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Centralizers of elements in Lie algebras
of vector fields with polynomial
coefficients

Chapovskyi Y., Efimov D., Petravchuk A.

Abstract. Let K be an algebraically closed field of characteristic zero,
A = K[z1,...,zy] the polynomial ring, and R = K(z1,...,2z,) the field
of rational functions in n variables. Denote by W,, = W,,(K) the Lie algebra
of all K-derivations on A (in case C it is the Lie algebra of all vector fields
on C™ with polynomial coefficients). For a given D € W, (K) the structure
of the centralizer Cy,, x)(D) depends on the field of constants

ker D = {¢ € R | D(¢) = 0}

(here we extend naturally every derivation D of A on the field R). The
case tr. degy ker D < 1 is studied, the structure of the subalgera Cyw,, x)(D)
is characterized, in particular it is proved that if ker D does not contain
any non-constant polynomial, then Cyy, k(D) is finite-dimensional over K.
Some results about centralizers of linear derivations in Wy, (K) are obtained.

Amnoraria. Hexait K — ajnrebpalyHo 3aMKHEHe I10JIe XapaTEePUCTUKKA HYJIb,
A = K[z1,...,zn] — xlubue muorounenis i R = K(z1,...,2,) — nose pa-
mioHaMbHUX QYHKINH Big 1 3Minanx. [losmaaumo wepes W, = W, (K) an-
re6py JIi Beix K-mudepenniosans na A (y sunagaxy C me anrebpa JIi Beix
BekTopHuX nouis Ha C™ 3 nosinoMianbuuMu Koedinienramn). s 3azanoro
D e W, (K) 6ymosa nenrpasisaropa Cyy,, k) (D) 3a1eKuTh Bijx most KOHC-
raut ker D = {¢ € R | D(¢) = 0} (Tyr Mu HPUPOJHIM YUHOM PO3LIUPIOEMO
koxkue pudepenniosannsg D wa A ma nose R). JlociinzkeHo BHIAIOK, KO-
au tr.degy ker D < 1, oxapaxrepusopana Oyzmosa minanrebpu Cuy,, k) (D).
30okpema JTOBEIEHO, IO Ko ker D He MiCTUTH HECTAIUX MHOTOUIEHIB, TO
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Cw,, (x)(D) € ckingennopumiprnm Haz K. Takoxk OTpEMaHO JesKi pe3yibra-
TH npo meHTpasizaropu miniitanx mudepenniosanb B Wi, (K).

Annorarusa. Ilycrs K — ajrebpandecku 3aMKHYTOE TI0JI€ XaPAKTEPUCTUKH
HyJb, A = K[:m, cy mn] KoJibIio MuOrowieHos u R = K(z1,...,z,) — nose
paIMOHAILHBIX (QYHKIHIA OT 1 iepemennbrx. O6oznaanm wepes W,, = W, (K)
anre6py JIu Becex K-muddepennuposannit na A (B ciyqaae C s1o anrebpa Jlun
Bcex BeKTOpHubIX nosieii Ha C" ¢ moiamHOMuAIbHBIME KO(DdUImenTamn).
Hnsa gansoro D € W, (K) crpoenne nentpamusaropa Cw,, k) (D) 3asucur
or noust koucrauT ker D = {¢ € R | D(¢) = 0} (34echb MBI €CTECTBEHHBIM
obpazoM npogoKaeM Kaxzioe muddepennuposanne D na A ma nose R).
Nzyden ciyqait, korga tr.degy ker D < 1, oxapakTepu3oBaHa mojgajrebpa
Cw,,(x)(D), B gacTHOCTH J0Ka3aHO, 4TO ecau ker D He CONEPIKUT HEMOCTO-
sHHbIX MHOTOUTeHOB, T0 Cuy, (k) (D) Geckoneunomepen man K. Iloxydenst
HEKOTOPBIE PE3yJIbTaThl O NEHTPAJIN3aTOpax JUHEHHBIX auddepeHnnpoBa-

uuit 8 Wi, (K).

1. INTRODUCTION

Let K be an algebraically closed field of characteristic zero (without loss
of generality one can assume that K = C, the field of complex numbers).
Denote by A = K[z1,...,x,] the polynonial ring and by R = K(z1,...,z,)
the field of rational functions in n variables.

Recall that a K-linear map D : A — A is a K-derivation (or simply a
derivation) whenever

D(fg) = D(f)g + fD(9g)

for all f,g € A. In case K = C every C-derivation can be considered
as a vector field on on C" with polynomial coefficients. We will use this
standard correspondence between (polynomial) vector fields and derivations
on (polynomial) rings. Any derivation D on A = K[zy,...,z,] can be
uniquely extended to the derivation D on R = K(z1,...,z,) (we use the
same notation here) by the rule

D(f/g) = (D(f)g - fD(g)/g*

for all f,ge A, g #0.

The Lie algebra W, (K) of all K-derivations on A is of great interest
because its finite dimensional subalgebras are closely connected with sym-
metries of differential equations (recall that any derivation D on A is of the
form

D= fl(xl,...,a;n)a—gl —|—...—i—fn(x1,...,xn)%

for some f; € K[z1,...,x,], where % are partial derivatives on A).
7

Finite dimensional subalgebras of the Lie algebras W;(C) and W5(C)
were classified by S. Lie [4] (more precisely Lie algebras of vector fields with
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analytical coefficients were described in [4]). Analogous problem for W3(C)
is open, the problem of classifying all finite-dimensional Lie subalgebras of
vector fields from W, (C), n > 4 is wild [1].

If D e Wy, (K), then the centralizer Cyy, k(D) is a subalgebra of W, (K)
consisting of all vector fields commuting with D. An information about
Cw, ) (D) can be useful in many cases. For example, every vector field

n
D e W,(C), D = > fi(z,... ,a:n)% defines an autonomous system of
i=1 ‘

ODE:
% = fl(acl, e ,xn)
d% = fu(x1,...,20)
with polynomial coefficients and information about ker D and Cyy, k) (D)
can be very useful for searching solutions of (1.1) see, for example [5].
Given k£ commuting linearly independent over R vector fields on a smooth
n-manifold M, one can construct a local coordinate system on M in which
these vector fields are of the form (9%1" i=1,...,k (see, e.g. [3, Th. 9.46]).
We study centralizers of elements D € W, (K) in case when ker D (in the
field R = K(z1,...,x,)) is of transcendence degree < 1 over K i.e. any two
rational functions f,g annihilated by D are algebraically dependent over
K.

In case tr.degg ker D = 0 we have ker D = K and then Cyy, (D) is a
vector space of dimension < n over K.

If tr.degg ker D = 1, then by Gordan’s theorem (see, e.g. [8]) either
ker D = K(p) or ker D = K(%), where p, ¢ are irreducible polynomials that
are algebraically independent over K.

If ker D = K(p), then the centralizer C' is a module over the ring K[p| of
rank k, 1 <k <n and C is either a Lie algebra over K[p] or it contains an
ideal I of rank k — 1 which is a Lie algebra over K[p] and C' = I 4+ K[p|T
for some derivation T'e C' (Theorem 3.1).

In case ker D = K(p/q) we have that

C=(K(p/a)D+ ...+ K(p/q)Di-1) n Wn(K)

and C' is finite-dimensional over K (Theorem 3.3).
We use standard notation. Every derivation D € W,,(K) can be uniquely
written in the form

D:f1(:c1,...,a:n)%+...+fn(x1,...,xn)%n

for some f; € A. One can show that every nonzero derivation D can be
written in the form D = hDgy, where Dg is reduced, i.e. if Dy = hy1D; for

~
n

some Dy € W, (K) and h; € A then h; € K*. Denote by W, (K) the Lie
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algebra of all K-derivations of the field R = K(z1,...,2,). It is obvious
that W, (K) is a vector space of dimension n over R (with the standard
basis a—zl, e %) but not a Lie algebra over R.

A rational function ¢ € R = K(x1,...,x,) is called closed if the subfield
K(y) is algebraically closed in in the field R.

2. PRELIMINARY RESULTS ABOUT CENTRALIZERS

Lemma 2.1. Let D € W,(K)\{0}, F be the field of constants of D in R,
and C' = Cwn(K)(D). Then either

e C=Cy (K)(D) =FD, or
e C=FD+FDs+---+FDy for some Do, ..., Dy € C with D, Do, ..., Dy
linearly independent over R.

Proof. Note that C is a subalgebra of the Lie algebra Wan(K) over the
field K and D € C. Choose a basis D, Dy, ..., Dy (this includes the case
k = 0) for the vector space RC over the field R. Every T' € C (note that
C < RC) can be written in the form 7" = rD 4 ro Dy + ... + 1Dy, for some
r,7; € R. But then the equality [D,T] = 0 implies D(r;) = 0,i = 1,...,k,
i.e. r; €ker D = F.

On the contrary, one can note that any element from FD + ...+ FDy
belongs to C. Therefore C = FD + ...+ FDy. If F < ker D; for all ¢ > 2,
then C' is not only k-dimensional vector space over F' but also a Lie algebra
over F. U

Corollary 2.2. Under assumption of Lemma 2.1, if F = K then C is a
k-dimensional Lie algebra over the field K.

Example 2.3. Let D € W,(K) be a linear derivation,
D= fl(m,...,xn)ﬁal + ... —l—!fn(avl,...,gcn)ﬁ7

fi(zr,... wp) = D(2;) = 3J7_; ajjz;. Assume also that the Jordan normal
form of the matrix (a;;) is diagonal

Ao 0

0 ... A\

where \; are linearly independent over Z eigenvalues of the matrix (a;;).
Then C' = Cyy, x)(D) is of rank n over R and has dimension n over K.
Indeed, ker D = K by [6, Theorem 10.1.2]. Let

n
L= {3 iz | ni e K},
j=1
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One can easily see that L < C and rkrL = n. Therefore rkgC = n and
dimg C' = n by Lemma 2.1.

Lemma 2.4. Let K be an algebraically closed field of characteristic zero
and L an algebraically closed subfield of the field R = K(z1,...,zy,) with

tr.degg L = 1. If L contains a non-constant polynomial from
A= K[xl,...,a:n] c R,

then L = K(p) for some irreducible polynomial pe A. If L n A =K, then
L =XK(p/q) for some irreducible polynomials p, q € A which are algebraically
independent over K.

Proof. By Gordan’s theorem (e.g. [8, Theorem 3|) we have that L = K(y)
for some rational function ¢ € R.
First let L n A =K. The by [7, Corollary 1|, we have that L = K() for

some irreducible polynomials p, ¢ which are algebraically independent over
K. Now let Ln A # Kandre (LnA)\K. Then r = F(£) or r = F(p) for

some rational function F'(t) € K(¢):

apr™ + a1z 4+ ap,
box™ + bzl 4+ ... + b,

with a;,b; € K, agbg # 0. If r = F(p/q), then

F(t) =

)

aop™ + ...+ amq™
bop™ + ...+ bpg™
and the numerator and denominator here are homogeneous polynomials

in p and g of degree max{m,n}. For simplicity assume that n > m for
simplicity. Then

F(p/q) =

(a1p+ B1q) - .. (anp + Bnq)

r=F(p/q) = (mp+01q) - .. (P + 6nq)

(2.1)

for some «;, 3;,7i, 9; € K since the ground field K is algebraically closed.
Note that the polynomials o;p + 3;q and 7;p + d;q are either coprime

a; B o Bi| _ 0.

v o |7 0) or proportional with a multiplier in K* when :

(when

Y 0

Since the rational function F'(¢) can be choosen irreducible, the equal-
ity (2.1) is impossible because its numerator and denominator are coprime
and r is a non-constant polynomial. Thus the case L = K(p/q) is impossible
and L = K(p) for an irreducible polynomial p(z1,...,Z,). O

Proposition 2.5. Let D; € Wn(K) be such a derivation of the field R that
F =ker D in R is of transcendence degree 1 over K. Then the centralizer
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C= CWn(K) (D1) is a subalgebra of Wy (K) of tkgC =k, 1 < k <n, and

C=FDy+FDy+ -+ FDy

for some Ds,..., Dy € C. Moreover, either C is a Lie algebra over F of
dimension k, or C contains an ideal of corank one over R which is a Lie
algebra over F of dimension k — 1.

Proof. By Gordan’s theorem (e.g. [8, Theorem 3|) we have that F' = K(y)
for some closed rational function ¢ € R. Choose a basis D1, Do, ..., Dy of
C over R. As [D1,D;] =0,i=1,...,k, we have D;(ker D;) < ker Dy. So
Di(¢) = fi(p) for some rational functions f;(¢),i =1,... k.

If f1(t) =--- = fo(t) =0, then F € ker D, fori = 1,...,k—1. Therefore,
C=FD;+...4+ FDy is a k-dimensional Lie algebra over the field F'.

Now suppose that f;(t) # 0 for some i,2 < i < n. Then one can easily
prove that f;(¢) # 0. Denote by Cy = {T € C' | T(p) = 0} the annihilator
of the element ¢ in C. Since D;(ker D) < ker D, we see that Cp is an
ideal of C. We claim that tkrCy = k — 1. Indeed, if T, S € C\Cy then
T(¢) = g(p) and S(¢) = h(p) for some nonzero rational functions g(t) and
h(t). It now follows that h(p)T — g(¢)S € Cp and therefore rkrC'/Cy = 1.
Thus we have rkrCy = k — 1. O

Next, we point out a series Ds, ..., D, of derivations on the polynomial
ring K[z1, ..., x,] with centralizers C; = Cy, (D;) such that

rankpC; =n—i+1, i=2,...,n.
We use the known simple derivation from [6, Example 13.4.3].

+ (14 Tp_12k) = be a

oxy,

Lemma 2.6. Let Dy = % +(1+ 951%2)%
derivation of the polynomial ring K[z1,...,x,],2 < k <n. Then
(1) ker Dy, = K[zgy1, ..., 2] for k <n and ker D,, = K;

(2) Cy = CWn(K) (Dk) = K[karl’ . ,:L'n]Dk +

+K[xk+1, e 7"L‘TL]W§+1 + -+ K[$k+1, e 7.’Bn]%,
for k <n and C, = KD,,.
In particular, rkg(Cy) =n — k + 1.
Proof. (1) The polynomial ring A = K[z, ..., x,] can be considered as the
polynomial ring in variables x1, ...,z over the ring F := K[zgi1,...,zy].
By [6, Example 13.4.3] Dy is a simple derivation of the ring F[z1,...,xk]
(note that F' < ker Dy). Hence the kernel of Dy, in F[z1, ..., 2] coincides

with F. Therefore the kernel of the derivation Dy, in the ring A coincides
with Klzgy1, ..., 2]
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(2) Let Te(C = CWn(K)7
_ 0 0
T=fis t oot fasl
Then the equality [T, Di] = 0 implies equalities D(f1) = T(1) = 0 and
therefore f1 € K[zgqq,...,zy),
Di(f2) = x1fo + 221, caey Di(fx) = wp-1fr + T fr—1,

Dk(fk’-i-l):Oa sy Dk’(fn):O
The last n — k equalities imply that

frr1 €EKlxpat, -y Xnly ooy frn € Klxpat, ..,z

If f1 # 0, then f1Dy € Cp and T — f1 Dy, € Ck. Therefore without loss
of generality one can assume that f; = 0. But then Dg(f2) = x1fo which
is possible only if fo = 0 because Dy is a simple derivation of the ring

F[zy,...,x;]. Repeating the arguments one can conclude that
fa=-=[fk=0.
The latter means that
0 0
T — fiDyeKlappr, .yl + - + Kk, - 2al 55
Taking into account the relation f; € K[zgi1,...,2,] we get the needed
statement. U

In order to separate factors of a polynomial which belong to the kernel
of a derivation we consider the following notions. Let p € K[x1,...,z,] be
an irreducible polynomial. A polynomial f = f(z1,...,x,) will be called
p-free if f is not divisible by any polynomial in p of positive degree. It can
be easily shown that every polynomial g € K[z1,...,x,] can be written in
the form g = gog1, where gg is a p-free polynomial and g1 = g1(p) is a
polynomial of p (this includes the case g1 = const). The degree in p of the
polynomial g1 (p) will be called the p-degree of g and denoted by deg,, g.

Let p and ¢ be algebraically independent irreducible polynomials of the
ring K[z1,...,x,]. A polynomial f(z1,...,x,] € K[z1,...,z,) will be called
p-q-free if f is not divisible by any homogeneous polynomial in p and ¢ of
positive degree. As earlier one can write every polynomial g € K[z1, ..., zy]
in the form ggg1, where gg is a p-g-free polynomial and g; is a homogeneous
polynomial in p,q. The (total) degree of g; in p,q will be called the p-¢-
degree of g and denoted by deg, , g.

If D is a derivation on the polynomial ring K[z1,...,z,], then D can
be written in the form hDg, where Dy is an irreducible derivation on
Klz1,...,z,] and h € K[z, ..., x,]. We will call D p-free if the polynomial
h is p-free. We summarize all these remarks in the next statement
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Lemma 2.7. Let D € W,(K) be a nonzero derivation. Then there exist
unique (up to a factor from K*) polynomials f(p,q) and h such that

D = f(p,q)hDo,

where Dy is a reduced derivation, f(p,q) is a homogeneous polynomial in
p,q and the polynomial h is p-q-free.

3. CENTRALIZERS OF ELEMENTS IN W, (K)

Theorem 3.1. Let D be a derivation of the ring K|z ..., xy,] with the field
of constants F' = ker D in R = K(z1,...,zy,) of the form F = K(p) for
some irreducible polynomial p and let C' = Cyy, x)(D). Then

(1) If rkrC = 1, then C = Kip|Dy for some p-free derivation Dy with
D = f(p)Dy for some f(t) € K[t];

(2) IfrkrC > 2, then C' is either a Lie algebra of rank k over the ring K[p)
or C contains an ideal I of rank k — 1 that is a Lie algebra over K|p]
and C = I + K]p|S for some derivation S € C.

Proof. As noted above the derivation D can be written in the form

D = f(p)Do,
where Dy is a p-free derivation and the polynomial f € K[t] is uniquely
defined by D up to a nonzero multiplier in K*.
(1) First let rkgC = 1. Take an arbitrary element 7' € C. Then
T = p(p)Dy for some rational function ¢ € K(t), where ¢(p) = g(p)/h(p)
for some polyomials ¢(t), h(t) € K[t]. Without loss of generality one can

assume that o(t) = g(t)/h(t) is a reduced fraction. It follows from the
equality T = ¢(p)Dy that h(p)T = g(p)Dy. Write Dy and T in the form

n n
D():Zpi(xl,...,ﬂin)aii, T:ZQj(xl,...,l’n)%,

i=1 j=1
where P;,Q; € Klzq,...,2,]. Suppose that the polynomial h is non-
constant. Since Dy is p-free, at least one of the coefficients of Dy is not
a multiple of h(p). Without loss of generality one can assume that P is
such a coefficient. Then it follows from the equality h(p)T = g(p)Do that
h@Q1 = gP;. Taking into account the equality (g(p), h(p)) = 1 we see that
h|P; which gives a contradiction. Therefore h € K* and

o =g(x1,...,2n) € Klx1,..., 2]

But then T' = g(p)Dy and C = K[p|Dy since T was arbitrarily chosen.

(2) Let tkrC = k = 2. If for each D; € C' we have that D;(F) = 0, then
it is easy to see that C' is a Lie algebra of rank k over the ring K[p]. Note
that in this case C' may not be a free K[p]-module.
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Suppose there exists an element S € C such that S(F') # 0. Then
S(p) # 0. Choose S so that the p-degree of the polynomial S(p) is minimal.

We claim that for each T' € C the polynomial T(p) is a multiple of
S(p). Indeed suppose S(p) = v(p), T(p) = u(p) for some polynomials
v(t), u(t) € K[t]. Write u(t) = v(t)q(t)+r(t) for some polynomials ¢(t), r(t),
where degr(t) < degv(t). Then u(p) = v(p)q(p) +r(p) and T —q(p)S € C.
Since (T' — q(p)S)(p) = r(p) and deg,r(p) < deg, S(p), we have by the
choice of S that r(p) = 0 and T'—q(p) S annihilates the kernel ker D. Denote
by Cp the subalgebra of C of all derivations annihilating K[p|]. Then as was
shown above T'— ¢(p)S € Cp and C = Cp + K]p]S. O

Corollary 3.2. If k=2 and C(F') # 0, then C = K[p| Do+ K][p]S is a free
module of rank 2 over Kip].

Theorem 3.3. Let D € W, (K) be a derivation with
tr.degg ker D = 1 and (kerp D) n A =K.

Then

1) ker D = K(p/q) for some irreducible algebraically independent polyno-
mials p,q € K|z, ..., 2],

2) the derivation D is of the form D = hf(p,q)Dy for some irreducible
derivation Do and homogeneous in p,q polynomial f and a p-q-free
polynomial h,

3) the centralizer C = Cyy, x)(D) is finite-dimensional over K being one
of the following types:

(a) C = K]p, qglmhDy, where K[p,q|m is the linear space of homoge-
neous in p,q polynomials of degree m = deg, f, and in particular
dimg C' =m + 1;

(b) C = (K(p/q)D +K(p/q) D2 + - + K(p/q) Dy,) n Wy, (K) for some
elements Da, ..., Dy, k <n in C with D, Do, ..., Dy linearly inde-
pendent over the field R.

Proof. By Lemma 2.4 we have that ker D = K(p/q) for some irreducible
algebraically independent over K polynomials p,q. By Lemma 2.7 there
exist unique (up to a nonzero factor from K) polynomials f(p,q) and h
such that D = f(p,q)hDy, where Dy is a reduced derivation, f(p,q) is a
homogeneous polynomial at p, ¢ and the polynomial h is p-g-free.

First, let tkrC' = 1. Then for any D; € C we have that D; = rDy for
some 1 € A (because Dy is a reduced derivation). As mentioned above,
r = fihy for some homogeneous polynomial fi(p,q) in p,q and a p-g-free



266 Y. Chapovskyi, D. Efimov, A. Petravchuk

polynomial h;. By the choice of D; we have that
0= [D, D1] = [fih1 Do, fhDy.
The last relation implies the equality

Do(fh/(f1h1)) = 0.

By Lemma 2.4 fh/(fih1) = u(p,q)/v(p,q) for some homogeneous polyno-
mials u,v in p,q with degu = degv. Hence

hfv = h1fiu,

where fv and fiu are homogeneous in p,q and h, h; are p-g-free polyno-
mials. Recall that the factorization of a polynomial as a product of a
homogeneous in p, ¢ and a p-g-free polynomial is unique up to a factor from
K*. Hence hy = he, c € K*, and fv = ¢! fiu. Then

deg, , [ =deg, , f1 =m.
This implies the relation
D = f1h1Dg € K[p, ¢|;mhDy.
Since D1 was arbitrarily chosen in C, we have the inclusion
C < Kp, ¢lmhDo.

It is easy to see that K[p, ¢lmhDy < C and therefore C' = K[p, ¢]mhDo.
Further, let tkrC = k > 2. Choose a basis D, Dy, ..., Dy of C' over R.
Then by Proposition 2.5

C = (K(p/q)D +K(p/q) D2 + ... + K(p/q) Dx) n Wy, (K).

We will show by induction on k that the centralizer C' = Cyy, (x)(D) is
finite-dimensional over K.

For k = 1 (i.e. in case tkrC' = 1) this was proved above, so we may
assume that k > 2.

Denote for convenience D1 = D. Then every element D; can be written

n

in the form D; = | Pij% for some polynomials P;; € A,i =1,...,k. Take

j=1

an arbitrary element T' of the centralizer C' and write down it in the form
k

T = > «;D; for some rational functions o; € R. On the other hand, the
i=1

n
same derivation can be written in the standard form 7' = )’ QZ-% for some
=1
polynomials @1, ...,Q, € A. Consider the derivations D1, ..., Dy_1,T and
denote by (Pi’j) the polynomial matrix whose first £ — 1 rows consist of
coefficients of derivations D1q,...,Dg_1 and the k-th row is of the form
(Q1,...,Qn), ie. Pj; = Py andPléj =Qjfori=1,....k-1,7=1,...,n.
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Consider the minor 6 = d;, ... ;, on arbitrarily chosen columns 41, ..., of
the matrix (Pij) and the analogous minor pt = p;,, .4, on the same columns
k
of the matrix (P;). Since T' = >} a;D;, we have obviously the equality
i=1
W= ayd.

Repeating the arguments from the proof of Lemma 2.4 one can show that
there exist homogeneous polynomials u,v in p,q with deg,_,u = deg, ,v
such that ap = u/v. It follows from the equality u = axd (written in the
form vy = ud) that deg, ,pu = deg, ,d. Moreover, these polynomials
have the same p-g-free part up to a factor from K* because of the equality
v = ud mentioned above. We can assume that p-g-free parts of u and
v are identical, denote their common value by h. Let My,..., M, be all
the (k x k)-minors of the matrix (P;;) enumerated in an arbitrary way, so
s = (Z) Then they are polynomials from A. Let m = m; be the p-g-
degree of the minor M; and f; the corresponding homogeneous polynomial
which is a p — g-part of the minor M;. We assign to the derivation 7'

the sequence of homogeneous polynomials 0(7') = (f1,..., fs) of degrees
mi, ..., mg correspondingly. Consider the map

0:C—> N=K[p,qlm; x...xK[p,qlm.,
where m; are p-q-degree of the minor M;,i = 1,...,s. The mapping 0 is

K-linear and acts from C to N, note that dimg N < co. Obviously ker 6
consists of such derivations T for which all the minors of order k are zeroes.
But then

Te (K(p/q)D1+ ...+ K(p/q)Di-1) n Wn(K) = Cg_1.

Therefore, dim C'/Ck_1 < 0. By inductive assumption the subspace Cj_1
is finite dimensional over the field K. Therefore dimg C' < co. O

4. CENTRALIZERS OF SOME LINEAR DERIVATIONS

n
A derivation D = ) H% will be called linear if all the polynomial
i=1 ’

n
P; are linear forms in n variables, i.e. P; = )} aj;xj,a;; € K. The linear
j=1
n
derivation D = ] aijxja%j is determined by the square matrix (a;j) of
ij=1
n
order n and if D' = ] bijxja%j, then [D, D'] is linear and defined by
ij=1
the matrix (¢;;) = [(asj), (bi;)]. Therefore all the linear derivation form a
subalgebra of W, (K) isomorphic to the general linear algebra gl,,(K), which
(for simplicity) will also be denoted by gl (K)
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n
Let D = ), aij:nj£ e W,(K) be a linear derivation. Then one can
i=1 J
consider two centralizers:
C() = Cgln(K)(D) and C = CWn(K) (D),

Evidently, Cy < C. The structure of the centralizer Cy is well-known be-
cause it consists of all linear derivations defined by the matrices commuting
with the matrix (a;;). How to find the centralizer of a given matrix (a;;) is
a classical problem of linear algebra. It was solved many years ago (see, e.g.
[2, Chapter VIII, §2|). Therefore it is interesting to study the case when
C = Cj because we will then have a complete description of the centralizer
C = Cw, x)(D).

In Theorem 4.2 we will present a necessary condition and a sufficient
condition for a linear derivation D to satisfy the equality

Cw, @) (D) = Cy,,x)(D)

(unfortunately those conditions do not coincide).

n n
Lemma 4.1. Let D = Y fiz> and T = ) giz> be two elements of
i=1 ‘ =1 ‘

W, (K), where f; = f,-(x;,...,:cn), gi = gi(;b...,xn) € Klz1,...,zn).
Then the derivations D and T commute if and only if D(g;) = T(f;) for

alli=1,...,n.
Proof. It is obvious that DT = T'D if and only if DT (z;) = TD(z;) for

alli=1,...,n. But T(x;) = gi(x1,...,2,) and D(z;) = fi(x1,...,zy,) for
alli=1,...,n. Hence D(g;) = T(f:). O

n
Theorem 4.2. Let D = )] aijxj£ be a linear derivation of the polyno-
ij=1 ¢
mial ring Kx1,...,zy], and A1, ..., \, the eigenvalues of the matriz (a;;).
Then the following statements hold:

(1) If the eigenvalues \1,...,\, are linearly independent over Z, then
Cw,, () (D) = Cgi,, (1) (D).

(2) If Cw, (k) (D) = Cy,. (k) (D), then the eigenvalues A1, . .., A are linearly
independent over N U {0}.

Proof. (1) Suppose that the eigenvalues A1,. .., A, of the matrix (a;;) are
linearly independent over Z. Take any T € Cyy, (k) (D),

n
0
T= Zfiaﬂﬂi’
=1




Centralizers of elements in Lie algebras of vector fields 269

where f; € A = Klz1,...,z,]. Without loss of generality one may assume
that the matrix (a;;) is diagonal of the form

AN O - 0
0 X -+ 0
(aig) =1 . 2
0 0 - )\,
(the eigenvalues Aq,...,\, are pairwise distinct, so the matrix (a;;) is di-

agonalizable). In view of this assumption the derivation D is of the form

n

i=1
Evidently, D(f;) = T'(Az;) = Aifi, i-e. the coefficients f; of the derivation T
are Darboux polynomials for D with cofactors A\;, ¢ = 1,...,n. Moreover,

D(z;) = Nizi,i =1,...,n. But then

D(fi)xi — fiD(x;)

D(fi/xi) = 5 =0, i=1,...,n,
Ti
i.e. the rational function f; /z; belongs to the kernel of D, i = 1,...,n. Since
all the eigenvalues A1,...,\, are linearly independent over Z it follows

from [6, Theorem 10.1.2] that f;/x; = p; € K, i = 1,...,n. The latter
means that

n
T = Z uzxza%l € gln(K)
i=1

and therefore Cwn(K)(D) = Cgln(K)(D)'
(2) Suppose that

Cw, (1) (D) = Cq,, (1) (D).

This implies that ker D = K. Indeed, if h € ker D\K, then hD € Cy, k(D)
and the derivation hD is obviously nonlinear. Hence by [6, Theorem 10.1.1]
the eigenvalues Ay, ..., A\, are linearly independent over Nj. O

Remark 4.3. Note that the derivation
D = 2155 + 21955

on the polynomial ring K[z, x| with eigenvalues 1,2 has nonlinear ele-
ments in its centralizer in Ws(K), for example x%& So the condition (2)
is not sufficient.
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