Ring, + xRl (3.26)
Let us put down index h in (3.26) index and symmetrize it by indices h
and i. Then,
i Rpmjk + orBRimjr = 0.
It then follows from (3.26) that

Rpijk,m = —PmBhiji- (3.27)

Spaces in which (3.27) holds true are called recurrent. These spaces
admit non-trivial geodesic mappings only when they are spaces of a constant
curvature.

Theorem 3.4. Fvery geodesic symmetric pseudo-Riemannian spaces is a
space of constant curvature.

Therefore, geodesic Ricci symmetric and geodesic symmetric spaces ex-
ist only when they are Einstein spaces and spaces of constant curvature
respectively.
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