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Geodesic Ricci-symmetric
pseudo-Riemannian spaces

V. Kiosak, L. Kusik, V. Isaiev

Abstract. We introduced special pseudo-Riemannian spaces, called geo-
desic A-symmetric spaces, into consideration. It is proven that there are no
geodesic symmetric spaces and no geodesic Ricci symmetric spaces, which
differ from spaces of constant curvature and Einstein spaces respectively.
The research is carried out locally, by tensor methods, without any limita-
tions imposed on a metric and a sign.

Анотація. Введено в розгляд спеціальні псевдоріманові простори, які
називаються геодезично А-симетричними. Доведено, що не існує геоде-
зично симетричних просторів та геодезично Річчі симетричних просторів
відмінних від просторів сталої кривини та просторів Ейнштейна відповід-
но. Дослідження ведуться локально, тензорними методами без обмежень
на метрику та сигнатуру.

1. INTRODUCTiON
The work of T. Levi-Civita [16] holds a particular place among the studies

on the geodesic mappings of pseudo-Riemannian spaces. There, starting
from equations of dynamics, he formulated the problem and obtained the
main equations. He constantly applied tensor methods.

Since tensor methods took over the field of differential geometry, H. Weyl,
L. P. Eisenhart, V. F. Kagan, G. I. Kruchkovich, A. S. Solodovnikov and
others built an elegant theory of geodesic mappings of pseudo-Riemannian
spaces, invariant in relation to a choice of coordinate system [2,4,15,25–27].

A new impulse to this theory was given by M. S. Sinyukov, who reduced
the problem to the study of a linear system of differential equations [20].
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Recall that a bijection between points of pseudo-Riemannian spaces Vn
with a metric tensor gij and V̄n with a metric tensor ḡij is called a geodesic
mapping, when it results in a situation, when every geodesic line of Vn
corresponding to a geodesic line of V̄n.

Pseudo-Riemannian spaces Vn and V̄n, which permit a geodesic mapping
of one on the other, are called spaces, which are in geodesic correspondence,
or, in other words, spaces, which do belong to a single geodesic class [8,9].

The necessary and sufficient condition of a geodesic mapping one onto
the other for a pair of given pseudo-Riemannian spaces Vn and V̄n can be
formulated as follows:

Γ̄hij = Γhij + φiδ
h
j + φjδ

h
i , (1.1)

where Γhij and Γ̄hij are connections of Vn and V̄n respectively, δhi are Kro-
necker symbols, and φi = Biφ is a gradient vector.

A geodesic mapping, which is not homothetic is called non-trivial.
In the course of research, it turned out that there are large classes of

pseudo-Riemannian spaces, which do not permit non-trivial geodesic map-
pings. In other words, these spaces are unequivocally defined by their
geodesic lines [6, 18].

Pseudo-Riemannian space Vn, which contains a tensor Ai1i2...ik satisfying

Ai1i2...ik,j = 0, (1.2)

is called A-symmetric. Here comma ‘‘, ‘‘ is a sign of the covariant derivative
by the connection of Vn.

Namely, if the condition (1.2) is true for Riemann tensor of Vn, then
spaces are called symmetric. Also, if the condition (1.2) is true for Ricci
tensor, then the given spaces are called Ricci-symmetric.

Tensors of Riemann and Ricci, respectively, are defined as follows:

Rh.ijk = BjΓhik + ΓαikΓ
h
jα ´ BkΓhij ´ ΓαijΓ

h
kα,

Rij = Rαijα.

It is already known that symmetric spaces, which are not spaces of constant
curvature, as well as Ricci-symmetric spaces, which are not Einstein spaces,
do not permit non-trivial geodesic mappings [10,21–24].

A Geodesic A-symmetric space is a pseudo-Riemannian space, in which
the condition (1.2) is true for a covariant derivative by the connection of a
pseudo-Riemannian space V̄n, which is in a geodesical correspondence with
the given space Vn. Namely, when the following condition is true for the
Ricci tensor of a pseudo-Riemannian space

∇kRij = 0, (1.3)
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(where ∇k is a sign of the covariant derivative by the connection of V̄n),
the space is called Ricci-symmetric.

This paper treats the spaces of this type.

2. PROPERTiES OF GEODESiC RiCCi-SYMMETRiC SPACES
In the case, when a tensor field S belongs to type ( pq ), the covariant deri-

vative by the connection of Vn in any system of coordinates (x1, x2, . . . , xn)
can be defined as follows:

S
i1i2...ip
j1j2...jq ,k

(x) = BkSi1i2...ipj1j2...jq
(x)+

+ Γi1kα(x)S
αi2...ip
j1j2...jq

(x) + . . .+ Γ
ip
kα(x)S

i1i2...ip´1α
j1j2...jq

(x)´
´ Γβkj1(x)S

i1i2...ip
βj2...jq

(x) ´ . . .´ Γβkjq(x)S
i1i2...ip
j1j2...jq´1β

(x),

(2.1)

for i1, . . . , ip, j1, . . . jq, k = 1, 2, . . . , n.
The following identity holds for a space V̄n and covariant derivative ∇

in the latter space, in a common system of coordinates:
∇kS

i1i2...ip
j1j2...jq

(x) = BkSi1i2...ipj1j2...jq
(x)+

+ Γ̄i1kα(x)S
αi2...ip
j1j2...jq

(x) + . . .++Γ̄
ip
kα(x)S

i1i2...ip´1α
j1j2...jq

(x)´
´ Γ̄βkj1(x)S

i1i2...ip
βj2...jq

(x) ´ . . .´ Γ̄βkjq(x)S
i1i2...ip
j1j2...jq´1β

(x),

(2.2)

for i1, . . . , ip, j1, . . . jq, k = 1, 2, . . . , n. Subtracting (2.1) off (2.2) and taking
into account (1.1) we get:

∇kS
i1i2...ip
j1j2...jq

´ S
i1i2...ip
j1j2...jq ,k

=
(
δi1k φα + δi1α φk

)
S
αi2...ip
j1j2...jq

+ . . .+

+
(
δ
ip
k φα + δ

ip
α φk

)
S
i1i2...ip´1α
j1j2...jq

´
(
δβkφj1 + δβj1φk

)
S
i1i2...ip
βj2...jq

´ . . .´
´
(
δβkφjq + δβjqφk

)
S
i1i2...ip
j1j2...jq´1β

,

for i1, . . . , ip, j1, . . . jq, k = 1, 2, . . . , n. Applying further the latter formula
to the Ricci tensor and taking into account (1.1) and (1.3), we obtain

Rij,k = 2φkRij + φiRjk + φjRik. (2.3)
Wrapping the latter by indices i, j:

R,k = 2Rφk + 2φαR
α
k ,

and then by i, k:
Rαj,α = 3φαR

α
j +Rφj ,

we get that
φαR

α
k = 0 (2.4)
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and
R,i
R

= 2φi,

or
Bi log |R| = 2φi.

Here R is a scalar curvature, chosen so that R = Rαβg
αβ , gij are elements

of the matrix inverse to the matrix }gij}, and Rij = Rαjg
αi.

Wrapping the equation (1.1) by indices h, j we get the following expres-
sion:

Γ̄αiα(x) = Γαiα(x) + (n+ 1)φi(x). (2.5)
The rules of differentiating the determinant imply that in every pseudo-
Riemannian space Vn the following formula holds:

Γαiα(x) =
1

2
Bi log |g|,

where g = det }gij}. Then, when constructing a geodesic mapping for
Riemannian space, (2.5) implies that

2(n+ 1)φi = Bi log
ˇ̌
ˇ̌ ḡ
g

ˇ̌
ˇ̌. (2.6)

Since the ratio ḡ
g
is invariant, then (2.6) implies that vector φi is gradient.

This allows us to see that, in case of geodesic Ricci-symmetric spaces, deter-
minants of matrices of metric tensors, which are in geodesic correspondence,
are proportional.

3. GEODESiC MAPPiNGS
Definition of geodesic Ricci-symmetric spaces implies that they permit

non-trivial geodesic mappings. In other words, the following equation
aij,k = λigjk + λjgik (3.1)

has a solution with respect to the tensor aij = aji ‰ cgij and the vector
λi = λ,i = Biλ ‰ 0, [20].

Integrability conditions for (3.1) can be written as follows:
aαiR

α
jkl + aαjR

α
ikl = λligjk + λljgik ´ λkigjl ´ λkjgil, (3.2)

where λij = λi,j . The latter implies
aαjR

α
k ´ aαkR

α
j = 0. (3.3)

Differentiating (3.3) and taking into account (2.3), we get
λαR

α
k gji +Rik

(
λj + φαa

α
j

)´ λαR
α
j gki ´Rij (λk + φαa

α
k ) =

= φja
α
kRαi ´ φka

α
j Rαi,

(3.4)
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where aij = aαjg
αi. Differentiating (3.2) we obtain

λαR
α
jklgim + λiRmjkl + aαiR

α
jkl,m + λαR

α
iklgjm + λjRmikl+

+ aαjR
α
ikl,m = λli,mgjk + λlj,mgik ´ λki,mgjl ´ λkj,mgil.

Wrapping the latter identity by indices l and m we get

λαR
α
jki + λiRjk + aαi R

β
kjα,β + λαR

α
ikj + λjRik+

+ aαj R
β
kiα,β = λ α

αi,. gjk + λ α
αj,. gik ´ λki,j ´ λkj,i,

(3.5)

where λ k
ij, = λij,αg

αk.
Recall that the Riemann tensor satisfies the following identities:

Rhijk,l +Rhikl,j +Rhilj,k = 0. (3.6)
Wrapping it by indices h and l:

Rαijk,α = Rij,k ´Rik,j . (3.7)

and substituting the latter into (3.5), we will arrive to

λαR
α
jki + λiRjk + aαi Rkj,α ´ aαi Rkα,j + λαR

α
ikj + λjRik+

+ aαj Rki,α ´ aαj Rkα,i = λ α
αi,. gjk + λ α

αj,.gik ´ λki,j ´ λkj,i.

Now, taking into account (2.3), we see that

λαR
α
jki + λαR

α
ikj + λiRjk + λjRik + aαi φαRkj + aαj φαRki´

´ φja
α
i Rαk ´ φia

α
j Rαk = λ α

αi,.gjk + λ α
αj,.gik ´ λki,j ´ λkj,i.

Alternating further by indices j and k, we also get

4λαR
α
ikj +Rik

(
λj + φαa

α
j

)´Rij (λk + φαa
α
k )+

+ φka
α
j Rαi ´ φja

α
kRαi = λ α

αj,. gik ´ λ α
αk,. gij .

Substituting (3.4) into the latter identity:

4λαR
α
ikj + λαR

α
j gki ´ λαR

α
k gij = λ α

αj,. gik ´ λ α
αk,. gij . (3.8)

and then wrapping it by indices i and k, we can see that

λ α
αj,. =

n+ 3

n´ 1
λαR

α
j .

Now (3.8) implies that

λαR
α
ikj =

1

n´ 1

(
λαR

α
j gik ´ λαR

α
k gij

)
. (3.9)
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Multiplying (3.9) by λi and wrapping by index i we get
1

n´ 1
λαR

α
j λk ´ 1

n´ 1
λαR

α
kλj = 0.

Since λk ‰ 0, we can choose a vector ξk so that ξkλk = 1, which implies
that

1

n´ 1
λαR

α
j = Bλj , (3.10)

where B = 1
n´1λαR

α
βξ

β. Substitute (3.10) into (3.9):
λαR

α
ijk = B (λkgij ´ λjgik) . (3.11)

Multiplying (3.2) by vector λl and wrapping by index l we get from (3.11)
that

(Baαi λα ´ λαλαi) gjk +
(
Baαj λα ´ λαλαj

)
gik =

= λj(Baki ´ λki) + λi(Bakj ´ λkj).
(3.12)

Wrapping (3.12) by indices j and k we obtain
(Baαi λα ´ λαλαi) = ´µλi, (3.13)

where ´µ = 1
n(Baαβ ´ λαβ)g

αβ.
Substitute now (3.13) into (3.12):

λj (µgik +Baki ´ λki) + λi (µgjk +Bajk ´ λkj) = 0. (3.14)
Alternate further by indices j and k:

λj (µgik +Baki ´ λki) ´ λk (µgij +Baji ´ λji) = 0,

and also swap indices i and k:
λj (µgki +Baki ´ λki) ´ λi (µgkj +Bajk ´ λjk) = 0.

Then adding the latter identity to (3.14) we obtain that
λj (µgik +Baki ´ λki) = 0,

which implies that
λi,j = µgij +Baij . (3.15)

Differentiating (3.11) and taking into account (3.15), we get that
µRhijk +BaαhR

h
ijk + λαR

α
ijk,h =

= Bh(λkgij ´ λjgik) +B(λk,hgij ´ λj,hgik),
(3.16)

where Bi = B,i = BiB.
Cycling by indices h, j, k, we pass to the following expression

Bh(λkgij ´ λjgik) +Bj(λhgik ´ λkgih) +Bk(λjgih ´ λhgij) = 0.
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Finally, wrapping it, we get the following identity:

(n´ 2)(Bhλk ´Bkλh) = 0,

whence
Bh = τλh, (3.17)

where τ = Bαξ
α.

Lemma 3.1. For geodesic Ricci-symmetric pseudo-Riemannian spaces the
system of equations (3.1), (3.15), (3.17) always has a solution.

Multiplying (3.10) by vector φj , wrapping further by j, and taking into
account (2.4), we will get the following identity:

Bλαφ
α = 0.

Suppose B ‰ 0. Then λαφα = 0. In other words, the vectors λi and φi
are orthogonal. Differentiating (3.10) we obtain

1
n´1

(
µRij +BaαiR

α
j

)
+2Bφiλj +Bφjλi = τλiλj +Bµgij +B2aij . (3.18)

Alternating (3.18), and taking into account that B ‰ 0, we arrive at

φiλj ´ φjλi = 0. (3.19)

The equation (3.19) multiplied by vector ξj and wrapped by index j, can
be re-written as follows:

φi =
1
τ λi, (3.20)

where 1
τ = φαξ

α.
Substituting (3.20) into (2.4) and comparing it with (3.10), we get a

contradiction, whence B = 0. Therefore the equations (3.15) should be
re-written in the following way

λi,j = µgij . (3.21)

Differentiating (3.21) and alternating the latter while taking into ac-
count (3.11) and the fact that B = 0 we obtain the expression:

µkgij ´ µjgik = 0,

which is the same as
µk = 0. (3.22)

Lemma 3.2. For geodesic Ricci-symmetric pseudo-Riemannian spaces con-
tain the system of equations (3.1), (3.21), (3.22) always has a solution.
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Pseudo-Riemannian spaces Vn, admitting non-trivial geodesic mappings
and satisfying (3.15), are called spaces Vn(B) [19].

In the case when the system (3.1) has known solutions, the metric tensor
V̄n and vector φi, which defines non-trivial geodesic mappings on it, can be
found from the following formulas

ḡij = e´2φaij , λi = ´aiαφα,
where aij = aαβg

αigαj , λi = λαg
αi, and ḡij are elements of the matrix

inverse to }ḡij}.
Differentiating the latter, it is easy to see that equations (3.15) imply

the following formula
φij = B̄ḡij ´Bgij , (3.23)

where
B̄ = ´e´2φ (λαφα + µ) , φij = φi,j ´ φiφj .

It is known that pseudo-Riemannian spaces Vn(B) are closed in respect
to non-trivial geodesic mappings. Namely, a pseudo-Riemannian space V̄n
which is in a geodesic correspondence with a space Vn(B), is a space V̄n(B̄)
as well. Meanwhile, if B = const, then B̄ is also some constant [19]. Let
us remind that is was proved above that B = 0, which implies B̄ = const,
[7, 12].

For geodesic Ricci-symmetric spaces equations (3.23) can be rewritten
as follows:

φij = B̄ḡij .

Existence of geodesic mappings implies the following relation between
tensors of geodesic Ricci-symmetric spaces:

R̄ij = Rij + (n´ 1)φij .

If B = 0, then
R̄ij = Rij + (n´ 1)B̄ḡij . (3.24)

Differentiating (3.24) by the connection of V̄n and taking into account (1.3),
it is easy to see, that V̄n is a Ricci-symmetric space. However, Ricci symmet-
ric spaces, which are not Einstein spaces, do not admit non-trivial geodesic
mappings. So the following theorem is true.

Theorem 3.3. Every geodesic Ricci-symmetric space is an Einstein space.
Let us turn our attention to pseudo-Riemannian spaces Vn, where geo-

desic symmetry is observed in relation to Riemann tensor, namely
∇lR

h
ijk = 0. (3.25)

We will call these spaces geodesic symmetric.
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Wrapping (3.25) it can be seen that geodesic symmetric spaces are also
geodesic Ricci-symmetric spaces. It implies that geodesic symmetric spaces
exist only when they are Einstein spaces, namely

Rij =
R
n gij , R = const.

Geodesic mappings of Einstein spaces and their properties were studied
in [1, 3, 6, 17]. Einstein spaces admitting non-trivial geodesic mappings
are spaces Vn(B) with B = R

n(n´1) . The class of Einstein spaces can be
extended via the notion of quasi-Einstein spaces. Their geodesic mappings
were described in [5, 11,13,14].

Taking (1.1) into account, one can rewrite (3.25) as follows:
Rhijk,m + δhmφαR

α
ijk = 2φmR

h
ijk + φiR

h
mjk + φjR

h
imk + φkR

h
ijm.

Wrapping by indices h and m, we obtain the following expression for Ein-
stein spaces

φαR
α
ijk = 0

implying
Rhijk,m = 2φmR

h
ijk + φiR

h
mjk + φjR

h
imk + φkR

h
ijm. (3.26)

Let us put down index h in (3.26) index and symmetrize it by indices h
and i. Then,

φiRhmjk + φhRimjk = 0.

It then follows from (3.26) that
Rhijk,m = ´φmRhijk. (3.27)

Spaces in which (3.27) holds true are called recurrent. These spaces
admit non-trivial geodesic mappings only when they are spaces of a constant
curvature.

Theorem 3.4. Every geodesic symmetric pseudo-Riemannian spaces is a
space of constant curvature.

Therefore, geodesic Ricci symmetric and geodesic symmetric spaces ex-
ist only when they are Einstein spaces and spaces of constant curvature
respectively.
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