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On the geodesic mappings of
pseudo-Riemannian spaces with special

supplementary tensor

V. Kiosak, O. Prishlyak, O. Lesechko

Abstract. The paper treats two pseudo-Riemannian spaces having common
geodesic lines. Certain algebraic and differential conditions are imposed on
the Riemann tensor of one of the spaces, while an operation of lowering
indices and a calculation of the covariant derivative is carried out with respect
to metrics and connection objects of the another space. In order to study
the objects we introduce a special supplementary tensor. It is proven that,
when the additional conditions are true, then either the spaces do not admit
non-trivial mappings or the spaces are equidistant spaces.

We apply tensor methods without limitations imposed on the sign of the
metric under question.

Анотація. В роботі досліджуються два псевдоріманових простори, які
мають спільні геодезичні лінії. Вимагається виконання умов алгебраї-
чного та диференціального характеру на тензор Рімана одного з них. А
операція опускання індексів та обчислення коваріантної похідної здій-
снюється відносно метрики та об’єктів зв’язності іншого простору. Для
досліджень використовується спеціальний допоміжний тензор. Доведе-
но, що виконання додаткових умов приводить до просторів, що не допу-
скають нетривіальних геодезичних відображень, або простори належать
до еквідістантних просторів.

Використовуються тензорні методи без обмежень на знак метрики.
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1. INTRODUCTION
A long history of the theory of geodesic mappings made it into a classic

branch of theory of pseudo-Riemannian spaces. It has rich applications
in the general relativity theory and mechanics, and became a source of
methods and new problems for other branches both of differential geometry
and of topology, as well as of theory of differential equations and functional
analysis [6, 22, 23, 26, 28]. Nowadays, the researchers work on the three
problems posed over hundred years ago. Namely, they are:
(1) to establish whether a given pseudo-Riemannian space admits non-

trivial geodesic mappings;
(2) to find every pseudo-Riemannian spaces which can be images of a given

space in the course of non-trivial geodesic mapping;
(3) to clarify for a given pair of pseudo-Riemannian spaces whether a non-

trivial geodesic mapping is possible between them.
Every above-mentioned problem can be solved by the available methods.

However, the exact solution is often hampered by difficulties of a tech-
nical character. This peculiarity re-enforces the need to search for new
methods and specific indicators, which could simplify the research. This
work presents a new method of the latter type, namely we introduce a
special supplementary tensor. This tensor links two pseudo-Riemannian
spaces, which are in geodesical correspondence, and a vector defining the
correspondence. The research on properties of special supplementary tensor
permits to study some interesting properties of spaces admitting non-trivial
mappings

2. PRELIMINARY NOTIONS
A bijection between points of pseudo-Riemannian spaces Vn with a metric

tensor gij and V̄n with a metric tensor ḡij is called a geodesic mapping,
whenever it sends every geodesic line of Vn into a geodesic line of V̄n.

Pseudo-Riemannian spaces Vn and V̄n admitting a geodesic mapping bet-
ween them are called either spaces in geodesic correspondence or spaces
belonging to the same geodesic class.

The following equations present necessary and sufficient conditions [24]
for existence of geodesic mappings between pseudo-Riemannian spaces Vn
and V̄n:

Γ̄hij = Γhij + φiδ
h
j + φjδ

h
i . (2.1)

Taking into account the covariant stability of the metric tensor we get

ḡij ,k= 2φkḡij + φiḡjk + φj ḡik, (2.2)
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here φi is some gradient (with a necessity) vector, Γhij , Γ̄hij are Christoffel
symbols Vn and V̄n respectively, δhi are Kronecker symbols, and comma “,“
is a sign of a covariant derivative by the connection of Vn.

Equations (2.1) and (2.2) are equivalent to necessary and sufficient con-
ditions to existene of the geodesic correspondence between two pseudo-
Riemannian spaces Vn and V̄n. The system of equations (2.2) is called a
non-linear form of the main equations of the theory of geodesic mappings.

For a geodesic mapping the necessary condition can be written down as
follows:

R̄hijk = Rhijk + φijδ
h
k ´ φikδ

h
j , (2.3)

R̄ij = Rij + (n´ 1)φij , (2.4)

where φij = φi, j ´ φiφj and Rhijk, Rijk are Riemann and Ricci tensors
respectively.

Non-homothetic geodesic mapping is called non-trivial. A mapping is
non trivial when the following condition is true φi ı 0.

A pseudo-Riemannian space Vn admits a non-trivial mapping if and only
if the following system of differential equations has a solution in the given
space

aij,k = λigjk + λjgik (2.5)
with respect to the tensor aij = aji ‰ cgij and to the vector λi = λ,i ‰ 0.
This system is called a linear form of main equations of the theory of
geodesic mappings.

Differential extensions of linear forms of main equations of the theory of
geodesic mappings can be written down as follows, see [24]:

nλi,j = µgij + aαiR
α
j ´ aαβR

α β
. ij . , (2.6)

where µ = λα,βg
αβ , Rij = Rαjg

αi, Rh k
ij = Rhijαg

αk, and gij are elements of
a matrix inverse to gij .

The latter implies that
(n´ 1)µ,i = 2(n+ 1)λαR

α
i + aαβ(2R

α β
. i, . ´Rαβ,i), (2.7)

where Ri k
.j, . = Rαj,βg

αigβk;Rij,k = Rαβ,kg
αigαj . The solutions of (2.2)

and (2.5) are related by the following formula
aij = e2φḡαβgαigβj ,

λi = ´e2φḡαβgαiφβ.
The system of equations (2.5), (2.6) and (2.7) opens a possibility to answer
the following question in general: whether a given pseudo-Riemannian space
Vn admits a geodesic mapping onto a pseudo-Riemannian space V̄n. The
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question is reduced to the problem of integrability conditions for these
equations and their differential extensions. The principal achievements in
the theory of geodesic mappings of pseudo-Riemannian spaces are related
with investigations of the linear form of the main equations. Vice versa,
non-linear forms allow to obtain new results as demonstrated in [1, 8, 11].

3. SUPPLEMENTARY TENSOR
Integrability conditions of (2.2), taking into account the Ricci identity,

can be transformed into the following
ḡαiR

α
jkl + ḡjαR

α
ikl = φl,iḡjk + φlj ḡik ´ φkiḡjl ´ φkj ḡil, (3.1)

where Rhijk is Riemann tensor of Vn.
Grouping (3.1), we obtain

ḡαiR
α
jkl + (φk,j ´ φkφj)ḡil ´ (φl,j ´ φlφj)ḡik+

+ ḡαjR
α
ikl + (φk,i ´ φkφi)ḡjl ´ (φl,i ´ φlφi)ḡjk = 0.

Taking into account the fact that ḡij = ḡαjδ
α
i and the equation (2.4), we

get the following expression
ḡαiD

α
jkl + ḡαjD

α
ikl = 0,

where
Dh
jkl = Rhjkl + δhl (φk,j ´ φkφj) ´ δhk (φl,j ´ φlφj). (3.2)

The tensor Dh
jkl is called supplementary.

Let us note that a supplementary tensor is not an inner object, as far as
it includes elements of a vector φi. On the other hand, it includes Riemann
tensor, which is an inner object and complies to well-known algebraic con-
ditions. A supplementary tensor is not only a Riemann tensor when the
pseudo-Riemannian space admits non-trivial geodesic mappings. We will
take into account only these spaces.

Taking into account (2.3) and (3.2) we can write down
R̄hijk = Dh

ijk.

This illustrates why algebraic conditions imposed on a tensor Dh
ijk are

equivalent to conditions on tensor R̄hijk. Moreover, differential conditions
imposed on Dh

ijk can be transformed, when taking into account (2.1), with
respect to a choice of a connection, by which the covariant derivative is
calculated. In particular, the following identities hold:

Dh
ijk +Dh

ikj = 0, Dh
ijk +Dh

jki +Dh
kij = 0

Dh
jkl,i +Dh

jli,k +Dh
jik,l = δhi φαR

α
jlk + δhkφαR

α
jil + δhl φαR

α
jki. (3.3)
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The following conditions are true for the tensor Dhijk = gαhD
α
ijk

Dhijk +Dihjk = ghkφij ´ ghjφik + gikφhj ´ gijφhk. (3.4)
When the tensor Dhijk is skew-symmetric with respect to the first pair of
indices in the pseudo-Riemannian space Vn, then

ghkφij ´ ghjφik + gikφhj ´ gijφhk = 0.

Wrapping by indices h and k, we obtain

φij =
∆2φ´ ∆1φ

n
gij , (3.5)

where ∆2φ = φα,βg
αβ; ∆1φ = φαφβg

αβ.
Substituting (3.5) into (3.4), we can see that this condition is sufficient

for the tensor Dhijk to be skew-symmetric with respect to the first pair of
indices. Thus we get the following theorem:

Theorem 3.1. The supplementary tensor Dhijk is skew-symmetric with
respect to the first pair of indices with a necessity and sufficiency, when the
conditions (3.5) are true.

Equation (3.5) can be transformed to the following expression by substi-
tution of ψ = e´φ:

ψ,ij = ρgij , (3.6)
where

ρ = ´e´φ∆2φ´ ∆1φ

n
.

The vector field ψ,i corresponding to the equation (3.6), where ρ is a
certain invariant, is called a concircular vector field, and every pseudo-
Riemannian space Vn in which there exists a concircular vector field is
called an equidistant space, [24].

In the case ρ ‰ 0 the space Vn is called an equidistant space of a main
type, while in the case ρ = 0 it is an equidistant space of a special type.

Consider pseudo-Riemannian space Vn, in which the supplementary ten-
sor Dh

ijk corresponds to a condition analogous to the differential Bianchi
identity, namely

Dh
ijk,m +Dh

ikm,j +Dh
imj,k = 0. (3.7)

Then, the expression (3.3) implies that

δhi φαR
α
jlk + δhkφαR

α
jil + δhl φαR

α
jki = 0.

Wrapping by indices h and i, we get
(n´ 2)φαR

α
jlk = 0. (3.8)
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When n ‰ 2, then the expression (3.8), together with (3.3), implies (3.7).
In other words, the following theorem holds:

Theorem 3.2. A pseudo-Riemannian space Vn(n ą 2) has a supplemen-
tary tensor conforming to the conditions (3.7) if and only if conditions (3.8)
are satisfied.

The integrability conditions for equations (3.6) are the following:
ψαR

α
ijk = ρ,kgij ´ ρ,jgik. (3.9)

Multiplying (3.9) by vector ψi = ψαg
αi and wrapping by index i, we obtain

ρ,kψj ´ ρ,jψk = 0.

Therefore, as ψi ‰ 0, we can choose a vector ξj so that ψαξα = 1. Then it
is easy to see that

ρ,k = Bψk, (3.10)
where B is some invariant, B = ρ,αξ

α.
Taking into account (3.10), one can rewrite (3.9) as follows

ψαR
α
ijk = B(ψkgij ´ ψjgik).

Passing to the vector φi, we also get
φαR

α
ijk = B(φkgij ´ φjgik). (3.11)

Thus, when a supplementary tensor is skew-symmetric with respect to
the first pair of indices, then the conditions (3.11) hold. Moreover, if the
conditions (3.7) are also true, then B = 0, whence (3.10) implies that
ρ,k = 0 as well.

Thus we get the following corollary of Theorems 3.1 and 3.2.

Corollary 3.3. Suppose a pseudo-Riemannian space Vn has a supplemen-
tary tensor which is skew-symmetric with respect to the first pair of indices
and invariant B = 0. Then the conditions (3.7) also hold in this space.

Another condition, which is true for Riemann tensor of a pseudo-Riemannian
space, is Walker’s identity:

Rhijk,[lm] +Rjklm,[hi] +Rlmhi,[jk] = 0,

where brackets [ij] indicate an operation of alternating.
When we shift our attention back to a supplementary tensor, then similar

conditions can be written down as follows
Dhijk,[lm] +Djklm,[hi] +Dlmhi,[jk] = ghkφij,[lm] ´ ghjφik.[lm]+

+ gjmφkl,[hi] ´ gjlφkm,[hi] + gliφmh,[jk] ´ glhφmi,[jk].
(3.12)
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We claim that the Walker’s identity holds for a supplementary tensor
whenever

Dhijk,[lm] +Djklm,[hi] +Dlmhi,[jk] = 0. (3.13)
Indeed, otherwise, taking into account (3.12) and Ricci identity
ghk

(
φαiR

α
jlm + φαjR

α
ilm

) ´ ghj (φiαR
α
klm + φkαR

α
ilm)+

+ gjm (φαkR
α
lhi + φαlR

α
khi) ´ gjl (φαkR

α
mhi + φαmR

α
khi)+

+ gli
(
φαmR

α
hjk + φαhR

α
mjk

) ´ glh
(
φαmR

α
ijk + φαiR

α
mjk

)
= 0.

Wrapping by indices h and k, we arrive at

(n´ 1)
(
φαiR

α
jlm + φαjR

α
ilm

) ´ gjm
(
φαβR

α β
.li. ´ φαlR

α
i

)
+

+ gjl
(
φαβR

α β
.mi. ´ φαmR

α
i

)
+ gli

(
φαβR

α β
.mj. ´ φαmR

α
j

)´
´ (

φαmR
α
ijl + φαiR

α
mjl

)
= 0.

(3.14)

Wrapping by indices m and i, we can see that

φαβR
α β
.ij. ´ φαiR

α
j = 0

and (3.14) can be written as follows:
(n´ 1)

(
φαiR

α
jlm + φαjR

α
ilm

) ´ (
φαmR

α
ijl + φαiR

α
mjl

)
= 0.

The latter implies that
φαiR

α
jlm + φαjR

α
ilm = 0. (3.15)

On the other hand, if conditions (3.15) hold, then (3.12) implies (3.13).
Thus, we proved the following theorem:

Theorem 3.4. The Walker’s identity is true for a supplementary tensor
Dh
ijk if and only if the tensor φij complies to the condition (3.15).

Substituting (3.5) into (3.15) we get

Corollary 3.5. If a supplementary tensor Dh
ijk is skew-symmetric with

respect to the first pair of indices, then it complies to the Walker’s identity.
Moreover, the following theorems are true:

Theorem 3.6. If a supplementary tensor Dh
ijk complies to the condi-

tion (3.7), then the pseudo-Riemannian space is equidistant.

Theorem 3.7. If a supplementary tensor Dh
ijk complies to the Walker’s

identity, then the pseudo-Riemannian space is equidistant.
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4. PSEUDO-RIEMANNIAN SPACES WITH DIFFERENTIAL CONDITIONS
IMPOSED ON THE SUPPLEMENTARY TENSOR

A pseudo-Riemannian space satisfying the following expression
Rhijk,l = 0, (4.1)

is called a symmetric space.
If a supplementary tensor is covariantly constant, i.e.

Dh
ijk,l = 0, (4.2)

then the Riemann tensor V̄n is covariantly constant with respect to a con-
nection of Vn.

Equation (4.2), together with (3.2), implies that
Rhijk,l = δhj φik,l ´ δhkφij,l. (4.3)

Let us lower down index h with the help of the metric tensor of Vn and
symmetrize by indices h and i:

ghjφik,l ´ ghkφij,l + gijφhk,l ´ gikφhj,l = 0.

Wrapping by indices h and j we get
n ¨ φik,l = τ,lgik, (4.4)

where τ,l = φ α
α . , l = φαβ,lg

αβ.
Wrapping (4.3) by indices h and k, we obtain

Rij,l = (1 ´ n)φij,l. (4.5)
Condition (4.5) is true for pseudo-Riemannian spaces, which admits φ(Ric)
vector fields [4, 5]. Geodesic mappings of these spaces are studied in [27].
Also [2] treated spaces with generalized φ(Ric) vector fields.

Substituting (4.4) into (4.3), we obtain

Rhijk,l =
τ,l
n

(
δhj gik ´ δhkgij

)
. (4.6)

Cycling (4.6) by indices j, k, l gives

τ,l

(
δhj gik ´ δhkgij

)
+ τ,j

(
δhkgil ´ δhl gik

)
+ τ,k

(
δhl gij ´ δhj gil

)
= 0,

and wrapping it by h and j we get
τ,lgik ´ τ,kgil = 0.

The latter implies:
τ,l = 0.

Thus, (4.6) is transformed to (4.1), and we see that a pseudo-Riemannian
space, including covariantly constant supplementary tensor, is a symmetric
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space. Symmetric spaces admit non-trivial geodesic mappings only when
they are spaces of constant curvature, [24].

Theorem 4.1. Covariantly constant tensor exists only in spaces of con-
stant curvature.

Let us treat pseudo-Riemannian spaces, in which where the following
expression holds:

Dh
ijk,l1l2¨¨¨lm = 0, m = 1,m. (4.7)

Then the following theorem holds:

Theorem 4.2. If a supplementary tensor complies to the condition (4.7),
then the following conditions are true for the Riemann tensor:

Rhijk,l1l2¨¨¨lm = 0, m = 1,m. (4.8)
The research on geodesic mappings of spaces, where the conditions (4.8)

are true, is carried out for m = 1, 2 in [19,20], for m = 3 in [21], and finally
for m ě 3, under additional assumption of semi-symmetry, in [25].

A pseudo-Riemannian space Vn whose Riemann tensor complies to the
following condition

Rhijk,[lm] = 0 (4.9)
is called semi-symmetric, [24], while (4.9) is called in turn a condition of
semi-symmetry.

Consider a pseudo-Riemannian space Vn with a supplementary tensor
complying to the condition of semi-symmetry, namely

Dh
ijk,[lm] = 0. (4.10)

Taking into account (3.2), we obtain

Rhijk,lm] = δhj φik,[lm] ´ δhkφij,[lm].

However, note that (4.10) implies that the Walker’s conditions are true for
a supplementary tensor of a given pseudo-Riemannian space. Hence

φij,[lm] = 0.

Thus, we get the following

Theorem 4.3. If a supplementary tensor is semi-symmetric, then the
pseudo-Riemannian space Vn is semi-symmetric as well.

Semi-symmetric spaces distinct from spaces of constant curvature admit
non-trivial geodesic mappings only when they are equidistant.
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It is well-known, that equidistant pseudo-Riemannian spaces with an
equidistant vector field, which is not covariantly constant, always admit
non-trivial geodesic mappings.

5. PROOFS OF THEOREMS
Proof for theorem 3.6. Integrability conditions for equations (2.5) can
be written down as follows

aαiR
α
jkl + aαjR

α
ikl = λl,igjk + λl,jgik ´ λk,igjl ´ λk,jgil. (5.1)

Let us multiply this relation by vector φl = gαlφα and wrap it by index l.
Then taking into account (3.7) we obtain

φαλl,igjk + φαλl,jgik ´ φjλk,i ´ φiλk,j = 0. (5.2)

Wrapping further by indices j and k we get

φαλl,i =
µ

n
φi. (5.3)

Substitute now (5.3) into (5.2) and group it

φj

(
λk,i ´ µ

n
gki

)
+ φi

(
λk,j ´ µ

n
gkj

)
= 0. (5.4)

Alternating by indices k and j we obtain

φj

(
λk,i ´ µ

n
gki

)
´ φk

(
λj,i ´ µ

n
gji

)
= 0.

Re-designate indices k and i

φj

(
λk,i ´ µ

n
gki

)
´ φi

(
λj,k ´ µ

n
gjk

)
= 0. (5.5)

and add up (5.5) and (5.4):

φj

(
λk,i ´ µ

n
gki

)
= 0.

Since φj ı 0,

λk,i =
µ

n
gki.

This proves Theorem 3.6.
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Proof of Theorem 3.7. We will apply methods developed in [9, 10,20].
Multiply (5.1) by φlm = φmαg

αl. Wrapping further by index l, sym-
metrizing the latter by indices k and m, and taking into account (3.15), we
obtain

φαmλα,igjk + φαmλα,jgik ´ λk,iφjm ´ λk,jφim+

+ φαkλα,igjm + φαkλα,jgim ´ λm,iφjk ´ λm,jφik = 0.
(5.6)

Wrapping by indices j and k gives
(n+ 1)φαmλαi ´ µφim + φαβλα,βgim ´ φ α

α .λm,i ´ λm,αφ
α
i = 0. (5.7)

Alternating the latter, we see that
φαmλαi = φαi λm,α.

Hence (5.7) can be written down as follows

φαmλαi =
1
τgim+

2
τλim+

3
τφim, (5.8)

where
1
τ = ´φαβλα,β

n
,

2
τ =

φ α
α .

n
,

3
τ =

µ

n
.

Alternating (5.6) by indices i and k we get

φαmλα,igjk ´ φαmλα,kgji ´ λk,jφim + λi,jφkm+

+ φαkλα,jgim ´ φαi λα,jgkm ´ λm,iφjk + λm,kφji = 0.

Let us re-designate indices k and j
φαmλα,igkj ´ φαmλα,jgki ´ λk,jφim + λi,kφjm+

+ φαkλα,jgim ´ φαi λα,kgjm ´ λm,iφkj + λm,jφki = 0.
(5.9)

Adding up equations (5.9) and (5.6) we obtain
φαmλα,igjk + φαkλα,jgim ´ λk,jφim ´ λm,iφkj = 0. (5.10)

Substituting further (5.8) into (5.10) gives

2
1
τgmigjk+

2
τλm,igjk+

2
τλk,jgim+

+
3
τφimgjk+

3
τφkjgim ´ λk,jφim ´ λm,iφkj = 0.

Let us group the latter as follows:
(
λm,i´ 3

τgmi

)(
φjk´ 2

τgjk

)
+
(
λj,k´ 3

τgjk

)(
φmi´ 2

τgmi

)
= 0.

The latter implies that λm,i =
3
τgmi, or φmi =

2
τgmi. Theorem 3.7 is com-

pleted.
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Proof of Theorem 4.2. Equation (4.7) together with (3.2) implies
Rhijk,l1l2¨¨¨lm + δhkφij,l1l2¨¨¨lm ´ δhj φik,l1l2¨¨¨lm = 0. (5.11)

Let us lower down index h and alternate it by indices h and i. Then
ghkφij,l1l2¨¨¨lm + gikφhj,l1l2¨¨¨lm ´ ghjφik,l1l2¨¨¨lm ´ gijφhk,l1l2¨¨¨lm = 0.

Wrapping by indices h and k we get
φij,l1l2¨¨¨lm = 1

n φ
α
α . ,l1l2¨¨¨lmgij .

Substituting the latter into (5.11) we obtain

Rhijk,l1l2¨¨¨lm + 1
n φ

α
α . ,l1l2¨¨¨lm

(
δhkgij ´ δhj gik

)
= 0.

Cycling by indices j, k, l gives
(
δhkgij ´ δhj gik

)
φ α
α . ,l1l2¨¨¨lm +

(
δhl1gik ´ δhkgil1

)
φ α
α . ,jl2¨¨¨lm+

+
(
δhj gil1 ´ δhl1gij

)
φ α
α . ,kl2¨¨¨lm = 0.

Wrapping by indices h and k we get
(n´ 2)

(
gijφ

α
α . ,l1l2¨¨¨lm ´ gil1φ

α
α . ,jl2¨¨¨lm

)
= 0,

which implies
φ α
α . ,l1l2¨¨¨lm = 0.

Finally, substituting it into (5.11), we see that Theorem 4.2 is true.

6. CONCLUSIONS
In order to facilitate the research on the geodesic mappings of pseudo-

Riemannian spaces we apply a special supplementary tensor. By defini-
tion, the supplementary tensor equals to Riemann tensor of the pseudo-
Riemannian space, which is in geodesic correspondence to a given space
Vn. The research is carried out in the space Vn, while the conditions are
imposed on the Riemann tensor of V̄n. Those conditions are usually used
for specialization of spaces. However lowering down of the indices is de-
fined by a metric tensor of Vn, while covariant derivative is calculated by
a connection of Vn, [13–15].

In all the cases we lead to equidistant spaces. Equidistant spaces are
closed in relation to non-trivial geodesic mappings. The application of a
supplementary tensor allows to study simultaneously the properties of a
pair of pseudo-Riemannian spaces in geodesic correspondence, [7, 16,18].

The developed methods can be applied for study of holomorphic-projec-
tive mappings of Kählerian spaces and other mappings of generalized spaces,
[12, 17]. The obtained results can find an application in the general relati-
vity theory and mechanics, [3].
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