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On the geodesic mappings of
pseudo-Riemannian spaces with special
supplementary tensor
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Abstract. The paper treats two pseudo-Riemannian spaces having common
geodesic lines. Certain algebraic and differential conditions are imposed on
the Riemann tensor of one of the spaces, while an operation of lowering
indices and a calculation of the covariant derivative is carried out with respect
to metrics and connection objects of the another space. In order to study
the objects we introduce a special supplementary tensor. It is proven that,
when the additional conditions are true, then either the spaces do not admit
non-trivial mappings or the spaces are equidistant spaces.

We apply tensor methods without limitations imposed on the sign of the
metric under question.

Amnorargig. B poboTi 10oCi/KyI0TBCS JIBa TICEBIOPIMAHOBUX ITPOCTOPH, AKi
MalOTh CHIIBHI reofe3udHi JiinHil. Bumaraerbcsi BUKOHAHHS yMOB ajrebpai-
YHOrO Ta JudepeHIiajgbHOro XapakTepy Ha Ten3op Pimana ogHoro 3 mmx. A
oTepariisi OIyCKAHHA iHIEKCIB Ta OOYMCIeHHs KOBapiaHTHOI MOXiTHOI 3ifi-
CHIOETBHCSI BiJIHOCHO METPUKU Ta 00’€KTiB 3B’A3HOCTI iHImoro mpocropy. s
JIOCJIIJI2KEHb BUKOPUCTOBYETHCS CIEIaJbHUI onoMixkuuii Tenzop. Jloseme-
HO, IO BUKOHAHHS JOJATKOBUX YMOB IIPUBOIUTE 0 MPOCTOPIB, IO HE JOITy-
CKAIOTh HETPUBIAJIBLHUAX MEOJIE3NTHUX Bi/I0OparkeHb, abo MPOCTOPH HAJIEXKATh
JI0 €KBiJIiCTAHTHUX IIPOCTOPIB.
Bukopucrosyorscst TeH30pHI MeTOMM 663 0OMEXKEHb HA 3HAK METPUKH.
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1. INTRODUCTION

A long history of the theory of geodesic mappings made it into a classic
branch of theory of pseudo-Riemannian spaces. It has rich applications
in the general relativity theory and mechanics, and became a source of
methods and new problems for other branches both of differential geometry
and of topology, as well as of theory of differential equations and functional
analysis [6, 22, 23, 26, 28]. Nowadays, the researchers work on the three
problems posed over hundred years ago. Namely, they are:

(1) to establish whether a given pseudo-Riemannian space admits non-
trivial geodesic mappings;

(2) to find every pseudo-Riemannian spaces which can be images of a given
space in the course of non-trivial geodesic mapping;

(3) to clarify for a given pair of pseudo-Riemannian spaces whether a non-
trivial geodesic mapping is possible between them.

Every above-mentioned problem can be solved by the available methods.
However, the exact solution is often hampered by difficulties of a tech-
nical character. This peculiarity re-enforces the need to search for new
methods and specific indicators, which could simplify the research. This
work presents a new method of the latter type, namely we introduce a
special supplementary tensor. This tensor links two pseudo-Riemannian
spaces, which are in geodesical correspondence, and a vector defining the
correspondence. The research on properties of special supplementary tensor
permits to study some interesting properties of spaces admitting non-trivial
mappings

2. PRELIMINARY NOTIONS

A bijection between points of pseudo-Riemannian spaces V,, with a metric
tensor g;; and V,, with a metric tensor gij is called a geodesic mapping,
whenever it sends every geodesic line of V}, into a geodesic line of V.

Pseudo-Riemannian spaces V,, and V,, admitting a geodesic mapping bet-
ween them are called either spaces in geodesic correspondence or spaces
belonging to the same geodesic class.

The following equations present necessary and sufficient conditions [24]
for existence of geodesic mappings between pseudo-Riemannian spaces V,
and Vi,:

Tl =T% + ;" + ;0. (2.1)

Taking into account the covariant stability of the metric tensor we get

ik = 20k9i5 + Pigjk + Pidik, (2.2)
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here ; is some gradient (with a necessity) vector, FZ, Fh are Christoffel
symbols V;, and Vj, respectively, 5h are Kronecker symbols and comma
is a sign of a covariant derivative by the connection of V.

Equations (2.1) and (2.2) are equivalent to necessary and sufficient con-
ditions to existene of the geodesic correspondence between two pseudo-
Riemannian spaces V;, and V,,. The system of equations (2.2) is called a
non-linear form of the main equations of the theory of geodesic mappings.

For a geodesic mapping the necessary condition can be written down as
follows:

13 LL

R Rzyk + 902]516 @zkééla (23)
R'j = R;; + ( — 1)(,0z'j7 (2'4)
where ¢;; = ¢; ; — pip; and Rmk, R;j;. are Riemann and Ricci tensors

respectively.

Non-homothetic geodesic mapping is called non-trivial. A mapping is
non trivial when the following condition is true ¢; # 0.

A pseudo-Riemannian space V;, admits a non-trivial mapping if and only
if the following system of differential equations has a solution in the given
space

Qjjk = Aigjk + X gik (2.5)
with respect to the tensor a;; = aj; # cg;; and to the vector \; = \; # 0.
This system is called a linear form of main equations of the theory of
geodesic mappings.

Differential extensions of linear forms of main equations of the theory of
geodesic mappings can be written down as follows, see [24]:

nAij = 1gij + amR aaBR (2.6)

where (1 = Ao 59°°, R} = Rqjg*, R" ;" = R
a matrix inverse to g;;.
The latter implies that

4 ag , and gij are elements of

(n — Dy = 2(n+ DAaRS + aqs(2R% * — R ), (2.7)
where R = R, ggc”gﬁk R J = Raprg®g™. The solutions of (2.2)
and (2. 5) are related by the followmg formula
af

Q5 = ¢ g” 9ai9Bjs
Ai = —62“0570‘59@1‘@5-

The system of equations (2.5), (2.6) and (2.7) opens a possibility to answer
the following question in general: whether a given pseudo-Riemannian space
V., admits a geodesic mapping onto a pseudo-Riemannian space V,,. The
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question is reduced to the problem of integrability conditions for these
equations and their differential extensions. The principal achievements in
the theory of geodesic mappings of pseudo-Riemannian spaces are related
with investigations of the linear form of the main equations. Vice versa,
non-linear forms allow to obtain new results as demonstrated in [1,8,11].

3. SUPPLEMENTARY TENSOR

Integrability conditions of (2.2), taking into account the Ricci identity,
can be transformed into the following

9ai RSy + Gja Ry = ©1iGjk + P1iGik — Pridjt — Pkiils (3.1)
where Rfjk is Riemann tensor of V,.
Grouping (3.1), we obtain

Goi Ry + (Prj — Prps)Gi — (01 — 1) Gir+
+ Gaj Ry + (ki — prpi)Gjt — (ri — o1pi) gk = 0.

Taking into account the fact that g;; = go;0;" and the equation (2.4), we
get the following expression

Gai D5y + GajDiy = 0,
where
h h h h
D3y = Rj + O Pk, — Prps) — O (P15 — ipj)- (3.2)

The tensor Djhkl is called supplementary.

Let us note that a supplementary tensor is not an inner object, as far as
it includes elements of a vector ¢;. On the other hand, it includes Riemann
tensor, which is an inner object and complies to well-known algebraic con-
ditions. A supplementary tensor is not only a Riemann tensor when the
pseudo-Riemannian space admits non-trivial geodesic mappings. We will

take into account only these spaces.
Taking into account (2.3) and (3.2) we can write down

ph _ nh
Ry, = Dy

This illustrates why algebraic conditions imposed on a tensor D?jk are
h

equivalent to conditions on tensor szk. Moreover, differential conditions

imposed on Dzhjk can be transformed, when taking into account (2.1), with
respect to a choice of a connection, by which the covariant derivative is
calculated. In particular, the following identities hold:

h h h h h

h h h h h h
Dii + Diii g + Djiy = 67 0aRjjy + 0 pa RSy + 6] o LR, (3.3)
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The following conditions are true for the tensor Dp;jx = gath‘jk

Dpiji + Dinjie = gnkPij — 9njPik + 9ikPhj — 9ijPhk- (3.4)

When the tensor Dp;ji, is skew-symmetric with respect to the first pair of
indices in the pseudo-Riemannian space V,,, then

Ghk$ij — GhjPik + GikPhj — GijPrk = 0.
Wrapping by indices h and k, we obtain

ij = Bop = Lup Alwgij» (3.5)
n
where Agp = gpaﬁgo‘ﬁ; A1p = goagpﬁgo‘ﬁ.
Substituting (3.5) into (3.4), we can see that this condition is sufficient
for the tensor Dy; i to be skew-symmetric with respect to the first pair of
indices. Thus we get the following theorem:

Theorem 3.1. The supplementary tensor Dy is skew-symmetric with
respect to the first pair of indices with a necessity and sufficiency, when the
conditions (3.5) are true.

Equation (3.5) can be transformed to the following expression by substi-

tution of ¢ = e ¥:
V.ij = pYij, (3.6)
where
o B2 — B1p
n

The vector field v ; corresponding to the equation (3.6), where p is a
certain invariant, is called a concircular vector field, and every pseudo-
Riemannian space V,, in which there exists a concircular vector field is
called an equidistant space, |24].

In the case p # 0 the space V,, is called an equidistant space of a main
type, while in the case p = 0 it is an equidistant space of a special type.

Consider pseudo-Riemannian space V,,, in which the supplementary ten-
sor D?jk corresponds to a condition analogous to the differential Bianchi
identity, namely

pP=-

Dh, 4+ DI 4+ DI

ijk,m ikm,j imjk —

0. (3.7)
Then, the expression (3.3) implies that

5?8001}2?% + 51};9005}%%[ + 6lh§0a ]O'ékz‘ = 0.
Wrapping by indices h and i, we get

(n —2)paRjy, = 0. (3.8)
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When n # 2, then the expression (3.8), together with (3.3), implies (3.7).
In other words, the following theorem holds:

Theorem 3.2. A pseudo-Riemannian space Vy,(n > 2) has a supplemen-
tary tensor conforming to the conditions (3.7) if and only if conditions (3.8)
are satisfied.

The integrability conditions for equations (3.6) are the following;:
VaRik = P kGij — P.jGik- (3.9)
Multiplying (3.9) by vector ¢ = ,g** and wrapping by index 4, we obtain
P ;= PPk = 0.

Therefore, as 1; # 0, we can choose a vector &/ so that 1, = 1. Then it
is easy to see that

Pk = By, (3.10)

where B is some invariant, B = p ,£%.
Taking into account (3.10), one can rewrite (3.9) as follows

Yol = B(Yrgij — ¥jgir)-

Passing to the vector ¢;, we also get

altij; = B(@rgij — ©jgik)- (3.11)

Thus, when a supplementary tensor is skew-symmetric with respect to
the first pair of indices, then the conditions (3.11) hold. Moreover, if the
conditions (3.7) are also true, then B = 0, whence (3.10) implies that
pr =0 as well.

Thus we get the following corollary of Theorems 3.1 and 3.2.

Corollary 3.3. Suppose a pseudo-Riemannian space V,, has a supplemen-
tary tensor which is skew-symmetric with respect to the first pair of indices
and invariant B = 0. Then the conditions (3.7) also hold in this space.

Another condition, which is true for Riemann tensor of a pseudo-Riemannian
space, is Walker’s identity:
Rpijn im) + Bikim,[ni] + Bimni k) = 0,

where brackets [ij] indicate an operation of alternating.
When we shift our attention back to a supplementary tensor, then similar
conditions can be written down as follows
Dk im) + Dijkim, i) T Dimbni,[jk] = 9hkPijim] — IhjPik.[im] T

3.12
+ 9im Pkl [hi] — 9jlPkm,[hi] T GliPmh,[jk] — GhPmi,[jk]- (3:12)
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We claim that the Walker’s identity holds for a supplementary tensor
whenever

Drijk,im) + Dijkim,[ni] + Dimni i) = 0 (3.13)
Indeed, otherwise, taking into account (3.12) and Ricci identity
gk (2ai RSy + ©ajRiim) — 9nj (PiaRigm + ko Riim) +
+ gim (PakRihi + Parlin:) — 9it (ParRyni + Cam i) +
+ 9ii (Pam Ry + CanRiir) — 9in (Pam By, + ©aiRy;i) = 0.
Wrapping by indices h and k, we arrive at
(n = 1)(Pai Rim + PajRiim) — gim (pasRS " — par RY) +
+ 9t (Pap R ” = PomBE) + 9ii (Pap Ry, 7 = Pam RS )— (3.14)
— (goamejl + cpain;le) =0.
Wrapping by indices m and ¢, we can see that
Pas R — pail§ =0
and (3.14) can be written as follows:
(= 1) (PaiRim + Yo Rim) — (Pam B + Pailly,ji) = 0.
The latter implies that
©ai 51, + Paj Rijm = 0. (3.15)

On the other hand, if conditions (3.15) hold, then (3.12) implies (3.13).
Thus, we proved the following theorem:

Theorem 3.4. The Walker’s identity is true for a supplementary tensor
Dzhjk if and only if the tensor @;; complies to the condition (3.15).

Substituting (3.5) into (3.15) we get

Corollary 3.5. If a supplementary tensor D%k 1s skew-symmetric with
respect to the first pair of indices, then it complies to the Walker’s identity.

Moreover, the following theorems are true:

Theorem 3.6. If a supplementary tensor Dzhjk complies to the condi-
tion (3.7), then the pseudo-Riemannian space is equidistant.

Theorem 3.7. If a supplementary tensor Dzhjk, complies to the Walker’s
identity, then the pseudo-Riemannian space is equidistant.
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4. PSEUDO-RIEMANNIAN SPACES WITH DIFFERENTIAL CONDITIONS
IMPOSED ON THE SUPPLEMENTARY TENSOR

A pseudo-Riemannian space satisfying the following expression
h
R’ijk‘,l - 0, (41)

is called a symmetric space.
If a supplementary tensor is covariantly constant, i.e.

h
‘Dijk,l - O, (42)
then the Riemann tensor V,, is covariantly constant with respect to a con-

nection of V,.
Equation (4.2), together with (3.2), implies that

Rije1 = 0] @ikt — 0 pij- (4.3)

Let us lower down index h with the help of the metric tensor of V,, and
symmetrize by indices h and i:

9hiPikl — 9hkPijl T GijPhk,l — GikPhjl = 0.
Wrapping by indices h and j we get
N Pikl = TGk (4.4)

where 7, = % ;= gpamgo‘ﬁ.
Wrapping (4.3) by indices h and k, we obtain
Riji = (1—n)pij. (4.5)
Condition (4.5) is true for pseudo-Riemannian spaces, which admits ¢(Ric)
vector fields [4,5]. Geodesic mappings of these spaces are studied in [27].

Also [2] treated spaces with generalized ¢(Ric) vector fields.
Substituting (4.4) into (4.3), we obtain

R%k,l = % (5?9% - 511391‘]’) . (4.6)
Cycling (4.6) by indices j, k, [ gives
T (5?91‘1@ - 529@‘) + 7 (51}591'1 — 5lhgik> + Tk (5lhgz‘j - 5?91‘1) =0,
and wrapping it by h and j we get
T19ik — Tkgil = 0.
The latter implies:
7, =0.

Thus, (4.6) is transformed to (4.1), and we see that a pseudo-Riemannian
space, including covariantly constant supplementary tensor, is a symmetric
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space. Symmetric spaces admit non-trivial geodesic mappings only when
they are spaces of constant curvature, [24].

Theorem 4.1. Covariantly constant tensor exists only in spaces of con-
stant curvature.

Let us treat pseudo-Riemannian spaces, in which where the following
expression holds:

D%k,lllQ"'lm = O, m = l,m. (47)

Then the following theorem holds:

Theorem 4.2. If a supplementary tensor complies to the condition (4.7),
then the following conditions are true for the Riemann tensor:

R

ijklsl, =0, m=1,m. (4.8)

The research on geodesic mappings of spaces, where the conditions (4.8)
are true, is carried out for m = 1,2 in [19,20], for m = 3 in [21], and finally
for m > 3, under additional assumption of semi-symmetry, in [25].

A pseudo-Riemannian space V,, whose Riemann tensor complies to the
following condition

Rl ity =0 (4.9)

is called semi-symmetric, [24|, while (4.9) is called in turn a condition of
semi-symmetry.

Consider a pseudo-Riemannian space V,, with a supplementary tensor
complying to the condition of semi-symmetry, namely

D}y fim) = O- (4.10)
Taking into account (3.2), we obtain
h h h
Rk im) = 05 Pik,[tm] — Ok g tm]-

However, note that (4.10) implies that the Walker’s conditions are true for
a supplementary tensor of a given pseudo-Riemannian space. Hence

Pijftm) = 0.
Thus, we get the following

Theorem 4.3. If a supplementary tensor is semi-symmetric, then the
pseudo-Riemannian space V, is semi-symmetric as well.

Semi-symmetric spaces distinct from spaces of constant curvature admit
non-trivial geodesic mappings only when they are equidistant.
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It is well-known, that equidistant pseudo-Riemannian spaces with an
equidistant vector field, which is not covariantly constant, always admit
non-trivial geodesic mappings.

5. PROOFS OF THEOREMS

Proof for theorem 3.6. Integrability conditions for equations (2.5) can
be written down as follows

i RSy + @aj Rijy = ALigik + MNjGik — Mkigit — Ak, Gil- (5.1)

Let us multiply this relation by vector ¢! = ¢®'y, and wrap it by index .
Then taking into account (3.7) we obtain

©*ALigik + PN Gik — Pk — @ik = 0. (5.2)
Wrapping further by indices j and k we get
©* A = Lo (5.3)
n
Substitute now (5.3) into (5.2) and group it
©; <)‘k:,i - BQki) + i (Ak,j - Eg/cj) = 0. (5.4)
n n
Alternating by indices k and j we obtain
®j ()\k,i - %gm) — Pk </\j,i - %gjz) =0.
Re-designate indices k and
©j (Ak,i - %gm> — @i (/\j,k - %gjk) = 0. (5.5)
and add up (5.5) and (5.4):
©j ()‘k,z' - HQki) =0.
n
Since ¢; # 0,
Akji = Hgki-
n

This proves Theorem 3.6.
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Proof of Theorem 3.7. We will apply methods developed in [9, 10, 20].

Multiply (5.1) by ¢!, = pmaeg®. Wrapping further by index [, sym-
metrizing the latter by indices k and m, and taking into account (3.15), we
obtain

PmAa,idjk T PmAaigik — AkiPim — M jPimt 56)
+ R Aa,iGim + PhAa,jim — Am,iPik — Am,jPik = 0.
Wrapping by indices j and k gives
(n 4+ 1% Aai — 1im + ©*7 Ao pim — 0o Ami — Amad = 0. (5.7)
Alternating the latter, we see that
OmAai = @?Am,a-

Hence (5.7) can be written down as follows

1 2 3
OmAai =TGim+ TAim+ TPim, (5.8)
where
71_:_90&5)\0"57 72_:900(0.{’ ,’;’_:H
n n n

Alternating (5.6) by indices ¢ and k we get

PmAa,idik — PmAakdji — Me,jPim + NijPlm+
+ (P%)\a,jgim - SO?)\a,jgkm - Am,i(ij + )\m,k’(Pji =0.
Let us re-designate indices k and j

GmAa,iGkj — PrAa,jIki — N jPim + NikPjm~+

(5.9)
+ i Aa,iGim — ©5 AakGim — Am,iPkj + Am,jPki = 0.
Adding up equations (5.9) and (5.6) we obtain
OmAa,idik T PR Aa,jGim — Ak jPim — Am,ikj = 0. (5.10)

Substituting further (5.8) into (5.10) gives
1 2 2
2 T9migjk+ TAmigjk+ Tk, jGim+

3 3
+ TQimGjk+ TPkjGim — Mk, jPim — Am,iPkj = 0.

Let us group the latter as follows:
3 2 3 2
(Am,i_ Tgmi) (Sﬁjk— ngk:) + ()\j,k_ ngk) (Sami— Tgmi) =0.

. . 3 2 .
The latter implies that Ay, ; =7Gmi, OF Ymi = Tgms. Theorem 3.7 is com-
pleted.
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Proof of Theorem 4.2. Equation (4.7) together with (3.2) implies

R gt + ORPisiiladn — OF Pitiylyt = O (5.11)
Let us lower down index h and alternate it by indices i and ¢. Then

GhkPijlyly Ly T GikPhjlyly-ly — GhjPiklrly Ly — 9ijPhk, bl Ly = 0
Wrapping by indices h and k we get

1
Pijhly -l = 7 Pa’ Lyl I
Substituting the latter into (5.11) we obtain

h 1« h h _
Riiktiiat T 5 Pa’ talaelm <5k9ij - 5j gik) =0.

Cycling by indices j, k, [ gives
(51}591‘1‘ - 5?91%) %ﬁ.‘,zlzg---zm + (5lhlgik - 51}59@'11) goa?é,jlz...lm‘i‘

h h
+ (5] gily, — 6l1g’L]) Soozc.u,klzwlm =0.
Wrapping by indices h and k we get
(n—2) (gij%?,zlzy-lm - Qilﬁ%o.[,jlz--lm) =0,

which implies
Po ity = 0-
Finally, substituting it into (5.11), we see that Theorem 4.2 is true.

6. CONCLUSIONS

In order to facilitate the research on the geodesic mappings of pseudo-
Riemannian spaces we apply a special supplementary tensor. By defini-
tion, the supplementary tensor equals to Riemann tensor of the pseudo-
Riemannian space, which is in geodesic correspondence to a given space
V. The research is carried out in the space V,,, while the conditions are
imposed on the Riemann tensor of Vj,. Those conditions are usually used
for specialization of spaces. However lowering down of the indices is de-
fined by a metric tensor of V,,, while covariant derivative is calculated by
a connection of V,,, [13-15].

In all the cases we lead to equidistant spaces. Equidistant spaces are
closed in relation to non-trivial geodesic mappings. The application of a
supplementary tensor allows to study simultaneously the properties of a
pair of pseudo-Riemannian spaces in geodesic correspondence, 7,16, 18].

The developed methods can be applied for study of holomorphic-projec-
tive mappings of Kahlerian spaces and other mappings of generalized spaces,
[12,17]. The obtained results can find an application in the general relati-
vity theory and mechanics, [3].
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